On a Differential-Algebraic Inclusion Model for LRS-Networks

Werner Wendt

Humboldt-Universität zu Berlin, Fachbereich Mathematik, PSF 1297, O-1086 Berlin, Germany

1 Introduction

In this paper we investigate an initial value problem for a system of algebraic and differential inclusions, which can be obtained from the loop equations of an electrical network consisting of resistors (R), inductors (L), diods (switches (S)) and voltage sources if one use the ideal current-voltage-characteristic

U_D(i) := { 0 if i > 0 [0, +∞) if i = 0

(1.1)

for the diods. A simple example of such a network is the rectifier bridge circuit shown in Fig. 1. For the three loop currents i_1, i_2, i_3 we have the equations

Fig. 1. Rectifier brigde circuit

L_1di_1/dt^′ = U sin ωt^′ − R_D(2i_1 − i_2 + 2i_3) + U_D (i_1 + i_3)− −U_D (i_2 − i_1 − i_3) L_2di_2/dt^′ = −E − R_D(−i_1 + 2i_2 − 2i_3) + U_D (i_2 − i_1 − i_3)+ +U_D (i_2 − i_3) 4R_Di_3 = −2R_D(i_1 − i_2) + U_D(i_1 + i_3) − U_D(i_2 − i_1 − i_3)− −U_D (i_2 − i_3) + U_D(i_3) .

(1.2)

Loops containing inductors lead to differential equations and the others to algebraic equations. If we use the characteristic (1.1) we obtain a system of differential-algebraic inclusions in which the set-valued term is of the form γ(i) = 4∑ j=1 α_j · b_j (1.3)

with i = i_1 i_2 i_3

, b_1 = 1 0 1 , b_2 = −1 1 −1 , b_3 = 0 1 −1 , b_4 = 0 0 1 ,

α_j := U_D (⟨b_j, i⟩), j = 1, . . . , 4 . It is obvious that −γ(i) is the subdifferential of the indicator function ψ_C of the closed convex cone C := {i ∈ IR^3| ⟨b_j, i⟩ ≥ 0, j = 1, . . ., 4} . Electrical networks of the mentioned type arise in power electronics (see for instance Chua/Lin [CL75]). In the following framework it is also possible to treat electrical networks which contain capacitors (C) and constant current sources.

There are several papers which are concerned with the numerical treatment of pure ordinary differential inclusions. The first convergence results were obtained for a special class of differential inclusions by Taubert [Tau76]. Now we have for differential inclusions convergence results of different types, qualitative convergence results (see for instance Niepage/Wendt [NW87]), first order convergence results (Elliott [Ell85]) and higher order convergence results (Stewart [Ste89], Kastner-Maresch [Kas90]). Less seems to be known about numerical approaches to differential-algebraic inclusions. In this paper we extend the results of Elliott [Ell85] to a special class of differential-algebraic inclusions of a monotone type and obtain, in this way, stronger results as in Niepage [Nie88].

The outline of this paper is as follows. In Sect. 2 we formulate the continuous and discrete problems treated. In Sect. 3 we prove the existence and uniqueness of a solution for both problems and the convergence of the approximate solutions to the exact solution by means of the well-known method of Rothe (see Kačur [Kac85]). In Sect. 4 we investigate the stability of the discrete problems with respect to perturbations in the inclusions and perturbations of the initial value and give a result on the order of convergence. Finally, in Sect. 5 we present an algorithm for the solution of the discrete problems, and in Sect. 6 we give some numerical results, which we obtain by this algorithm for the example mentioned above.

2 Formulation of the Continuous and Discrete Problems

The example presented in the introduction motivates the investigation of problems of the form:

Given two single-valued maps

f^1 : [0, T ] × (IR^{n1} ×IR^{n2} ) −→ IR^{n1} f^2 : [0, T ] × IR^{n1} −→ IR^{n2} , 0 < T < ∞, n_1, n_2 ∈ IN , two set-valued maps γ^k : IR^{n1} ×IR^{n2} −→ 2^{Rnk} , k = 1, 2 with dom(γ^1 ) ∩ dom(γ^2 ) ≠ ∅ , and two linear bounded operators A ∈ B(IR^{n1} ), B ∈ B(IR^{n2} ).

Problem (P). Look for a function z := (x, y) ∈ H^1([0, T ], IR^{n1} ) × L^2([0, T ], IR^{n2} ) satisfying the system of ordinary differential and algebraic inclusions Ax^′(t) ∈ f^1 (t, z(t)) + γ^1 (z(t)) By(t) ∈ f^2 (t, x(t)) + γ^2(z(t)) for a. e. t ∈ [0, T ]

(2.1) and the initial condition z(0) = z_0 := (x_0, y_0) ∈ dom(γ^1 ) ∩ dom(γ^2 ) By_0 ∈ f^2(0, x_0) + γ^2(z_0), x_0 given .

(2.2)

We consider the problem (P ) under the following basic assumptions: (H1) The maps f^k, are Lipschitzean with Lipschitz constants L^k, k = 1, 2: ‖f^1(t^′, z^′) − f^1(t, z)‖ ≤ L^1(|t^′ − t| + ‖z^′ − z‖) ‖f^2(t^′, x^′) − f^2 (t, x)‖ ≤ L^2(|t^′ − t| + ‖x^′ − x‖) ∀t^′, t ∈ [0, T ], ∀x^′, x ∈ IR^{n1}, ∀z^′, z ∈ IR^{n1} × IR^{n2} . In IR^{nk} , k = 1, 2 we choose the Euclidean norm and, in IR^{n1} × IR^{n2}, the Euclidean norm of IR^{n1+n2} as norm. For convenience we denote all these norms by ‖ · ‖ and the related scalar products by ⟨·, ·⟩.

(H2) (i) The map (−γ), γ := (γ^1 , γ^2) with dom(γ) := dom(γ^1 ) ∩ dom(γ^2 ) is maximal monotone in IR^{n1} ×IR^{n2} , i. e. ⟨ĝ − g, ẑ − z⟩ := ⟨ĝ^1 − g^1, x̂ − x⟩ + ⟨ĝ^2 − g^2, ŷ − y⟩ ≤ 0 ∀ẑ, z ∈ dom(γ), ∀ĝ ∈ γ(ẑ), ∀g ∈ γ(z) , and ⟨h − g, u − z⟩ ≤ 0 ∀(z, g) ∈ graph(γ) for a pair u, h ∈ IR^{n1} ×IR^{n2} implies u ∈ dom(γ) and h ∈ γ(u).

(ii) For each fixed x_0 ∈ IR^{n1} with

D_{x0} := {y ∈ IR^{n2} | (x_0, y) ∈ dom(γ)} ≠ ∅

the map (−γ^2_{x0} ), γ^2_{x0} (y) := γ^2(x_0, y), is maximal monotone in IR^{n2} with the effective domain of definition D_{x0} .

Notice that, under the assumption (H2)(i) the map (−γ^2_{x0} ) is monotone on D_{x0} . (H3) A = A^T > αI, B > βI with α, β > 0. For proving the existence of a solution of (P ) we will use the technique, which is known in the broad field of evolution problems under the name Rothe’s method (see [Kac85]). Elliott [Ell85] has used this method for proving the existence of solutions of ordinary differential inclusions of a monotone type. This method is based on a discrete version of (2.1) with respect to the time variable t. Here we choose as discrete version of (2.1) the class of approximations for (2.1) which we want to apply for determining approximate solutions for (P ). We define the approximate problems by means of a sequence of grids from [0, T ]

[0, T ]_N := {t_i ∈ [0, T ]| 0 = t_0 < t_1 · · · < t_N = T }, N ∈ IN

for which the maximal step size τ := max{τ_i := t_i −t_{i−1}| i = 1, . . . , N } converges to zero with N → ∞ (denoted by (N ∈ IN) in the following) and by two singlevalued maps

ϕ^1 : [0, T ] × (IR^{n1} ×IR^{n2} ) × (IR^{n1} ×IR^{n2} ) × [0, T ] −→ IR^{n1} ϕ^2 : [0, T ] × IR^{n1} × IR^{n1} × [0, T ] −→ IR^{n2}

as follows:

Problem (PN). Find an (N + 1)-tupel of pairs

z_i := (x_i, y_i) ∈ IR^{n1} ×IR^{n2} , i = 0, . . ., N ,

satisfying the system of inclusions

Aδx_i ∈ ϕ^1(t_{i−1}, z_{i−1}, z_i, τ_i) + γ^1(z_i) By_i ∈ ϕ^2(t_{i−1}, x_{i−1}, x_i, τ_i) + γ^2(z_i) i = 1, . . . , N (2.3)

as well as the initial Condition (2.2).

