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Abstract

Given a convex function f and a set Q of probability measures, we consider the prob-
lem of minimizing the robust f-divergence infgeg f(P|Q) over the class P of martingale
measures. Under mild conditions on P and Q we show that a minimizer exists within the
class P if lim, o f(2)/x = 0o. If lim,_,o f(x)/2 = 0 then there is a minimizer in a class
P of extended martingale measures defined on the predictable o-field. We also explain
how both cases are connected to recent developments in the theory of optimal portfolio

choice, in particular to robust extensions of the classical expected utility criterion.
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1 Introduction

Over the last three decades concepts and methods of martingale theory have played a crucial
role in developing the mathematical analysis of financial risk. At the same time the field of

finance has become a source of new probabilistic problems which are of intrinsic mathematical
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interest. In this paper our purpose is to analyze a projection problem for martingale measures
which arises in the context of optimal portfolio choice.

The notion of a martingale measure has helped to clarify the mathematical structure of
the efficient markets hypothesis. In its strong form, the hypothesis states that the price fluc-
tuation of liquid financial assets, modelled as a stochastic process on some filtered probability
space, is a martingale under the given probability measure R. In this case Doob’s systems
theorem would imply that there are no trading strategies with positive expected gain. In a
less restrictive version, the hypothesis only requires the absence of arbitrage opportunities,
i.e., of strategies which generate a positive expected gain without any downside risk. In this
form it is equivalent to the existence of an equivalent martingale measure, i.e., a probabil-
ity measure P =~ R such that the price process is a local martingale under P; see Delbaen
and Schachermayer [7] and Yan [44]. The model is called complete if there is exactly one
equivalent martingale measure. It was already shown by Jacod [25], in the Proceedings of
an AMS Symposium on the occasion of J. L. Doob’s 65th birthday, that uniqueness of the
martingale measure implies a representation property: Functionals of the price process can
be represented as stochastic integrals. In the financial interpretation such a functional is
viewed as a financial derivative, or a contingent claim. The integrand in the representation
specifies a trading strategy in the underlying assets which provides a perfect hedge of the
claim, and the arbitrage-free price of the claim is identified as the expectation under the
unique equivalent martingale measure. Most realistic models, however, are incomplete in the
sense that the representation property no longer holds, and so there is a whole class P, of
equivalent martingale measures.

In its general form, our projection problem consists in finding a probability measure P,

in some class P of probability measures P < R which minimizes the robust f-divergence
P|Q) = inf f(P 1
£(PIQ) = int £(PIQ) (1
for some class Q of probability measures Q < R, i.e.,
P, = := inf f(P|Q). 2
F(PolQ) = f(PIQ) = inf f(P|Q) (2)

Here f is a convex function, and
dpP
P|Q) :=FE — 3
1PQ) = o |1 (53] ©
denotes the f-divergence between two measures P and ). In the classical case with @ = {Qo}

the projection problem has been considered by many authors, for instance in the context of
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statistical inference; see Csiszar [4] for the case f(x) = xlogx where the f-divergence reduces
to the relative entropy H(P|Q), Riischendorf [37], or Liese and Vajda [32].

In the financial interpretation the problem of projecting a single measure ()¢ on the
class P, of equivalent martingale measures arises in the context of optimal portfolio choice.
Suppose we want to determine an optimal affordable claim H, given some initial capital zq
and the possibility of trading in the underlying liquid assets. Affordability translates into the
constraint

sup Ep[H] < zo. (4)
PEPe

If preferences are specified in terms of a concave utility function u and a probabilistic model
Qo ~ R, an affordable claim is optimal if it maximizes the expected utility Eqg,[u(H)]. In
the complete case P, = { Py} the solution is given by

Hy = () ()\033;) : (5)

where \g is such that Ep [Ho] = xo. In the incomplete case, the optimal claim is of the
form (5) when Py is chosen to be the f-projection of Qy on P, where f(x) := v(Aox) for
some Ay > 0 and v denotes the convex conjugate of u; see, for instance, Karatzas and Shreve
[27], Frittelli [17], Bellini and Frittelli [3], Kramkov and Schachermayer [30] and [31], Goll
and Riischendorf [21], Schachermayer [38], and also Gao, Lim, and Ng [19]. Thus the utility
maximization problem is reduced to the classical projection problem of minimizing the f-
divergence f(P|Qo) over the set P.. Existence results for classical f-projections corresponding
to certain utility functions can be found in Frittelli [17] and Bellini and Frittelli [3]. Hugonnier,
Kramkov and Schachermayer [24] showed that for reasonably bounded claims the existence
of f-projections in the class of martingale measures is equivalent to the existence of unique
marginal utility based prices.

Our robust version of the projection problem is motivated by an extension of the classical
expected utility approach which takes model uncertainty into account. Instead of fixing a
single model Qg, we consider a whole class Q of probability measures () < R and define our
preferences using the robust utility functional

U(H) = inf Eglu(H). (6)

A microeconomic characterization of such utility functionals in terms of behavioral axioms
for the underlying preferences was given by Gilboa and Schmeidler [20]; see also Follmer and

Schied [16] for their relation to the theory of convex risk measures. The robust version of the
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optimization problem consists in maximizing the functional U(H) under the constraint (4).
As shown in Gundel [22], its solution is of the classical form (5) if (Pp, Qo) € Pe x Q solves
the robust projection problem (2) for the sets P, and Q, i.e., if

f(PolQo) = f(Po|Q) = f(Pe|Q). (7)

In Section 2 we analyze the robust projection problem in its general form (2). Our main

result is Theorem 2.6. It states that a solution exists if

lim G = 00, (8)

r—oo I

the set P is closed in variation, and the set Q is weakly compact. The key step is to show that
{f(-]") < ¢}, viewed as a subset of L' (R) x L (R), is weakly compact. In the classical case with
Q = {Qo} this follows easily from (8) using the de la Vallée-Poussin compactness criterion.
In the general robust case the proof is more delicate. Instead of applying the compactness
criterion in terms of f, we have to construct an auxiliary convex function [ satisfying (8) such
that the compactness condition in terms of [ follows via Young’s inequality in an appropriate
Orlicz space. In Csiszar and Tusnady [5] existence results for robust projections were obtained
in two special cases: (i) for the relative entropy f(P|Q) = H(P|Q) on a finite set, and (ii)
for the squared L2-distance between the densities of P and Q.

In Section 3 we explain how the existence of a robust f-projection within the class P,
yields the solution of the robust utility maximization problem defined by (6) and (4). This
section is largely expository: We follow Gundel [22], but we do not assume that all measures
in Q are equivalent. Moreover, our presentation is different and contains some additional
results, for example in Theorem 3.11 and Lemma 3.12. In particular we argue for a fixed
value ¢ instead of using the duality properties of the maximal utility U(H), viewed as a
function of the initial capital x, as they were developed by Bellini and Fritelli [3], Goll and
Riischendorf [21], Kramkov and Schachermayer [30], and Gundel [22].

However, the application of our general existence result for robust f-projections involves
Condition (8), and this amounts to the assumption that the utility function u is finite on the
whole real line. Without this condition a robust or even a classical projection within the class
Pe of equivalent martingale measures may not exist. Kramkov and Schachermayer [30] have
shown how to develop the duality between the classical problem of utility maximization and
the projection problem beyond the class P.: A martingale measure P is identified with the
martingale of its densities with respect to the reference measure R, this class of martingales

is embedded in a suitable class of supermartingales, and the projection problem is solved in
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this larger class. Recently Quenez [36] and Schied and Wu [41] have extended this version of
the duality approach from the classical case with @ = {Qo} to the robust case.

In Section 4 we insist on the original idea of identifying the solution of the robust opti-
mization problem in terms of a martingale measure. In Cvitanic, Schachermayer, and Wang
[6] the solution of the projection problem is described as a finitely additive measure. Here we
use a different idea which goes back to Doob’s construction of conditional Brownian motions
corresponding to a harmonic function; see [9], Chapter 2.X. As shown in Foéllmer [11], [12],
any supermartingale on a sufficiently rich filtered probability space can be represented as
a measure on the predictable o-field; see also Follmer [13] in the volume in honour of J.L.
Doob mentioned above. For such measures we introduce the notion of an extended martingale
measure. Theorem 4.5 shows how the robust projection problem can be solved in the class
P of extended martingale measures. Corollary 4.8 describes the application to the robust
optimization problem. Some of the key arguments are essentially the same as in Quenez [36]
and Schied and Wu [41]. The main novelty is that here we insist on an appropriate notion of

a martingale measure.

