Characterization of stability for cone increasing constraint mappings^�

René Henrion

Abstract

We investigate stability (in terms of metric regularity) for the specific class of cone increasing constraint mappings. This class is of interest in problems with additional knowledge on some nondecreasing behavior of the constraints (e.g. in chance constraints, where the distribution function of some measure is automatically nondecreasing). It is demonstrated, how this extra information may lead to sharper characterizations. In the first part, rather general cone increasing constraint mappings are studied by exploiting criteria for metric regularity, as recently developed by Mordukhovich. The second part focusses on genericity investigations for global metric regularity (i.e. metric regularity at all feasible points) of nondecreasing constraints in finite dimensions. Applications to chance constraints are given.

Keywords:

cone increasing constraints, nonsmooth analysis, metric regularity, chance constraints, genericity

AMS subject classifications: 90C15, 90C30, 49J52

�The author thanks Prof. R.T. Rockafellar (University of Washington, Seattle) and Prof. J.M. Borwein (Simon Fraser University, Burnaby) for helpful discussion. Financial support by a grant of the ’Deutsche Forschungsgemeinschaft’ is gratefully acknowledged.

1 Introduction

The concept of metric regularity as introduced by Robinson [26] is fundamental for deriving stability results in parametric programming. It is closely related to several other well-known conditions in stability analysis. Recall, for instance, the equivalence between metric regularity and pseudo-lipschitzness (see [1] and [28]) of multifunctions which was established by Borwein and Zhuang [4] and Penot [25]. For many different areas of optimization theory (smooth, convex, nonsmooth, finite-, infinite-dimensional, semi-infinite etc.) characterizations of metric regularity in terms of constraint qualifications have been found (e.g. [2], [3], [9], [10], [15], [24], [26], [27], [28], [31]). Significant progress in the nonsmooth setting was made by Mordukhovich who found an injectivity condition for his coderivative of multifunctions which is an equivalent criterion of metric regularity in finite dimensions [21] and, under additional hypotheses, is at least sufficient in infinite dimensions [23]. For closely related investigations involving Ioffe’s approximate coderivative [13], which is the topological counterpart of Mordukhovich’s sequentially defined coderivative, we refer to Jourani and Thibault [16], [17].

The purpose of this paper is to demonstrate how the characterization of metric regularity of constraint systems may be improved in case that the constraint mapping has the additional property of being cone increasing. By this, we mean a mapping f : X → Y together with cones K_x ⊆ X and K_y ⊆ Y such that x_1 − x_2 ∈ K_x implies f(x_1) − f(x_2) ∈ K_y. The motivation for this investigation came from stability analysis of chance constraints [11]. To give a simplified idea, assume that h : IR^n → IR^m is a mapping which indicates the production h_j(x) (j = 1, . . . , m) of a certain good (e.g. energy) as a function of n decision variables x_i at m different times. Of course, decisions have to be taken in such a way that the production meets the demand ξ_j for this good at all times, so h(x) ≥ ξ is a natural requirement. Unfortunately, in general the demand is a random variable which can be observed only after decisions have been taken. Therefore, it is not reasonable to model the constraint in the deterministic way above but rather to replace it by a stochastic formulation like μ(h(x) ≥ ξ) ≥ p^0 where μ is a probability measure for the m- dimensional random variable ξ and p^0 is some fixed probability level. So, the constraint has to be fulfilled with a certain probability at least, i.e. it is a chance constraint. In addition, some non-stochastic constraints (e.g. capacity constraints for the decision variables) may enter the model in the form x ∈ C where C ⊆ IR^n is some closed subset. It is convenient to reformulate this chance constraint by introducing the distribution function F_μ corresponding to μ which is defined for y ∈ IR^m as F_μ(y) = μ(ξ ≤ y):

(F_μ ∘ h)(x) ≥ p^0, x ∈ C (1)

Since the true underlying measure of ξ is not known in general, one usually replaces it by empirical measures which are based on observations of ξ and which may be understood as perturbations of μ. Then, the question of (Lipschitzian) stability of optimal values and local minimizers with respect to such pertubations arises in a problem with a corresponding cost function. As a key result in this direction, Römisch and Schultz [30] showed that the question of stability of the chance constraint w.r.t. perturbations of μ may be reduced to metric regularity of the constraint mapping (F_μ ∘ h)(x) w.r.t. perturbations of the right-hand side probability level (in [30] an equivalent formulation in terms of Pseudo-Lipschitzness was used).

The study of metric regularity of (1) in a nonsmooth context (note that F_μ is only upper semicontinuous in general and also h might be nonsmooth) has several specific features. First, the constraint mapping has the structure of a composite function, hence nonsmooth chain rules are of interest. Second, as a distribution function, F_μ is automatically nondecreasing, i.e. in the above terminology, it is (IR^m_+ , IR_+)- cone increasing. In [11], these particular properties were combined with Mordukhovich’s injectivity condition to arrive at verifiable criteria of metric regularity, namely conditions for the density of μ and constraint qualifications for h.

In the first part of this paper, certain ideas of [11] are generalized to a partially infinite dimensional setting, this means to a finite number of inequality constraints in an infinite dimensional space. In particular, the information on nondecreasing behaviour is used to get a more precise constraint qualification ensuring metric regularity for composite mappings or to characterize metric regularity w.r.t. some unperturbed, fixed set. It is also shown that, for certain cone increasing constraint mappings, the verification of metric regularity via Mordukhovich’s coderivative is equivalent to the corresponding injectivity condition using Clarke’s coderivative, which might be easier to handle. Of course, both criteria differ significantly in general. For other papers, also considering nondecreasing mappings in the context of subdifferentiation, we refer to [7], [8], [20].

The second part of the paper re-addresses the finite dimensional situation, but from a different viewpoint: Usually, metric regularity of a feasible set mapping is required to hold at the local minimzers of some optimization problem. Since this condition is hard to verify, one could substitute it by a global version, namely metric regularity at all feasible points. This requirement seems extremely strong. On the other hand, it is known, that such global metric regularity is a generic property of smooth constraint functions, i.e. in some sense it is typically fulfilled. This follows from the well-known equivalence of metric regularity with the Mangasarian-Fromovitz Constraint Qualification and the fact, that even the stronger Linear Independence Constraint Qualification holds globally for a generic set of smooth constraint functions (see [14]). A similar result does not hold in the locally Lipschitzian case (see Example 3.8 below). On the other hand, for the particular class of nondecreasing, locally Lipschitzian constraint mappings, genericity properties may be derived again. As an interesting aspect, it turns out that the results are sensitive to the structure of some possible additional fixed constraint set (not subject to perturbations), usually reflecting simple capacity limitations. Referring back to the application in chance constraints of the type (1), special attention is devoted to the subclass of distribution functions.

2 Preliminaries

In this section, some basic concepts from multivalued analysis shall be recalled. Let X, Y be arbitrary sets. For a multifunction Φ : X^→ Y put

Ker Φ = {x ∈ X | 0 ∈ Φ(x)} Im Φ = {y ∈ Y | y ∈ Φ(x), x ∈ X} Gph Φ = {(x, y) ∈ X × Y | y ∈ Φ(x)}

Φ^{−1}(y) = {x ∈ X | y ∈ Φ(x)} Now let X, Y be two normed spaces. A multifunction Φ : X^→ Y is called metrically regular at some point (x^0, y^0) ∈ Gph Φ if there are constants a > 0 and ε > 0 such that dist (x, Φ^{−1}(y)) ≤ a · dist (y, Φ(x)) ∀(x, y) ∈ B_ε(x^0) × B_ε(y^0).

The abstract form of constraint sets writes as C ∩ F^{−1}(K), where C ⊆ X and K ⊆ Y are closed subsets of the respective spaces ( K usually being a closed convex cone) and F : X → Y is the constraint function. Then, F is said to be metrically regular with respect to C at some feasible point x^0 ∈ C ∩ F^{−1}(K), if the associated multifunction

Φ(x) = { −F (x) + K for x ∈ C ∅ else is metrically regular at (x^0, 0). It is easily seen that this is equivalent to the conventional definition of metric regularity for constrained systems: ∃ε > 0 ∃a > 0 ∀(x, y) ∈ (C ∩B_ε(x^0))×B_ε(0) : dist (x, C ∩F^{−1}(K −y)) ≤ a·dist (F (x), K −y) F is simply called metrically regular in the case C = X .

Given two cones K_x ⊆ X and K_y ⊆ Y , a mapping f : X → Y shall be called (K_x, K_y)- increasing at some point x̄ ∈ X if there exists some ε > 0 such that x_1 − x_2 ∈ K_x =⇒ f(x_1) − f(x_2) ∈ K_y ∀x_1, x_2 ∈ B(x̄, ε) For a Banach space X with dual X^∗ and a multifunction Φ : X^→ X^∗ denote by lim sup x→x̄ = {x^∗ ∈ X^∗ | ∃x_n → x̄, ∃x^∗_n^∗⇀ x^∗, x^∗_n ∈ Φ(x_n)} the sequential Kuratowski-Painlevé upper limit with respect to the norm topology in X and the weak-star topology in X^∗. To a cone K ⊆ X its polar cone K^0 ⊆ X^∗ is assigned by K^0 = {x^∗ ∈ X^∗ | ⟨x^∗, x⟩ ≤ 0 ∀x ∈ K}. Next, we introduce Mordukhovich’s normal cone which is based on the set of Fréchet εnormals:

Definition 2.1 Let C ⊆ X be a nonempty subset of a Banach space X and ε ≥ 0.