Here, δx_i denotes the difference quotient δx_i := (x_i − x_{i−1})/τ_i. The maps ϕ^k(t, ζ, z, τ ), k = 1, 2, are needed only for those arguments for which t + τ ≤ T .

We assume

(H4) The maps ϕ^k are Lipschitzean with Lipschitz constants λ^k, k = 1, 2: ‖ϕ^1(t^′, ζ^′, z^′, τ^′) − ϕ^1(t, ζ, z, τ )‖ ≤ λ^1(|t^′ − t| + |τ^′ − τ |+ +‖ζ^′ − ζ‖ + ‖z^′ − z‖) ‖ϕ^2(t^′, ξ^′, x^′, τ^′) − ϕ^2(t, ξ, x, τ )‖ ≤ λ^2(|t^′ − t| + |τ^′ − τ |+ +‖ξ^′ − ξ‖ + ‖x^′ − x‖)

∀t^′, t, τ^′τ ∈ [0, T ] with t+τ ≤ T, t^′+τ^′ ≤ T , and ∀ξ^′ξ, x^′, x ∈ IR^{n1} , ∀ζ^′, ζ, z^′, z ∈ IR^{n1} ×IR^{n2} , and fulfil the consistency conditions ϕ^1(t, z, z, 0) = f^1(t, z) ϕ^2(t, x, x, 0) = f^2(t, x)

(2.4) ∀t ∈ [0, T ], ∀x ∈ IR^{n1} , ∀z ∈ IR^{n1} × IR^{n2} .

Simple examples for the choice of ϕ^k such that (H4) is satisfied are ϕ^1(t, ζ, z, τ ) := f^1(t, ζ) ϕ^2(t, ξ, x, τ ) := f^2(t, ξ) (2.5) or ϕ^1(t, ζ, z, τ ) := f^1(t + τ, z) ϕ^2(t, ξ, x, τ ) := f^2(t + τ, x) . (2.6) If we form the Rothe-functions x_N (t) := x_{i−1} + (t − t_{i−1})δx_i for t_{i−1} ≤ t ≤ t_i ζ̄_N (t) := z_{i−1} for t_{i−1} ≤ t < t_i z̄_N (t) := z_i for t_{i−1} < t ≤ t_i ζ̄_N (t_N ) := z_{N−1}, z̄_N (0) = z_1 and, analogously, ξ̄_N (t), x̄_N (t), ȳ_N (t), as well as, for k = 1, 2, ϕ̄k_N (t, ·, ·, ·) := ϕk(t_{i−1}, ·, ·, ·) for t_{i−1} ≤ t < t_i ϕ̄k_N (t_N , ·, ·, ·) := ϕk(t_{N−1}, ·, ·, ·), (2.7) and τ̄_N (t) := τ_i for t_{i−1} ≤ t < t_i τ̄_N (t_N ) := τ_N , the system (2.3) can be written in the following continuous form Ax^′_N (t) ∈ ϕ̄^1_N (t, ζ̄_N (t), z̄_N (t), τ̄_N (t)) + γ^1(z̄_N (t)) Bȳ_N (t) ∈ ϕ̄^2_N (t, ξ̄_N (t), x̄_N (t), τ̄_N (t)) + γ^2(z̄_N (t)) for a. e. t ∈ [0, T ] For the existence proof in the next section we will refer to the following lemma. Lemma 1. If the piecewise constant Rothe-functions ζ̄_N , z̄_N converges to a function z ∈ C([0, T ], IR^{n1} ×IR^{n2} ), ‖ζ̄_N − z‖_C → 0 (N ∈ IN), ‖z̄_N − z‖_C → 0 (N ∈ IN) , where ‖z‖_C := sup{‖z(t)‖ |t ∈ [0, T ]}, then under the assumption (H4) it holds ‖ϕ̄^1_N (·, ζ̄_N , z̄_N , τ̄_N ) − f^1 (·, z)‖_C → 0 (N ∈ IN) .

Proof. Because of ‖τ̄_N ‖_C → 0 (N ∈ IN) the assertion follows directly from the estimation

‖ϕ̄^1_N (t, ζ̄_N (t), z̄_N (t), τ̄_N (t)) − f^1(t, z(t))‖ ≤ ‖ϕ̄^1_N (t, ζ̄_N (t), z̄_N (t), τ̄_N (t)) − ϕ̄^1_N (t, z(t), z(t), 0)‖ + +‖ϕ̄^1_N (t.z(t), z(t), 0) − f^1(t, z(t))‖ ≤ λ^1(2|τ̄_N (t)| + ‖ζ̄_N (t) − z(t)‖ + ‖z̄_N (t) − z(t)‖) ≤ λ^1(2‖τ̄_N ‖_C + ‖ζ̄_N − z‖_C + ‖z̄_N − z‖_C )

which holds ∀t ∈ [0, T ]. ⊓⊔

Of course, a corresponding assertion holds true for the maps ϕ̄^2_N , too.

3 Existence and Uniqueness of Solutions of (P ) and (PN ), Convergence of Approximate Solutions

According to the general proceeding in case of Rothe’s method we first prove the existence and uniqueness as well as certain a priori estimates for the solutions of the problems (P_N ). Then, utilizing compactness arguments, we conclude the existence of convergent subsequences of solutions of (P_N ) for the limits of which it will be shown to be solutions of (P ). For this latter conclusion we exploit the fact that a set-valued maximal monotone map M in a Hilbert space X has the property that the convergence x_N → x (N ∈ IN), x_N ∈ dom(M ) and the weak convergence y_N ⇀ y (N ∈ IN), y_N ∈ M (x_N ) imply x ∈ dom(M ), y ∈ M (x) (see [AC84]). Then, the convergence of the whole sequence of approximate solutions follows, due to the usual argumentation, from the uniqueness of a solution of (P ).

Theorem 2. Under the assumptions (H2)-(H4) the problems (P_N ) for sufficiently small τ have exactly one solution for each x_0 ∈ IR^{n1} with D_{x0} ≠ ∅ (see (H2)(ii)).

Proof. Any monotone single-valued map M_1 from a whole Hilbert space X to X, which is hemicontinuous, is maximal monotone (see [AC84]). Hence, also the sum M_1 +M_2 of such a map M_1 and a set-valued maximal monotone map M_2 : X → 2^X is maximal monotone (see [Bre73]). If M_1 is even strongly monotone, then M_1 +M_2 is surjective, which follows immediately from a surjectivity condition for maximal monotone set-valued maps given in [Roc70] (cf. also [Bre73]). Obviously, the solution of h ∈ M_1(x)+M_2(x) is unique then. Therefore due to (H2)(ii) there exists exactly one solution y_0 of the inclusion

By_0 ∈ f^2 (0, x_0) + γ^2 (z_0)

where M_1 = B, M_2 = −γ^2_{x0} .

The maps

M_{1,i} : IR^{n1} × IR^{n2} −→ IR^{n1} × IR^{n2} , i = 1, . . . , N, N ∈ IN with

M_{1,i}(z) := ( 1 τ_i Ax − ϕ^1(t_{i−1}, z_{i−1}, z, τ_i), By − ϕ^2(t_{i−1}, x_{i−1}, x, τ_i) )

∀z = (x, y) ∈ IR^{n1} ×IR^{n2} are continuous in z because of (H4) and for each ε > 0 we have due to (H3), (H4) ⟨M_{1,i}(z^′) − M_{1,i}(z), z^′ − z⟩ = ⟨ 1 τ_i A(x^′ −x)−(ϕ^1 (t_{i−1}, z_{i−1}, z^′, τ_i)−ϕ^1 (t_{i−1}, z_{i−1}, z, τ_i), x^′−x ⟩ + + ⟨B(y^′ − y) − (ϕ^2(t_{i−1}, x_{i−1}, x^′, τ_i) − ϕ^2(t_{i−1}, x_{i−1}, x, τ_i), y^′ − y⟩ ≥α/τ_i‖x^′−x‖^2 −λ^1 ‖z^′−z‖‖x^′ −x‖+β‖y^′ −y‖^2 −λ^2‖x^′−x‖‖y^′ −y‖ ≥ (α/τ −ελ^1 −(λ^1 +λ^2)/(4ε))‖x^′ −x‖^2 +(β−ε(λ^1 +λ^2 ))‖y^′ −y‖^2 Thus, the maps M_{i,1}, i = 1, . . ., N , N ∈ IN are strongly monotone for sufficiently small τ and, on account of (H2)(i), all systems of inclusions (2.3) are uniquely solvable. ⊓⊔

We deduce the a priori estimates for the solutions of (P_N ) with the aid of the following lemma.