2 Robust f-Projections

Let (2, F) be a measurable space and denote by M;(2) the set of probability measures on
(Q, F). Let the function f :[0,00) — R U {oco} be convex and continuous. In order to define
the f-divergence of P € M;(f2) with respect to Q € M;(2), we associate to f(-) the function
f(-,+) on [0,00) X [0, 00) defined by

0 fx=y=0
fla,y) = zlim I ify=0,2>0 (9)

zZ—00

yf (g) if y > 0.

For an affine function {(z) = ax + b on [0, c0) the associated function [(-,-) on [0, 00) x [0, 00)
is given by I(z,y) = ax + by. Since f(-,-) is the supremum of the affine functions I(-,-)
associated to some affine function [ on [0, 00) such that [ < f, f(-,-) is lower semicontinuous

and convex on [0, 00) x [0, 00).

Definition 2.1. Let P, Q € M1(f2), and let R € M1(2) be some reference measure such
that P,QQ < R; for example, we may take R := (P + Q)/2. The f-divergence of P with
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respect to @ is defined as
dP d
1) = [ 1 (GG ) ar

Remark 2.2. Let P* and P® denote the absolutely continuous and the singular part in the
Hahn-Lebesgue decomposition of P € M () with respect to Q € M1(2). Then

= ap” imm- s —00, |;
1@ = [ 1% ) ae+ 1m 1 plg) € (ool (10)

note that the first term on the right-hand side is bounded from below by f(P%[€2]) due to
Jensen’s inequality and that lim, .o f(z)/x > —oo. In particular the f-divergence is well
defined, and it is independent of the choice of the reference measure R. If P < Q or if
lim, . f(x)/x =0, then Equation (10) reduces to

1P = [ 1% )@ € L.l

Definition 2.3. For a subset P of M1(Q2) and Q € M1(2), Py € P is called an f-projection

of Q on P if it minimizes the f-divergence over the set P:

F(FolQ) = f(PIQ) := inf f(P|Q).

For a subset Q of M1(Q2) and P € M1(R2), Qp € Q is called a reverse f-projection of P on

Q if it minimizes the f-divergence of P over the set Q:
S(PIQP) = J(PIQ) = jnf J(PIQ).

Finally, Py € P is called a robust f-projection of Q on P if it minimizes the robust f-
divergence f(P|Q) :=infgeo f(P|Q) over the set P:

F(Po]Q) = int, f(PIQ) =: F(P|Q).

i.e.,

Jnf f(P|Q) = jnf  inf f(P|Q).

Remark 2.4. Since f(P|Q) = f(Q|P) where f : [0,00) — RU{oo} is the convex continuous
function defined by f(q:) =z f(1/x), a reverse f-projection of P on Q may be viewed as an
f-projection of P on Q; see Liese and Vajda [32] and Gundel [22]. If f is strictly convez,
then so is f In this case there is at most one f-projection Py of Q on P and at most one

reverse f-projection Qp of P on Q.
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Let us now fix two convex subsets P and Q of M;(2). Our aim is to show that the robust

f-projection of Q on P exists under the following assumptions.

Assumption 2.5. All measures in P and Q are absolutely continuous with respect to some
reference measure R. The convex set
dP
Kp:=<—:PcP
P {dR }
is closed in L*(R), and the conver set

d
ICQ::{dg:QEQ}

is weakly compact in L'(R).

Note that KCp is closed in L' (R) iff P is closed in variation, and this property implies that
the convex set Kp is weakly closed in L'(R).

Theorem 2.6. Let Assumption 2.5 hold and assume furthermore that

lim f@) = o0. (11)

rT—00 I
Then there exists a robust f-projection Py of Q on P. Moreover, there ezists a reverse

f-projection Qo of Py on Q, i.e.,
f(Po|Qo) = f(P|Q) = f(P|Q).

The proof will consist in three steps: First we show that the f-divergence is jointly lower
semicontinuous in P and @, then we formulate a compactness criterion in terms of some
auxiliary function [, and in the third step we construct such a function [ which has the
required properties.

Define

Fr(ov0) = [ £(0.)dR

for F-measurable ¢,1) > 0. Note that f(¢,1) > by for some constant b since f(-) is convex
and finally increasing due to our assumption (11), hence bounded from below on [0, 00). Thus
Fr(¢,v) € (—oo, ] is well defined. Note also that

dP d
1P =i (G5

for P, Q, R € M1(Q) such that P, @ < R. We will view Fr as a functional on the closed
convex subset L1 (R) x L (R) of the Banach space L'(R) x L*(R).

The following result appears also in Liese and Vajda [32], Theorem 1.47, but with a
different proof.
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Lemma 2.7. Under Assumption (11) the functional Fr is convex and weakly lower semi-

continuous on LY (R) x L! (R).

2

Proof. Convexity of Fg follows from the convexity of f(-,-) on [0,00)%. In order to verify

weak lower semicontinuity, we have to show that the sets

Ac = {(¢,9) € LL(R) x LL(R) : FR(¢,9) < c}

are closed with respect to the weak product topology. But since A, is convex, it is enough to
check that A, is strongly closed; cf. Dunford, Schwartz [10], Theorem V.3.13. To this end,
take (¢, vn) € A (n > 1) such that ¢, — ¢ and v, — 9 in L'(R) as n tends to infinity.
Passing to subsequences if necessary, we may assume that both sequences converge R-almost
surely. Since f(¢n,¥n) > bip, and (v, )n=1,2,.. is uniformly integrable we can use the lower

semicontinuity of f on [0,00)? and Fatou’s lemma to conclude
Falov0) = [ F(Jim (60 0))dR
< [ timint f(0n,0.)dR
< lim inf Fip(¢p, ) < c.
Since ¢, ¢ € LY (R) we see that (¢,1) € A.. O

Remark 2.8. In particular the functional Fr(dP/dR,-) is weakly lower semicontinuous on
the weakly compact set Kgo. This shows that a reverse f-projection Qp of P on Q exists
for any P € M1(QQ). Thus the existence of a robust f-projection of Q on P amounts to the

existence of some Py € P which minimizes the f-divergence f(P|Qp) over P.

Since FR(-,-) is weakly lower semicontinuous on Kp x g, the existence of a robust f-
projection will now follow if we can show that the set {(P,Q) : f(P|Q) < ¢} is compact in

the weak product topology. To this end we prove the following criterion.

Lemma 2.9. Let!: [0,00) — R be a positive increasing function such that limg, .o l(z)/z =
0o. Let Assumption 2.5 hold and assume that for any constant ¢ > 0 there is a constant

co > 0 such that for any P € P

fPIQ<e = I [z <j§ﬂ <o (12)

Then there exist a robust f-projection Py of Q on Pand a reverse f-projection Qo of Py on

Q.
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Proof. We may assume f(P|Q) < oo because otherwise every P € P would be a robust
f-projection. Take ¢ > f(P|Q). Since f(P|Q) = Fr(dP/dR,dQ/dR) and since Fp is weakly
lower semicontinuous by Lemma 2.7, it is enough to show that {(P,Q) € Px Q: f(P|Q) < ¢},

viewed as the subset

Ce:={(9,9) : Fr(9,9) < c} N (Kp x Ko)

of LY(R) x L'(R), is weakly compact. Then Fg attains its minimum in some (Py, Qo) € P x Q,
which implies
F(PolQ) = f(Po|Qo) = inf f(PQ),
and so Py is a robust f-projection of @ on P, and Qg is its reverse f-projection.
Under Condition (12)
Ce CKpeo x Ko,

where
Kp.co :=1{¢ € Kp : Eg[l(¢)] < co}

is uniformly integrable by the de la Vallée-Poussin criterion, hence relatively compact in the
weak topology o(L'(R), L>°(R)); see Dellacherie and Meyer [8], Theorems I1.22 and I1.25.
Since Kg is weakly compact by Assumption 2.5, Tychonov’s theorem implies that Kp ., x Ko
is relatively compact in the weak product topology, and so is C.. But C. is also weakly closed
due to the lower semicontinuity of Fr and Assumption 2.5, and so C. is in fact weakly

compact. [

Remark 2.10. Consider the classical case @ = {Qo}. Then Condition (12) is trivially
satisfied for | = f and R = Q, and the preceding proof reduces to the standard argument for
the ezistence of a classical f-projection; see, e.g., Liese and Vajda [32], Proposition 8.5, and

in the relative entropy case f(x) = xloga Csiszdr [4], Theorem 2.1.

