Qualitative behavior of weak solutions of the drift diffusion model for semiconductor devices coupled with Maxwell s equations

F.Jochmann Institut für angewandte Mathematik Humboldt Universität Berlin Unter den Linden 6 10099 Berlin^∗

Abstract:

The transient drift-diffusion model describing the charge transport in semiconductors is considered. Poisson’s equation, which is usually used, is replaced by Maxwell’s equations. The diffusion- and mobility-coefficients and the dielectric and magnetic susceptibilities may depend on the space-variables. Global existence and convergence to the thermal equilibrium is shown. Key words:

Drift-diffusion-model for Semiconductors, Maxwell’s equations, parabolic PDE nonlinearely coupled with hyperbolic system, global existence, asymptotic behavior. AMS subject-class.: 35Q60,35L40,78A35

1 Introduction

The subject of this paper are the transient drift diffusion equations describing the charge transport in semiconductors coupled with Maxwell’s equations ∂_tρ_k(t, x) = −∇ · j_k(t, x) − R(x, ρ_1(t, x), ρ_2(t, x)), (1.1) j_k(t, x) = −D_k(x)∇ρ_k(t, x) − (−1)^kμ_k(x)ρ_k(t, x)E(t, x) (1.2) for k ∈ {1, 2} ε(x)∂_tE(t, x) = curl H(t, x) + j_2(t, x) − j_1(t, x) (1.3)

μ(x)∂_tH(t, x) = − curl E(t, x) (1.4)

div (ε(x)E(t, x)) = ρ_1(t, x) − ρ_2(t, x) + C(x), div (μ(x)H(t, x)) = 0 (1.5)

Here ρ_1, ρ_2 denote the charge densities and j_1, j_2 denote the current densities of the holes and electrons respectively.

The self-consistent electromagnetic field (E, H) obeys Maxwell’s equations 1.3, 1.4 and 1.5. The unknown functions ρ_1, ρ_2, E, H depend on the time t ∈ IR and space variable x ∈ Ω Ω ⊂ IR^3 is a bounded Lipschitz-domain with ∂Ω = Γ_D ∪ Γ_N , where Γ_D, Γ_N are disjoint subsets of ∂Ω.

∗Supported by Deutsche Forschungsgemeinschaft 53170 Bonn, Germany

Γ_D represents the perfectly conducting Ohmic contacts and Γ_N represents the insulating boundary of the semiconductor device. The mobilities μ_1, μ_2 of the holes and electrons resp. are assumed to be positive constants. The diffusion coefficients D_1, D_2and the recombination generation rate R are functions of the densities ρ_1, ρ_2 and the space variable x. C is a bounded function of x, which describes the doping profile of the device. The system 1.2 - 1.5 is supplemented by the following initial boundary conditions

ρ = U^D on IR × Γ_D (1.6) ⃗n · j_k = 0 on IR × Γ_N for k ∈ {1, 2} (1.7) ⃗n ∧ E = 0 on IR × Γ_D (1.8) ε⃗n · E = σ on IR × Γ_N (1.9) ⃗n ∧ H = ⃗n ∧ H_Γ on IR × Γ_N (1.10) ρ(0, x) = ρ_0(x) (1.11) E(0, x) = E_0(x), H(0, x) = H_0(x) (1.12) On the perfectly conducting boundary Γ_D the tangential component of the electric field must vanish, which is expressed by boundary condition 1.8, while on Γ_N the tangential component of H and the normal component of E are prescribed by 1.9 and 1.10. The initial-boundary data must satisfy the following compatibility conditions div (μH_0) = 0 (1.13) div (εE_0) = ρ_{1,0} − ρ_{2,0} + C (1.14) ε⃗n · E_0 = σ(0) on Γ_N (1.15) Note that the boundary-conditions 1.7,1.9 and 1.10 are not independent, since 1.3 implies (at least formally)

∂_tσ = ε∂_t(⃗n · E) = ⃗n · ( curl H − j_1 + j_2) = ⃗n · curl H_Γ on IR × Γ_N (1.16) Therefore, the compatibility condition

∂_tσ = ⃗n · curl H_Γ on IR × Γ_N (1.17) has to be required. Now, if ρ, (E, H) is a solution of the equations 1.2, 1.3, 1.4 and the initial boundary conditions 1.7, 1.8 and 1.10 - 1.12, the equations 1.5 and the boundary condition 1.9 are automatically fulfilled for all times t ≥ 0. Therefore, the following problem will be considered ∂_tρ_t = − div j_k − R(x, ρ_1, ρ_2), k ∈ {1, 2} (1.18) j_k = −D_k(x, ρ_1, ρ_2)∇ρ_k − (−1)^kμ_kρ_kE, k ∈ {1, 2} (1.19) ε∂_tE = curl h + j_2 − j_1 − curl H_Γ (1.20) μ∂_th = − curl E − μ∂_tH_Γ (1.21)

ρ = U^D on IR × Γ_D (1.22)

⃗n · j_k = 0 on IR × Γ_N for k ∈ {1, 2} (1.23)

⃗n ∧ E = 0 on IR × Γ_D (1.24)

⃗n ∧ h = 0 on IR × Γ_N (1.25)

ρ(0, x) = ρ_0(x) (1.26)

E(0, x) = E_0(x) , h(0, x) = h_0(x) (1.27)

where h^{def}= H − H_Γ.

