Derived Equivalences of Abelian Varieties I1

Ignacio Barros

1 Introduction and Recapitulation

This talk follows the exposition of [1], section 9.4. We want to understand,
maybe in a more geometric way, when two abelian varieties are derived
equivalent. Sadly the constructions and arguments just work for the abelian
case. The general line goes as follows: we start with a derived equivalence of
abelian varieties @g : D’(A) — DY(B) given as a Fourier-Mukai transform
with kernel £. Gabriel proved us (Proposition 4.1 in [1]) that dim(A) =
dim(B) = g. We call g = £"[g] and Pg,, is a quasi-inverse of Dg. We pass
to a derived equivalence Fg : DY(A x A) — DY(B x B) as in the diagram.

Fg

DY(A x A) DP(B x B)
idxq)pAl T(’L’dxq)'pB)_l
DY(Ax A) DB x B)
HA*\L TME
DY(Ax A) Sexe, DB x B).

The map ®g — Fg respect composition. We will show that, for some
reason, the situation in A x 4 and B x B is much more geometrlc actually
the equivalence Fy is induced by an isomorphism fg: A X A3 Bx B. The
construction goes backwards for some special isomorphisms f € Iso(A x
A, B x E) which allows us to translate the question wether two abelian
varieties are derived equivalence in a question of geometric nature. The
hard bone of this talk is to prove that Fg is given by an isomorphism as we
explained. For this we will use Corollary 5.23 in [1] that Daniele proved for
us.

Corollary 1.1. (5.23 in [1]) Let @ : D’(X) — D®(Y) be a derived equivalence

such that for every close point x € X there is a close point f(x) € Y with
O (k(z)) ~ k(f(x)).

Then f: X — Y defines an isomorphism and @ is given by the composition

of f, and the twist by some line bundle M € Pic(Y), i.e.,

© = (M ()o f.



The strategy will be the following:

« Prove that for some close point zo € A x A, Fe(k(zo)) is a close point
in Bx B.

e Show that the property of sending close points to close points can be
extended to a neighborhood of xg.

o Use the abelian group structure to extend it to the whole variety.

Finally we will try to understand which isomorphisms can occur. We
will make extensive use of the following two propositions.

Proposition 1.2. (5.10 in [1]) The composition
b Pr, b Po. b
D°(X)— D’(Y) — D’(2)
is isomorphic to the Fourier-Mukai transform ®g : D(X) — D?(Z) where

R=nxz:(mxyP@myzQ).

Proposition 1.3. (Exercise 5.13 in [1]) A special case of before is when P; €
DY(X; x Y;) for i =1,2 and R € D®(X; x X3) then the composition

D D
DV(Yy) —2% DY(Xy) 285 DP(Xo) —22 DP(Y3)
is equal to @5 : D(Y1) — Db(Ys) where

S =Dp, x Dp,(R) € D°(Y1 x Ya).

2 Main Result

Lemma 2.1. Let ®p : D?(X) — D?(Y') be a Fourier-Mukai equivalence. Sup-
pose there is a close point xg € X such that

Op(k(z0)) = k(yo)

for some close point yg € Y. The there is an open neighborhood zg € U C X
and a morphism f:U — Yy with f(x0) = yo and such that



forallz € U.

Proof. First thing to notice is that the assumption says that the fiber over
xo of the morphism Supp(P) — X is zero dimensional, since by [1], Lemma
3.29, Supp(P) N ({zo} xY) = Supp(P |{zy}xy) and

Op(k(20)) = Bp2s(P {0y xy) = P l{wo}xy -

Let us assume for our proposes that the morphism Supp(P) — X is sur-
jective, proper and the fibers are connected (Lemmas 6.11 and 6.4 in [1]).
Then Chevalley’s upper semi-continuity theorem (see EGA IV 13.1.5) says
us that

y — dim(Xy)

is upper semi-continuous. Hence, for some open neighborhood U of xg one
has that the fibers are points, i.e., for any = € U the complex ®p(k(z)) is
concentrated in a point. Notice that Hom(Dp(k(x)), Pp(k(x))[i]) = 0 for
1 <0.

We claim that due to this last statement @p(k(x)) is of the form k(y)[m]
for some integer m. Let’s call F* the complex ®p(k(z)), H* the correspond-
ing cohomology sheaves and mg,m; the biggest (resp. smallest) number
such that H* = 0. One can check that there is a sequence of morphisms

F* [mo] — HTO S H™ ]:'[ml]

whose composition is non trivial which contradicts the fact that Hom(F, F[i]) =
0 for i < 0 unless m; = mg. Thus, F is a sheaf, concentrated at one point
and one can check that is indecomposable. The only candidate is k(y)[m].
See [1], Lemma 4.5. Finally by semi-continuity the shift has to be constant
around xg € U. The fact that f is a morphism follows from the proof of
Corollary 5.23 in [1] that Daniele proved last time. |}

There are some comments to be made.