Since K¢ is assumed to be weakly compact, we can choose a function g : [0, 00) — [0, 00)

with lim, .~ g(x)/x = oo such that

d@Q
sup Fr [g ()] < 00, (13)

QeQ dR
cf. Dellacherie and Meyer [8], Theorem I1.22. Given the functions f and g, we are now going
to construct a suitable function ! and at the same time a convex function h such that an

appropriate Young inequality with respect to h will allow us to obtain the estimate in terms

of [ which is required in Lemma 2.9.
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For a convex function h on [0,00) we denote by h* its Fenchel-Legendre transform on
[0, 00) defined by

(@) 1= supfay — h(y)) (14)

Lemma 2.11. There exist strictly increasing functions h and l; (i = 1,2) on [0,00) with

initial value h(0) = 1;(0) = 0 such that the following properties hold:
(i) h is continuous, convex, strictly increasing, and lim, .o h(z)/z = co.
(7i) 1; is concave and lim, o li(x) = 00 (i = 1,2).
(iii) h(zli(x)) < f(x) for large enough x.
(iv) xh*(l2(x)) < g(x) for large enough x.
(v) l(z) == zli(l2(x)) < g(x) for large enough x.

Proof. We are going to use repeatedly the following simple fact: If @ is a function on [0, c0)
such that lim,_,. @(z) = oo, then there is a strictly increasing concave function u on [0, 00)
such that lim, o u(z) = oo, u(0) =0, and u(z) < @(z) on [z1,00) for some z1 > 0. Indeed,
take a sequence 0 = zg < 1 < 3 < ... converging to infinity such that forn > 1, a(z) > n+1
for all x > x,, and the sequence x,,11 — ,, increases in n > 0. Define u(z,) := n and u linear
between x,, and x4 for n > 0. Then we have u(z) < n+ 1 < a(x) on [z, Tpt1) for n > 1,
hence u is dominated by @ on [z1, 00). Furthermore, v/(z) = (w(zpt1) —u(zy))/(Tnt1 —2n) =
1/(xp41 —xy) for € (x4, Tpy1) for n > 0. Since this fraction is non-increasing, u is concave.

In a first step we construct the convex function h. Since f is convex and lim,_,oo f(x)/z =
00, its left-hand derivative f’ is non-decreasing and tends to infinity. In particular f’ > 0
on [zg, 00) for some zp > 0. Take a non-decreasing function ¢ : [0, 00) — [0,00) that tends to

infinity, but satisfies lim, .o ((z)/z = 0. Define

h(x) = y(x) fL(¢(x)) (15)

on [xg,00), where v : [0,00) — [0,00) is decreasing, tending to 0, and such that h’ > 0 is
non-decreasing and tends to infinity. For example, we may choose {(x) := /z and () :=
(L)) 2

Now define h such that (15) is satisfied on [z(, 00), and & is linear on [0, zg) with ~(0) =0
and h(xg) = xoh'(z9). Then h is a convex function which has the required properties.

Moreover,

lim hicz)

=0 for all ¢ > 0. 16
B 5 (16)
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Indeed, for ¢ € (0, 00) take a > z¢ such that ((y) < y/c for y > a. Then we have for cx > a,

Ccx

hex) = ha) + / () I (C())dy

«

Therefore,

lim sup ]‘If((cj)) < cey(a),

and this implies (16) since lim, o y(cr) = 0.
In order to construct the concave function /i, consider first the function Zl defined by
h(zli(z)) = f(z), ie., L(z) = h~Y(f(x))/z. Then lim,_ .o l1(z) = oo, because otherwise

there would be a ¢ € (0,00) and a sequence (x,,) tending to infinity such that

h(znc) > h(xnil(xn)) = f(wn)a

in contradiction to (16). As explained above, we can now choose a strictly increasing concave
function I; such that I1(0) = 0, limy_.e0 I1(2) = 00, and Iy (z) < I1(x), hence h(zli(z)) < f(z)
for large enough =x.

Finally we construct the concave function /5. Let h* be the Fenchel-Legendre transform
of h defined in (14). Then h* has the same properties as h specified in (i); see Neveu [34],
pages 193 and 194. First we define I3(z) on [0, c0) such that

h*(ly(x)) = 9(z) on (0, 00).

This implies lim, oo l}(:v) = oo. We can now choose a strictly increasing concave function [y
such that I3(0) = 0, lim, o lo(2) = 0o and lo(z) < la(x) Al7Y (g9(x)/x), hence zh*(Ix(x)) <
g(z) and zly(I2(x)) < g(z), for large enough x. O

In order to conclude the proof of Theorem 2.6, we now show that the function [ appearing

in part (v) of Lemma 2.11 allows us to apply the criterion in Lemma 2.9.
Lemma 2.12. The function | defined in Lemma 2.11 satisfies the conditions of Lemma 2.9.

Proof. Observe first that lim,_,o ((z)/2 = 00. Now let us fix P € P and @ € Q such that
f(P|Q) < cfor some ¢ > 0. Then P < @, and ¢ := dP/dQ and ¢ := dQ/dR are well defined.
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Let o > 1 be such that Conditions (iii)-(v) in Lemma 2.11 are satisfied for z > zy. In order

to verify Condition (12) we decompose the expectation on the right-hand side as follows:

Ee1 (G )| = Ealttou)

= Epll(¢y); ¢ < wo] + Er[l(¢)); ¢ > wo, la(¢) > 1]
+ ER[l(¢9); ¢ > z0,l2(¥) < 1].

(17)

We are going to show that each of these three terms is bounded by some constant which only

depends on ¢ but not on the specific choice of P and Q. Since [; is concave with [;(0) = 0 for

i = 1,2, we have [;(az) < al;(x) for any « > 1, and this estimate will be used repeatedly.
On {¢ < x0} we have

W) < l(zov)

= xoply (l2(w0¥)))

< 2§yl (la(v))

= zgl(¥) < wjler + g(v)),

where ¢; := sup{l(z) : * < xp}, since I(z) < g(z) for x > xp, and so the first term above

satisfies

Eg[l(¢); ¢ < wo] < a5 (c1 + Erlg(¢)]) <z <C1 + sup [g <Z§2{>D ’

which is finite by (13).
On {¢ > zo, l2(¢p) > 1} we have

Ii(l2(ey)) < 11(l2(v)) < 11(9)l2(¥),

and this implies

Er[l(¢9); ¢ > w0, l2() > 1] < Eqloli(¢)l2(¥)].

Now we use Young’s inequality to conclude that

EQ[oli(9)l2(¥)] < 2+ [|¢l ()| - [12(4) |0+

see Neveu [34], Proposition 1X.2.2. Here

e (3] o
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denotes the Orlicz norm with respect to h and @, and || X||p+ is defined in the same manner

in terms of h* and (). But

911 ()][n < max{1, Eq[h(¢l1(¢))]}

(see Neveu [34], proof of Proposition 1X.2.2), and

EqQlh(¢l1())] < c2 + Eq[f(9)]
=ca+ f(P|Q)

< e +g,

where ¢ := sup{h(xli(z)) : * < ¢}, since h(zli(x)) < f(z) for x > (. In the same way,

[l2(4)[|n+ < max{1, Eq[h*(l2(¢))]},
and

Eq[h*(I2(¥))] = Er[vh*(l2(¥))]
< c3+ Eg[g(¥)]

dQ
< c3+ sup Eg {g <>} ;
QeQ dR

where ¢3 := sup{zh*(l2(z)) : © < zo}, since xh*(l2(x)) < g(x) for x > xo. This yields the
desired bound for the second term on the right-hand side of Equation (17).
On {¢ > xo, l2(¢)) < 1} we have

Lila(p)) < Li(ela()) < 1i(9),

and so the remaining term satisfies

ER[l(¢¥); ¢ > wo,l2(¢) < 1] < Eg[pli(¢)] = Egloli(9)].