Lemma 3. For each N ∈ IN, N ≥ 2, let (a^N_i )_{i=1,...,N} , (b^N_i )_{i=1,...,N} , (τ^N_i )_{i=1,...,N} be finite sequences of nonnegative real numbers satisfying the following inequalities: (i) a^N_i ≤ (1 + c_1τ^N_{i−1})a^N_{i−1} + c_2τ^N_i a^N_i + b^N_i i = 2, . . ., N, N ∈ IN, N ≥ 2 , with real constants c_1, c_2 independent of i and N , (ii) c_2τ < 1 with τ := sup{τ^N_i | i = 1, . . . , N, N ∈ IN, N ≥ 2} and (iii) N∑ j=1 τ^N_j ≤ T, N ∈ IN, N ≥ 2 with a real constant T , independent of N .

Then there are real constants R_1, R_2 independent of i and N such that the following estimates hold:

a^N_i ≤ R_1a^N_1 + R_2 i∑ j=2 b^N_j , i = 2, . . . , N, N ∈ IN, N ≥ 2 . (3.1)

Proof. Summing up the inequalities (i) yields

a^N_i ≤ A^N_i + (c_1 + c_2) i−1∑ j=2 τ^N_j a^N_j + c_2τ^N_i a^N_i

with

A^N_i = (1 + c_1τ^N_1 )a^N_1 + i∑ j=2 b^N_j , i = 2, . . ., N, N ∈ IN, N ≥ 2 .

The nonnegative numbers A^N_i are monotone increasing for each N ∈ IN, N ≥ 2, and, hence, the well-known discrete Gronwall lemma, which obviously is true for nonequidistant sequences of grids, too, implies the claimed estimates (3.1) with R_1 = (1 + c_1τ^N_1 )/(1 − c_2τ ) · exp((c_1 + c_2)/(1 − c_2τ ) · T ) R_2 = 1/(1 − c_2τ ) · exp((c_1 + c_2)/(1 − c_2τ ) · T ) . ⊓⊔ Lemma 4. Under the assumptions (H2)-(H4) and the condition for the stepsizes (S1) q_1 ≤ τ_i/τ_{i−1}, i = 2, . . . , N, N ∈ IN with a constant q_1 > 0 there exists, for sufficiently small τ , a constant c > 0 independent of i and N such that we have for the solutions of (P_N ) ‖δx_i‖ ≤ c, ‖x_i‖ ≤ c, ‖y_i‖ ≤ c, ‖g^1(z_i)‖ ≤ c, ‖g^2(z_i)‖ ≤ c, i = 1, . . ., N, N ∈ IN (3.2) where g^1(z_i), g^2(z_i) denote the uniquely determined selctors of γ^1(z_i), γ^2(z_i) for the solutions of (2.3), respectively.

Proof. In this proof, k_1, k_2 . . . denote positive real generic constants independent of i and N .

(i) First we prove the uniform boundedness of the difference quotients δx_i, i = 1, . . . , N , N ∈ IN. To this end, we show that the assumption (i) of Lemma 3 is fulfilled for a^N_i := ‖δx_i‖^2_A + 1/τ_i · ‖Δy_i‖^2_B where ‖δx_i‖^2_A = ⟨Aδx_i, δx_i⟩ ‖Δy_i‖^2_B = ⟨B(y_i − y_{i−1}), y_i − y_{i−1}⟩ . Subtracting the corresponding (i − 1)-th inclusion from the i-th one in (2.3) and forming the scalar products of the first difference with δx_i and the second difference with Δy_i/τ_i and adding them, we obtain with d = (1 + 2/q_1)^2 and an arbitrary ε > 0: ‖δx_i‖^2_A + 1/τ_i‖Δy_i‖^2_B ≤ ‖δx_i‖_A‖δx_{i−1}‖_A +λ^1(τ_{i−1} + |τ_i − τ_{i−1}| + ‖Δz_{i−1}‖ + ‖Δz_i‖)‖δx_i‖ +λ^2/τ_i(τ_{i−1} + |τ_i − τ_{i−1}| + ‖Δx_{i−1}‖ + ‖Δx_i‖)‖Δy_i‖ ≤ 1/2‖δx_i‖^2_A + 1/2‖δx_{i−1}‖^2_A + λ^1 · d/2 · τ_i + λ^1/(2α) · τ_i‖δx_i‖^2_A +λ^1ε(1/(q_1α) · τ_{i−1}‖δx_{i−1}‖^2_A + 1/α · τ_i‖δx_i‖^2_A +1/(q_1β)‖Δy_{i−1}‖^2_B/τ_{i−1} + 1/β‖Δy_i‖^2_B/τ_i) +λ^1/(2εα) · τ_i‖δx_i‖^2_A + λ^2d/(4ε) · τ_i + 2λ^2ε/β · ‖Δy_i‖^2_B/τ_i +λ^2/(4εα) · (1/q_1τ_{i−1}‖δx_{i−1}‖^2_A + τ_i‖δx_i‖^2_A) .

If we choose ε > 0 such that

λ^1ε/(q_1β) ≤ 1/2 and ε(λ^1 + 2λ^2)/β ≤ 1/2

we get for i = 2, . . ., N , N ∈ IN

‖δx_i‖^2_A +1/τ_i‖Δy_i‖^2_B ≤ (1+c_1τ_{i−1})(‖δx_{i−1}‖^2_A +1/τ_{i−1} · ‖Δy_{i−1}‖^2_B ) +c_2τ_i‖δx_i‖^2_A + b_i

with

c_1 = (2λ^1ε + λ^2/(2ε))/(αq_1) c_2 = (λ^1(1 + 2ε + 1/ϵ) + λ^2/(2ε))/α b_i = (λ^1 + λ^2/(2ε)) · d · τ_i .

Hence, the estimation (3.1) is valid for this a^N_i for sufficiently small τ (c_2τ < 1), and for the uniform boundedness of δx_i it suffices to show the boundedness of a^N_1 . With an arbitrary fixed selector g^1(z_0) ∈ γ^1 (z_0)

Aδx_1 ∈ ϕ^1(0, z_0, z_1, τ_1) − ϕ^1(0, z_0, z_0, 0) +γ^1(z_1) − g^1(z_0) + g^1(z_0) + f^1(0, z_0)

implies the inequality

‖δx_1‖^2_A ≤ λ^1(‖Δz_1‖ + τ_1 + ‖g^1(z_0)‖ + ‖f^1(0, z_0)‖)‖δx_1‖ + ⟨g^1(z_1 ) − g^1(z_0), δx_1⟩ .

Thus, because of

1/τ_1‖Δy_1‖^2_B ≤ λ^2(‖Δx_1‖ + τ_1)‖Δy_1‖/τ_1 + ⟨g^2(z_1) − g^2(z_0), Δy_1⟩1/τ_1 for each ε > 0 we obtain

‖δx_1‖^2_A + 1/τ_1‖Δy_1‖^2_B ≤ k_1ε(‖δx_1‖^2_A + 1/τ_1‖Δy_1‖^2_B ) +k_2τ_1/ε(‖δx_1‖^2_A + 1/τ_1‖Δy_1‖^2_B ) + k_3/ε .

Consequently, also a^N_1 = ‖δx_1‖^2_A + 1/τ_1‖Δy_1‖^2_B is bounded for sufficiently small τ .

(ii) On account of x_i = x_0 + i∑ j=1 τ_j δx_j we have ‖x_i‖ ≤ ‖x_0‖ + T c, i = 1, · · · , N, N ∈ IN . (iii) From

g^1(z_i) = Aδx_i − (ϕ^1(t_{i−1}, z_{i−1}, z_i, τ_i) − ϕ^1(0, z_0, z_0, 0)) + f^1 (0, z_0) we conclude

‖g^1(z_i)‖ ≤ ‖A‖c + λ^1(t_i + ‖z_{i−1} − z_0‖ + ‖z_i − z_0‖) + ‖f^1 (0, z_0)‖ ≤ k_4 + k_5‖y_i − y_0‖_B for i = 1, . . . , N, N ∈ IN .

Moreover, with an arbitrary ε > 0, it holds

‖y_i − y_0‖^2_B ≤ λ^1(t_i + ‖x_{i−1} − x_0‖ + ‖x_i − x_0‖)‖y_i − y_0‖ +(‖g^1(z_i)‖ + ‖g^1(z_0)‖)‖x_i − x_0‖ ≤ k_6ε‖y_i − y_0‖^2_B + k_7/ε + k_8 .