1. The set of Fréchet ε- normals (ε ≥ 0) to C at some x ∈ cl C is N̂_ε(C; x) = {x^∗ ∈ X^∗ | lim sup_{u∈C} u→x ⟨x^∗, u − x⟩ ‖u − x‖ ≤ ε}

2. The (Mordukhovich-) normal cone to C at some x̄ ∈ cl C is N(C; x) = lim sup_{x→x̄} x∈C ε↓0 N̂_ε(C; x)

In [22] it is shown that for Asplund spaces (i.e. those Banach spaces on which every continuous convex function is Fréchet differentiable at a dense set of points) one can let ε = 0 in the definition of the normal cone. It is noted, that in infinite dimensions, this normal cone lacks the property of being weak star closed unless a normal compactness assumption introduced by Loewen [19] is made for the set C:

Definition 2.2 A closed set C ⊆ X is said to be normally compact around x̄ ∈ C if there exist γ, σ > 0 and a compact set S ⊆ X such that σ‖x^∗‖ ≤ max_{s∈S} ⟨x^∗, s⟩ ∀x^∗ ∈ N̂_0(C; x) ∀x ∈ B(x̄, γ) ∩ C In [19] Loewen showed that the multifunction x → N(C; x) is closed near x̄ ∈ C in the norm x weak star topology of X × X^∗ provided that C is normally compact around x̄ and that X is a reflexive Banach space. In particular, N(C; x̄) is a weak star closed set then.

We also make use of Clarke’s tangent cone (see [6]) to a set C at some point x ∈ C: T_c(C; x) = {h ∈ X | ∀x_n → x ({x_n} ⊆ C) ∀t_n ↓ 0 ∃h_n → h : x_n + t_nh_n ∈ C} and of its polar, the Clarke’s normal cone N_c(C; x) = T^0_c (C; x). In any Banach space, one has N(C; x) ⊆ N_c(C; x̄), while in Asplund spaces, the two introduced normal cones are related by (see [22]) N_c(C; x) = co^∗N(C; x), where co^∗ denotes the weak star closed, convex hull.

With a multifunction Φ : X^→ Y one may associate a multifunction D^∗Φ(x̄, ȳ) : Y^{∗ →} X^∗ at some point (x̄, ȳ) ∈ Gph Φ which is called the coderivative of Φ and is defined by

D^∗Φ(x̄, ȳ)(y^∗) = {x^∗ ∈ X^∗ | (x^∗, −y^∗) ∈ N(Gph Φ; (x̄, ȳ))}

The just defined coderivative relates to Mordukhovich’s normal cone. If, instead, it relates to Clarke’s normal cone N_c, then we shall use the symbol D^∗_c for distinction. From the inclusions for the corresponding normal cones it follows that Im D^∗Φ(x̄, ȳ) ⊆ Im D^∗_c Φ(x̄, ȳ) and Ker D^∗Φ(x̄, ȳ) ⊆ Ker D^∗_c Φ(x̄, ȳ). For special multifunctions Φ(x) = f(x) + IR^+ = epi f, where f : X → IR and ’epi’ denotes the epigraph, one gets the corresponding Mordukhovich’s and Clarke’s subdifferentials D^∗Φ(x, f(x))(1) = ∂f(x) and D^∗_c Φ(x, f(x))(1) = ∂_cf(x).

The following results by Mordukhovich are collected from [22] and [23]. The statement of the first theorem is a finite dimensional reduction of the original result.

Theorem 2.3 Let X be an Asplund space and Φ : X^→ IR^m a multifunction with closed graph such that (x̄, ȳ) ∈ Gph Φ. Then, the injectivity condition

Ker D^∗Φ(x̄, ȳ) = {0}

is sufficient to imply metric regularity of Φ at (x̄, ȳ). If, moreover, X is finite dimensional, then it is both necessary and sufficient for metric regularity.

Theorem 2.4 Let C_1, C_2 be two closed subsets of an Asplund space X such that x̄ ∈ C_1 ∩ C_2. If one of these sets is normally compact in the sense of Definition 2.2 and if the condition

N(C_1; x̄) ∩ −N(C_2; x̄) = {0}

holds, then one has N(C_1 ∩ C_2; x̄) ⊆ N(C_1; x̄) + N(C_2; x̄).

Theorem 2.5 Let F : X → Y be a continuous function between Asplund spaces and f : Y → IR a locally Lipschitzian function. Then, at any fixed x̄ ∈ X, one has ∂(f ∘ F )(x̄) ⊆ ⋃ y^∗∈∂f(F (x̄)) D^∗F (x̄, F (x̄))(y^∗)

3 Results

3.1 Metric regularity for cone increasing constraint mappings

In this section, we deal with constraint mappings modelling a finite number of inequalities in an infinite dimensional space with additional cone increasing behaviour. The following simple observation is basic for introducing this information into the characterization of metric regularity:

Proposition 3.1 Let X, Y be Banach spaces, K_x ⊆ X a closed cone, K_y ⊆ Y a closed, convex cone and f : X → Y a (K_x, K_y)- increasing function around x̄ ∈ X. Then, the associated multifunction Φ : X^→ Y defined by Φ(x) := −f(x) + K_y satisfies:

Im D^∗Φ(x̄, ȳ) ⊆ Im D^∗_c Φ(x̄, ȳ) ⊆ K^0_x ∀ȳ ∈ Φ(x̄)

Proof:

Only the second inclusion has to be shown. Assume that x^∗ ∈ Im D^∗_c Φ(x̄, ȳ), that is, there exists some y^∗ ∈ Y^∗ such that (x^∗, −y^∗) ∈ N_c(Gph Φ; (x̄, ȳ)). We show that (h, 0) ∈ T_c(Gph Φ; (x̄, ȳ)) for all h ∈ K_x. For any (x, y) ∈ Gph Φ in a small neighborhood of (x̄, ȳ) we have f(x + h) − f(x) ∈ K_y and f(x)+y ∈ K_y, hence, by convexity of K_y it holds f(x+h)+y ∈ K_y. Therefore, (x + h, y) ∈ Gph Φ. Now consider arbitrary sequences (x_n, y_n) → (x̄, ȳ) ((x_n, y_n) ∈ Gph Φ) and t_n ↓ 0. Then (x_n, y_n) + t_n(h, 0) = (x_n + t_nh, y_n) ∈ Gph Φ (since t_nh ∈ K_x for all n ∈ IN), so (h, 0) ∈ T_c(Gph Φ; (x̄, ȳ)) and we conclude that ⟨x^∗, h⟩ = ⟨(x^∗, −y^∗), (h, 0)⟩ ≤ 0 for all h ∈ K_x. Therefore x^∗ ∈ K^0_x as was to be proved. 2

Corollary 3.2 Let X be a Banach space, K_x ⊆ X a closed cone and f : X → IR a (K_x, IR_+)- increasing function around x̄ ∈ X. Then ∂f(x̄) ⊆ ∂_cf(x̄) ⊆ −K^0_x. In particular, for X = IR^n and K_x = IR^n_+, one has ∂f(x̄) ⊆ ∂_cf(x̄) ⊆ IR^n_+.

Proof:

Since −f is (−K_x, IR_+)- increasing around x̄, it follows from Proposition 3.1 that

∂f(x̄) = D^∗(epi f)(x̄, f(x̄))(1) ⊆ D^∗_c (epi f)(x̄, f(x̄))(1) = ∂_cf(x̄) ⊆ −K^0_x, 2 The next lemma deals with a constraint mapping having the structure of a composite function with the outer function being cone increasing. This structure is motivated by the chance constraint (1) discussed in the introductory section (recall, that in (1) F_μ as a distribution function is (IR^m_+ , IR_+)- increasing).

Lemma 3.3 Let F : X → Y be a continuous function between Asplund spaces, K_y ⊆ Y a closed cone, and f : Y → IR a locally Lipschitzian function which is (K_y, IR_+)- increasing. Then, the constraint (f ∘F )(x) ≥ 0 is metrically regular at some feasible point x̄ if f(F (x̄)) > 0 or if, in the binding case, the following two conditions are satisfied: 1. 0 /∈ ∂(−f)(F (x̄)) 2. 0 /∈ D^∗F (x̄, F (x̄))(y^∗) ∀y^∗ ∈ K^0_y \ {0}

If, in addition, Y = IR^m, K_y = IR^m_+ , X is reflexive and F is locally Lipschitzian and (K_x, IR^m_+ )- increasing, where K_x is a closed cone with the property ∃x̂ ∈ X : ⟨x^∗, x̂⟩ > 0 ∀x^∗ ∈ K^0_x \ {0}, (2) then condition 2. reduces to 0 /∈ ∂F_i(x̄) i = 1, . . . , m Proof:

According to the definitions, we have to verify metric regularity of the multifunction Φ(x) = −(f ∘ F )(x) + IR_+ at (x̄, 0) ∈ Gph Φ. This is clear in the nonbinding case f(F (x̄)) > 0 where, due to continuity, both distances occuring in the definition of metric regularity equal zero locally. For the binding case we apply Theorem 2.3. The sufficient criterion Ker D^∗Φ(x̄, 0) = {0} for metric regularity is equivalent in the present context to 0 /∈ ∂(−(f ∘ F ))(x̄). Now, condition 1. above along with Corollary 3.2 (applied to −f) give ∂(−f)(F (x̄)) ⊆ K^0_y \ {0}. Therefore, 0 /∈ {D^∗F (x̄, F (x̄))(y^∗) | y^∗ ∈ ∂(−f)(F (x̄))} due to condition 2. above, and Theorem 2.5 yields 0 /∈ ∂(−(f ∘ F ))(x̄) as was to be shown.

Now, consider the additional assumptions of the lemma. It follows that D^∗F (x̄, F (x̄))(y^∗) = ∂⟨y^∗ ∘ F ⟩(x̄) ⊆ m∑ i=1 y^∗_i ∂F_i(x̄) The equation is the so-called scalarization formula proved in [22] while the inclusion comes from the sum rule. So we are done, if we can show that zero does not belong to the set on the right hand side whenever y^∗ ∈ K^0_y \ {0} = IR^m_− \ {0}. Obviously, this amounts to the relation 0 /∈ co {∂F_i(x̄) | i = 1, . . . , m} where co refers to the convex hull.