Young’s inequality yields

Eoléh(¢)] < 2- |61 ()]l - inf{a S0 R (i) < 1} ,

and we have already seen above that ||¢l1(¢)|| is suitably bounded. O

Remark 2.13. For special choices of functions f and g the construction of our auxiliary

function | may of course be simpler. Take for example f(z) = x® and g(z) = 2% with «,
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B > 1. Choose~y > 1 such thaty < o and (a—1)y < f(a—~) and define l(z) = 7. Condition
(12) now follows by applying Hélder’s inequality with exponents p = «/vy and ¢ = o/ (o —7):
ForPeP, Qe Q, and ¢ = dP/dQ, = dQ/dR,

dP

Er [z (Cm)} — Br[§"%") = Eq [¢¢""]

< Eg [¢7p]1/pEQ [¢(7—1)q } Y

< f(PIQ)V? (1 + ER [9 (g)]uj ;

Proof of Theorem 2.6. Due to Lemma 2.12 we can apply Lemma 2.9 to conclude that a robust

see also Gundel [22], Lemma 4.

f-projection Py of Q on P and a reverse f-projection Qg of Py on Q exist. O

We conclude this section with a uniqueness result for robust f-projections.

Proposition 2.14. If f is strictly conver and f(P|Q) < oo, then the density of the robust
f-projection Py of Q on P with respect to its reverse f-projection Qu is R-almost surely

unique.
Proof. Assume that P and P, € P are two robust f-projections of Q on P with reverse
f-projections Q1 and Q3. Then P; < Q; due to Remark 2.2. Take v € (0,1) and define

Pyi=aPi+ (1 =7)P, Qy :=7Q1 + (1 —7)Qs,

dP;
¢i = a0, L1aQ;/dr>0y T °© - 114Q, /drR=0,dP, /dR>0} >

)

and 1; := dQ;/dQ~ for i = 1,2. Note that yi1 + (1 — )2 = 1 and y1¢1 + (1 — 7)thagps =
dP,/dQ.. By convexity of f and minimality of P; and P,
fF(P]Q) 27 f(P1Q) + (1 =) f(F[Q)
= Eq., [y f(¢1) + (1 —v)v2f(¢2)]
> Eq., [f (v101 + (1 — 7)had2)]
= f(P4|Qy)
> [(P59),

and so we have equality everywhere. But since f is strictly convex, the second inequality can

only reduce to an equality if ¢1 = ¢ Qy-almost surely. This means that ¢; = ¢ R-almost
surely on the set {dQ~/dR > 0}. On the set {dQ~/dR = 0} we have dP;/dR =0 for i =1,2
R-almost surely since f(P;|Q;) < oo, hence ¢1 = ¢ = 0 R-almost surely. O
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3 Robust Preferences and Least Favorable Martingale Mea-

sures

In this section we explain the connection between (robust) f-projections and one of the key
problems in Mathematical Finance, namely the choice of a portfolio which is optimal with
respect to certain (robust) preferences.

In its general form, the problem of optimal portfolio choice consists in finding a maximal
element with respect to a given preference order > over some convex class of “affordable” fi-
nancial positions or contingent claims, described as random variables H on a given probability

space (€2, F, R). Typically such a preference order admits a numerical representation
H>H <= U(H)>U(H)

in terms of some utility functional U. In order to specify the functional U we fix an increasing
concave utility function u: R — RU{—o00}. We assume that u is strictly increasing, strictly
concave, and continuously differentiable on the interior (a,00) := int{z : u(z) > —oo} of its
domain and satisfies the Inada condition

limu' () = 0o, lim u/(z) =0. (18)
z\.a r—00

Moreover we assume that u has regular asymptotic elasticity in the sense of Kramkov and

Schachermayer [30], Schachermayer [38], Frittelli and Rosazza [18], i.e.,

/ /
lim sup 2 (z) <1 and,ifa=—-o00, liminf u(2)
oo U(T) z——oco u(x)

> 1. (19)

In the classical framework of “expected utility”, whose axiomatic foundations were clari-

fied by von-Neumann-Morgenstern and by Savage, the utility functional is of the form
U(H) = Eq[u(H)],

where @ is some probability measure on (€2, F). In this paper we use a “robust” extension of
the expected utility approach which was introduced by Gilboa and Schmeidler [20]. Instead
of a single probabilistic model ) < R we take a whole class Q of such models and define the
preference order = via the utility functional

UH):= lelelngQ[u(H)]
Thus, model uncertainty is taken into account explicitly. As shown by Gilboa and Schmeidler

[20], such robust preferences can be characterized by certain behavioral axioms, and they
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resolve several well-known “paradoxa” which arise in the classical framework; see, for instance,

Karni and Schmeidler [28] or Follmer and Schied [16], Chapter 2.5.

Assumption 3.1. The measures QQ € Q are absolutely continuous with respect to R, and the

class Q 1is equivalent to R in the sense that
R[A]=0 <= Q[A]=0 foralQ € Q. (20)
Due to (20) the contingent claim H satisfies U(H) > —oo only if
H>a R —a.s. (21)

since @ = inf{x : u(z) > —oo}. From now on we will only consider contingent claims with
this property.

The class of affordable contingent claims will be specified in terms of a financial market
model with d liquid financial assets and finite time horizon 7. The price fluctuation of
these assets, properly discounted, is described by a d-dimensional positive semimartingale
(Xt)o<t<r on the probability space (2, F,R), equipped with a right-continuous filtration
(Ft)t>0 such that Fr = F and Fy is trivial for R. We assume that (Xi)o<i<7 is locally
bounded, i.e., there exists a sequence of stopping times (7, )n=12,.. such that (X, r¢)o<i<7 1S

bounded for each n and 7, /' T" R-almost surely.

Definition 3.2. A probability measure P < R is called an absolutely continuous martingale
measure if (X¢)o<i<7 s a local martingale under P. If in addition P ~ R, then P is called
an equivalent martingale measure. The class of absolutely continuous martingale measures

will be denoted by P, the class of equivalent martingale measures by Pe.

;From now on we assume the existence of an equivalent martingale measure, i.e.,
Pe ;é (D-

This assumption is equivalent to the absence of arbitrage opportunities; see Delbaen and
Schachermayer [7] and also Yan [43] and [44] for precise versions of this equivalence and
for different choices of the numéraire which is used to define the discounted price process

(Xt)o<t<T-

Remark 3.3. Since the price process (Xi)o<t< 5 assumed to be locally bounded, the class P
of absolutely continuous martingale measures is closed in the sense of Assumption 2.5 since
their densities ¢ can be characterized by the conditions Er[pX;] = Xo for stopping times
7 < T such that X; € L*°(R); see, for instance, Frittelli [17] or Bellini and Frittelli [3].



Robust Projections in the Class of Martingale Measures 17

Let us fix an initial wealth zg > a. Consider a contingent claim H, given as an Fr-

measurable random variable at the final time 7" such that (21) holds.

Definition 3.4. Let us say that H is affordable with limited downside risk if there exist
some P € P, such that H € L*(P) and a trading strategy in the underlying liquid assets,
described by a d-dimensional predictable and suitably integrable process (&;)o<i<T, such that

the corresponding value process

t
Vi == xg +/ £d X 0<t<T) (22)
0

satisfies
Vi > Ep[H|F] 0<t<T) (23)

and in particular Vpr > H R-almost surely. For Py C P such that Py NP, # O we will say
that the strategy has Po-limited downside risk if H € L'(P) and (23) holds for any P € Py.

Note that the value process (22) is a local martingale under any P € P, and that it is a
supermartingale under any P € Py. This implies the constraint
sup Ep[H] < (24)
PePy

for any contingent claim H which is affordable with Pp-limited downside risk.

Remark 3.5. Suppose that the contingent claim H is bounded from below by some constant
c. If H is affordable with limited downside risk, then the corresponding value process is
bounded from below by ¢, and hence (23) is in fact satisfied for all P € Pe. In particular the
constraint (24) is satisfied for Py = Pe. A key result in the theory of superhedging implies
that, conversely, a claim which is bounded from below and satisfies the constraint (24) for
Po = Pe is in fact affordable with P.-limited downside risk. More precisely, there exists a
trading strateqy whose value process (Vi) is bounded from below and satisfies Vp > H R-
almost surely, and this implies (23) for any P € P since (V;) is a P-supermartingale. See,
for instance Kramkov [29], Delbaen and Schachermayer [7], or Yan [43], and also Féllmer
and Kramkov [15] and Féllmer and Kabanov [14] for an extension to trading strategies with
convex constraints. Moreover, if the supremum suppep, Ep[H] is assumed by some P € P,
then H is even attainable by some trading strategy in the sense that H = Vp; see Ansel and

Stricker [1], Theorem 3.2.