Consequently, also the y_i and the g^1(z_i) are uniformly bounded and, hence, the g^2(z_i), too. ⊓⊔ For the corresponding Rothe-functions Lemma 4 implies x_N ∈ W^{1,∞}([0, T ], IR^{n1}) with x^′_N (t) = δx_i for a. e. t ∈ [0, T ] ζ̄_N , z̄_N ∈ L^∞([0, T ], IR^n1 ×IR^n2 ) ξ̄_N , x̄_N ∈ L^∞([0, T ], IR^n1 ), ȳ_N ∈ L^∞([0, T ], IR^n2 ) and these functions are uniformly bounded in the norms of the designed Banach spaces. In particular it holds therefore x_N ∈ H^1([0, T ], IR^{n1} ), ȳ_N ∈ L^2([0, T ], IR^{n2} ) and the uniform boundedness of these functions in the designed Hilbert spaces. Hence, there are elements x ∈ H^1([0, T ], IR^{n1}), y ∈ L^2([0, T ], IR^{n2}) and weakly convergent subsequences (x_N )_{N∈IN}0_{⊂IN}, (ȳ_N )_{N∈IN}0_{⊂IN} with x_N ⇀ x (N ∈ IN^′) in H^1([0, T ], IR^{n1} ) and ȳ_N ⇀ y (N ∈ IN^′) in L^2([0, T ], IR^{n2} ) .

Consequently, x_N → x (N ∈ IN^′) in C([0, T ], IR^{n1} ) and x_N ⇀ x (N ∈ IN^′) in L^2([0, T ], IR^{n1} ). Since ‖x̄_N (t) − x_N (t)‖ ≤ τ ‖δx_i‖ for t_{i−1} ≤ t ≤ t_i and ‖ξ̄_N (t) − x_N (t)‖ ≤ τ ‖δx_i‖ for t_{i−1} ≤ t ≤ t_i we have

‖x̄_N − x‖_C → 0 (N ∈ IN^′), ‖ξ̄_N − x‖_C → 0 (N ∈ IN^′) . Next we show, that the limit x is Lipschitz continuous and the limit y is Hölder continuous with the exponent 1/2 and that ‖ȳ_N − y‖_C → 0 (N ∈ IN^′) .

Since the x_N are uniformly Lipschitz continuous ‖x_N (t^′) − x_N (t)‖ ≤ C|t^′ − t|, ∀t^′, t ∈ [0, T ] , it follows ‖x(t^′) − x(t)‖ ≤ C|t^′ − t|, ∀t^′, t ∈ [0, T ] with the same Lipschitz constant C. We have

‖ȳ_N (t) − ȳ_N 0 (t)‖^2_B ≤ λ^2/β^{1/2}(‖ξ̄_N (t) − ξ̄_N 0 (t)‖ + 2 max(τ, τ^′) + ‖x̄_N (t) − x̄_N 0 (t)‖)‖ȳ_N (t) − ȳ_N 0 (t)‖_B + (‖g^1(z̄_N (t))‖ + ‖g^1(z̄_N 0 (t))‖)‖x̄_N (t) − x̄_N 0 (t)‖ and the ‖g^1(z̄_N (t))‖ are uniformly bounded in t and N ∈ IN^′. Hence {ȳ_N (t)}_{N∈IN}0 is a Cauchy sequence in IR^{n2} for each t and for the limit function ỹ : [0, T ] → IR^{n2} it holds ‖ȳ_N − ỹ‖_C → 0 (N ∈ IN^′) .

The analogous estimation for ‖ȳ_N (t^′) − ȳ_N (t)‖^2_B yields the Hölder continuity of ỹ with the exponent 1/2. Since ‖ȳ_N − ỹ‖_C → 0 (N ∈ IN^′) implies ȳ_N → ỹ (N ∈ IN^′) in L^2([0, T ], IR^{n2} ) we have ỹ = y. Now Lemma 1 provides ‖ϕ̄^1_N (·, ζ̄_N , z̄_N , τ̄_N ) − f^1(·, z)‖_C → 0 (N ∈ IN^′) ‖ϕ̄^2_N (·, ξ̄_N , x̄_N , τ̄_N ) − f^2 (·, x)‖_C → 0 (N ∈ IN^′) and thus it holds g(z̄_N ) ⇀ g̃(z) (N ∈ IN^′) in L^2([0, T ], IR^{n1} ×IR^{n2} ) with g̃(z(t)) = (Ax^′(t) − f^1(t, z(t)), By(t) − f^2 (t, x(t))) . The set-valued map γ is maximal monotone in L^2([0, T ], IR^{n1} × IR^{n2}), too, as shown in [AC84]. Because of z̄_N → z (N ∈ IN^′) in L^2([0, T ], IR^{n1}×IR^{n2} ), we have according to the property of maximal monotone maps, which was mentioned at the beginning of this section, g̃(z) ∈ γ(z), i. e. z = (x, y) is a solution of (P ).

Finally, we want to show the unique solvability of (P ), from which it follows the uniform convergence of the whole sequence of the Rothe-functions formed by the solutions of (P_N ).

Theorem 5. Under the assumptions (H1)-(H3) the problem (P ) has at most one solution for each x_0 ∈ IR^{n1} with D_{x0} ≠ ∅.

Proof. Let z_1(·), z_2(·) be two solutions of (P ). Subtracting the corresponding inclusions (2.1) valid for z_1, z_2, forming the scalar products of the differences with Δx(t) := x_1(t) − x_2(t) and Δy(t) := y_1(t) − y_2(t), respectively, and adding them, we obtain for arbitrary ε > 0: 1/2 · d dt ‖Δx(t)‖^2_A + ‖Δy(t)‖^2_B ≤ L^1‖Δz(t)‖ ‖Δx(t)‖ + L^2‖Δx(t)‖ · ‖Δy(t)‖ ≤ L^1ε(1/α‖Δx(t)‖^2_A + 1/β · ‖Δy(t)‖^2_B ) +L^2ε/β · ‖Δy(t)‖^2_B + (L^1 + L^2)/(4εα)‖Δx(t)‖^2_A = R‖Δx(t)‖^2_A + (L^1 + L^2)ε/β‖Δy(t)‖^2_B with R = (L^1ε + (L^1 + L^2)/(4ε))/α.

Choosing ε such that (L^1 + L^2)ε/β < 1, provides by integrating the estimates ‖Δx(t)‖^2_A ≤ ‖Δx(0)‖^2_A + 2R ∫_t 0 ‖Δx(t^′)‖^2_A dt^′ and by means of Gronwall’s Lemma (see [Kac85]) ‖Δx(t)‖_A ≤ ‖Δx(0)‖_Ae^{Rt} ∀t ∈ [0, T ] . This shows that the x-component of the solution is uniquely determined by the initial value x_0. For the difference Δy(t) we have the estimates ‖Δy(t)‖^2_B ≤ L^2‖Δx(t)‖ · ‖Δy(t)‖+⟨g^2 (z_1(t))−g^2 (z_2(t)), Δy(t)⟩ ≤ 0 ∀t ∈ [0, T ] in case of ‖Δx(t)‖ = 0 and therefore the y-component of the solution is uniquely determined by the initial value x_0, too. ⊓⊔

Since (H4) can be fulfilled under the assumption (H1), and the condition (S1) can be fulfilled by choosing equidistant grids for instance, we obtain

Theorem 6.

(i) Under the assumptions (H1)-(H3) the problem (P ) has exactly one solution z(t) = (x(t), y(t)), t ∈ [0, T ], for each x_0 ∈ IR^{n1} with D_{x0} ≠ ∅, where the x-component of the solution is Lipschitz continuous and the y-component of the solution is Hölder continuous with the exponent 1/2.

(ii) If (H4) and the stepsize condition (S1) hold additionally, then the Rothefunctions x_N , ξ̄_N , x̄_N respectively ȳ_N , which were formed by the solutions of (P_N ) for sufficiently small τ , converge uniformly on [0, T ] to the x- and y-component of the solution of (P ), respectively.

