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Abstract

We study the behavior of conditional risk measures along decreasing o-
fields. Under a condition of consistency, we prove a non-linear extension of
backwards martingale convergence. In particular we show the existence
of a limiting conditional risk measure with respect to the tail field, we
describe its dual representation in terms of a limiting penalty function,
and we show that consistency extends to the tail field. Moreover, we
clarify the structure of global risk measures which are consistent with the
given sequence of conditional risk measures.

1 Introduction

Consider a filtration (F,)nez, indexed by the integers, on some measurable
space (2, F). In the forward direction we define the asymptotic o-field Fu :=
o (U,, Fn), in the backward direction the tail field F_o 1=, Fn-

For a given probability measure P and for any bounded measurable function
X on (Q,F), let us denote by

M (X) = Ep [-X|F,], nez (1)

the conditional expectation of —X with respect to F,, under the measure P.
Since we are using the minus sign, the functional 7,, can be regarded as the
special linear case of a conditional convex risk measure, as explained below.

Due to the projectivity of conditional expectations, the sequence (9,)nez is
consistent in the sense that

M (=Mn41(X)) = nu(X),  nez (2)
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Martingale convergence forwards and backwards yields the existence of the limits

Noo(X) = AITI& (X)), N-w(X) = lim 7,(X)

nl—oo
P-as. and in L'(P), and these limits are identified as conditional expectations
oo (X) = Ep [=X|Foc],  n-oo(X) = Ep [-X|T o]

with respect to the limiting o-fields Fo, and F_,,. Again by projectivity, we
see that the consistency relation (2) extends to infinity in both directions, that
is,

N (=Noo) =nNn and  1—oo(=1n) = N-co (3)

for any n € Z. Let us summarize these classical facts by saying that the sequence
(Nn)nez is asymptotically precise in both directions.

In this paper, we study the question whether asymptotic precision extends
from the linear case of conditional expectation to the non-linear case of condi-
tional risk measures. For each n € Z, let p, denote a conditional convex risk
measure on L>(Q, F, P) with respect to F,, and let

Ap ={X € L®(,F,P) | pu(X) <0}

denote the corresponding acceptance set; see, e.g., [19, Chapter 11]. Under an
additional continuity assumption, the conditional risk measure p,, admits the
dual representation

pn(X) = esssup  (Eq[-X[Fn] — an(Q)) (4)
QLP
Q =~ PonF,

with penalty function

an(Q) = esssup Eq [—X|F,].
XeA,

In the special coherent case where p,, is also positively homogeneous, this reduces
to the representation

pn(X) = esssup Eq [—X|F,] (5)
QEQ,

with a suitable class Q,, of probability measures (). Under the additional con-
dition of comonotonicity, the coherent risk measure in (5) can also be regarded
as a conditional Choquet integral

pu(X) = [ (-X)dC,.

where C,,(A) := p,(—I4) is a conditional Choquet capacity, in analogy to the
discussion in [19, Section 4.7]. Clearly, we recover the conditional expectation



N, (X) in (1) in the simple special case, where the set Q,, reduces to the single
probability measure P.

Let us now assume that the sequence (py,)nez of conditional risk measures
is consistent in the sense of (2), i.e.,

Pr(=pn+1(X)) = pn(X),  neZ (6)

for any X € L*°(Q,F,P). Consistency can be characterized in terms of the
acceptance sets (A, )nez, in terms of the penalty functions (ay, )nez, and also by
supermartingale criteria for the joint behavior of (p,,) and («,); this is recalled
in Section 2.2.

In the forward direction, the behavior of the consistent sequence (p,,) along
the filtration (F,),>0 has been studied in [17]. The supermartingale criteria for
consistency yield existence of the limit

poo(X) := lim p, (X).

The question is whether p., has good properties as a conditional risk measure
with respect to Fo,. In the case Fo, = F, asymptotic precision in the forward
direction amounts to the condition p.,(X) = —X. However, neither asymptotic
precision nor the weaker condition po, (X) > —X of asymptotic safety may hold;
see [17, Section 5] for criteria and for counterexamples.