Analysis of the drift diffusion model for semiconductors has been presented in [5], [6], [8], [14], [15] and [16] in the case that Maxwell’s equations 1.3 - 1.5 are replaced by Poisson’s equation − div (ε∇V ) = ρ_1 − ρ_2 − C for an electrostatic field E = −∇V .

However, at very high frequencies the time dependent magnetic field generates a non curl-free electric field, which cannot be written as the gradient of an electrostatic potential. Therefore, Poisson’s equation has to be replaced by Maxwell’s equations 1.3, 1.4 - 1.5 for the electromagnetic field.

Global existence of weak solutions (ρ, E, H) to problem 1.18 - 1.27, with

ρ ∈ L^2_{loc}([0, ∞), H^1(Ω)) ∩ L^∞_{loc}([0, ∞), L^∞(Ω)) ∩ C([0, ∞), L^2(Ω))

and (E, H) ∈ C([0, ∞), L^2(Ω)) has been shown in [9] under the assumption that the mobility coefficents μ_k, the dielectric and magnetic susceptibilities are constant. Moreover, only the homogeneous boundary condition ⃗n · E = 0 has been considered in [9]. Uniqueness of weak solutions in the two-dimensional case is proved in [10]. In this paper it is assumed that D_k, μ_k, ε, μ belong to L^∞(Ω) and are uniformly positive and that^ε_{μk} is Lipschitz-continuous. ν^{def}=^{μ1}_{D1} =^{μ2}_{D2} is assumed to be constant, which is motivated physically by the so-called Einstein-relations. The recombination term has the form

R(x, u) = r(x, u)(u_1u_2 − n^2_i ),

for x ∈ Ω, u ∈ [0, ∞)^2 with a nonnegative function r defined on x ∈ Ω × [0, ∞)^2. In the case of the nonconstant coefficients and the inhomogeneous boundary-condition 1.9 the L^∞-estimates for the densities ρ_k are obtained by estimating successively L^p-norms. This iteration-technique has also been used in [7] for the standard drift-diffusion model involving Poisson’s equation. These estimates yield global existence of weak solutions to 1.18 - 1.27 in the third section of this paper in connection with a-priori-estimates for the densities in L^∞((0, T ), L^1(Ω)) and for the electromagnetic field in L^∞((0, T ), L^2(Ω)), which are derived by using the energyfunctional E(t) = ∫ Ω 2∑ k=1 ∫ ρ_k(t,x) U_k(x) ln s U_k(x) dsdx + ν 2 ∫ Ω ε(x)|E(t, x)|^2 + μ(x)|h(t, x)|^2dx (1.28) The main part of this paper is the investigation of the asymptotic behavior of weak solutions for t → ∞ in the fourth section. For this purpose it is assumed that the device is in thermal eqilibrium on the ohmic contacts Γ_D, that means that U^D_1 U^D_2 = n^2_i , such that the recombinationrate R(x, U^D(x)) vanishes and that U^D is constant on every connected component of Γ_D, which implies by 1.19 and 1.24 that ⃗n ∧ j_k(t, x) = 0 on Γ_D.

For σ_0 ∈ L^{p0} (∂Ω), C ∈ L^∞(Ω) with p_0 > 2 it has been shown in [7] under suitable conditions on R that there exist a solution for the stationary drift-diffusion model in thermal equilibrium, that means φ_e ∈ H^1(Ω) and strictly positive U_1, U_2 ∈ L^∞(Ω) ∩ H^1(Ω) with

∇(ln U_k + (−1)^kνφ_e) = 0, U_1(x)U_2(x) = n^2_i ,

where φ_e solves Poisson’s equation

div (ε∇φ_e) = U_1 − U_2 + C

supplemented by the boundary-conditions

φ_e = ν^{−1} ln U_1

on Γ_D, ε⃗n∇φ_e = σ_0 on Γ_N .