4 Stability, order of convergence

In this section we first investigate the sensitivity of the solutions of (P_N ) with respect to perturbations δ^1_i , i = 1, . . ., N , δ^2_i , i = 0, 1, ..., N , in the inclusions (2.3). Next, for an important special case, which the introductory example also belongs to, we present improved stability inequalities, which consider perturbations δ^1_0 of the initial value x_0, too. For this special case we formulate as usually by means of the improved stability inequalities, a statement about the order of convergence for a practical important class of solutions. Besides the problems (P_N ) we consider perturbed versions of the form

Problem (P̂N). Find an (n + 1)-tuple of pairs ẑ_i := (x̂_i, ŷ_i) ∈ IR^{n1}×IR^{n2}, i = 0, 1, . . ., N , which satisfies the system of inclusions

Aδx̂_i ∈ ϕ^1(t_{i−1}, ẑ_{i−1}, ẑ_i, τ_i) + δ^1_i + γ^1 (ẑ_i) Bŷ_i ∈ ϕ^2(t_{i−1}, x̂_{i−1}, x̂_i, τ_i) + δ^2_i + γ^2(ẑ_i) (4.1) i = 1, . . ., N , and the initial condition

ẑ_0 := (x_0, ŷ_0) ∈ dom(γ) (4.2)

with Bŷ_0 ∈ f^2(0, x_0) + δ^2_0 + γ^2 (ẑ_0), x_0 be given.

Thereby consider δ^1_i ∈ IR^{n1} , δ^2_i ∈ IR^{n2} to be given. The deviations of the solutions of (4.1) from those of (2.3) we denote by

e^x_i := x̂_i − x_i, e^y_i := ŷ_i − y_i, e^z_i := ẑ_i − z_i, i = 0, 1, . . ., N .

Then we have e^x_0 = 0 and ‖e^y_0 ‖_B ≤ ‖δ^2_0 ‖/β^{1/2} .

Multiplying the inclusions in (4.1) and (2.3) by τ_i, subtracting then each inclusion of (2.3) from the corresponding one of (4.1), forming the scalar products of this differences with e^x_i and e^y_i , respectively, and adding them finally yields for each ε > 0 the following estimates

‖e^x_i ‖^2_A + τ_i‖e^y_i ‖^2_B ≤ ‖e^x_i ‖_A‖e^x_{i−1}‖_A + τ_iλ^1(‖e^z_{i−1}‖ + ‖e^z_i ‖)‖e^x_i ‖ +τ_iλ^2(‖e^x_{i−1}‖ + ‖e^x_i ‖)‖e^y_i ‖ + τ_i‖δ^1_i ‖ ‖e^x_i ‖ + τ_i‖δ^2_i ‖ ‖e^y_i ‖ ≤ 1/2 · ‖e^x_i ‖^2_A + 1/2‖e^x_{i−1}‖^2_A + τ_iλ^1ε(‖e^x_{i−1}‖^2 + ‖e^x_i ‖^2 +‖e^y_{i−1}‖^2 + ‖e^y_i ‖^2) + τ_iλ^1/(2ε)‖e^x_i ‖^2 +2τ_iλ^2ε‖e^y_i ‖^2 + τ_iλ^2/(4ε)(‖e^x_{i−1}‖^2 + ‖e^x_i ‖^2) +τ_i‖δ^1_i ‖ ‖e^x_i ‖ + τ_i/(4ε) · ‖δ^2_i ‖^2 + ετ_i‖e^y_i ‖^2 for i = 1, . . ., N . Assuming the restriction for the stepsizes (S2) τ_i/τ_{i−1} ≤ q_2, i = 2, . . . , N, N ∈ IN, with a constant q_2 > 0 and choosing ε > 0 such that ε(λ^1 + 2λ^2 + 1)/β ≤ 1/2 and λ^1q_2ε/β ≤ 1/2 we obtain

‖e^x_i ‖^2_A + τ_i‖e^y_i ‖^2_B ≤ (1 + c_1τ_{i−1})(‖e^x_{i−1}‖^2_A + τ_{i−1}‖e^y_{i−1}‖^2_B ) +c_2τ_i‖e^x_i ‖^2_A + τ_i(‖δ^1_i ‖ ‖e^x_i ‖_A/α^{1/2} + ‖δ^2_i ‖^2/(4ε)) for i = 2, . . ., N and ‖e^x_1 ‖^2_A + τ_1‖e^y_1 ‖^2_B ≤ c_3τ_1‖δ^1_1 ‖ ‖e^x_1 ‖_A + c_4‖e^x_0 ‖^2 +c_5τ_1(‖δ^2_1 ‖^2 + ‖e^y_0 ‖^2) (4.3) with real constants c_k > 0, k = 1, . . ., 5 independent of i and N , and τ_1 sufficiently small. For sufficiently small τ Lemma 3 can be applied to a^N_i := ‖e^x_i ‖^2_A + τ_i‖e^y_i ‖^2_B and, hence, (3.2) holds true and we obtain the estimates

‖e^x_i ‖^2_A + τ_i‖e^y_i ‖^2_B ≤ c( i∑ j=1 τ_j ‖δ^1_j ‖ · E^x_i + τ_1‖δ^2_0 ‖^2 + i∑ j=1 τ_j ‖δ^2_j ‖^2) for i = 1, . . . , N with a constant c > 0 independent of i and N , and E^x_i := max{‖e^x_j ‖_A| j = 1, . . . , i}, i = 1, . . . , N . From this estimates we easily conclude the following statement:

Theorem 7. Under the assumptions (H2)-(H4) and the restriction (S2) for the stepsizes, the following stability inequalities hold for sufficiently small τ (i) ‖e^y_0 ‖ ≤ ‖δ^2_0 ‖/β

(ii) ‖e^x_i ‖ ≤ K_1( i∑ j=1 τ_j ‖δ^1_j ‖ + (τ_1‖δ^2_0 ‖^2 + i∑ j=1 τ_j ‖δ^2_j ‖^2)^{1/2}) (4.4) (iii)

‖e^y_i ‖ ≤ τ^{−1/2}_i K_1( i∑ j=1 τ_j ‖δ^1_j ‖ + (τ_1‖δ^2_0 ‖^2 + i∑ j=1 τ_j ‖δ^2_j ‖^2)^{1/2})

for i = 1, . . ., N with a constant K_1 > 0 independent of i and N .

This stability inequalities we shall improve under a specification of the standard assumptions (H2), (H3). Let C = C(ϱ) := {z ∈ IR^{n1} ×IR^{n2} | ⟨b_j , z⟩ ≥ ϱ_j , j ∈ J := {1, . . ., s}} with b_j ∈ IR^{n1} ×IR^{n2} , ϱ_j ∈ IR, j ∈ J, ϱ = (ϱ_1, . . . , ϱ_s)^T be a nonempty convex polyhedron and let ψ_C (z) := { 0 for x ∈ C +∞ for x ∉ C be the indicator function of C. It is well-known, that the subdifferential ∂ψ_C (z) := {h ∈ IR^{n1} ×IR^{n2} | ⟨h, y − z⟩ ≤ 0 ∀y ∈ C} of ψ_C is maximal monoton (see [AC84]). With the aid of the rules for computing subdifferentials (see [Aub84]) one easily shows ∂ψ_C (z) = {h = − ∑ j∈J α_jb_j| α_j ≥ 0, (⟨b_j, z⟩ − ϱ_j ) · α_j = 0, j ∈ J} for z ∈ C . This respresentation makes obvious that the map γ = −∂ψ_C satisfies (H2)(ii), too. We then specify (H2) and (H3) as follows (H2’) γ = −∂ψ_C with C = C(ϱ) := {z ∈ IR^{n1} ×IR^{n2}| ⟨b_j , z⟩ ≥ ϱ_j , j ∈ J} b_j ∈ IR^{n1} ×IR^{n2}, ϱ_j ∈ IR for j ∈ J ϱ = (ϱ_1, . . . , ϱ_s)^T .

(H3’) A = A^T ≥ αI, B = B^T ≥ βI, α, β > 0 . For the improvement of the stability inequalities we first show

Lemma 8. Let C = C(ϱ) and C^′ = C(ϱ^′) be two nonempty convex polyhedra in the IR^m generated by the same vectors b_j ∈ IR^m, j ∈ J. Then for the solutions of z ∈ h − ∂ψ_C (z) respectively z^′ ∈ h − ∂ψ_C0 (z^′) (4.5)

the estimates ‖z − z^′‖ ≤ K‖ϱ − ϱ^′‖ holds true with a constant K > 0 independent of h.

Proof. We prove the assertion for an ϱ^′ which differs from ϱ only in the k-th component, ϱ^′_j = ϱ_j for j ≠ k. The general case can be concluded immediately by applying the triangle inequality. The uniquely determined solutions of the inclusions (4.5) can be represented as

z = h + ∑ j∈J α_jb_j, z^′ = h + ∑ j∈J α^′_jb_j with nonnegative coefficients α_j, α^′_j ≥ 0, j ∈ J. These coefficients α, α^′ ∈ IR^s are solutions of the linear complementary problems: Find α ∈ IR^s with α ≥ 0, M α + q ≥ 0, ⟨α, M α + q⟩ = 0 (4.6) with the matrix M = (⟨b_k, b_j⟩)_{k,j∈J} and the vectors q = (⟨b_k, h⟩ − ϱ_k)_{k∈J} , q = (⟨b_k, h⟩ − ϱ^′_k)_{k∈J} , respectively.