From the reflexivity of X it follows, that the subdifferentials ∂F_i(x̄) are weak star closed (see Theorem 9.2 in [22]), so, due to boundedness (recall that F is locally Lipschitzian) they are weak star compact. Consequently, there exist x̂^∗_i ∈ ∂F_i(x̄) such that γ_i = max{⟨x^∗, x̂⟩ | x^∗ ∈ ∂F_i(x̄)} = ⟨x̂^∗_i , x̂⟩ where x̂ refers to (2). On the other hand, each component F_i is (K_x, IR_+)- increasing, so Corollary 3.2 along with the assumption 0 /∈ ∂F_i(x̄) gives −x̂^∗_i ∈ K^0_x \ {0}. Then, (2) provides γ_i < 0. Setting γ := max γ_i < 0 we arrive at ∂F_i(x̄) ⊆ {x^∗ ∈ X^∗ | ⟨x^∗, x̂⟩ ≤ γ} ∩ −K^0_x =: H i = 1, . . . , m where H is a convex set not containing zero. Therefore, 0 /∈ co {∂F_i(x̄) | i = 1, . . . , m} as was to be shown. 2

Note, that Lemma 3.3 provides separate constraint qualifications for the two functions in the composition. While this could also be obtained without cone increasing behaviour, condition 2. is substantially improved by introducing additional information. In order to illustrate this fact, assume for a moment, that F : IR^n → IR^m is a continuously differentiable, nondecreasing mapping. Without exploiting the nondecreasing behaviour, condition 2. would reduce to the linear independence of the gradients ∇F_i(x̄). But in fact, it is sufficient to restrict condition 2. to y^∗ ∈ K^0_y \ {0} = IR^m_− \ {0}, which only means negative (or, equivalently, positive) linear independence of these gradients. Although the concept of active indices does not make sense in this context, one may compare this difference with the difference between the Linear Independence and the Mangasarian Fromovitz Constraint Qualification, where the latter is substantially weaker. It is also noted, that the additional assumptions of Lemma 3.3 are met, for instance, in the chance constraint (1) in case that the production function h is nondecreasing too (then X = IR^n, and K_x = IR^n_+ meets (2)).

The following proposition is technical and similar versions of it are proved in [12] or [15].

Proposition 3.4 Let X be a Banach space. With some locally Lipschitzian mapping f : X → IR^m associate the multifunction Φ : X^→ IR^m defined by Φ(x) := −f(x) + IR^m_+ . Then, at any x̄ with f(x̄) ∈ IR^m_+ one has (x̄, 0) ∈ Gph Φ and 1. ȳ^∗ ∈ IR^m_− 2. ‖x̄‖^∗ ≤ η‖ȳ^∗‖ ∀(x̄^∗, ȳ^∗) ∈ N(Gph Φ; (x̄, 0)) for some η > 0

3. Gph Φ is normally compact around (x̄, 0)

Proof:

Let L, ε > 0 be such that L is a Lipschitz modulus of f in B(x̄, ε). Consider any (x, y) ∈ Gph Φ ∩ (B(x̄, ε/2) × B(0, ε/2)). Choose an arbitrary h ∈ X \ {0}. Then, for 0 < t < ε/(2‖h‖) one has f(x + th) + y ≥ f(x + th) − f(x) ≥ −Lt‖h‖1 (1 = (1, . . . , 1) ∈ IR^m). Consequently, (x + th, y + Lt‖h‖1) ∈ Gph Φ and for any (x^∗, y^∗) ∈ N̂_δ(Gph Φ; (x, y)) (with arbitrary δ ≥ 0) it follows: ⟨x^∗, h⟩ + L‖h‖⟨y^∗, 1⟩ = ‖(h, L‖h‖1)‖ lim_{t↓0} ⟨(x^∗, y^∗), (x + th, y + Lt‖h‖1) − (x, y) t‖(h, L‖h‖1)‖ ⟩ ≤ ‖(h, L‖h‖1)‖ lim sup (x′,y′)→(x,y) (x′,y′)∈Gph Φ ⟨(x^∗, y^∗), (x^′, y^′) − (x, y) ‖(x^′, y^′) − (x, y)‖ ⟩ ≤ δ‖(h, L‖h‖1)‖ (3)

Next, fix any index i with 1 ≤ i ≤ m and observe that (x, y + te_i) ∈ Gph Φ, where e_i denotes the i^{th} standard unit vector in IR^m (the remaining variables fixed as above). It follows for any (x^∗, y^∗) ∈ N̂_δ(Gph Φ; (x, y)) (where δ ≥ 0 is arbitrary and brackets refer to the components):

y^∗[i] = lim_{t↓0} ⟨(x^∗, y^∗), t^{−1}((x, y + te_i) − (x, y))⟩ ≤ δ (4)

with the same argumentation as in (3). Now, corresponding to some (x̄^∗, ȳ^∗) ∈ N(Gph Φ; (x̄, 0)) there exist sequences (x_n, y_n) → (x̄, 0), (x^∗_n, y^∗_n)^∗⇀ (x̄^∗, ȳ^∗) and δ_n ↓ 0 such that (x_n, y_n) ∈ Gph Φ and (x^∗_n, y^∗_n) ∈ N̂_{δn} (Gph Φ; (x_n, y_n)). Consequently, for all h ∈ X (the excluded case h = 0 follows trivially) one gets by (3) ⟨x̄^∗, h⟩ = lim_n ⟨x^∗_n, h⟩ ≤ lim_n {δ_n‖(h, L‖h‖1)‖ − L‖h‖⟨y^∗_n, 1⟩} = −L‖h‖⟨ȳ^∗, 1⟩ and by (4): ȳ^∗[i] = lim_n y^∗_n[i] ≤ lim_n δ_n = 0, hence ȳ^∗ ∈ IR^m_− . Finally, interchanging h and −h provides |⟨x̄^∗, h⟩| ≤ L‖h‖‖ȳ^∗‖_1 ≤ Lρ‖h‖‖ȳ^∗‖ ∀h ∈ X where ‖ · ‖_1 refers to the sum norm and ρ is some modulus of norm equivalence in IR^m. Putting η := Lρ, one arrives at ‖x̄^∗‖ ≤ η‖ȳ^∗‖. It remains to check the last assertion of the Proposition. If we reconsider (3) and (4) but with δ = 0, then the same reasoning as in the lines before gives that y^∗ ≤ 0 and ‖x^∗‖ ≤ η‖y^∗‖ ∀(x^∗, y^∗) ∈ N̂_0(Gph Φ; (x̄, 0)) ∀(x, y) ∈ Gph Φ ∩ (B(x̄, ε/2) × B(0, ε/2))

Therefore, ‖(x^∗, y^∗)‖ = ‖x^∗‖ + ‖y^∗‖ ≤ (1 + η)‖y^∗‖ ≤ τ(1 + η)⟨−1, y^∗⟩, where τ is another modulus of norm equivalence in IR^m. Now, normal compactness of Gph Φ around (x̄, 0) follows according to Definition 2.2 with σ := τ^{−1}(1 + η)^{−1}, γ := ε/2, S := {(0, −1)}. 2

The subsequent theorem relates the injectivity conditions for Mordukhovich’s and Clarke’s coderivative in the case of cone increasing constraint mappings. It is known that, in general, the injectivity condition Ker D^∗_c Φ(x̄, 0) = {0} based on Clarke’s coderivative, is too strong as a criterion for metric regularity. Take, for instance, the one-dimensional multifunction Φ(x) = −|x| + IR^+ which is metrically regular at (0, 0) but where Ker D^∗_c Φ(0, 0) = IR_+ (note, however, that Ker D^∗Φ(0, 0) = {0}). On the other hand, the theorem shows that, for certain cone increasing constraints (modelling a finite number of inequalities in an infinite dimensional space), both injectivity conditions are equivalent in order to check metric regularity of the associated multifunction. In such constellations, there is no advantage of using the one or the other coderivative, it might actually be more convenient to work with Clarke’s concepts of subdifferentiation.

Theorem 3.5 Let X be a reflexive Banach space, K_x ⊆ X a closed cone with the property (2) and f : X → IR^m a (K_x, IR^m_+ )- increasing, locally Lipschitzian mapping. Then, the multifunction Φ : X^→ IR^m defined by Φ(x) := −f(x) + IR^m_+ satisfies

Ker D^∗_c Φ(x̄, 0) = {0} ⇐⇒ Ker D^∗Φ(x̄, 0) = {0}

Proof:

Due to Ker D^∗Φ(x̄, 0) ⊆ Ker D^∗_c Φ(x̄, 0) one has to show the direction^′ ⇐^′, so assume that Ker D^∗Φ(x̄, 0) = {0}. This is equivalent to 0 /∈ D^∗Φ(x̄, 0)[S^{m−1}] where S^{m−1} = {y ∈ IR^m | ‖y‖_1 = 1} and ‖·‖_1 refers to the sum norm in IR^m. First note, that D^∗Φ(x̄, 0)[S^{m−1}] is weak^∗- compact. In fact, from Proposition 3.4 we derive that D^∗Φ(x̄, 0)[S^{m−1}] ⊆ B(0, γ) for some γ > 0, so it is bounded. It remains to show weak^∗- closedness. Let x^∗_α^∗⇀ x^∗ (x^∗_α ∈ D^∗Φ(x̄, 0)[S^{m−1}]) be a convergent net. By definition, there exists a net y^∗_α ∈ S^{m−1} such that (x^∗_α, −y^∗_α) ∈ N(Gph Φ; (x̄, 0)). By compactness of S^{m−1} there is a convergent subnet y^∗_α′ → y^∗ ∈ S^{m−1}, so (x^∗_α′ , −y^∗_α′ )^∗⇀ (x^∗, −y^∗) with (x^∗_α′ , −y^∗_α′ ) ∈ N(Gph Φ; (x̄, 0)). According to Proposition 3.4, Gph Φ is normally compact around (x̄, 0) (compare Definition 2.2), hence N(Gph Φ; (x̄, 0)) is weak star closed. It follows that (x^∗, −y^∗) ∈ N(Gph Φ; (x̄, 0)), so x^∗ ∈ D^∗Φ(x̄, 0)[S^{m−1}], as was to be shown. As a consequence of weak^∗- compactness, there is some x̂^∗ ∈ D^∗Φ(x̄, 0)[S^{m−1}] with ⟨x̂^∗, x̂⟩ = min{⟨x^∗, x̂⟩ | x^∗ ∈ D^∗Φ(x̄, 0)[S^{m−1}]}, where x̂ refers to (2). Proposition 3.1 provides D^∗Φ(x̄, 0)[S^{m−1}] ⊆ K^0_x, so, by assumption, x̂^∗ ∈ K^0_x \ {0}. Now (2) yields ⟨x̂^∗, x̂⟩ > 0. Summarizing, it follows D^∗Φ(x̄, 0)[S^{m−1}] ⊆ H^∗ = {x^∗ ∈ X^∗ | ⟨x^∗, x̂⟩ ≥ ⟨x̂^∗, x̂⟩} and 0 /∈ H^∗. We are done if we can show that