In this paper, we focus on the backward direction, and so it is enough to
consider the filtration (F,)n<o. Under a mild condition on the penalties for
our reference measure P, we show in Section 3 that asymptotic precision is
indeed satisfied along decreasing o-fields. More precisely, an application of the
supermartingale criteria for consistency yields the existence of the limit

P—oo(X) = lim pp(X).
nl—oo
We then show that the functional p_ ., defines a conditional convex risk measure
with respect to the tail field F_,., that this risk measure is continuous from
above, and that its dual representation (4) for n = —oc is given by the limiting
penalty function

a_oo(@) = liTan an(Q).

Moreover, we show that the consistency condition (6) extends to —oo, that is,

P—oc(—Pn) = P—co

for any n < 0, in analogy to (3). In particular, these properties of asymptotic
precision in the backward direction hold for a consistent sequence of conditional
coherent risk measures, and also for the special case of conditional Choquet
integrals.

In the final Section 4 we study the structure of the set R of all global
(unconditional) risk measures p on L*(Q2, F, P), which are consistent with the



given sequence (pn)n<o. Under additional continuity conditions, we show that
such risk measures are of the form

p=p(=p-oc);

where p is a convex risk measure on the tail field; the precise formulation is
given in Theorem 5 and Corollary 5.

Our discussion of the behavior of conditional convex risk measures along de-
creasing o-fields is motivated by the problem of clarifying the structure of spatial
risk measures consistent with a given local specification in a large network. Un-
der a condition of local law-invariance, the local conditional risk measures must
be entropic, and then the problem can be solved explicitly, as shown in [15].
Without this condition, the main problem consists in extending the local speci-
fication to the tail-field, and this can be done by using the general convergence
results of the present paper. The application to spatial risk measures will be
discussed in [16].

2 Preliminaries

Throughout this paper we fix a probability space (2, F, P). We write L :=
L (Q, F, P) and denote by M (P) the set of all probability measures absolutely
continuous with respect to P.

In this section we recall some basic facts about conditional convex risk mea-
sures and about consistency that will be used later on. For further details see,
for example, [13, 4, 17, 5, 8, 1], and [19, Chapter 11].

2.1 Conditional convex risk measures
Let Fy be a sub-o-field of F and write L := L>*°(Q, F, P).

Definition 1. A map
po : L= — Lg°

is called a conditional convex risk measure with respect to Fy if it satisfies the
following properties for any X,Y € L*>:

o Conditional cash invariance: For all Xy € Lg°,
po(X + Xo) = po(X) — Xo
e Monotonicity: X <Y = po(X) > po(Y)
o Conditional convexity: For all A € Lg® such that 0 < X <1,

Po(AX + (1 = A)Y) < Apo(X) + (1 = A)po(Y)

e Normalization: po(0) = 0.



A conditional convex risk measure pg is called a conditional coherent risk mea-
sure if it has in addition the following property:

o Conditional positive homogeneity: For all A € L§® such that A > 0,

po(AX) = Apo(X).

Remark 1. A conditional convex risk measure pg is uniquely determined by the
associated acceptance set

Ao = { X € L™ | po(X) <0},

since

po(X)=essinf {Y € L° | X +Y € Ay} . (7)

Thus pn(X) has the financial interpretation of a capital requirement, namely the
minimal amount which should be added to the position X to make it acceptable.

Note that Ay is conditionally convex and solid, and that po(0) = 0 implies
0 € Ay and essinf { X elLy | Xe .Ao} = 0. Conversely, any set Ay with these
properties defines via (7) a conditional convex risk measure pg.

Under an additional continuity condition, the conditional convex risk mea-
sure po admits the following dual representation in terms of suitably penalized
probability measures @ € M (P); this is also called the robust representation
of Po-

For any Q € M;(P) we define

ap(Q) :=esssup Eq [-X|Fo] . (8)
XeAo

Q-almost surely, taking the essential supremum under Q. Clearly, ag(Q) is well
defined P-almost surely if @ is equivalent to P on Fy, and in that case (8) can
be read as well as an essential supremum under P.

Remark 2. 1. Since 0 € Ay, we have ap(Q) > 0 Q-a.s., and hence P-a.s.
if Q =~ P on Fy.

2. For any X € L*> we have X + po(X) € Ao, and so (8) implies
po(X) = Eq [-X|Fo] — a0(Q)  Q-a.s. (9)

for any Q € My(P).