The matrix M is the Gram-matrix of the vectors b_1, . . ., b_s and therefore copositive plus, i. e. for all α ≥ 0 it holds ⟨α, M α⟩ ≥ 0 and (M +M^T )α = 0 if ⟨α, M α⟩ = 0 and α ≥ 0. Hence, for each q ∈ IR^s, the Lemke-algorithm (see [Lem68], [CD68]) provides a complementary basic feasible solution of w = q + M α, where in particular the b_j, which belong to the components α_j > 0, are linearly independent. We denote the index set of the linearly independent b_j by J^+. Thus, there are solutions of (4.6) whose positive components α^+ satisfying the system

M^+ α^+ + q^+ = 0, Sα^+ + q^0 ≥ 0, α^+ ≥ 0 (4.7)

and, conversely, each solution of (4.7) that is completed by zero-components is a solution of (4.6). We have put M^+ := (⟨b_k, b_j⟩)_{k,j∈J}+ , S := (⟨b_k, b_j⟩)_{k∈J\J}+_{,j∈J}+ α^+ := (α_j)_{j∈J}+ , q^+ := (⟨b_j, h⟩ − ϱ_j)_{j∈J}+ q^0 := (⟨b_k, h⟩ − ϱ_k)_{k∈J\J}+ . Furthermore, let q(s) := q + s(ϱ^′_k − ϱ_k)e_k, s ∈ [0, 1] (4.8)

with the k-th unit vector e_k, e_{k,j} = δ_{kj}, j ∈ J. In general, it will not be possible to choose in (4.7) the same index set J^+ (s) = J^+ (and, thus, the same matrices M^+ (s), S(s)) for all s ∈ [0, 1]. However, if there are solutions of (4.7) for two different s_1, s_2 ∈ [0, 1], s_1 < s_2, with the same index set J^+, also

α(s) := ((s_2 − s)α(s_1) + (s − s_1)α(s_2))/(s_2 − s_1 ) are solutions of (4.6) for q(s) from (4.8) with the index set J^+, for all s ∈ [s_1, s_2]. Namely, we have

α^0(s) := (α_k(s))_{k∈J\J}+ = 0, α^+ (s) ≥ 0 and M^+ ((s_2 − s)α^+(s_1 ) + (s − s_1)α^+(s_2 ))/(s_2 − s_1) = −(s_2 − s)/(s_2 − s_1)q^+(s_1 ) − (s − s_1)/(s_2 − s_1)q^+ (s_2) = −q^+ (s) S((s_2 − s)α^+(s_1 ) + (s − s_1)α^+(s_2 ))/(s_2 − s_1) ≤ −(s_2 − s)/(s_2 − s_1 ) · q^0(s_1 ) − (s − s_1)/(s_2 − s_1) · q^0(s_2) = −q^0(s) .

Furthermore, if α^+(s_n), n ∈ IN are solutions of (4.7) with the same index set J^+(s_n) = J^+ for a convergent sequence s_n → s_0, s_n ∈ [0, 1], then α^+(s_0) = lim α^+(s_n) is a solution of (4.7) with the index set J^+ . Hence, a fixed index set J^+ can be maintained in the interval

[inf(s ∈ [0, 1]| J^+ (s) = J^+ ), sup(s ∈ [0, 1]| J^+(s) = J^+ )] .

This interval will not degenerate if there are at least two s_1 ≠ s_2 ∈ [0, 1] with J^+(s_1) = J^+ (s_2) = J^+ . The number of these non-degenerated intervals is finite and with their union the interval [0, 1] is exhausted. Consequently, there are finitely many points s_r ∈ (0, 1), r = 1, . . . , R such that there exists a solution of (4.6) for (4.8) which has, in the subintervals [s_{r−1}, s_r], r = 1, . . ., R + 1, s_0 = 0, s_{R+1} = 1, the representation

α^0(s) = 0, α^+(s) = −(M^+ )^{−1}q^+ (s)

with the same regular matrix M^+.

Let z_r , r = 1, . . ., R be the solutions of the inclusion z ∈ h − ∂ψ_{C(ϱ)}(z) for ϱ = (ϱ_1 , . . ., ϱ_{k−1}, ϱ_k + s_r (ϱ^′_k − ϱ_k), ϱ_{k+1}, . . . , ϱ_s) and z_0 = z, z_{R+1} = z^′. Then it follows that ‖z^′ − z‖ ≤ R+1∑ r=1 ‖z_r − z_{r−1}‖ = R+1∑ r=1 ‖ ∑ j∈J+ (α^+_j (s_r ) − α^+_j (s_{r−1} ))b_j‖ ≤ K_k|ϱ^′_k − ϱ_k| = K_k‖ϱ^′ − ϱ‖ with a constant K_k > 0. ⊓⊔

Lemma 9. Under the assumptions (H1), (H2’), (H3’), (H4) the estimates ‖e^y_i ‖ ≤ K_1(‖e^x_{i−1}‖ + ‖e^x_i ‖ + ‖δ^2_i ‖), i = 1, . . . , N and ‖e^y_0 ‖ ≤ K_1(‖e^x_0 ‖ + ‖δ^2_0 ‖) are valid with a constant K_1 > 0 independent of i and N . e^x_0 = x̂_0 − x_0 is a perturbation of the initial value x_0.

Proof. Under the assumptions (H2’), for given x_i, x̂_i, i = 0, 1, . . ., N the subsystems of the algebraic inclusions in (2.3) and (4.1), respectively, are of the form By_i ∈ ϕ^2(t_{i−1}, x_{i−1}, x_i, τ_i) − ∂ψ_C (y_i) Bŷ_i ∈ ϕ^2(t_{i−1}, x̂_{i−1}, x̂_i, τ_i) + δ^2_i − ∂ψ_Ĉ (ŷ_i)

(4.9)

with C := {y ∈ IR^{n2} | ⟨b^2_j , y⟩ ≥ ϱ_j − ⟨b^1_j , x_i⟩, j ∈ J} Ĉ := {y ∈ IR^n2 | ⟨b^2_j , y⟩ ≥ ϱ_j − ⟨b^1_j , x̂_i⟩, j ∈ J} . (H3’) implies the existence of a decomposition B = L^T L with a regular matrix L. y_i and ŷ_i are solutions of the inclusions (4.9) iff u_i := Ly_i, û_i := Lŷ_i, i = 1, . . . , N are solutions of the inclusions

u_i ∈ (L^T )^{−1}ϕ^2(t_{i−1}, x_{i−1}, x_i, τ_i) − ∂ψ_D (u_i) û_i ∈ (L^T )^{−1}ϕ^2(t_{i−1}, x̂_{i−1}, x̂_i, τ_i) − (L^T )^{−1}δ^2_i − ∂ψ_{D̂}(û_i) i = 1, . . ., N (4.10)

with D := {u ∈ IR^{n2} | ⟨(L^T )^{−1}b^2_j , u⟩ ≥ ϱ_j − ⟨b^1_j , x_i⟩, j ∈ J} D̂ := {u ∈ IR^n2 | ⟨(L^T )^{−1}b^2_j , u⟩ ≥ ϱ_j − ⟨b^1_j , x̂_i⟩, j ∈ J} . Then the first estimates follow immediately by Lemma 8 and the fact that (I + ∂ψ_D )^{−1} is a single-valued non-expansive operator (see [AC84]). The latter estimate we obtain analogously from the inclusions of the initial conditions. ⊓⊔ Let us remark,that under the assumptions (H1), (H2’), (H3’) the y-component of the solution of (2.1) is Lipschitz-continuous, as one can show by an analogous proof. From Theorem 7 and Lemma 9 we obtain

Theorem 10. Under the assumptions (H1), (H2’), (H3’), (H4) and the restriction (S2) for the stepsizes, for sufficiently small τ the following stability inequalities hold for the deviations e^x_i , e^y_i of the solutions of the problems (P̂_N ) with the general initial condition

ẑ_0 := (x̂_0, ŷ_0) ∈ dom(γ) (4.2^′)

with Bŷ_0 ∈ f^2(0, x̂_0) + δ^2_0 + γ^2 (ẑ_0), x̂_0 be given, from those of problem (P_N ):

‖e^y_0 ‖ ≤ K_2(‖e^x_0 ‖ + ‖δ^2_0 ‖)

‖e^x_i ‖ ≤ K_2( i∑ j=1 τ_j‖δ^1_j ‖ + (‖e^x_0 ‖^2 + τ_1‖δ^2_0 ‖^2 + i∑ j=1 τ_j‖δ^2_j ‖^2)^{1/2})

‖e^y_i ‖ ≤ K_2( i∑ j=1 τ_j‖δ^1_j ‖ + ‖δ^2_i ‖ + (‖e^x_0 ‖^2 + τ_1‖δ^2_0 ‖^2 + i∑ j=1 τ_j ‖δ^2_j ‖^2)^{1/2})

for i = 1, . . . , N with a constant K_2 > 0 independent of i and N .