e Subjectivity follows from the fact that if = lies in the complement
of p1(Supp(P)) then the derived tensor product P &% pik(x) would
be trivial which means that ®p(k(x)) ~ 0 contradicting the fact that
®p is an equivalence. See Lemma 6.4 in [1] for a complete proof.
For connectedness of the fibers we use first Lemma 3.29 in [1] say-
ing in our case that supp(P) N ({z} xY) = Supp(P [(z}xy). Now if
Supp(P |{z3xy) has disconnected support then ®p(k(z)) ~ F7 & G3
with /1 and F» having disjoint supports. But this contradicts the fact
that Hom(®(k(z)),P(k(z))) is a field.

e The existence of the non trivial composition

Fomo] — H™ — H™ — F*[m)]



is not hard to check. the middle map follows from the fact that for a
finite module M over a local noetherian ring (A, m) where Supp(M) =
{m} there is always an injection k(m) < M and a surjection M —»
k(m). Indeed we can define H"™° — k(x) < H™!'. For the first is given
by the roof

dm

Fe . e ——— > Fmo—l Fmo Fm0+1 s ...
qisT T T
.f/. . e — > Fmofl - > Ker(dm) O

H™o[—myg) : 0 Hmo 0

and we can see that is the identity in cohomology. And the same
construction works for the last arrow.

In the last semi-continuity argument. The question is if
H' (P |(zoyxy) =0

then for some neighborhood V' of zq
H' (P |{ayxy) =0.

Consider the following situation.

@y xY 2 x5y

Lk

T X.

Where i, is a close immersion and 7 the projection into the first factor.
Then
Liy, (RmP) = Rr, (Lj; P),

which can be translated in to the fact that restricting and then taking
cohomology is equivalent to taking cohomology and then restricting.
There is semi-continuity for complexes of coherent sheaves so our state-
ment holds since one can use semi-continuity in the left hand side. The
local version of this is proven in a survey on semicontinuity theorems,
[2], Lemma 1.7,



Proposition 2.2. (Orlov, 2002) Let ®g : D?(A) — D®(B) be an equivalence.
Then the associated equivalence Fg : DY(A x A) — D°(B x B) is of the form

Fe~ (Ng®())o fex

with Ng € Pic(B x B) and fg : Ax A — B x B an isomorphism of abelian
varieties.

Proof. As we discussed we are going to prove that I’ send close points to
close points. We divide the proof in three steps.

1)

First we show Fg(k(e) ®k(é)) >~ k(e)®k(é). Recall that Daniele com-
pute the image of a close point (a,a) € A x A under 4,0 (id X Pp,, ),

pax(Id x op(A(k(a,a))) = Or_, @ (OARPa).
In particular if (a,«) = (e,é) then

MA*(Id X ¢P(A(k(evé))) = OAA‘

Let G = (Pg x g, ) (O, ). We want to prove that G = Oa,. But by
our triple composition formula 1.3, ®@g is equal to the composition

CD@AA

()
BY(B) 2 Db(A) —24, DP(A) B DY(B)
but CD@AA =id hence @g ~ id and G = Op ;. Thus,

Fe(k(e,é)) ~ E(e,é).

By the previous lemma there is an open neighborhood (e,é) € U C
A x A such that for any close point (a,a) € U,

F(k((a,2))) = k((b,8))
and the map (a,«a) — (b,5) is a morphism.

We want to extend this to the whole variety A x A Is a general
fact of abelian varieties that every (a,a) € A X A can be written as
(a1,01) + (a2, as) with (a;,a;) € U (for all (a,0) € AX A, t_(g0):U—
A x A is an open immersion so the image intersects (—1)(U)). Let
(bi,B;) € B x B be the image points of (a;,«;) under F' and M; the
line bundles on B corresponding to 3;. We define

G = (Dg xDgp,) (pax(id x Pp,)(k(a,a)))
~  (Pg x Pgp)((ORL)®Or_,).

Where as in the example that Daniele gave us pg : A x A — A X
A, (a1,a2) — (a1 + ag,a2), I, is the graph of t_, and L is the line



bundle corresponding to o that can be written as Ly ® Ly where L; =
Paxiai}-

Recall that Ana Maria showed us that ®p(k(a)) = Pay{q} and by
the universal property of the Poincaré bundle this is exactly the line
bundle corresponding to «, moreover the map a+— Py (4} Is & group

isomomorphism between A and PicP.

One can check (by 1.2 or 1.3) that the induced Fourier-Mukai trans-

form ®g : D®(B) — D%(B) is isomorphic to the composition

(L&(-))ot—ax

pb(B) 25 pb(A) Db(A) 2em, ph(B).

Hence,

Qg = Dgpo(L1®L2®())0t—q1—a0x°Pe

(Pepo(L1® () ot—gx0Dg) o (Pegpo(La® () 0t_gyu0Dg).

But (L; ® (-)) ot—a;« = PomL,) oo, and we have our formula for the

priple composition;
Py, © (Li @ () 0 t—as © Pe = Pape xave, (ORL)OL_, )
but by hypothesis
De x De, (ORL;) @ (’)Lai) =(M;®(-)) ot_p,x-

Thus,

Qg = (Pepo(L1®()))ot_guxoPs)o(Peyo(L2®(-))0t_gys0Ps)

= (M1®(-))ot_pxo(M2® ()0t pyu
= (Mi@Ma® () ot_p,—pyx

which means that
Fe(k(a,a)) = k(b + b2, 1 + B2).