With this definition of the penalty function «g the following equivalence
holds; see [13, 4, 17, 6, 8, 1], and [19].

Theorem 1. For a conditional convex risk measure pyg with respect to Fo, the
following are equivalent:



1. po has the robust representation

po(X) = esssup (Eq[-X|Fo] —a(Q)), X eL> (10
Q € Mi(P)
Q ~ PonFy

where the essential supremum is taken under P.

2. po is continuous from above, i.e.,
Xe N\ X P-as = po(Xi) " po(X) P-as
for X € L and any sequence (Xj) C L.

Remark 3. The penalty function «g is minimal in the following sense: If the
representation (10) holds with some function &g, then

ao(Q) = ap(Q) P-as. (11)
for any Q € My (P) such that Q ~ P on Fo. Indeed, (10) implies
a0(Q) =2 Eq [-X|Fo] = po(X) = Eq [-(X + po(X))|Fo] P-a.s.,
and hence (11) in view of (8), since X + po(X) € Ap.

Remark 4. Continuity from above is equivalent to the following condition, also
called the Fatou property:

po(X) < liminf po(Xg)
k—o0

for any uniformly bounded sequence (Xy) C L® which converges P-a.s. to some
X € L*®. We say that py has the Lebesgue property, if the inequality in the
preceding condition can be replaced by the equality

po(X) = Tim po(Xe).
k— o0

The Lebesgue property holds if and only if py is not only continuous from above
but also continuous from below, that is,

X /X P-as =  po(Xi) \ypo(X) P-a.s.

Moreover, it can be shown that the Lebesgue property is equivalent to the condi-
tion that the essential supremum in (10) is actually attained by some measure
Q depending on X; for a proof in the unconditional case Fo = {Q,0} see [12,
Theorem 2J.

The proof of Theorem 1 shows that the robust representation in (10) can
actually be refined in the sense that we can use a smaller set of probability
measures; see, e.g., [17] or [19, Chapter 11].



Corollary 1. If py is continuous from above then we have

po(X) = esssup(Eq [—X|Fo] — a(Q)), X € L™,
QeQo

where

Qo :={Q EMi(P)| Q= PonFy, Eglan(Q)] < oo} .

Remark 5. In the special case Fo = {Q,0}, the preceding discussion reduces
to standard definitions and basic facts for (unconditional) convex risk measures

p: L = R

on the Banach space L™; see, [2, 8, 10, 18, 20/, and also [19, Chapter 4].

2.2 Consistency

Let us now fix two sub-o-fields Fop C F; of F. For ¢ = 0,1, we write L :=
L>(Q, F;, P), and we consider a conditional convex risk measure p; : L™ — L$°
with respect to F;.

Definition 2. We say that the conditional risk measures pg and p; are consis-
tent if

po = po(—p1),
that is, if po (—p1(X)) = po(X) for all X € L°°.

From now on we assume that both py and p; are continuous from above.
Let A; and «; denote the acceptance set and the minimal penalty function
corresponding to p;. Consistency of pg and p; can then be characterized in
terms of the acceptance sets, in terms of the minimal penalty functions, and in
terms of the joint behavior of (p;) and («;). To this end, consider the restriction
of po to the subspace L{® of L*° and denote by

Ag1:={X €L | po(X) <0 P-as.}
the acceptance set and by

ap,1(Q) = esssup Eq [—X|Fo], Q € My(P)
X€Ao,1

the minimal penalty function associated to this restriction in analogy to (8). As
shown in [11, 17, 5, 8, 9, 6, 1], consistency can now be characterized as follows

Theorem 2. The following conditions are equivalent:
1. po and p1 are consistent.
2. Ag = Ao1 + A
3. For any Q € M;(P),
@(Q) = ap1(Q) + Eg[a1(Q) | Fo] Q-a.s.



4. For X € L™ and any Q € M;(P),

EqQlp1(X) +a1(Q) | Fol < po(X) +a0(Q) Q-a.s..