We are going to discuss the problem of maximizing the robust utility

U(H) := inf Eq[u(H)] (25)
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under the constraint

sup Ep[H] < g (26)
PePy

for a suitable choice of the set Py. It will turn out that the resulting contingent claim Hy
is in fact affordable by means of a strategy with Py-limited downside risk, and this may be
viewed as an extension of the superhedging result recalled in Remark 3.5.

Recall that the utility function w is finite on (a, 00) for some a € [—00, 00). From now on

we assume that

a=0 or a=—00 (27)
and that
u(o0) := lim u(z) = o0 or u(o0) = 0; (28)

In view of our optimization problem this is no loss of generality since we can shift the origin
along the two axes if necessary.

In order to connect this robust optimization problem to our discussion of robust f-
projections, let us introduce the convex conjugate function v : [0,00) — R U {oco} of the

concave utility function wu:

v(y) = sup{u(x) —ay} = u(l(y)) - yI (), (29)
where I := (v/)~! : (0,00) — (a,00) is decreasing from oo to a. Note that v(0) :=
lim,~ o v(x) = u(c0), that v is finite and differentiable with v = —I on (0, 00), and that

lim v(z) = lim v'(z) = —a. (30)
T— 00 xr Tr—00

due to the Inada condition (18). Moreover, our Assumption (19) of regular asymptotic

elasticity implies that for any A > 0 there are constants a()\) and b(\) such that
v(Ax) < a(Nv(z) + b(A)(z + 1); (31)

see, for instance, Schachermayer [38] or Frittelli and Rosazza [18]. We define vy (z) := v(Az)
for A > 0, and we denote by

’U,\(P|Q) = v)\<Pa’Q) - a)\PS[Q]

the vy-divergence of P € P with respect to @ € Q; for A = 1 we simply write v(P|Q).
Note that v(P|Q) < oo implies @ < P whenever v(0) = u(co) = oo and P < ) whenever

a = —OQ.



Robust Projections in the Class of Martingale Measures 19

For P € P and @ € Q with densities ¢ := dP/dR and ¢ := dQ/dR we denote by

dP ¢
— =1 + 00 Ly
dQ " {¥>0} {¥=0,¢>0}

the generalized Radon-Nikodym density of P with respect to (). Note that
dP dpP*
I\ A—=)=1(AX 14 1
(d@) ( d@)/”“’

where A := {¢p = 0, ¢ > 0} is the support of the singular part of P. In particular
I(AdP/dQ) = I(AdP*/dQ) R-almost surely if a = 0, or if a = —oco and v(P|Q) < oo.

Lemma 3.6. For P € P and Q € Q the following conditions are equivalent:
(1) v(P|Q) < oo,
(ii) vA(P|Q) < oo for any A > 0,

(iii) For any X > 0 the contingent claim
dpP
Hy:=1|)—
’ < d@>
satisfies

Hy € LY(P) and u(H)) € L*(Q), (32)
(iv) Hy, € L'(P) and u(H)\)" € L'(Q) for any X > 0.

Proof. The equivalence of (i) and (ii) follows from (31). In order to check the equivalence
of (ii) to (iv), define p := dP%/dQ and note that (ii) is equivalent to aP*[Q)] > —oc and
Eqv(Ap)] < oo for any A > 0. For 0 < A\ < A < Mg, the two estimates

v (Nip) = v (Ap) + 0" (Ap) (N — A)p on {0<p<oo}

for i = 1,2 show that v’ (A\p) p € L'(Q) and hence I (Ap) € L'(P*) and Hy = I (\p)+a-14 €
LY(P), as soon as (ii) holds. Since u(Hy) = u(I(\p)) Q-almost surely and

u(I(Ap)) = v(Ap) + ApI (Ap) (33)

by (29), Condition (ii) also implies u(H,) € L'(Q). Clearly, (iii) implies (iv). Conversely,
(33) allows us to verify (ii) as soon as u™(H)) € L'(Q) and H, € L*(P). Indeed, v~ (\p) €
LY(Q) by convexity of v and vt(Ap) < ut(I(Ap)) + ApH, . Moreover, if a = —oo, then
la| P*[Q] < Ep[H, ], hence P <« @ and v)(P|Q) = Eg[v(Ap)] < oco. O
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Remark 3.7. Consider the following standard choices of a utility function w:
(i) u(x) =logz on (0,00) (logarithmic utility),
(i) u(x) = %x” on (0,00), 0 # v € (—o0,1) (power utility),
(iti) u(z) = —Le=2% on R, o € (0,00) (ewponential utility).
The corresponding divergences vy(P|Q) are given by
(1) H(Q|P) — (1+1log ),
(ii) 52" Eq [(%)ﬂ for =1,
(iii) 2 (H(P|Q)+log A — 1),

where
Eq [% log (j—gﬂ if P < Q,

00 otherwise

H(P|Q) :=

denotes the relative entropy of P with respect to Q. In particular v\(P|Q) < oo for all
A > 0 as soon as P and Q satisfy the corresponding condition (i) H(Q|P) < oo, (ii)
1/BEq [(d@/dp)ﬂ < o0, or (iii) H(P|Q) < oo.

For fixed P € P and Q € Q such that P ~ @, it is well known how to solve the
classical problem of maximizing the expected utility Eq[u(H)] under the simple constraint
Ep[H] < xo; see, for instance, Karatzas and Shreve [27]. For the convenience of the reader
we summarize the solution in a slightly more general form, which will then be extended to

the robust case. Note that here we only assume that v(P|Q) < oco.

Theorem 3.8. Suppose that P € P and Q € Q are such that v(P|Q) < co.
(i) The function h : (0,00) — RY defined by

h(A) := vA(P|Q) + Azo

1s strictly convex and continuously differentiable with derivative

W) =20~ 0 |1 (350 )] (34)

In particular h attains its minimum in the unique value Apg > 0 such that

o )]
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(ii) The contingent claim
Hpo =1 (2ro®L) e (P
PQ - P,QdQ

mazimizes the expected utility Eq[u(H )] under the constraint Ep[H] < xq, and the mazimizer
is R-almost surely unique on the set {dP/dR > 0} U {dQ/dR > 0}. The maximal expected
utility is given by v, , (P|Q) + ApgTo:
win . e [u(H)] = Eqlu(Hpgq)]
= Urp o (P|Q) + AP0 (35)
= I§1>1101{U)\(P’Q) + Az}

Proof. The function g(\) := v(\) + Azg is strictly convex and differentiable on (0, 0c0) with
g(0) = v(0) = u(c0), ¢ = 29 — I, ¢'(0+) = —o0, and limy_ ¢'(A) = z¢p — a > 0, hence
limy o0 g(A) = oo. In particular g is bounded from below. For p = dP%/d(), Jensen’s

inequality implies

h(X) = Eq [v(Ap) + Azop] + 2o AP?[Q]
> Eqlg (M)l 2 g(N)

since P5[Q2] = 0if a = —oo and v(P|Q) < oo, and z¢ > 0 if a = 0. Note that g’ (Ap) p € L1(Q)
for any A > 0 by Lemma 3.6. Using the monotonicity of ¢’ in order to get an integrable bound,

we can apply Fubini’s theorem to conclude

A2
b0 = 0w+ Eo | [/ () ] + z0P (0] 02~ 20

A2
—mm+A Epe [g (0)] dA + 20 P*[9) (%0 — A1)

1

= h(A1) + zo(Aa — A\p) — /AZ Ep [1 (AZS)] d,

A1
and this implies (34). Moreover, h(-) attains its unique minimum in some A := Apg > 0
such that h’/(X\) = 0 since 1’ is continuous by (32), h(o0) = g(o0) = oo, and since (34) implies
h'(04) = —oo by monotone convergence. Since I is strictly decreasing, the minimizing value

Ap,g is uniquely determined by the condition

o ()] -
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Finally, any H € L'(P) such that H > a R-almost surely and Ep[H] < z( satisfies
Eqlu(H)] < Eq[u(H)] + Mxo — Ep[H])
= Eq [u(H) — A\pH| + Azog — AEps[H]
< Eglv(Ap)] + Azg — AaP?[Q]
= 0y (P|Q) + Az (36)

= Eq [v(Ap) + ApI(Ap)] + A (z0 — Epa[I(Ap)] — aP?[Q])

e (O] oo ()

for any A > 0, and the two inequalities reduce to equalities iff A = A\pg and H = Hpg due
to (29). The uniqueness on the set {dP/dR > 0} U {dQ/dR > 0} follows from the strict

concavity of u. O
;From now on we assume
v(P|Q) < oo, (37)

and we consider the robust divergences vy(P|Q) for A > 0. As shown in Gundel [22], Theorem
2, the function A — vy (P|Q)+Az is convex on (0, 00), and it follows as in the proof of Theorem

3.8 (i) that it attains its minimum in some positive value \.