For solutions z(t) of (P ) satisfying the inclusions (4.1), (4.2) with ẑ_i := z(t_i), i = 0, . . . , N and perturbations δ^1_i , δ^2_i of the form ‖δ^1_i ‖ = 0(1), i ∈ S_N , ‖δ^1_i ‖ = 0(τ_i), i ∈ {1, . . ., N }\S_N , ‖δ^2_i ‖ = 0(τ_i), i = 1, . . ., N, ‖δ^2_0 ‖ = 0(τ_1) (4.11) where S_N ⊂ {1, . . ., N } are index sets whose numbers of elements are bounded by a constant L ∈ IN independent of N , card S_N ≤ L (compare [Ell85]), we obtain immediately from Theorem 10 Corollary 11. Under the assumptions (H1), (H2’), (H3’), (H4) and the restriction (S2) for the stepsizes we have for solutions z(t) of (P ) satisfying the system of inclusions (4.1), (4.2) with perturbations δ^1_i , δ^2_i of the form (4.11) and the solutions z_i, i = 0, . . . , N of (P_N ): ‖z(t_i) − z_i‖ = 0(τ ) . 5 Solution of the Problems (PN)

We consider the solution of the problems (P_N ) only under the special hypothesis (H2’), (H3’). In this case we have, for each i = 1, . . . , N , to solve a system of inclusions of the following type Ax ∈ F^1_i (z) + τ_iγ^1 (z) By ∈ F^2_i (x) + γ^2(z), z = (x, y) (5.1) with F^1_i (z) = Ax_{i−1} + τ_iϕ^1(t_{i−1}, z_{i−1}, z, τ_i) F^2_i (x) = ϕ^2(t_{i−1}, x_{i−1}, x, τ_i) γ^1(z) = ∑ j∈J α_jb^1_j , γ^2 (z) = ∑ j∈J α_jb^2_j α ≥ 0, ⟨b^1_j , x⟩ + ⟨b^2_j , y⟩ ≥ ϱ_j (⟨b^1_j , x⟩ + ⟨b^2_j , y⟩ − ϱ_j )α_j = 0, j ∈ J . The problem (5.1) is then equivalent with the following nonlinear complementary problem:

Find α ≥ 0 with q(z) + M α ≥ 0, ⟨α, q(z) + M α⟩ = 0 (5.2) with M = (τ_i⟨b̃^1_k, b^1_j⟩ + ⟨b̃^2_k, b^2_j ⟩)_{j,k∈J} q(z) = (⟨b̃^1_k, F^1_i (z)⟩ + ⟨b̃^2_k, F^2_i (x)⟩ − ϱ_k)_{k∈J} and b̃^1_k := A^{−1}b^1_k, b̃^2_k := B^{−1}b^2_k, k ∈ J .

First we consider the case F^1_i independent of z and F^2_i independent of x. Therefore q is independent of z and (5.2) becomes a linear complementary problem. If the matrix M is diagonal, the solution of (5.2) is

α_j = − min(q_j, 0)/M_{jj}, j ∈ J (5.3)

and with J^+_i := {j ∈ J| α_j > 0} we have for the solution of (5.1)

x_i = A^{−1}F^1_i + τ_i ∑ j∈J+_i α_jb̃^1_j

y_i = B^{−1}F^2_i + ∑ j∈J+_i α_jb̃^2_j , i = 1, . . . , N . (5.4)

Analogously we obtain

y_0 = B^{−1}f^2 (0, x_0) + ∑ j∈J+0 α_jb̃^2_j (5.5)

with α_j from (5.3) with

q_j = ⟨b̃^2_j , f^2(0, x_0)⟩ + ⟨b^1_j , x_0⟩ − ϱ_j , j ∈ J .

In the general linear case we determine a complementary basic feasible solution of w = q + M α by the algorithm of Lemke [Lem68], which terminates after finitely many iterations, because the matrix M is copositive plus. The corresponding solutions of (5.1) we compute with (5.4). In order to reduce the number of calls of the algorithm of Lemke, we first try in each step to use the index set J^+ of the step before. We use the following notations to sketch the whole procedure in the form of an algorithm:

l-alg(q, M → J^+ , α^+) - computing of the index set J^+ and the positive coefficients α^+ > 0 by the algorithm of Lemke, solve(x_{i−1}, τ_i, α^+, J^+ → z_i) - computing of z_i = (x_i, y_i) by (5.4), chol(A → L_A) - performing of the Cholesky-decomposition L^T_AL_A of the symmetric positively definite matrix A.

split(M, J^+ → M^+ , S) - splitting of the matrix M M = ( M^+ S^T S M^0 )

with M^+_{j,k} := M_{j,k} for j, k ∈ J^+ and S_{j,k} := M_{j,k} for j ∈ J\J^+, k ∈ J^+, split(q, J^+ → q^+ , q^0) - splitting of the vector q q = ( q^+ q^0 )

with q^+_j := q_j for j ∈ J^+, and q^0_j := q_j for j ∈ J\J^+ , start: chol(A → L_A); chol(B → L_B );

for k ∈ J do

begin b̃^1_k := L^{−1}_A (L^T_A)^{−1}b^1_k; b̃^2_k := L^{−1}_B (L^T_B )^{−1}b^2_k;

q_k := ⟨b̃^2_k, f^2(0, x_0)⟩ + ⟨b^1_k, x_0⟩ − ϱ_k end;

for k, j ∈ J, l = 1, 2 do M^l_{k,j} := ⟨b̃^l_k, b^l_j⟩; l-alg(q, M^2 → J^+, α^+); solve(x_0, 0, α^+, J^+ → z_0); split(τ_1M^1 + M^2, J^+ → M^+, S); chol(M^+ → L^+); i := 1;

next: for k ∈ J do q_k := ⟨b^1_k, x_{i−1}⟩+τ_i⟨b̃^1_k, ϕ^1⟩ + ⟨b̃^2_k, ϕ^2⟩ − ϱ_k; repeat: split(q, J^+ → q^+ , q^0);

α^+ := −(L^+ )^{−1}(L^{+T} )^{−1}q^+; if q^0 + Sα^+ ≱ 0 then

begin l-alg(q, τ_iM^1 + M^2 → J^+, α^+);

solve(x_{i−1}, τ_i, α^+, J^+ → z_i); split(τ_iM^1 + M^2, J^+ → M^+, S); chol(M^+ → L^+ ); i := i + 1;

if i ≤ N then goto next else goto end end;

if α^+ ≯ 0 then

begin J^+ := J^+ \{j ∈ J^+ | α_j ≤ 0};

split(τ_iM^1 + M^2, J^+ → M^+, S); chol(M^+ → L^+ ); goto repeat end;

solve(x_{i−1}, τ_i, α^+, J^+ → z_i); i := i + 1, if i ≤ N then goto next;

end:

2

The general system (5.1) one can solve iteratively by

Ax^{n+1} ∈ F^1_i (z^n) + τ_iγ^1 (z^{n+1}) By^{n+1} ∈ F^2_i (x^n) + γ^2(z^{n+1}) (5.6)

with z^1 := z_{i−1} (see [Ell85]). The iterations z^n are computable with the algorithm mentioned above. The iteration process (5.6) is convergent for sufficiently small τ_i, because it holds ‖Δx^{n+1}‖^2_A + τ_i‖Δy^{n+1}‖^2_B ≤ τ_i(λ^1‖Δz^n‖ ‖Δx^{n+1}‖ + λ^2‖Δx^n‖ ‖Δy^{n+1}‖) ≤ τ^{1/2}_i · c_1(‖Δx^n‖^2_A + τ_i‖Δy^n‖^2_B) +εc_2 (‖Δx^{n+1}‖^2_A + τ_i‖Δy^{n+1}‖^2_B)

with constants c_1, c_2 > 0 independent of n and each ε > 0. Hence, the sequence (z^n)_{n∈IN} is a Cauchy-sequence whose limit z is a solution of (5.1), because F^l_i , l = 1, 2 are continuous and −γ is maximal monoton.