Remark 6. All our penalty functions are non-negative, since we have assumed
that all our risk measures are normalized. Thus property (3) of Theorem 2
implies that

ap(Q) > Eglai(Q)|Fo] Q-a.s. for all Q € My (P). (12)

In particular, (oi(Q))i=0,1 i a non-negative supermartingale with respect to Q
for all Q@ € My(P) such that Eq [0(Q)] < oo. Note that the consistency cri-
terion (3) of Theorem 2 provides, in addition to the supermartingale inequality
(12), a special form of the predictable increasing process in the Doob decompo-
sition of (c;)i=0,1-

Condition (12) is equivalent to weak consistency of (pi)i=o0,1, that is, to the
condition that

p(X)<0 = po(X)<0

for any X € L*; cf. [1, Proposition 8]. Note that weak consistency amounts to
the relazation Ay C Ag of the consistency criterion (2) in Theorem 2. For other
relaxzations of the strong notion of consistency in Definition 2 see, for example,
[26, 27, 25, 24, 1, 14], and in the law-invariant case [28].

In Section 4 we are going to use the Lebesgue property of conditional risk
measures that was introduced in Remark 4, and we will apply the criterion of
Proposition 1. This involves the following notion of strong sensitivity; see also
[24].

Definition 3. We call a conditional convex risk measure pg strongly sensitive
with respect to P if
Plpo(X) < po(Y)] >0

whenever X, Y € L™ satisfy X >Y P-a.s. and P[X >Y] > 0.

Proposition 1. Let pg and py be consistent, and assume that py has the
Lebesgue property and is strongly sensitive. Then p; inherits the Lebesque prop-
erty and is strongly sensitive.

Proof. For X € L* and a uniformly bounded sequence (X}) in L® such that
X — X P-a.s., the Fatou property of p; yields

p(X) < limkinf p1(Xg) <limsupp;(X;) P-as. (13)
k

To prove the Lebesgue property of p;, we have to show that

p1(X) = limsup p1(Xy) P-as..
k



In view of (13), this will follow from
po(=p1(X)) = po(— limksup p1(Xk)),

due to the strong sensitivity of py. Indeed, using consistency, monotonicity of
po applied to (13), and first the Fatou property and then the Lebesgue property
of pg, we obtain

po(X) = po(—p1(X)) < po(—limksupm(Xk))
= po(liminf py (=Xp)) < lim inf po(—p1 (X))
= liminf po(Xx) = po(X).
To see that p; is strongly sensitive, take XY € L such that X > Y and

P[X >Y] > 0. Then we have P [p1(X) < p1(Y)] > 0, since p1(X) = p1(Y)
P-a.s. would imply

po(X) = po(—p1(X)) = po(—=p1(Y)) = po(Y)

in contradiction to the strong sensitivity of po. O

3 Backwards Convergence

From now on we fix a filtration (F,,),<o on our probability space (Q,F, P).
Thus, the o-fields F,, C F are decreasing as n decreases to —oo. We denote by

Fooo = () Fn

n<0

the corresponding tail field and write LS° = L (Q, F,, P).
Let (pn)n<o be a sequence of conditional convex risk measures

pn L — L°.

We denote by A, the acceptance set of p,, and we assume that each p, is
continuous from above. Thus p,, admits a dual representation (10) in terms of
its minimal penalty function c,,. We also assume that the sequence is consistent
in the sense that

Pr(—Pnt1) = pn (14)

for all n < 0.

Example 1. For 8 > 0 consider the conditional entropic risk measures (pn)n<o
defined by

pu(X) 1= Glog Bp [ |7, (15)



for B =0 this is interpreted as the linear case (1), that is, as the limiting case
of (15) as 8 decreases to 0. For B > 0, the corresponding penalty functions are

given by .
an(Q) = BHn(Q|P)7

where H,(Q|P) denotes the conditional relative entropy with respect to Fy,; see
[17] or [19, Chapter 11]. It is easy to check that the sequence (pp)n<o 5 con-
sistent. Note that p, is law-invariant in the sense that p,(X) only depends
on the conditional distribution of X with respect to F, under P. Conversely,
law-invariance together with consistency implies that the risk measures p, are
entropic, if the parameter 8 is allowed to be tail-measurable with values in [0, 00);
see [15] and also [22]. In this special entropic case, the sequence (pn)n<o admits
an immediate extension

po(X) = Slog Bp [

to the tail field, and the properties of asymptotic precision are clearly satisfied.