Remark 3.9. In all three cases considered in Remark 3.7,

uA(P|Q) = uva(Fo|Qo) for any A >0

whenever Py is a robust v-projection of Q on P and Qq is its reverse projection. In such

a situation we can simply apply Theorem 3.8, and the minimizing value of \ is given by

)\0 = )\p07Q0.

Let us write f := v),. Note that f(P|Q) < co due to Assumption (37) and Lemma 3.6.
Suppose that the robust f-projection Py of Q on P and its reverse f-projection (g exist. For
PeP,Qe€ Q, and a € (0,1], we define P, := aP + (1 — )Py, Qq := aQ + (1 — a)Qo,

Qo:={Q € Q: f(FP|Qa) < oo for some « € (0,1]}
2{Q e Q: f(R|Q) < oo},

(38)

and
Po:={P € P: f(Py|Qo) < oo for some a € (0,1]}
2{PeP: f(P|Qo) <oo}.

(39)
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Let us first consider the reduced problem of maximizing

Up(H) := inf E H 40
o(H) orb, Qlu(H)] (40)
under the constraint
sup Ep[H] < x. (41)
PePy

Remark 3.10. (i) If a > —oo as for the logarithmic and the power utility functions, then
Po="P. (42)

Indeed, take P € P and define py := dF§/dQo, p := dP*/dQo, and po := dP%/dQq for
a € (0,1). Since f = vy, is conver with derivative f'(x) = —Xol(Aox) < —Xoa,

f(pa) < f(po) — f/(pa)(PO — Pa)
< f(po) + Aol (Ao(1 — a)po)po — Aoapa on {0 < po < 0o}

Since pol (A\po) € L' (Qqo) for any A > 0 by Lemma 3.6, we obtain f(po) € L'(Qo) for any
€ (0,1), hence f(PalQo) = Eq, [f(pa)] — aAP3[Q] < 0o and P € Py.

(ii) If u is bounded from above as for the exponential utility function, then
Q= 0Q. (43)

Indeed, take Q € Q and define 0y, 0, and 0, as the densities of the absolutely continuous
parts of Qo, Q, and Q. with respect to Py. Recall from Remark 2.4 that

f@ﬂ@@:aﬂQaaﬂ:f%a»QMerffw@d%

for f(x) :=xf(1/x). Note that f'(c0) = f(0) = v(0) = u(c0) and that
flx)=v (Amf)) + %I (2?) =u (I (2?)) : (44)

Foa) < o)~ (1

As above we see that

A
] _Oap())) 0o + u(00)0y on {0 < 6, < oo}

Since u (I (Apo)) € LYQo) for any X > 0 by Lemma 3.6, we obtain f(0,) € L'(Py) and
F(QalPo) = Epy[f(04)] + u(c0)Q5[Q] < 0o for any a € (0,1), hence Q € Qp.

Let us now show how the existence of a robust f-projection Py of Q on P yields the

solution of the reduced optimization problem.



24 Hans Follmer, Anne Gundel

Theorem 3.11. Assume that a robust f-projection Py of Q on P and its reverse f-projection

Qo on Q exist. Then the robust utility mazximization problem defined by (40) and (41) has

Hy:=1 <A0dP°> : (45)

and the solution is R-almost surely unique on the set {dPy/dR > 0} U {dQo/dR > 0}. The

mazximal value of the robust utility is given by

the solution

Uo(H()) = f(P‘Q) + Aozo-
Moreover, the contingent claim Hy is affordable with Py-limited downside risk if Py = Qo =~ R.

Proof. For any H > a satisfying the constraint (41), the estimate (36) applied to Py, Qq, and
A > 0 shows that

Uo(H) = inf Eqlu(H)] < Eq,[u(H)]

< inf P, A
_go{w( 0|Qo) + Azo}

= U)o (Po]Qo) + Xozo
= Eq, [u (Ho)] + Mo(xo — Ep,[Ho)),

where we have used (29) in the last step. Note that A — vy (FPy|Qo)+ Azo attains its minimum
in Ag. Thus, Theorem 3.8 implies that Ep,[Ho| = xo, and this yields

Uo(H) < U/\O(P()’Qo) + Aoxo
= Eq, [u(Ho)]-
Lemma 3.12 shows that Hy satisfies the constraint (41) and that

Eq, [u(Ho)] = Uo(Ho) = géglo Eq [u (Hy)] .

This concludes the proof that Hy is optimal, with Uy(Hp) = v, (FPo|Qo) + Xozo.
In order to show uniqueness, assume that H > a solves the problem defined by (40) and

(41). Then we have Ep,[H] < x¢ and hence

inf Eolu(H)] < B, [u(f)] < Eg,[u(Ho)l.

The second inequality holds strictly unless H = Hy R-almost surely on {dPy/dR > 0} U
{dQo/dR > 0}. This follows from the fact that Hy maximizes Eq,[u(H )] under the constraint
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Ep,[H] < xp and from the uniqueness result in Theorem 3.8. But the strict inequality
is a contradiction to Eg,[u(Hy)] = infgeg Eqlu(Hp)]. Thus H = Hy R-almost surely on
{dPy/dR > 0} U{dQy/dR > 0}.

Moreover, we obtain from Goll and Riischendorf [21], Theorem 3.2, that

T
Ho = zo + / €.d X, (46)
0

for some trading strategy (& )o<¢<7 such that the corresponding value process V; := fg Esd X
(0 <t <T)is a Py-martingale; this representation is based on results due to Yor [45]
and Jacod [26]. For any P € Py the value process is a local martingale under P, and the
conditional estimates (49) show that it is bounded from below by the P-martingale Ep[Ho|F],
0 <t <T. Thus, Hy is affordable with Py-limited downside risk if Py ~ Qo ~ R. Uniqueness
follows from the strict concavity of u, and this is consistent with the uniqueness result in

Proposition 2.14 for a strictly convex function f. O

The following Lemma was used in the proof of Theorem 3.11; it extends the arguments
in Goll and Riischendorf [21], Theorem 5.1.

Lemma 3.12. Let Py be a robust f-projection of Q on P, and let QQy be the reverse f-
projection of Py on Q. Then the contingent claim Hy defined by (45) has the following

properties:
Hy:=1 ()\OdPO> € Ll(P) for all P € Py,
dQo
u(Hp) € LY(Q) for all Q € Qy,
Epy[Ho] = Imax Ep[Hol, (47)
and
Eqy[u(Ho)) = min Eqlu(Ho)] (48)

If P~ Qg for some P € Py, then Py ~ Q. If in addition Qo = R, then for allt € [0,T] and
P e Py,
Ep,[Ho|F:] > Ep[Ho|F] R —a.s. (49)

Proof. Take P € Py, p := dP*/dQo, and pg := dP{/dQo. Due to our assumption a = 0 or
a = —oo we have f(P|Qo) = f(P*|Qo) if f(P|Qop) < oo. Since Py is an f-projection of Qg
on P and f := vy, is differentiable on (0, c0), a criterion in Riischendorf [37], Theorem 5, for
f-projections implies

Eqo [f'(po)(p = po)] > 0. (50)
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For the convenience of the reader we include the argument: Define P, := aP + (1 — a)Fy

and pq 1= dP%/dQo. The function a — f(pa) is convex on [0, 1], and so
7 . 1(pa) = f(po)

a = o
is increasing in « and decreasing to Zy = f'(po)(p — po) as a N\, 0. By definition of Py
there is ag € (0,1] such that Z,, € L'(Qo), and Z, is bounded by Z,, for a < ay.
By monotone convergence we obtain Zy € L'(Qp) and Eg,[Zo] > 0, since Eq,[Zs] =
a~' (f(PalQo) — f(Po|Qo)) > 0 for any a > 0.