D^∗_c Φ(x̄, 0)[S^{m−1}] ⊆ co^∗ D^∗Φ(x̄, 0)[S^{m−1}] (5)

since then, due to convexity and weak^∗- closedness of H^∗ one gets D^∗_c Φ(x̄, 0)[S^{m−1}] ⊆ H^∗, in particular 0 /∈ D^∗_c Φ(x̄, 0)[S^{m−1}] from where the desired relation Ker D^∗_c Φ(x̄, 0) = {0} follows.

Now, first consider any (x^∗, −y^∗) ∈ co N(Gph Φ; (x̄, 0)) with y^∗ ∈ S^{m−1}. This means existence of some γ_i ≥ 0 (i = 1, . . . , k) and of (x^∗_i , −y^∗_i ) ∈ N(Gph Φ; (x̄, 0)) such that ∑k i=1 γ_i = 1 and (x^∗, −y^∗) = ∑k i=1 γ_i(x^∗_i , −y^∗_i ). We may assume that y^∗_i ≠ 0, since otherwise the second assertion of Proposition 3.4 implies x^∗_i = 0 and the term (x^∗_i , −y^∗_i ) may then be removed from the sum. Also from Proposition 3.4, we know that −y^∗_i ∈ IR^m_− (i = 1, . . . , k), so y^∗ = ∑k i=1 γ_iy^∗_i implies ‖y^∗‖_1 = ∑k i=1 γ_i‖y^∗_i ‖_1. By the cone property of N one has

([‖y^∗_i ‖_1]^{−1}x^∗_i , −[‖y^∗_i ‖_1]^{−1}y^∗_i ) ∈ N(Gph Φ(x̄, 0)).

Therefore, w^∗_i := [‖y^∗_i ‖_1]^{−1}x^∗_i ∈ D^∗Φ(x̄, 0)[S^{m−1}]. It results

x^∗ = k∑ i=1 γ_ix^∗_i = k∑ i=1 γ_i‖y^∗_i ‖_1[‖y^∗_i ‖_1]^{−1}x^∗_i = k∑ i=1 δ_iw^∗_i , where δ_i ≥ 0 (i = 1, . . . , k) and ∑k i=1 δ_i = 1. Consequently, x^∗ ∈ co D^∗Φ(x̄, 0)[S^{m−1}].

In order to verify (5), let x̄^∗ ∈ D^∗_c Φ(x̄, 0)(ȳ^∗) with ȳ^∗ ∈ S^{m−1}. Then,

(x̄^∗, −ȳ^∗) ∈ N^c(Gph Φ; (x̄, 0)) = co^∗ N(Gph Φ; (x̄, 0)),

so there is a net (x^∗_α, −y^∗_α)^∗⇀ (x̄^∗, −ȳ^∗) with (x^∗_α, −y^∗_α) ∈ co N(Gph Φ; (x̄, 0)). Then, we also have

(x̄^∗, −ȳ^∗)^∗↼ ([‖y^∗_α‖_1]^{−1}‖ȳ^∗‖_1 x^∗_α, −[‖y^∗_α‖_1]^{−1}‖ȳ^∗‖_1 y^∗_α) =: (v^∗_α, −r^∗_α) ∈ co N(Gph Φ; (x̄, 0)),

but r^∗_α ∈ S^{m−1}. As it was proved above, it follows that v^∗_α ∈ co D^∗Φ(x̄, 0)[S^{m−1}]. Consequently, x̄^∗ ∈ co^∗ D^∗Φ(x̄, 0)[S^{m−1}] which terminates the proof. 2

Corollary 3.6 Let f : IR^n → IR^m be a (IR^n_+, IR^m_+ )- increasing, locally Lipschitzian mapping defining the constraint f(x) ≥ 0. Then f is metrically regular at some feasible point x̄ ∈ IR^n, if and only if Ker D^∗_c Φ(x̄, 0) = {0} for Φ(x) = −f(x) + IR^m_+ .

Proof:

By Theorem 2.3 f is metrically regular at x̄, if and only if Ker D^∗Φ(x̄, 0) = {0}. Apply Theorem 3.5. 2

As an application, we consider the chance constraint (1) with locally Lipschitzian distribution function and continuous production function. The corollary provides, that checking the first condition in Lemma 3.3, which in the context of (1) reads as 0 /∈ ∂(−F_μ)(h(x̄)), is equivalent to verifying the condition 0 /∈ ∂_cF_μ(h(x̄)) for the nondecreasing distribution function F_μ.

It is clear, that in Theorem 3.5 some cone property has to be required for K_x. Otherwise, one could take the example f(x) = |x| discussed before the statement of the theorem. Here, f is trivially (0, IR_+)- increasing, but the equivalence between the two injectivity conditions does not hold for the associated multifunction Φ. Of course, K_x = {0} violates (2). On the other hand, the required cone property is not too restrictive. It holds, in particular for the usual positivity cones IR^n_+ or l^p_+, L^p_+ with p ∈ (1, ∞), so it is not necessary - although sufficient - to have nonempty interior. Note, however, that cones of the type R^n_+ × {0}_m do not meet (2), so the consideration of equality constraints in the setting of Theorem 3.5 is excluded.

The next lemma shows, that metric regularity of constraint systems itself may be characterized by cone increasing behaviour. To this aim, we call a closed subset C ⊆ X to be generating at some x̄ ∈ C, if Clarke’s tangent cone is a generating cone there, i.e. T_c(C; x̄)−T_c(C; x̄) = X. This may be understood as a kind of constraint qualification for the set C.

Lemma 3.7 Let X be an Asplund space, f : X → IR^m a locally Lipschitzian mapping and C ⊆ X a closed subset which is generating at some point x̄ ∈ C also fulfilling f(x̄) ≥ 0. Then, the constraint f(x) ≥ 0 is metrically regular at x̄ with respect to C if

1. Ker D^∗Φ(x̄, 0) = {0}, where Φ(x) := −f(x) + IR^m_+

2. f is (T_c(C; x̄), IR^m_+ )- increasing around x̄.

Proof:

We have to show metric regularity of the multifunction

Φ_1(x) := { −f(x) + IR^m_+ if x ∈ C ∅ else

at the point (x̄, 0) ∈ Gph Φ_1. By Theorem 2.3 it remains to check that Ker D^∗Φ_1(x̄, 0) = {0}. To see this, choose any y^∗ ∈ IR^m with (0, −y^∗) ∈ N(Gph Φ_1; (x̄, 0)). Obviously, we can write Gph Φ_1 = Gph Φ ∩ (C × IR^m) with Φ as introduced in the statement of the lemma. Now, for arbitrary (x^∗, z^∗) ∈ N(Gph Φ; (x̄, 0)) ∩ −N(C × IR^m; (x̄, 0)) one has z^∗ = 0 due to N(C × IR^m; (x̄, 0)) = N(C; x̄) × {0}. But then, Proposition 3.4 provides x^∗ = 0, hence N(Gph Φ; (x̄, 0)) ∩ −N(C × IR^m; (x̄, 0)) = {0}. But we also know from Proposition 3.4 that Gph Φ is normally compact around (x̄, 0). Therefore, Theorem 2.4 provides

(0, −y^∗) ∈ N(Gph Φ; (x̄, 0)) + [N(C; x̄) × {0}]. This means existence of some x^∗ ∈ −N(C; x̄) such that (x^∗, −y^∗) ∈ N(Gph Φ; (x̄, 0)), i.e. x^∗ = D^∗Φ(x̄, 0)(y^∗). By assumption 2. of this lemma and by Proposition 3.1 we know that x^∗ ∈ (T_c(C; x̄))^0 = N_c(C; x̄). On the other hand, x^∗ ∈ −N_c(C; x̄) (since always N ⊆ N_c). But, since T_c(C; x̄)) is a generating cone due to the assumption of C being a generating set at x̄, its polar N_c(C; x̄)) must be a pointed cone, therefore x^∗ = 0 and y^∗ ∈ Ker D^∗Φ(x̄, 0). Now, assumption 1. of this lemma gives y^∗ = 0 which completes the proof. 2

Lemma 3.7 provides an alternative criterion for metric regularity as compared to the usual constraint qualifications, directly relating subdifferentials of the components f_i to the normal cone of C.

3.2 Global metric regularity of finite dimensional, nondecreasing constraint mappings

In this section, we study global metric regularity of finite dimensional, nondecreasing (i.e. (IR^n_+, IR^m_+ )- increasing) constraint mappings. More precisely, we mean metric regularity w.r.t. C at all feasible points of the constraint M = {x ∈ IR^n | f(x) ≥ 0, and x ∈ C}, (6) where C ⊆ IR^n is closed, f ∈ C^{0,1}(IR^n, IR^m) and f satisfies x ≥ y ⇒ f(x) ≥ f(y) with the partial orders of IR^n, IR^m, respectively. By C^{0,1}(IR^n, IR^m) we denote the space of locally Lipschitzian mappings f : IR^n → IR^m. In the case m = 1, the symbol C^{0,1}(IR^n) will be used.