Remark 7. In general, let (pn)n<o be any sequence of conditional convex risk
measures, not necessarily consistent. Defining recursively

po:=po and pn = pu(—pp+1) forn <O,
we obtain a sequence (pn)n<o which is indeed consistent.

Our goal in this section is to extend the sequence (p,)n<o to a conditional
convex risk measure p_,, with respect to the tail field, to show that this risk
measure is continuous from above, and to identify its dual representation. To
this end we will make use of the supermartingale properties implied by the
consistency condition (14), as they are stated in Theorem 2 and Remark 6.

Theorem 3. Let us assume

sup Bp [an(P)] < occ. (16)

Then the limit
p—oo(X) = lim pn(X)

nl—oo
exists P-a.s. and in L*(P) for all X € L>. Moreover, the resulting map
Pooo: L = L®(Q,F_, P)

defines a conditional convex risk measure with respect to the tail-field F_ o, and
it satisfies the consistency condition

P—o0 = P—oo(—pn) (17)

for allm <0.

10



Proof. Fix X € L*. Due to our assumption (16), Theorem 2 together with
Remark 6 shows that (o, (P))n<o is a backwards supermartingale under P which
is bounded in LY(Q, F, P). In view of part (4) of Theorem 2, the same is true
for the process

Vo (P, X) := pp(X) + an(P), n <0,

since it is bounded from below by —|| X || and satisfies

sup Ep [V (P, X)] < || X ||oc + sup Ep [, (P)] < 0.
n<0 n<0

Applying supermartingale convergence backwards under P, we obtain the exis-
tence of finite limits
Voo(P,X) = 1jm Va (P, X) (18)
and
a_oo(P) := lim «,(P)

nl—oo

both P-a.s. and in L'(P); cf. [23]. This yields the existence of the limit
pfoo(X) = lim pn(X) = Vfoo(PaX) - Oéfoo(P) (19)

nl—oo

both P-a.s. and in L'(P). Moreover, we have |p_oo(X)| < || X |00, and it is easy
to check that the resulting map

pooot L = L®¥(Q, Fs, P)

has the properties of a conditional convex risk measure with respect to the tail
field F_ ., as stated in Definition 1. To prove the consistency property (17) of
P—oo, NOte that property (14) of the sequence (p,,) implies

pfoo(_pn(X)) = mleElOO pm(_pn(X)) = mljrjloo pm(X) = pfoo(X)
for any X € L>™ and n < 0. O

In the preceding proof, we can replace the reference measure P by any mea-
sure ) belonging to the set

0r = { Qe Mi(P) | Q= Pon e, sup Eqfon(@)] < oo}

This yields the following result.
Corollary 2. For any Q € Qp, the limit

0—o(Q) == lim a,(Q) (20)

nl—oo
exists Q-a.s and in L'(Q), and we have

Eqlo-w(@)] = lim Eglan(Q)] < c.

ny—oo

11



Let us denote by

nnt1(Q) == esssup  Eq [-X|Fy]
X€ALNLE,

the one-step penalty function of @ € M;(P) for n < 0; we put L® := L*> so
that 040)1(@) = Oéo(Q).

Lemma 1. For any Q € Qp the limit a_(Q) in (20) is given by

0
a (@ =Eq| Y al,l+1(Q)|f—w] , (21)
l=—00
and we have
a-wo(Q) = nlii{ﬂm Eq lan(Q)|Fs] (22)

Q-a.s. and in L*(Q).

Proof. Tterating condition (3) of Theorem 2 for I =n,...,—1, we obtain

an(Q) = an,n+1(Q) + EQ [an+1(Q)|‘Fn] = EQ

0
Z al,z+1(Q)|fn1 (23)
l=n

for any n < 0. Combining monotone convergence with martingale convergence
(“Hunt’s lemma”), we obtain

a_(Q) = lim ,(Q) = Eq

nl—oo

0
Z al,l+1(Q)|f—m]

l=—o00

Q-a.s. and in L'(Q). Moreover, (23) implies

Eq [on(Q)|F -] = Eq

0
Zal,z+1(Q)|—7:oo] ;
l=n

and so equation (22) follows by monotone convergence. O

Out next goal is to show that the conditional risk measure p_ ., has the Fatou
property, and that the minimal penalty function in its dual representation is
given by the limits a_(Q) for @ € Qp. To this end we consider the functional
pp : L™ — R defined by

pp(X) == Ep [p-(X)]. (24)

Lemma 2. pp is a convex risk measure, and it has the Fatou property.