6 Numerical Results

In this section we report some results of test calculations with the proposed procedure for two approximations of the example in the introduction. For the tests we have first transformed the system (1.2) with t = ωt^′ and then chosen the parameters ωL_1 = ωL_2 = R_D = U = 1, E = 0.5 (case A) and E = 0.2 (case B), respectively, T = 2π and x_0 = (0, 0)^T (x(t) = (i_1(t), i_2(t))^T , y(t) = i_3(t)). Obviously, then y_0 = 0. The exact solutions of problem (P ) can be obtained and have in these two cases the representations: Case A:

∀t ∈ [0, t^A] : x_1(t) = x_2(t) = y_1(t) = 0 ;

∀t ∈ [t^A, t^B] : x_2(t) = −0.5E + 0.25(sin t − cos t) + k · e^{−(t−tA)} x_1(t) = x_2(t) y_1(t) = 0 ;

∀t ∈ [t^B, t^A +π] : x_1(t) = x_2(t) = y_1(t) = 0 ; ∀t ∈ [t^A +π, 2π] : x_2(t) = −0.5E − 0.25(sin t − cos t) + k · e^{−(t−tA−π)} x_1(t) = −x_2(t) y_1(t) = x_2(t) ;

Case B:

∀t ∈ [0, t^A] : x_1(t) = x_2(t) = y_1(t) = 0 ;

∀t ∈ [t^A, t^A +π] : x_2(t) = −0.5E + 0.25(sin t − cos t) + k · e^{−(t−tA)} x_1(t) = x_2(t) y_1(t) = 0 ;

∀t ∈ [t^A +π, t^B ] : x_1(t) = 0.5(sin t − cos t] + (e^{−π} − 1)k · e^{−(t−tA−π)} x_2(t) = −E + (1 + e^{−π}) · k · e^{−(t−tA−π)} y_1(t) = −0.5E − 0.25(sin t − cos t) + k · e^{−(t−tA−π)} ; ∀t ∈ [t^B, 2π] : x_2(t) = −0.5E − 0.25(sin t − cos t) + k · e^{−(t−tA−π)} x_1(t) = x_2(t) y_1(t) = x_2(t) .

with t^A = arcsin E, k = 0.25(E + √ 1 − E^2) and t^B the zero in [π, 2π] of F (t) := 0.5E − 0.25(sin t − cos t) − k · e^{−(t−tA)} .

We have used the constant stepsize τ = 2π/N and the approximation (2.5) (denoted by M1) and (2.6) (denoted by M2), respectively. In these cases the systems (2.3) are

M1: x_{1,i} ∈ x_{1,i−1} + τ (sin t_{i−1} − 2x_{1,i−1} + x_{2,i−1} − 2y_{1,i−1}) + τ (α_1 − α_2) x_{2,i} ∈ x_{2,i−1} + τ (−E + x_{1,i−1} − 2x_{2,i−1} + 2y_{1,i−1}) + τ (α_2 + α_3) y_{1,i} ∈ 0.5(x_{2,i−1} − x_{1,i−1}) + 0.25(α_1 − α_2 − α_3 + α_4) for i = 1, 2, . . ., N M2: x_{1,i} ∈ x_{1,i−1} + τ (sin t_i − 2x_{1,i} + x_{2,i} − 2y_{1,i}) + τ (α_1 − α_2) x_{2,i} ∈ x_{2,i−1} + τ (−E + x_{1,i} − 2x_{2,i} + 2y_{1,i}) + τ (α_2 + α_3) y_{1,i} ∈ 0.5(x_{2,i} − x_{1,i}) + 0.25(α_1 − α_2 − α_3 + α_4) for i = 1, 2, . . ., N. The three tables show the absolut errors err_j = max{|x_j(t_i)−x_{j,i}|| i = 1, . . . , N }, j = 1, 2, err_3 = max{|y_1(t_i) − y_{1,i}| | i = 1, . . ., N } and the corresponding numerical determined orders of convergence m_j , j = 1, 2, 3 by which the theoretical result of Corollary 11 is well confirmed.

Table 1. Example M1 err1 = err2 = err3 m1 = m2 = m3 N/100

case A case B case A case B

2^2 3.82 � 10�^3 4.30 � 10�^3 – – 2^3 1.93 � 10�^3 2.15 � 10�^3 0.9836 0.9978 2^4 9.72 � 10�^4 1.08 � 10�^3 0.9918 0.9968 2^5 4.87 � 10�^4 5.40 � 10�^4 0,9959 0.9985 2^6 2.44 � 10�^4 2.70 � 10�^4 0.9980 0.9987 2^7 1.22 � 10�^4 1.35 � 10�^4 0.9990 0.9998 2^8 6.11 � 10�^5 6.76 � 10�^5 0.9996 0.9998

Table 2. Example M2, case A N/100 err1 = err2 err3 m1 = m2 m3 2^2 1.58 � 10�^3 1.57 � 10�^3 - - 2^3 7.91 � 10�^4 7.86 � 10�^4 0.9972 0.9971 2^4 3.96 � 10�^4 3.93 � 10�^4 0.9984 0.9985 2^5 1.98 � 10�^4 1.97 � 10�^4 0.9992 0.9993 2^6 9.90 � 10�^5 9.84 � 10�^5 0.9996 0.9996 2^7 4.95 � 10�^5 4.92 � 10�^5 0.9997 0.9998 2^8 2.48 � 10�^5 2.46 � 10�^5 0.9998 0.9998

Table 3. Example M2, case B N/100 err1 err2 err3 m1 m2 m3 2^2 2.35 � 10�^3 1.70 � 10�^3 1.70 � 10�^3 - - - 2^3 1.18 � 10�^3 8.53 � 10�^4 8.51 � 10�^4 0.9967 0.9973 0.9973 2^4 5.89 � 10�^4 4.27 � 10�^4 4.26 � 10�^4 0.9979 0.9986 0.9985 2^5 2.95 � 10�^4 2.14 � 10�^4 2.13 � 10�^4 0.9987 0.9993 0.9993 2^6 1.47 � 10�^4 1.07 � 10�^4 1.07 � 10�^4 0.9998 0.9996 0.9996 2^7 7.37 � 10�^5 5.34 � 10�^5 5.33 � 10�^5 0.9999 0.9998 0.9998 2^8 3.68 � 10�^5 2.67 � 10�^5 2.66 � 10�^5 1.0000 0.9999 0.9999

References

[AC84] J.P. Aubin and A. Cellina. Differential Inclusions. Springer-Verlag, Berlin, 1984.

[Aub84] J.P. Aubin. L’analyse non linéaire et ses motivationes économiques. Masson, Paris, 1984.

[Bre73] H. Brezis. Operateurs maximaux monotones. North-Holland Publ. Co., Amsterdam, 1973.

[CD68] R. W. Cottle and G. B. Dantzig. Complementary pivot theory of mathematical programming. Linear Algebra and its Applications, 1, 1968.

[CL75] L. O. Chua and Pen-Min Lin. Computer-Aided Analysis of Electronic Circuits. Prentice Hall, Englewood Cliffs, 1975.

[Ell85] C.M. Elliott. On the convergence of a one-step method for the numerical solution of an ordinary differential inclusion. IMA Journal of Numerical Analysis, 5, 1985.

[Kac85] J. Kačur. Method of Rothe in Evolution Equations. Volume Band 80 of Teubner-Texte zur Mathematik, Teubner Verlagsgesellschaft, Leipzig, 1985.

[Kas90] A. Kastner-Maresch. Diskretisierungsverfahren zur Lösung von Differentialinklusionen. PhD thesis, University of Bayreuth, 1990.

[Lem68] C. E. Lemke. On complementary pivot theory. In G. B. Dantzig and Jr.

A. F. Veinott, editors, Mathematics of the decision sciences, Part I, A. M. S., Providence, R. I., 1968.

[Nie88] H.- D. Niepage. A convergence and existence result for differential-algebraic inclusions. Numer. Funct. Anal. and Optim., 9:1221–1249, 1987-88.

[NW87] H.-D. Niepage and W. Wendt. On the discrete convergence of multistep methods for differential inclusions. Numer. Funct. Anal. and Optim., 9:591– 617, 1987.

[Roc70] R.T. Rockafellar. Local boundedness of nonlinear monotone operators.

Michigan Math. J., 16, 1970.

[Ste89] D. Stewart. A high accuracy method for solving ODEs with discontinuous right-hand side. PhD thesis, University of Queensland, St. Lucia (Australia), 1989.

[Tau76] K. Taubert. Differenzenverfahren für Schwingungen mit trockener und zäher Reibung und für Regelungssysteme. Num. Math., 26, 1976.