This finishes the proof. |}

Corollary 2.3. For any abelian variety A there exist, up to isomorphisms, a

finite number of derived equivalent abelian varieties B.

Proof. If B is an abelian variety such that DP(A) ~ D*(B), then A x A ~
B x B. Then B is a factor of A x A and an abelian variety has a finite

number of direct factors up to automorphisms. See Theorem 18.7 in [3].



Corollary 2.4. (Corollary 9.44 in [1]) Let O : Db(A)A—> D’(B) be an equiva-
lence with induced isomorphism fg: Ax A — B x B. Then fe(a,a) = (b,0)
if and only if

(D(b,ﬁ) o CDg ~ CDg o (D(a,a)'
Where @, ) = (L ® (+)) 0 tas (resp. P p)) and L is the line bundle corre-

sponding to «.

This corollary give us a characterization of isomorphisms that can come
from a derive equivalence. We want to find all of them.
Any isomorphism f: Ax A — B x B can be written as

[ i fe
f_<f3 f4>

and we can associate to f the isomorphism f : B x B AxA given by

N
f—(—fs i )

Of course here we are implicitly identifying the dual of A with A and the
same for B.

Definition 2.5. By U(A x A, B x B) we denote the subgroup of isomorphisms
I A><A—>B><Bsuchthatf 1= 1.

Corollary 2.6. The isomorphism f¢ associated to @g is contained in U(A x
A, B x B).
Proof. By 2.4 and the fact that ®¢ — F¢ is a group homomorphism we
have

Fg (¢] F(a,a) == ng(a,a) O Fg.

Daniele showed us that
Flam~LRLY @ (-): D’(A x A) » D"(A x A)

where Lg = Hence, the previous equality says that

P liaysa
(Ne@(-))o feso (LRLY ® () = (M&My @ () o (Ne ® (1)) © feu

by projection formula and, since fe is an isomorphisms, this is equivalent to

fes (LRLY) ~ M= My

which is exactly fg(ﬂ, b) = (a,—a) and on the other hand fe(a,a) = (b, ).
Thus, fe(b,3) = (a,a) which means that fe = fg . |



Proposition 2.7. (Orlov, Polishchuk. See [4] and [5]) Consider two abelian
varieties A and B. Any f € U(A x A, B x B) is of the form f = f¢ for some
equivalence ®g : D*(A — DP(B)).

The following corollary answer our question or at leas translate the ques-
tion of wether two abelian varieties are derived equivalent in something that
has to do with the geometry of A x A and B x B.

Corollary 2.8. Two abelian varieties A, B are derived equivalent is and only
if there is an isomorphism f: Ax A — B x B with f~! = f. In other words
DY(A) ~ D*(B) is and only if U(A x A,B x B) # @.

3 Cohomological Fourier-Mukai

The following discussion follows the exposition of section 5.2 in [1]. Let F* €
D’(X) be a bounded complex of coherent sheaves over a smooth projective
variety X over C. We associate the element

P =Y (-1 [F e K(X)

7

where K (X) is the Grothendieck group. Recall that [£°] + [£2] = [€!] in
K (X) if there is an exact sequence

080 el se2 0.

Recall that every coherent sheaf admits a finite locally free resolution,
which means that every element of K (X) can be written as linear combina-
tions of classes of locally free sheaves. This allow us to define a ring structure
on K(X) with multiplication

(1] - [&] =[61 @ &
for locally free sheaves. We define the map

DV(X) — K(X)
F* = [F].

Notice that [F*[k]] = (—1)¥ [F*] and [F? @ F3] = [F?] + [F3]. And also

one can check that o
o] = (1) [Hi(F?)].

In particular two isomorphic objects in D?(X ) land in the same object under
this map. Also the derived tensor is just the normal tensor of complexes for
complexes of locally free sheaves which means the map [] : D*(X) — K(X)
respect the additive and multiplicative structure on both sides. Now let



f: X =Y be any projective morphism. Then the pull-back defines a ring
homomorphism f*: K(Y) — K(X). On the other hand for a coherent sheaf
we define the generalized direct image as

AF) =Y (1) [RUE(F)].

And it defines a group homomorphism f: K(X) — K(Y)
The derived pull-back and push-forward are compatible with this two
homomorphisms, i.e., the following diagrams commute

Db(Y) 20 Db(X) Db(X) i Db(Y)
Hl iH [']l l['}
K(Y) —~ K(X), K(X) ——K(Y).

We can define, in analogy to what we have done, the K-theoretic Fourier-
Mukai transform. Let e € K(X x Y) be some class in the Grothendieck
group, then we define

OEK(X) — K(Y)
E = p(e®q*E)

and the compatibilities mentioned before give us the commutativity of
the following diagram:

DY(X) 5= Db(Y)
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