12



Proof. Tt is easy to see that pp has the properties of a convex risk measure. It
remains to prove the Fatou property. Take X € L°° and a uniformly bounded
sequence (Xj)gen such that X — X P-a.s.. For any n < 0, the Fatou property
of p, implies that the functional V,,(P,-) has the Fatou property as well. Thus
we obtain

Ep [Va(P,X)] < liminf Bp [V,,(P, X,)] < liminf Bp [V oo (P, Xp)]
for all n, where the last inequality follows from the supermartingale property of
(Vo (P, Xk))n<o- Using the supermartingale convergence in (18), this implies
Ep [Vooo(P. X)] < liminf Ep [V_o (P, X))].
Subtracting Ep [a_s(P)] from both sides and recalling (19), we obtain the
Fatou property for pp:

Ep [p—oo(X)] < liminf Ep [p_oo(X3)]

O

Theorem 4. Under our assumptions (16) and (14), the conditional convex risk
measure p_o, has the Fatou property, and it admits the representation

P—oo(X) =esssup (Eg [-X|F_x] —0-(Q)), X eL™
QeQp

in terms of the limiting penalty function a_, in (20) and (21). Moreover, a_
coincides with the minimal penalty function of p_o, i.e.,

0_o(Q) = esssup Eg [-X|F_w] P-a.s. (25)

XeA_
for any Q € Qp, where
Ao i ={X € L™ | p_se(X) <0}
denotes the acceptance set of p_oo-

Proof. To prove the Fatou property, we show that p_,, is continuous from
above. Take X € L and a decreasing sequence (X}) in L with X N\, X
P-a.s.. Monotonicity of p_., yields

poo(X) = limpco(Xp)  P-as.. (26)

On the other hand, the unconditional convex risk measure pp in (24) is contin-
uous from above by Lemma 2 and Remark 4. This implies

Ep [p—oo(X)] = pp(X) = limpp(Xy) = lim Ep [p—oo (Xk)]

=FEp |:1i]1€/n[)oo(Xk):| ;

13



using monotone convergence in the last step. Combined with (26) this yields

p-oo(X) = limp_oo(Xi)  P-as.,

and hence the Fatou property of p_o,. By Corollary 1 it follows that p_., has
the robust representation

p—oc(X) = esssup (EQ [~ X[|Fo] —0-(Q)), X €L™,
QeQp

where we denote by &_ (@) the right-hand side of (25).
For a given Q € Qp, we now show that &_.(Q) = a_(Q) P-a.s.. Note
first that, due to (17) and Theorem 2,

2 EQ [O‘n(Q)|]:foo] Q-a.s.

for any n < 0, where &_ »,(Q) > 0 denotes the minimal penalty function of
P—oo Testricted to F,. This implies

d-x(Q) 2 a—o(Q) P-as., (27)

using equation (22) in Lemma 1 and the equality of @ and P on F_o. To
obtain the converse inequality, take any X € L. We have

pn(X) 2 Eq [=X|Fn] —an(Q)  Q-as.
for any n < 0 by Remark 2, and hence
poo(X) = lim p, (X) > lim (Eq [~ X|F.] — 0(Q))
=FEg [—X|F_x) — 0-ee(Q) Q-ass..
Since (Q = P on F_.,, we obtain
Pooo(X) > Eq [—X|F_x] — 0—x(Q) P-as.. (28)
This holds for all Q € Qp, and so we get

p—oo(X) = esssup (Eq [-X|F o] — Q) -)
QeQp

<esssup (Eg [—X|F_o] — 0—e(Q))
QeQp

< p_oe(X),

where we have used (27) for the first and (28) for the second inequality. The
resulting equality shows that p_., has a robust representation with penalty
function a_ . Since &_ is the minimal penalty function, we obtain &_ . (Q) <
0_oo(Q) P-as. for any @ € Qp. Combined with (27), this yields equality (25).