As mentioned in the introductory section, global metric regularity is a typical or generic property of continuously differentiable constraint mappings. Here, ’generic’ refers to the fact, that it is fulfilled for a dense G_δ- set (a countable intersection of open sets) in the space of continuously differentiable mappings from IR^n to IR^m endowed with a suitable topology. As we shall see from an example below, a similar statement does not hold true for locally Lipschitzian constraint mappings. First, we endow C^{0,1}(IR^n) with a metric. For f ∈ C^{0,1}(IR^n) define the function ψ_f (x) = max{‖y‖ | y ∈ ∂_cf(x)}. Obviously, ψ_f is nonnegative and it is uppersemicontinuous due to the uppersemicontinuity of the set-valued mapping ∂_cf(·). Furthermore, it has the folllowing properties (for arbitrary f, g ∈ C^{0,1}(IR^n) and arbitrary x ∈ IR^n): ψ_{f+g}(x) ≤ ψ_f (x) + ψ_g(x) (7) d^H(∂_cf(x), ∂_cg(x)) ≤ ψ_{f−g}(x) (8) Here d^H refers to the Hausdorff distance of closed subsets of IR^n. Relation (7) is based on the sum rule for Clarke’s subdifferential. To see (8), recall the representation of the Hausdorff distance between compact, convex sets by means of their support functionals, which for Clarke’s subdifferential is the generalized directional derivative d^0. Since d^0 fulfills a triangular inequality w.r.t. f, g for fixed point and direction, we have d^H (∂_cf(x), ∂_cg(x))

= sup_{‖h‖≤1} |d^0f(x; h) − d^0g(x; h)| ≤ sup_{‖h‖≤1} max{d^0(f − g)(x; h), d^0(g − f)(x; h)} = sup_{‖h‖≤1} max{max{y(h) | y ∈ ∂_c(f − g)(x)}, max{y(h) | y ∈ ∂_c(g − f)(x)}} = max{max{ sup_{‖h‖≤1} y(h) | y ∈ ∂_c(f − g)(x)}, max{ sup_{‖h‖≤1} y(h) | y ∈ −∂_c(f − g)(x)}} = max{max{‖y‖ | y ∈ ∂_c(f − g)(x)}, max{‖y‖ | −y ∈ ∂_c(f − g)(x)}} = ψ_{f−g}(x) which is (8). Now, put d_i(f, g) = max{max{|f(x) − g(x)|, ψ_{f−g}(x)} | x ∈ B(0, i)} where B(0, i) de- notes the closed ball around 0 with radius i ∈ IN. Note that the ’max’-sign is justified by uppersemicontinuity of ψ_{f−g}(x). It is easy to verify, that d_i defines a metric for locally Lipschitzian functions restricted to B(0, i). In fact, reflexivity of d_i follows from the symmetry −∂_cf = ∂_c(−f), while the triangular inequality basically relies on (7). Consequently, d(f, g) = ∞∑ i=1 2^{−i} d_i(f, g)/(1 + d_i(f, g)) (9)

is a metric on C^{0,1}(IR^n) and ∑m i=1 d(f_i, g_i) is a metric on C^{0,1}(IR^n, IR^m) which is compatible with the product topology induced by the metric on the single factors. (C^{0,1}(IR^n, IR^m), d) is a complete metric space. Furthermore, one easily verifies the property d(f, g) < 2^{1−i} (i ∈ IN) =⇒ d_i(f, g) ≤ d(f, g)/(2^{1−i} − d(f, g)) (10) for f, g ∈ C^{0,1}(IR^n). The following example shows, that there exists a nonempty open set of functions f ∈ C^{0,1}(IR) with the property that global metric regularity is violated for the constraint f(x) ≥ 0. This means, for all of these f there is at least one feasible point violating metric regularity. Consequently, the set of functions satisfying global metric regularity cannot cannot a dense G_δ (since the complement is open and nonempty).

Example 3.8 Define f̂ ∈ C^{0,1}(IR) to meet the property ∂_cf̂(x) = [−1, 1] ∀x ∈ IR (see Rockafellar [29] for the construction of such a function). Then, f̂ is obiously not constant, so there are x_1, x_2 ∈ IR with x_1 < x_2 and, without loss of generality f̂(x_1) < f̂(x_2). Take some x̄ ∈ (x_1, x_2) with f̂(x_1) < f̂(x̄) < f̂(x_2) and define f̄(x) := f̂(x) − f̂(x̄). Then, f̄ ∈ C0,1(IR), ∂_cf̄(x) = [−1, 1] ∀x ∈ IR and f̄(x_1) < f̄(x̄) = 0 < f̄(x_2). Choose i ∈ IN such that x_1, x_2 ∈ [−i, i] and set V := {f ∈ C^{0,1}(IR) | d(f, f̄) < ε}, where ε := 2^{1−i} min{1/3, |f̄(x_1)|/(2+|f̄(x_1)|), |f̄(x_2)|/(2+|f̄(x_2)|)} > 0. V is a nonempty and open subset of C^{0,1}(IR), and we show that, for each f ∈ V there exists some x ∈ IR such that f(x) = 0 and 0 ∈ ∂(−f)(x) (Mordukhovich’s subdifferential here). Then (compare section 2),

0 ∈ ∂(−f)(x) = D^∗ epi (−f)(x, 0)(1),

hence Ker D^∗ epi (−f)(x, 0) ≠ {0} and the multifunction Φ(z) = −f(z)+IR_+ is not metrically regular at (x, 0) (see the statement of equivalence in Theorem 2.3) or, in other words, the constraint f(x) ≥ 0 is not metrically regular at the feasible point x. This is what had to be shown by the example.

Now, choose any f ∈ V . By ε < 2^{1−i} one may apply (10) to f, f̄ and continue the estimation using the definition of ε to arrive at d_i(f, f̄) < |f̄(x_k)|/2 (k = 1, 2). In particular, f(x_1) < 0 < f(x_2), so there is some x^∗ ∈ (x_1, x_2) with f(x^∗) = 0. Similarly, (8) along with the definitions of d_i and of ε provide d^H(∂_cf(x), ∂_cf̄(x)) ≤ d_i(f, f̄) < d(f, f̄)/(2^{1−i} − d(f, f̄)) < 1 3 2^{1−i}/ 2 3 2^{1−i} = 1 2 ∀x ∈ [−i, i] Since ∂_cf̄(x) = [−1, 1] ∀x ∈ [−i, i] and ∂_cf(x) is a closed interval, one derives [−1/2, 1/2] ⊆ ∂_cf(x) ∀x ∈ [−i, i]. Due to ∂_c(−f)(x) = −∂_cf(x) it follows [−1/2, 1/2] ⊆ ∂_c(−f)(x) ∀x ∈ [−i, i]. Now, from a theorem of Katriel ([18], Theorem 1) it is known, that in the onedimensional case ∂_c and ∂ agree on a dense subset of D ⊆ IR. Therefore, [−1/2, 1/2] ⊆ ∂(−f)(x) ∀x ∈ D ∩ [−i, i]. But the multifunction x → ∂(−f)(x) being closed and D ∩ [−i, i] being dense in [−i, i], one arrives at [−1/2, 1/2] ⊆ ∂(−f)(x) ∀x ∈ [−i, i]. In particular, 0 ∈ ∂(−f)(x^∗). 2

This example demonstrates by the way the potential of Mordukhovich’s subdifferential as a theoretical tool for characterizing stability (or non-stability). The decisive argument in the example was to exploit the injectivity condition from Theorem 2.3 as a necessary criterion for metric regularity in finite dimensions.

Although the example proves global metric regularity not to be a typical property for general, locally Lipschitzian constraint functions, we shall see in the following, that genericity considerations are not in vain for the specific subclass of nondecreasing functions. As a preparatory result, we show

Lemma 3.9 For arbitrary compact subsets K ⊆ IR^n it holds that V^K = {f ∈ C^{0,1}(IR^n) | ∂_cf(x) ⊆ int IR^n_+ ∀x ∈ K} is an open subspace of (C^{0,1}(IR^n), d).

Proof:

Choose any f ∈ V^K. First we show that the function δ(x) = min{‖y − z‖ | y ∈ ∂_cf(x), z ∈ ∂IR^n_+} where ∂IR^n_+ refers to the boundary of the positive orthant of IR^n, is lowersemicontinuous (the ’min’-sign is justified by compactness of ∂_cf(x)). Now, for some converging sequence x_k → x̄ one has δ(x_k) = ‖y_k − z_k‖ with y_k ∈ ∂_cf(x_k), z_k ∈ ∂IR^n_+. Referring back to the function ψ_f introduced above, we see that ‖y_k‖ ≤ ψ_f (x_k) and ‖z_k‖ ≤ ‖z_k − y_k‖ + ‖y_k‖ ≤ 2‖y_k‖ ≤ 2ψ_f (x_k) (since 0 ∈ ∂IR^n_+). Uppersemicontinuity of ψ_f then provides boundedness of the sequences y_k, z_k, hence for some subsequences we may assume y_{kl} → ȳ, z_{kl} → z̄, where ȳ ∈ ∂_cf(x̄) (by closedness of the set-valued mapping ∂_cf) and z̄ ∈ ∂IR^n_+. Consequently, δ(x_{kl} ) = ‖y_{kl} − z_{kl} ‖ → ‖ȳ − z̄‖ ≥ δ(x̄), so δ is lowersemicontinuous.