In our situation we have f'(z) = —AgI(Aoz) and f'(po)po € L'(Qo) by Lemma 3.6,
hence f'(po)p € LY(Qo) and Hy € LY(P) since Zy € L*(Qo). Moreover, Inequality (50) and

Assumption (27) allow us to conclude

dPy dPy
E "N— )| >FE "= 51
v [f (dQ0>] = [f (6@0)]’ 51)
and this amounts to the inequality

Ep[Hy| < Ep,[Ho|. (52)

In order to verify (48) take f(x) :=xf(1/z). Then Qp is the f-projection of Py on Q, and
F(dQo/dPy) = u(Hp) due to (44). Note that due to our assumption u(co) = 0 or u(c0) = oo
we have f(P|Q) = f(FPo|Q%) for any Q € Q with f(Fy|Q) < co. Qo-integrability of u(Hy)
follows from Lemma 3.6. Now we apply the argument above in terms of f , reversing the role

of the sets Q and P to obtain
Eq[u(Ho)| = Eq,[u(Ho)]-

Q-integrability of u(Hy) for Q € Qp follows as above.

In order to show that Py ~ @)y take P € Py with P ~ Q. If Py is not equivalent to (),
then P (dPy/dQo = 0) > 0 and hence Ep[Hy| = oo since 1(0) = co. But in view of (52) this
is a contradiction to Hy € L'(Fp).

In order to show the conditional estimate (49) for P € Py and ¢t € (0,7), we write
po = po,tpot where po = dP§/dQo| 7 and po; is the conditional density with respect to F;.
In the same way we define py, pr, pat and pa . Due to (31) we have on {pa: > 0}

N Po, .
f(PO,tPa,t) =f <p tPoz,tPa,t)

a,t
Lo, A~ Lo, N
<a <t> f(pa,tpa,t) +0b <t> (pa,tpoc,t + 1)
Pat Pat

_ (o pos
- <pa,t) f(pa) o (pa,t) (,Ooc * 1>
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For a € (0,0] we have Eqg,[f(pa)|Fi] < 00 Qo-almost surely, and this implies that also
Eq,f(potha,t)|Ft] < 0o Qo-almost surely on {pa > 0}. If f(0) = 0, then f(po,tpa,) =0 on
{pa,t = 0} due to the definition of p, ;. If f(0) = oo, then p,; > 0 R-almost surely. Hence
Eqolf(potpat)Fi] < oo Qo-almost surely on 2. Furthermore,

EqQolf(potpa)|Fil = Eqy(f(potpoe)lFi] Qo — a.s.

Indeed, the measure P with density

- Po,tﬁa,t on A

00 on A¢

with A = {Eq,[f(po,that)|Ft] < Eg,f(potho)Fi]} belongs to P, and Qo[A] > 0 would
imply
f(p‘QO) = Eq,[f(P)] = Eq,[Eq,[f (p)IFtl] < Eq,lf(po)] = f(Fo|Qo)

which contradicts the minimality of Py. We can now repeat the argument above, with

f(PO,tﬁa,t) - f(PO)

(0%

Zoz,t =
instead of Z,, to obtain

p0.tEQelf (p0) (Pt — pot)|Fi) >0 Qo — a.s.

Since Qo ~ R, Py ~ R and hence pp; > 0 R-almost surely, the proof of (49) is complete.
O

Remark 3.13. Equation (47) shows that the robust f-projection Py of Q on P is indeed
a least favorable pricing measure for the optimal claim Hy. In the same manner, Equation
(48) allows us to view Qo as a least favorable measure for the utility evaluation of Hy. If
Qo minimizes the reverse f-divergence of Py over the set Q simultaneously for all convex
functions f, then Qg is in fact a least favorable measure in the sense of Huber and Strassen
[28]; see Schied [39] and [40] for a more detailed discussion of the connection between robust

utility maximization, risk measures, and the robust Neyman-Pearson lemma.

Clearly, the solution of the reduced problem provides the solution of the original optimiza-
tion problem for the utility functional U defined in (25) as soon as Qyp = Q. This condition
is satisfied in the classical case where Q consists of a single measure. Recall from part (ii) of

Remark 3.10 that it also holds if « is bounded from above.
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Corollary 3.14. Suppose that Q is weakly compact in the sense of Assumption 2.5 and
satisfies Q = Qp, and that the utility function u is finite on R. Then the robust optimization
problem defined by (25) and (26) has the unique solution

dP0>
Hy:=1 () o— |,
’ <“on

where Py is a robust f-projection of Q@ on P and Qo is its reverse projection on Q. The

contingent claim Hy is affordable with Py-limited downside risk if Py =~ Qo ~ R.

Proof. If w is finite on R, then a = —oo. This implies lim,_, o f(z)/x = —a = oo, and the
same property holds for f = v),. Recall from Remark 3.3 that the set p is closed. Thus
both parts of Assumption 2.5 are satisfied in our case. We can therefore apply Theorem 2.6
in order to obtain the existence of a pair (FPy, Qo) € P x Q that minimizes f(P|Q) over the
sets P and Q. Thus the assumptions of Theorem 3.11 are verified, hence Hy is the solution

of the original optimization problem defined by (25) and (26). O

Remark 3.15. The compactness assumption on the set Q can be motivated as follows. Note
first that our robust utility functional U, defined by (25) for some class of measures Q < R,
remains unchanged if we pass to the weak closure of Kg in L'(R). Thus it is no loss of
generality to assume that Q is weakly closed. Weak compactness of Q is now equivalent to

uniform integrability of Ko, and hence to the condition
Ve>0 36 >0 such that R[A] <6 = Q[A] <e VQ € Q; (53)

see, for example, Dellacherie and Meyer [8], Theorem I1.19. This condition means that all
models in Q agree that an event is highly unlikely if it has sufficiently small probability under

the reference measure R.

Clearly, Corollary 3.14 includes the case of exponential utility functions. But it does not
cover the remaining cases considered in Remark 3.7 where a = 0, hence lim,_,, f(z)/z = 0.
In order to formulate an existence result for such cases we are now going to extend our setting

and in particular the notion of a martingale measure.

4 Extended Martingale Measures

In this section we enlarge our initial probability space by introducing an additional default

time (, defined as the second coordinate ((w, s) := s on the product space Q := Q x (0, o0].
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Let
Fi=0({Ax (t,0]: A€ F,t >0})

denote the predictable o-field on €2, where F; := Fp for t > T; the predictable filtration
(Ft)t>0 is defined in the same manner. An adapted process Y = (Y;)i>0 on (Q, F, (Ft)i>0)
will be identified with the adapted process Y = (Y;);>0 on (9, F, (F)i>0) defined by Y; :=
Yiliesey, Le,

Y;ﬁ(wa S) = }/t(w)l(t,oo](s) (t > 0)'

To a probability measure @ on (£2, F) corresponds the probability measure Q := Q X s on
(9, F). Conversely, for any probability measure Q on (2, F) we define its projections @ on
(Q, Ft) by
Q'[A] := Q[A x (t,00]] (AeF).
In order to introduce the class P of extended martingale measures, let us denote by V()

the class of all non-negative value processes V = (V;)¢>0 of the form (22) with V; := Vp for
t>1T,ie.,

tAT
Vit [ GdXoz0 ez o),
0
and by V(zp) the class of the corresponding processes V = (V;)>0.

Definition 4.1. A probability measure P on (Q, F) will be called an extended martingale

measure if

(i) PP < R on F; (t >0),

(i) Under P, any V € V(z0) is a supermartingale with respect to (F;)i>0-
We denote by P the class of all extended martingale measures.

Clearly, for any martingale measure P € P the corresponding measure P := P X 4, on
(9, F) belongs to P.
We are going to use the representation of a right-continuous non-negative supermartingale

Z = (Z;)1>0 with Zy = 1 as a probability measure PZ on (€, F) such that
PZ[A x (t,o0]] = Eg[Z;; Al (54)

for A € F and t > 0; see Follmer [12]. This requires a regularity assumption on the

underlying filtration, for instance in the following form.
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Assumption 4.2. (F;);>o is the right-continuous modification of a standard system (Fy)¢>0
in the sense of Parthasarathy [35] V, i.e., (i) each (2, FY) is a standard Borel space, and (ii)

any decreasing sequence of atoms A; of Fy, for 0 <t1 <ty < ... has a non-void intersection.