O

14



Thus we have shown backwards convergence of p,, as n — —oo to a nice
conditional risk measure p_,, with respect to the tail field. This can be seen
as a backward analogue to the properties of asymptotic safety and asymptotic
precision in the forward direction for a consistent sequence (p,)n>0 along a
filtration (F,)n>0; see the discussion in [17, Section 5]. As shown in [17, Theo-
rem 5.4], asymptotic safety can be characterized in terms of various asymptotic
properties of acceptance sets and of penalty functions as n tends to co. The
following corollary states backward analogues to those properties as n tends to
—00.
For n < 0, we denote by

A_on = A NLY
the acceptance set of p_., restricted to F,,, and by

0_oon(Q) = esssup Eq [—X|F,],
X€EA_oon
the corresponding minimal penalty function for @ € Qp.
Corollary 3. 1. (), A—ce.n = L (F_0).
2. limy) o 0o n(Q) =0 Q-a.s. for all Q € Op.

(3) A position X € L™ belongs to A_, if and only if there exists a uniformly
bounded sequence X,, € A,, n <0, such that Ilim, | - X, <X.

Proof. Since each p, and hence p_., is normalized, we obtain L3°(F_) C
A_oopn for any n < 0, and this shows the inclusion “D” in (1). Conversely,
if X € A_ is F,-measurable for all n < 0, then X is F_..-measurable, and
conditional cash invariance of p_., yields —X = p_o(X) < 0 P-a.s.. This
proves (1).

By Theorem 2 combined with (25), the consistency relation

P—oo(—Pn) = p-oo

in Theorem 3 implies

A 0o(Q) = 0 o.n(Q) + Eq [an(Q)|F- o]

for any @ € Qp, and so the convergence in (2) follows from the second equality
in Lemma 1.

In order to prove (3), take X € A_. Note that X,, := X +p,(X) € A, for
all n < 0, that the sequence (X,,) is uniformly bounded by 2||X||~, and that
lim, X,, = X 4 p_(X) < X. Conversely, let X € L satisfy the condition
X > lim,, X,, for some uniformly bounded sequence (X,,) such that X,, € A4,
for each n < 0. Since p,(X,) < 0, monotonicity and the Fatou property of p_,
together with the consistency condition p_oo(—pn) = p—o yield

P—oo(X) < p_oo(lim X,,) < liminf p_ o (X,,)
= lim infpfoo(_pn(Xn)) <0,

and so X belongs to A_ . O
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For the rest of this section we focus on the special case where each p,, is
coherent. Let us denote by M$(P) the class of all probability measures @ on
(Q, F) which are equivalent to P.

Definition 4. A class Q@ C M$(P) of probability measures on (2, F) is called
stable with respect to the filtration (Fp)n<o if, for any Q1,Q2 € Q and any
n < 0, the probability measure Q defined by

Eq [X] := Eq, [Eq, [X|F4]]
belongs again to Q.

Corollary 4. Under assumptions (16) and (14), the conditional risk measure
P—oo defined in Theorem 3 is coherent if and only if each p,, n <0, is coherent.
In this case both p, and p_., have robust representations in terms of the set

Q5 =Q2pNMS(P)={Q~P|a_w(Q)=0},

i.e.,
pn(X) =esssup Eq [-X|F,], X elL™®
QeQs
orn < 0 and n = —oo. Moreover, the set Q% is stable, and the process
P

(Pn(X))n<o is a backward Q-supermartingale for any Q € Q%.

Proof. 1t is straightforward to see that the limiting risk measure p_., is coher-
ent, if each p, is coherent. The converse as well as all other statements of the
corollary follow from Theorem 4 and [17, Corollary 4.12], due to the consistency
condition (17). O

Remark 8. Under an additional condition of comonotonicity, a conditional
version of the arguments in [19, Corollary 4.95] shows that the coherent risk
measures p, can be interpreted as conditional Choquet integrals

pu(X) = / (—X)dC,,

that is, as Choquet integrals with respect to the conditional submodular capacity
C,, defined by
Cn(A) = pn(—1a)

for any A € F; see also [7] and the references therein. If these conditional
Choquet integrals are consistent in the sense of (14), then Theorem j shows
that they converge along our decreasing o-fields, that is,

lim/XdC’ = /XdC’_OO P-a.s.

for any X € L*°.
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4 The structure of global risk measures consis-
tent with (p,)n<0

Let us denote by R the class of all convex risk measures p on L*> which are
consistent with the sequence (p,,)n<o, that is, p satisfies the condition

p=p(=pn), n<0. (29)

Note that R # 0, since the risk measure pp defined in (24) belongs to R.