Next, denote by δ̄ the minimum of δ over the compact set K. Then f ∈ V^K implies δ̄ > 0. Let l ∈ IN such that K ⊆ B(0, l). We claim that g ∈ V K for all g ∈ C0,1(IRn) satisfying d(f, g) < 2^{1−l}δ̄/(2 + δ̄). In fact, from (8) and (9) one gets for all these g: d^H (∂_cf(x), ∂_cg(x)) ≤ ψ_{f−g}(x) ≤ d_l(f, g) < δ̄/2 ∀x ∈ K (11)

On the other hand g /∈ V^K would imply existence of some y^∗ ∈ ∂_cg(x) \ int IR^n_+ for some x ∈ K. Now, for any y ∈ ∂_cf(x) we have y ∈ int IR^n_+, hence there is some τ ∈ [0, 1] such that y^τ = y^∗ + τ(y − y^∗) ∈ ∂IR^n_+. Then δ̄ ≤ δ(x) ≤ ‖y^τ − y‖ = (1 − τ)‖y^∗ − y‖ ≤ ‖y^∗ − y‖ Since y ∈ ∂_cf(x) was arbitrary it results the contradiction to (11) δ̄ ≤ min{‖y^∗ − y‖ | y ∈ ∂_cf(x)} ≤ d^H(∂_cf(x), ∂_cg(x)) < δ̄/2. Therefore g ∈ V^K for all g ∈ C^{0,1}(IR^n) from the indicated neighborhood of f. 2 Next, we introduce the following subsets of C^{0,1}(IR^n, IR^m): M(IR^n, IR^m) = {f ∈ C^{0,1}(IR^n, IR^m) | ∀x, y ∈ IR^n : x ≤ y ⇒ f(x) ≤ f(y)} F(IR^n, IR^m) = {f ∈ C^{0,1}(IR^n, IR^m) | f_i is the distribution function of some probability measure on IR^n for i = 1, . . . , m} D(IR^n, IR^m) = {f ∈ F(IR^n, IR^m) | f_i has a density for i = 1, . . . , m} V = {f ∈ C^{0,1}(IR^n) | ∂_cf(x) ⊆ int IR^n_+ ∀x ∈ IR^n} Along with general nondecreasing functions from M(IR^n, IR^m) we consider the sets F(IR^n, IR^m) and D(IR^n, IR^m) for application to chance constraints. Clearly, one has D(IR^n, IR^m) ⊆ F(IR^n, IR^m) ⊆ M(IR^n, IR^m) and V = ⋂ i∈IN V^{B(0,i)} (12) In the following we consider all these sets as metric subspaces of (C^{0,1}(IR^n, IR^m), d). Lemma 3.10 V ∩ M(IR^n), V ∩ F(IR^n) and V ∩ D(IR^n), respectively are dense subsets of M(IR^n), F(IR^n) and D(IR^n), respectively.

Proof: Let any f ∈ M(IR^n), F(IR^n), D(IR^n), respectively, and any ε > 0 be given. It has to be shown, that there exists g ∈ M(IR^n), F(IR^n), D(IR^n), respectively, such that g ∈ V and d(g, f) < ε. Define Φ(x) = (2π)^{−n/2}

x_1∫

−∞ · · · xn∫ −∞ e^{−‖y‖2/2}dy_n · · · dy_1 Being the distribution function of some multivariate normal distribution, Φ simultaneously belongs to D(IR^n), F(IR^n) and M(IR^n). Putting g = f + γΦ 1 + γ where γ = { 1 if d(f, Φ) ≤ ε ε/(2(d(f, Φ) − ε)) if d(f, Φ) > ε (13) we see that, by convexity of the sets D(IR^n), F(IR^n) and M(IR^n), it holds g ∈ M(IR^n), F(IR^n), D(IR^n), respectively, whenever f ∈ M(IR^n), F(IR^n), D(IR^n), respectively. From the equalities |g(x) − f(x)| = γ(1 + γ)^{−1}|f(x) − Φ(x)| and ψ_{g−f} (x) = γ(1 + γ)^{−1}ψ_{f−Φ}(x) ∀x ∈ IR^n one derives d(g, f) < γ(1 + γ)^{−1}d(f, Φ) < ε along with the definition of γ. It remains to show that g ∈ V . By the sum rule for Clarke’s subdifferential, one has for any x ∈ IR^n and any ξ ∈ ∂_cg(x), that ξ = (1 + γ)^{−1}ξ^′ + γ(1 + γ)^{−1}∇Φ(x) with ξ^′ ∈ ∂_cf(x). But ∂_cf(x) ⊆ IR^n_+ due to f being (IR^n_+, IR_+)- increasing (compare Corollary 3.2) and ∇Φ(x) ∈ int IR^n_+, hence ξ ∈ int IR^n_+ and g ∈ V (recall that γ > 0). 2

Before stating the first genericity result, we need a sufficient criterion for metric regularity of (6) which, in contrast to the general injectivity condition of Theorem 2.3, is formulated in terms of subdifferentials of the components f_i of f and of the normal cone to the fixed set C. Using Theorem 2.4, it is easily shown, that the injectivity condition is implied by the relation ∑ i∈I(x̄) λ_i∂(−f_i)(x̄) ∩ N(C; x̄) = ∅ ∀λ_i ≤ 0 (i ∈ I(x̄)), ∑ i∈I(x̄) λ_i < 0

where I(x̄) = {i ∈ {1, . . . , m} | f_i(x̄) = 0}. However, with respect to the metric for locally Lipschitzian functions as introduced above in terms of Clarke’s subdifferential, it is more reasonable to replace ∂ and N by ∂_c and N_c in the last relation. Although this would result in a much stronger condition in general, no essential information is lost in the subsequent results. Explicitly, we consider the constraint qualification ∑ i∈I(x̄) λ_i∂_cf_i(x̄) ∩ N_c(C; x̄) = ∅ ∀λ_i ≥ 0 (i ∈ I(x̄)), ∑ i∈I(x̄) λ_i > 0 (14)

Theorem 3.11 It holds

1. V^K ∩ M(IR^n), V^K ∩ F(IR^n), V^K ∩ D(IR^n), respectively, are open and dense in M(IR^n), F(IR^n), D(IR^n), respectively, for all compact sets K ⊆ IR^n.

2. V ∩ M(IR^n), V ∩ F(IR^n), V ∩ D(IR^n), respectively, contain a dense G_δ in M(IR^n), F(IR^n), D(IR^n), respectively.

3. The set of functions f ∈ M(IR^n, IR^m) for which the constraint set f(x) ≥ 0 is globally metrically regular, contains a dense G_δ in M(IR^n, IR^m). Similarly, the set of functions f ∈ F(IR^n, IR^m) (D(IR^n, IR^m)) for which the constraint set f(x) ≥ p is globally metrically regular for all p ∈ IR^m, contains a dense G_δ in F(IR^n, IR^m) (D(IR^n, IR^m)).

Proof:

1. follows from lemma 3.9, lemma 3.10 and V ⊆ V^K. 2. follows from 1., (12) and lemma 3.10. To verify 3. note first that by 2. the set V^′ = (V × · · · × V ) ∩ M(IR^n, IR^m) contains a dense G_δ in M(IR^n, IR^m) such that for f ∈ V^′ one has ∂_cf_i(x) ⊆ int IR^n_+ ∀x ∈ IR^n i = 1, . . . , m.

On the other hand, there is no additional fixed constraint set C, hence C = IR^n, N_c(C; x) = 0 and these functions satisfy: m∑ i=1 λ_i∂_cf_i(x) ∩ {0} = ∅ ∀x ∈ IR^n ∀λ_i ≥ 0 (i = 1, . . . , m), m∑ i=1 λ_i > 0 (15)

This follows from the fact that a nontrivial positive linear combination of subsets of int IR^n_+ again yields a subset of int IR^n_+ which in particular excludes the origin. But then, by (14), metric regularity of f holds at all feasible points. The same argumentation (using the statements in parantheses of 2.) provides the corresponding assertion when replacing M by F or D, respectively. Note, that (15) holds for all i ∈ {1, . . . , m} (not just for i ∈ I(x) as required in (14)). Therefore, the actual value of the right-hand side p ∈ IR^m is irrelevant in the constraint f(x) ≥ p. 2 The reason for the slightly different formulations in the third statement of the theorem is that for f ∈ M(IR^n, IR^m) one automatically has f − p ∈ M(IR^n, IR^m) (p ∈ IR^m), while this is not necessarily true for F(IR^n, IR^m) and D(IR^n, IR^m).

The following example demonstrates that, even in the case n = m = 1 the property of global metric regularity for the constraint f(x) ≥ 0 is not open in D(IR). Much less it is open in the bigger sets F(IR), M(IR) or C^{0,1}(IR).

Example 3.12 Let ϕ(x) = (2π)^{−1/2}e^{−x2/2} be the density for the one-dimensional standard normal distribution Φ(x) = ∫ x −∞ ϕ(y)dy and for k ∈ IN define ϕ_k(x) = { 0 if x ≤ −k ϕ(x)(1 − Φ(−k))^{−1} if x > −k

For Φ_k(x) = ∫ x −∞ ϕ_k(y)dy it follows

Φ_k(x) = { 0 if x ≤ −k (Φ(x) − Φ(−k))(1 − Φ(−k))^{−1} if x > −k

Therefore Φ, Φ_k ∈ D(IR) (k ∈ IN). Now, some elementary calculation shows that

|Φ(x) − Φ_k(x)| ≤ Φ(−k), and ψ_{Φ−Φk} (x) ≤ max{ϕ(−k), (2π)^{−1/2}Φ(−k)(1 − Φ(−k))^{−1}}

for all x ∈ IR and all k ∈ IN. But lim_{k→∞} Φ(−k) = lim_{k→∞} ϕ(−k) = 0, therefore we get lim_{k→∞} d(Φ_k, Φ) = 0. On the other hand, the constraint Φ(x) ≥ 0 is trivially metrically regular at all feasible points (no binding occurs due to strict positivity of Φ), while all the constraints Φ_k(x) ≥ 0 fail to be metrically regular at all points x ≤ −k, which are feasible by definition. In fact, the whole interval (−∞, −k] becomes infeasible after a small right-hand side perturbation of the constraint. Consequently, global metric regularity of the constraint f(x) ≥ 0 cannot be open in D(IR) as far as the metric d is used. 2

The phenomenon encountered in the example is also known even for smooth constraint functions. In the smooth case, it is possible to avoid such ’asymptotic failure’ of global metric regularity by introducing the so-called Whitney topology (see [14]). Then, global metric regularity (or equivalently: validity of the Mangasarian-Fromovitz Constraint Qualification at all feasible points) holds for a set of constraint functions, which is open and dense in the space of smooth functions endowed with the Whitney topology. This is a slightly stronger result as compared to genericity in terms of a dense G_δ- subset (compare third statement in Theorem 3.11). The introduction of an analogous topology in C^{0,1}(IR^n, IR^m) in order to arrive at a similar ’open and dense’ result in the present context of nondecreasing functions, seems not to be successful unless considerations are restricted to the trivial case n = m = 1.