Remark 4.3. (i) For any probability measure P on (0, F) whose projections satisfy Condition
(i) of Definition 4.1, the adapted process Z = (Zi)i>o defined by

dP?
Ly = —— >
=2 w20 (55)

is a right-continuous non-negative supermartingale on the filtered probability space (2, F,
(Ft)e>0, R) with Zg = 1. Conversely, any such supermartingale induces a probability measure
PZ on (Q,F) via (54) if the underlying filtered space (0, F,(F¢)i>0) is rich enough, for
example in the sense of Assumption 4.2; see Féllmer [12] and also Féllmer [11], Meyer
[33], Azéma and Jeulin [2], and Stricker [42]. For any supermartingale Y = (Yi)i>0 on
(Q, F, (F)i>0, R), the process U = (Up)i>o defined by

_ Y,
U(w, s) == él{ZgéO}l(t,oo] (s)

is a PZ -supermartingale. Conversely, if the process U with Uy = Utlicsyy is a supermartingale
under P? | then Y :=UZ is an R-supermartingale; see Follmer [11], Proposition 4.2.
(ii) Let P = PZ be a probability measure on (Q, F) such that (54) holds. It follows from

part (i) that P is an extended martingale measure if and only if
ZV is an R-supermartingale for any V € V(xo). (56)

Thus our class P of extended martingale measures corresponds exactly to the class of su-
permartingales which appear in the duality approach of Kramkov and Schachermayer to the

problem of mazimizing expected utility in incomplete financial markets; see [30], page 6.

Lemma 4.4. Let (pn)nZI be a sequence in the set P. Then there is a sequence Pn,(] S

conv(Py, Pyi1,...) (n=1,2,...) and a measure Py € P such that

dPnT’O
dR

dPf
dR

R —a.s. (57)

Fr Fr

Proof. Let Z™ be the supermartingale which corresponds to P, via (55). By Follmer and

Kramkov [15], Lemma 5.2, there are processes

Z" e conv(Z™, Z"1 ) (n=1,2,..)
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and a right-continuous non-negative supermartingale Z such that Z™° is Fatou convergent

to Z on the set of rational points, i.e.,

Z; = limsup limsup Z™° = liminf lim inf Z"°
slt,seQ n—oo slt,seQ n—oo

R-almost surely for ¢ > 0. In particular Z;’O converges to Zr R-almost surely because Z™°
is constant for ¢ > T for every n > 1. Furthermore, VZ™° is Fatou convergent to the
supermartingale VZ for every V' € V(xp). Thus, part (ii) of Remark 4.3 shows that the
probability measure Py := PZ belongs to P, and this completes the proof. O

Let us now formulate a general projection result for the class P of extended martingale

measures and for the class
Q:={Q x 6 :Q € Q}.
Let f:(0,00) — R be a strictly convex function such that

lim @

r—o00 I

= 0. (58)
In this case the definition of f(-,-) in (9) simplifies to

0 ify=20

uf (2) ity >0,

f(-,+) is continuous on (0,00) x [0, o), and the f-divergence of P € P with respect to Q € Q

710 = 20 £ (M1 ] = o [ (U01)] = i)

due to Remark 2.2 and our assumption Fr = F, where (PT)? is the absolutely continuous

part of PT with respect to Q.

f(z,y) =

is given by

Theorem 4.5. Let @ be weakly compact in the sense of Assumption 2.5, and let f satisfy
Condition (58). Then there exist a robust f-projection Py of Q on P and its reverse f-
projection Qo, i.e.,
f(Po]Qo) = f(P|Q) = inf inf f(P|Q).
PepP Qe
Proof. Let (Qn)n>1 € Q and (P,)n>1 C P be such that f(P,|Q,) converges to the infimum
of the values f(P|Q) for P € P and Q € Q, and define

dQn

Uy = dR
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By Delbaen and Schachermayer [7], Lemma Al.1, we can choose

Uno € conv(Pn, Pnir,.) (n=1,2,..)

and a function g such that
ﬂ)n,O — 1!)0 R —a.s.

Since the set Ko is weakly compact we have ¢y € Kg, i.e., ¢ is the density of some measure

Qo € 9. Due to Lemma 4.4 we can also choose
Poo € conv(Py, Ppy1,...) (n=1,2,..)

and Py € P such that (57) holds.
Define ¢, 0 := dPnT,o/defT and ¢q := dPOT/dR’fT. Note first that

f(PolQo) = Er [f (0. %0)]
= Br |lim £ (d0 + €, v0)|
= lim ER [f (do + € ¢0)]
by monotone convergence, since f(+,y) is continuous and decreasing on [0, c0) and

¢o + €

ER [f (¢o + €,%0)] = Eq, [f( ﬂ > f(14¢€) > —o0

by Jensen’s inequality. For any € > 0 if follows as in Schied and Wu [41], Lemma 3.6, that the
set {f(¢+¢,0): ¢ € Kp, ¥ € Ko} is uniformly integrable, where K := {dPT /dR : P € P}.
This implies
Erlf (¢ + € vo)l = Ep [ lim f(dno+e,tno)]
= Ep | lim [ (dno+€0n0)| = Er [ im f7(6n0+ € o)
< lim inf ER[f(¢n,0 + €, ¢n,0)]

< linn—l>i£f ER[f(¢n,0,¥n0)]

< liminf ER[f(¢n, vn)] = £(P|Q).

The first equality follows from the continuity of f(- +¢,-) on [0,00)2, the first inequality
follows from Fatou’s lemma (applied to the first term) and Lebesgue’s theorem (applied to
the second term) and the last one from the convexity of f(-,-). This shows that f(:|-) attains

its minimum in (Py, Qo). O
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Remark 4.6. Uniqueness of the density dP(;‘F/dQO holds as in Proposition 2.14 if the function

f is strictly convex.

Let us now return to the utility maximization problem. In view of Corollary 3.14 we
assume that the utility function u is given on (0, 00). Thus the convex conjugate function v
of u as defined in (29) satisfies Condition (58) due to (30).

Since {u > —oo} C [0,00), a contingent claim is relevant for our utility maximization
problem only if it is non-negative. In this case affordability reduces to the price constraint
(24) for Py = P. as explained in Remark 3.5. In fact the price constraint also includes the

class P of extended martingale measures:

Lemma 4.7. For a contingent claim H > 0 the following conditions are equivalent:
(i) suppep, Ep[H| < xo.
(ii) There exists a value process V€ V(xg) such that Vi > H R-almost surely.

(iii) The corresponding claim H := Hlesy satisfies the constraint

sup Ep[H] < xo.
PeP

Proof. The equivalence of (i) and (ii) is a key result in the theory of superhedging as recalled
in Remark 3.5. To check that (ii) implies (iii) note that for any V' € V(z¢) the process (V;) is
a P-supermartingale with Vi > H P-almost surely because P[Vy > H] = PT[Vy > H| and
PT < R. Since P x 64 € P for any P € P,, (iii) implies (i). O

As in Section 3 we denote by A\g > 0 a minimizer of vy(P|Q) + Az and define the class
Qp as in (38). Our aim is to maximize the robust utility

Up(H) = inf E H 59

o() = inf Folu(H) (59

over all contingent claims H > 0 such that H := H L{¢c>Ty satisfies the constraint

sup Ep[H] < . (60)
pep
Corollary 4.8. Let Q be weakly compact in the sense of (2.5). Then there exists a solution
to the utility mazimization problem defined by (59) and (60). It is given by
YW
Hy:=1 <>\0dQO> ,
where Py is the robust vy, -projection of Q onP and Qy = QoX o is its reverse V), -prOjection.

Hy is affordable in the sense that it satisfies the conditions of Lemma 4.7.
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Proof. For P€ P, Q = Q x 0o € Q, and H € L' (PT) such that Ep[H] = Epr[H] < x we

obtain

d(PT)a
dq

EQ[U(H)] < EQ U(H) — \H — )\E(PT)S[H] + )\.%‘0

S ’U)\(p|Q) + )\xo

in analogy to (36). Since lim, .o v(z)/z = a = 0, Theorem 4.5 ensures the existence of a
robust vy -projection Py of @ on P. We can now continue as in the proof of Theorem 3.11

to conclude that Ep [Ho| = Epr [Ho] = xo and
Uo(H) < v, (PolQo) + Moo
= Eq, [u(Ho)].

It follows from Lemma 3.12 and Remark 3.10 that

Ep,[Ho] = max Ep[Ho),
Pep

that Eg, [u(Hop)] = minges, £g [u(Hp)]. Thus Hy solves the optimization problem defined by
(59) and (60). O
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