From now on we focus on risk measures p € R which have the Lebesgue
property. We denote be R, the class of all those risk measures, and by R, s the
subclass of all p € Ry which are strongly sensitive in the sense of Definition 3.
In this section, our aim is to clarify the structure of the sets R and Ry, g.

Lemma 3. For any p € Ry, the consistency condition (29) extends to the tail
field F_oo, that is,

P(=p—c0) = p.

Proof. For any X € L™ the sequence (pn(X))n<o is uniformly bounded by
| X ]| and P-a.s. convergent to p_oo(X). Combining (29) with the Lebesgue
property of p, we obtain

P—p—sel(X)) = lim p(—pa (X)) = p(X). (30)
O

Proposition 2. We have Rp,s # 0 if and only if the conditional risk mea-
sure p_oo has the Lebesgue property and is strongly sensitive in the sense of
Definition 3.

Proof. Suppose that Ry g # 0. For any p € Ry s, we have p(—p_o) = p due
to Lemma 3. Applying Proposition 1 to p and to F; := F_,, we see that p_,
has the Lebesgue property and is strongly sensitive.

Conversely, the Lebesgue property of p_., implies that the risk measure pp
defined in (24) belongs to Ry. If, moreover, p_. is strongly sensitive in the
sense of Definition 3, then p := pp is strongly sensitive as well. O

Our description of the risk measures in Ry, and Ry, s will involve the condi-
tional risk measure p_, with respect to the tail filed F_,, and an unconditional
risk measure on the tail field. More precisely, let us denote by R the class of
convex risk measures p on L := L>(Q, F_oo, P) which have the Lebesgue
property on ﬁoo, and by 7@,;’5 the subclass of all p € R, which are strongly
sensitive on L.

Theorem 5. Suppose that p_~, has the Lebesgue property. Then the class Ry,
has the following structure:

R ={p(=p-o) | pERLY. (31)
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Proof. Take any p € R, and denote by p the restriction of p to L*>. Clearly, p
belongs to Rr, and Lemma 3 implies

p=p(—p-cc) = p(—p-co)-

This shows the inclusion “C” in (31).
Conversely, take any p € Rp. Then p := p(—p_o) defines a convex risk
measure on L°>°. We have p € R since

p(=pn(X)) = p(=p-oc(=pn(X))) = p(=p-oc(X)) = p(X)

due to (17). Moreover, p has the Lebesgue property on L*°. Indeed, for any
uniformly bounded sequence (X}) in L* such that X} — X P-a.s., the Lebesgue
property of p_ implies

p—oo(X) =limp_oo(Xy)  P-as.,

hence
P(X) = P(=p-oo(X)) = lim p(—p_oo (X)) = lim p(X)

due to the Lebesgue property of p. O
Corollary 5. If Ry s # 0, then

Rrs= {ﬁ(—P—w) | pe 7AQL,S} .

Proof. By Proposition 2, the existence of some p € Ry g implies that p_o
has the Lebesgue property and is strongly sensitive. For any p € Ry g, the
restriction p of p to L* clearly belongs to 7A2L,S, and we have p = p(—p_) due
to (30).

Conversely, take p € Rp.g. Then Theorem 5 shows that p := jH(—p_o0)
belongs to Ry. Moreover, p is strongly sensitive. Indeed, for X and Y in L™
with X <Y P-as.and P[X < Y] > 0, we obtain p_(X) > p_(Y) P-a.s.and
Plp—oo(X) > p_oo(Y)] > 0 due to Proposition 2, and so the strong sensitivity
of p implies

P(X) = H(=poo(X)) > p=p-oe(¥)) = p(Y).
O

Remark 9. Throughout this paper, we have worked with a fixed probability
measure P. In the spatial setting of [16], the single measure P will be replaced
by a whole class P of probability measures, namely the class of Gibbs measures
with given local conditional probabilities. This will require a refined analysis,
where conditional risk measures with respect to P are replaced by risk kernels,
and where the results of the present paper will be used as building blocks.
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