On the other hand, genericity of global metric regularity in terms of an ’open and dense’ statement can be shown in the presence of additional fixed constraints C (see (6)) with appropriate structure, namely compact box-constraints, which are quite typical for the unperturbed part of feasibility. Note that now, metric regularity w.r.t. a closed subset comes into play.

Lemma 3.13 Let [a, b] be a rectangle in R^n with a ≤ b. Then, the set of functions f ∈ M^{0,1}(IR^n, IR^m) for which the constraint f(x) ≥ 0 is globally metrically regular with respect to [a, b] contains and open and dense subset of M(IR^n, IR^m).

Proof:

Define W = V^{[a,b]} ∩ {f ∈ M(IR^n) | f(b) ≠ 0}. V^{[a,b]} ∩ M(IR^n) is open and dense in M by item 1. in theorem 3.11. But {f ∈ M(IR^n) | f(b) ≠ 0} is clearly open and dense in M(IR^n) too (to verify density, add to f a small constant, which of course provides a function still in M(IR^n)). So, W is representable as the intersection of two open and dense subsets of M(IR^n), hence is itself open and dense in M(IR^n). Therefore, W^′ = W × · · · × W is open and dense in M(IR^n, IR^m). It remains to show, that for all functions f ∈ W^′ the constraint f(x) ≥ 0 is metrically regular with respect to [a, b] at all feasible points. Again, as in the proof of theorem 3.11, one has m∑ i=1 λ_i∂_cf_i(x) ⊆ int IR^n_+ λ_i ≥ 0 (i = 1, . . . , m), m∑ i=1 λ_i > 0, ∀x ∈ [a, b] But, due to the simple structure of a rectangle, it holds N_c([a, b]; x)∩int IR^n_+ = ∅ ∀x ∈ [a, b]\{b}. Hence, (14) holds for all x ∈ [a, b] \ {b}. Finally, at x = b all components of f ∈ W^′ are unequal to zero by definition, so (14) is trivially satisfied by emptyness of the active index set I(x). 2

This lemma allows the following generalization to non-compact box constraints (e.g. nonnegativity constraints):

Corollary 3.14 Let J_1, J_2 be two not necessarily disjoint subsets of {1, . . . , n} and assume C = {x ∈ IR^n | x_i ≥ a_i (i ∈ J_1), x_i ≤ b_i (i ∈ J_2)} Then the set of functions f ∈ M(IR^n, IR^m) for which the constraint f(x) ≥ 0 is globally metrically regular with respect to C contains a dense G_δ in M(IR^n, IR^m).

Proof:

Put C_j = {x ∈ C | x_i ≥ −j (i ∈ J_1), x_i ≤ j (i ∈ J_2)}. Then C_j is a rectangle in IR^n and from the proof of lemma 3.13 there follows existence of an open and dense set W_j ⊆ M(IR^n, IR^m), such that (14) with C replaced by C_j (!) is fulfilled for all f ∈ W_j at all x ∈ C_j with f(x) ≥ 0. Now, set W = ∩_{j∈IN} W_j and consider an arbitrary function f ∈ W and an arbitrary x ∈ C with f(x) ≥ 0. Then, for some j ∈ IN, we have x ∈ C_j (⊆ C), hence N_c(C; x) ⊆ N_c(C_j; x). Therefore (14) holds for f at x because of W ⊆ W_j. On the other hand, W is a countable intersection of open and dense subsets of M(IR^n, IR^m). In particular, W is a G_δ- subset. In order to verify density of W note, that the following characterization of nondecreasing functions is valid: f ∈ M(IR^n) ⇐⇒ ∂_cf(x) ⊆ IR^n_+ ∀x ∈ IR^n. (16) This simple observation is based on Corollary 3.2 and on the mean-value theorem for Clarke’s subdifferential (see [6]). From here, it is eailsy seen that M(IR^n, IR^m) is a closed subspace of C^{0,1}(IR^n, IR^m) (recall the definition of the metric d in (9) to see from the just given characterization of M(IR^n), that f ∈ M(IR^n) provided that d(f_n, f) → 0 and f_n ∈ M(IR^n)). In particular, M(IR^n, IR^m) is a Baire space. Therefore, the countable intersection of open and dense subsets is dense itself. 2

At this point one could ask in how far the box structure of C in Lemma 3.13 and Corollary 3.14 is necessary to arrive at genericity results for global metric regularity. While this question is not completely clear, the result is negative even for very simple sets C, as far as the use of the sufficient condition (14) for metric regularity is concerned. Although not a proof for nongenericity of global metric regularity with respect to certain closed subsets C, it is a strong indicator at least. More precisely, the following example (where C is a closed halfspace) shows that there may exist a nonempty, open subset of nondecreasing functions such that (14) is violated at least at one feasible point.

Example 3.15 As it was shown by Borwein, Moors and Xianfu in [5], for any polytope P ⊆ IR^n there exists a Lipschitzian function h : IR^n → IR, such that ∂_ch ≡ P . In particular, we may choose h : IR^2 → IR, such that ∂_ch ≡ [(2, 1); (1, 2)] where the brackets refer to the corresponding line segment. For the fixed direction d = (−1, 1) Clarke’s directional derivative of h is computed at the origin as

lim sup y→0 t↓0 t^{−1}(h(y + td) − h(y)) = max{⟨v, d⟩ | v ∈ ∂_ch(0)} = 1 Consequently, there exist points y_i (i = 0, 1, 2) and numbers t_2 > t_1 > 0 with

y_i = y_0 + t_id (i = 1, 2) and h(y_2) > h(y_1) > h(y_0)

Now define f(x) = h(x) − h(y_1). Then

f(y_2) > f(y_1) = 0 > f(y_0), and ∂_cf(x) = ∂_ch(x) = [(2, 1); (1, 2)] ∀x ∈ IR^2 (17)

By (16) one has f ∈ M(IR^2). Take C = {x ∈ IR^2 | (1, 1) · (x − y_1) ≤ 0} as an unperturbed set and consider the constraint f(x) ≥ 0, x ∈ C. Since f is active at y_1, condition (14) at this feasible point means ∂_cf(y_1) ∩ N_c(C; y_1) = ∅ ( N_c being a cone). By defintion, however, N_c(C; y_1) is the positive span of (1, 1), which of course meets ∂_cf(y_1). Therefore (14) is violated at y_1. Next consider a small (in the sense of the metric (9)) perturbation g of f. On the one hand the functional values of g will be close to those of f. Consequently, since [y_0; y_2] ⊆ C, a continuity argument from (17) provides existence of some point y_3 ∈ [y_0; y_2] such that g(y_3) = 0. This means that y_3 is a feasible point of the constraint g(x) ≥ 0, x ∈ C and g is active at y_3. On the other hand the deviation of ∂_cg(y_3) from ∂_cf(y_3) = [(2, 1); (1, 2)] will be small too, so the condition ∂_cg(y_3) ∩ N_c(C; y_3) = ∅ - which is condition (14) for g - is violated at y_3. Summarizing, validity of (14) at all feasible points of the constraint g(x) ≥ 0, x ∈ C is violated for locally Lipschitzian g from a whole open neighborhood of the nondecreasing function f. 2

The results obtained so far suggest that genericity of global metric regularity of nondecreasing constraint functions hinges on presence or absence as well as the structure of additional unperturbed constraints. In the remainder, we re-address the chance constraint (1) in terms of global metric regularity. Now, both F_μ and h are assumed to be locally Lipschitzian. Let us first disregard the subset C. By Lemma 3.3, global metric regularity of (1) holds, provided that

1. The constraint F_μ(y) ≥ 0 is globally metrically regular

2. 0 /∈^m ∑ i=1 λ_i∂h_i(x) ∀λ ≤ 0 (λ ≠ 0) ∀x ∈ IR^n Note, that the first condition implies 0 /∈ ∂(−F_μ)(h(x)) ∀x ∈ IR^n (F_μ(h(x)) = p) by the equivalent characterization mentioned in Theorem 2.3. The second condition here, implies the second condition in Lemma 3.3 after applying the ’scalarization’ formula (see proof of the Lemma). From Theorem 3.11 we see, that the first condition is generic (i.e. typically fulfilled) in the class F(IR^m) of locally Lipschitzian distribution functions over IR^m as well as in the subclass of those distribution functions having a density. Genericity of the second condition cannot be derived in general. However, under the restriction h ∈ M(IR^n, IR^m), which might be reasonable for certain types of production functions, the second condition reduces to 0 /∈ ∂h_i(x) i = 1, . . . , m ∀x ∈ IR^n (see Lemma 3.3), so it is equivalent to 0 /∈ ∂_ch_i(x) i = 1, . . . , m ∀x ∈ IR^n (see Corollary 3.6), which in turn is generic (see proof of (15)).

Finally, we want to consider global metric regularity of the chance constraint (1) w.r.t. closed subsets C.

Theorem 3.16 In the chance constraint (1) assume that C = [a, b] (a, b ∈ IR^n, a ≤ b). Denote by P the set of functions (F_μ, h) ∈ F(IR^m) × M(IR^n, IR^m) (or ∈ D(IR^m) × M(IR^n, IR^m), respectively), such that the constraint F_μ(h(x)) ≥ p is globally metrically regular with respect to C for all probability levels p. Then, P contains a subset W which is open and dense in F(IR^m) × M(IR^n, IR^m) (or in D(IR^m) × M(IR^n, IR^m), respectively).

Proof:

The proof for the case F_μ ∈ D(IR^m) running excatly along the same lines as for the case

F_μ ∈ F(IR^m), we restrict considerations to the latter. Define the set W = {(F, g) ∈ F(IR^m) × M(IR^n, IR^m) | 1. ∂_cF (y) ⊆ int IR^m_+ ∀y ∈ g([a, b]) 2. ∂_cg_i(x) ⊆ int IR^n_+ ∀x ∈ [a, b], (i = 1, . . . , m) 3. F (g(b)) ≠ p} First we show, that W is open and dense. To verify openness, let (F_μ, h) ∈ W be arbitrarily given. Put K = h([a, b])+B, where B refers to the unit ball in IR^m. Obviously K is compact. Denote by T an open neighborhood of h in M(IR^n, IR^m) such that g([a, b]) ⊆ K ∀g ∈ T . Introducing the sets V = {g ∈ T | ∂_cg_i(x) ⊆ int IR^n_+ ∀x ∈ [a, b] (i = 1, . . . , m)} U = {F ∈ F(IR^m) | ∂_cF (y) ⊆ int IR^m_+ ∀y ∈ K} S = {(F, g) ∈ F(IR^m) × M(IR^n, IR^m) |, F (g(b)) ≠ p} we see that (F_μ, h) ∈ (U × V ) ∩ S. From Lemma 3.9 we know that U is open in F(IR^m) and V is open in M(IR^n, IR^m) and, obviously, S is open in F(IR^m) × M(IR^n, IR^m). From the very definitions it follows that (U × V ) ∩ S ⊆ W , hence (F_μ, h) is an interior point of W which means that W is open.

Concerning the density of W , consider an arbitrary pair (F_μ, h) ∈ F(IR^m) × M(IR^n, IR^m). By theorem 3.11 (1.), small perturbations of F_μ in F(IR^m) and of h in M(IR^n, IR^m) will suffice to provide the first two properties of W . Finally, suppose that (F_μ, h) fulfills the first two properties of W but F_μ(h(b)) = p. For some c ∈ int IR^m_+ put g(x) = h(x) + c. Obviously, g ∈ M(IR^n, IR^m) and g is close to h if c is chosen to be small. Furthermore, exploiting uppersemicontinuity of ∂_cF_μ and the first property of W , let c be small enough to meet 0 /∈ ∂_cF_μ(h(b) + tc) ∀t ∈ [0, 1] On the other hand, ∂_cF_μ(y) ⊆ IR^m_+ ∀y ∈ IR^m (see Corollary 3.2) due to F_μ being nondecreasing. But then, the mean value theorem provides (for some t^′ ∈ [0, 1]): F_μ(g(b)) − p = F_μ(g(b)) − F_μ(h(b)) ∈ ⟨∂_cF_μ(h(b) + t^′c), c⟩ ∈ IR_+ \ {0}, hence F_μ(g(b)) > p and the third property of W is fulfilled after a small perturbation of h. On the other hand, the first two properties of W are open by Lemma 3.9, so we may assume (F_μ, g) to satisfy all three properties of W .

Finally, we have to show that W is contained in the set P defined in the theorem, so let some pair (F_μ, h) ∈ W and some probability level p be arbitrarily given. From the chain rule of Clarke’s subdifferential along with the definition of W it follows ∂_c(F_μ ∘ h − p)(x) = ∂_c(F_μ ∘ h)(x) ⊆ conv{ s∑ i=1 λ_i∂_ch_i(x) | λ ∈ ∂_cF_μ(h(x))} ⊆ int IR^n_+ ∀x ∈ [a, b]

The last inclusion follows from the fact that the occuring subdifferentials are compact and the λ_i are strictly positive (first property of W ). Therefore the embraced set is contained in a set c + IR^n_+ for some c ∈ int IR^n_+, which in turn is a convex closed subset of int IR^n_+. Now, the specific structure of box constraints gives N_c([a, b]; x) ∩ int IR^n_+ = ∅ ∀x ∈ [a, b] \ {b}, and, exploiting F_μ(h(b)) ≠ p (third property of W ), we see that the sufficient criterion (14) for metric regularity is satisfied. 2

References

[1] J.P. Aubin: Lipschitz behavior of solutions to convex minimization problems. Math. Oper.

Res. 9 (1984), 87-111.

[2] A. Auslender: Stability in mathematical programming with nondifferentiable data. SIAM J. Control Optim. 22 (1984), 29-41.

[3] J.M. Borwein: Stability and regular points of inequality systems. J. Optim. Theory Appl.

48 (1986), 9-52.

[4] J.M. Borwein and D.M. Zhuang: Verifiable necessary and sufficient conditions for regularity of set-valued and single-valued maps. J. Math. Anal. Appl. 134 (1988), 441-459.

[5] J.M. Borwein, W.B. Moors and W. Xianfu: Lipschitz functions with prescribed derivatives and subderivatives. CECM Information document 94-026, Simon Fraser University, Burnaby, 1994.

[6] F.H. Clarke: Optimization and nonsmooth analysis. Wiley, 1983, New York.

[7] F.H. Clarke, R.J. Stern and P.R. Wolenski: Subgradient criteria for monotonicity, the Lipschitz condition, and convexity. Can. J. Math 45 (1993), 1167-1183.

[8] C. Combari, M. Laghdir and L. Thibault: Sous-Différentiels de fonctions convexes composées. Ann. Sci. Math. Québec 18 (1994), 119-148.

[9] R. Cominetti: Metric regularity, tangent sets, and second-order optimality conditions.

Appl. Math. Optim. 21 (1990), 265-287.

[10] R. Henrion and D. Klatte: Metric regularity of the feasible set mappingin semi-infinite optimization. Appl. Math. Optim. 30 (1994), 103-109.

[11] R. Henrion and W. Römisch: Metric regularity and quantitative stability in stochastic programming with probabilistic constraints. Preprint 96-2, Humboldt University Berlin, submitted to Math. Prog..

[12] A.D. Ioffe: Approximate Subdifferentials and Applications. I: The Finite-Dimensional Theory. Trans. Amer. Math. Soc. 281 (1984), 389-416.

[13] A.D. Ioffe: Approximate Subdifferentials and Applications. 3: The Metric Theory. Mathematika 36 (1989), 1-38.

[14] H.T. Jongen, P. Jonker and F. Twilt: Nonlinear optimization in IR^n, II: Transversality, Flows, Parametric Aspects. Lang, 1986, Frankfurt a.M.

[15] A. Jourani and L. Thibault: Approximate subdifferentials and metric regularity: the finite dimensional case. Math. Programming 47 (1990), 203-218.

[16] A. Jourani and L. Thibault: Verifiable conditions for openness and regularity of multivalued mappings in Banach spaces. Trans. Amer. Math. Soc. 347 (1995), 1255-1268.

[17] A. Jourani and L. Thibault: Coderivatives of multivalued mappings, locally compact cones and metric regularity. Manuscript.

[18] G. Katriel: Are the approximate and the Clarke subgradients generically equal? J. Math.

Anal. Appl. 193 (1995), 588-593.

[19] P.D. Loewen: Limits of Fréchet normals in nonsmooth analysis. In: A.D. Ioffe et al. (eds.):

Optimization and Nonlinear Analysis. Pitman Research Notes Math. Ser. 244 (1992), 178- 188.

[20] P.D. Loewen: A mean value theorem for Fréchet subgradients. Nonlin. Anal. Th. Meth.

Appl. 23 (1994), 1365-1381.

[21] B. Mordukhovich: Complete characterization of openness, metric regularity, and Lipschitzian properties of multifunctions. Trans. Amer. Math. Soc. 340 (1993), 1- 35.

[22] B.S. Mordukhovich and Y. Shao: Nonsmooth sequential analysis in Asplund spaces. Submitted to Trans. Amer. Math. Soc.

[23] B.S. Mordukhovich and Y. Shao: Stability of set-valued mappings in infinite dimensions:

point criteria and applications. Submitted to SIAM J. Cont. Optim..

[24] J.P. Penot: On regularity conditions in mathematical programming. Math. Programming Study 19 (1982), 167-199.

[25] J.P. Penot: Metric regularity, openness and Lipschitzian behavior of multifunctions. Nonlin. Anal. Theory, Meth. Appl. 13 (1989), 629-643.

[26] S.M. Robinson: Stability theorems for systems of inequalities, Part II: Differentiable nonlinear systems. SIAM J. Numer. Anal. 13 (1976), 497-513.

[27] S.M. Robinson: Regularity and stability for convex multifunctions. Math. Oper. Res. 1 (1976), 130-143.

[28] R.T. Rockafellar: Lipschitzian properties of multifunctions. Nonlin. Anal.: Theory, Meth.

Appl. 9 (1985), 867-885.

[29] R.T. Rockafellar: Favorable classes of lipschitz-continuous functions in sugradient optimization. In: E.A. Nurminski (ed.): Progress in nondifferentiable optimization. IIASA Collaborative Proceedings Series CP-82-S8, 1982, Laxenburg, 125-143.

[30] W. Römisch and R. Schultz: Distribution sensitivity for certain classes of chanceconstrained models with applications to power dispatch. J. Optim. Th. Appl. 71 (1991), 569-588.

[31] J. Zowe and S. Kurcyusz: Regularity and stability for the mathematical programming problem in Banach spaces. Appl. Math. Optim. 5 (1979), 49-62.