In the fourth section it is shown that the densities ρ_k are globally bounded and uniformly positive on (0, ∞) × Ω and that the electromagnetic field E, h belongs to L^∞((0, ∞), L^2(Ω)). Moreover, it is shown that if H_Γ, σ(t) − σ_0 satisfy suitable decay assumptions for t → ∞ the densities ρ_k converge to the carrier distributions U_k in the thermal equilibrium, i.e. lim_{t→∞} ||ρ(t) − U||Łp_{(Ω)} = 0 for all p ∈ [0, ∞). In particular exponential convergence to the equilibrium is shown, i.e. there exist some K ∈ (0, ∞) and γ > 0, such that

||ρ(t) − U||Łp_{(Ω)} + ||E(t) + φ_e||Ł2_{(Ω)} ≤ K exp(−γt) for all t ∈ [0, ∞),

if H_Γ(t) = 0, σ(t) = σ_0 for sufficienctly large t ≥ 0.

2 Notation, assumptions and preliminary results

Let Ω ⊂ IR^3 be a bounded Lipschitz-domain with ∂Ω = Γ_D ∪ Γ_N and Γ_D ∩ Γ_N = ∅, where Γ_D is closed and has finitely many connected components.

The diffusion and mobility coefficients D_k, μ_k, the dielectric and magnetic susceptibilities ε, μ belong to L^∞(Ω) and are assumed to be uniformly positive, i.e. there exist δ > 0 and d ∈ (0, ∞), such that δ ≤ D_k(x), μ_k(x), ε(x), μ(x) ≤ d for all x ∈ Ω, k ∈ {1, 2} (2.29) Moreover,

ν^{def}= μ_1 D_1 = μ_2 D_2

(2.30)

is a positive constant and the following regularity assumption is required ε μ_k ∈ W^{1,∞}(Ω). (2.31)

The recombination term R has the form

R(x, u) = r(x, u)(u_1u_2 − n^2_i ) for all x ∈ Ω, u ∈ [0, ∞)^2, (2.32) where the nonnegative function r : Ω × [0, ∞)^2 → [0, ∞) obeys

r(·, u) ∈ L^∞(Ω) for fixed u ∈ [0, ∞)^2 (2.33) and |r(x, u) − r(x, v)| ≤ K|u − v| for all x ∈ Ω, u ∈ [0, ∞)^2 (2.34) with some K ∈ (0, ∞) independent of x ∈ Ω, u, v ∈ [0, ∞)^2. As in [9] the following function spaces are used.

Let Y be the closure of C^∞_0 (IR^3 \ Γ_D) in H^1(Ω), where H^1(Ω) is the usual first order Sobolev space vof L^2type and C^∞_0 (IR^3 \ Γ_D) denotes the space of all infinetely differentiable functions with compact support contained in IR^3 \ Γ_D.

H^{1,Γ} denotes the space of all functions belonging to H^1(Ω), whose trace is constant on every connected component of Γ_D.

Let W_0 be the space of all w ∈ L^2(Ω, CI^3) with curl w ∈ L^2(Ω, IR^3) in the sense of distributions. By W_E we denote the space of all E ∈ W_0, such that the tangential component of E vanishes on Γ_D in a generalized sense,i.e. ∫ Ω (E · curl h − h · curl E)dx = 0 for all h ∈ C^∞_0 (IR^3 \ Γ_N , CI^3).

W_H denotes the set of all h ∈ W_0, such that ∫ Ω (h · curl F − F · curl h)dx = 0 for all F ∈ W_E, which is a weak formulation of the boundary condition u ∧ ⃗n = 0 on Γ_N . The assumptions on the initial boundary data for the densities are

ρ_0 ∈ L^∞(Ω), U^D ∈ W^{1,∞}(∂Ω), (2.35) i.e. U^D is Lipschitz-continuous. Moreover,

ρ_{0,k} ≥ a, U^D_k ≥ a with some a > 0, (2.36) C ∈ L^∞(Ω), E_0, H_0 ∈ L^2(Ω) (2.37) and H_Γ ∈ W^{1,2}_{loc} (IR, L^2(Ω)) with curl H_Γ ∈ L^2_{loc}(IR, L^2(Ω)). (2.38) Let σ ∈ W^{1,2}_{loc} (IR, L^2(∂Ω)) ∩ L^∞(IR, L^{p0} (∂Ω)) with some p_0 > 2. (2.39) It is assumed that 1.13 is fulfilled in the sense of distributions and that 1.14 is satified weakly in the sense that ∫ Ω εE_0∇φdx = ∫ ∂Ω σ(0)φdS − ∫ Ω (ρ_{0,1} − ρ_{0,2} + C)φdx for all φ ∈ Y. (2.40)

By the compatibility-condition 1.17 σ and H_Γ must satisfy d dt ∫ ∂Ω σ(t)φdx = ∫ Ω ( curl H_Γ(t)) · ∇φdx for all φ ∈ Y and t ∈ IR. (2.41) In the Hilbert-space X_0 = L^2(Ω, CI^6) endowed with the scalar-product

< w, w̃ >_{X0} = ∫ Ω (εw_1w̃_1 + μw_2w̃_2dx for w, w̃ ∈ X_0 the following operator is defined

B(E, h) = (ε^{−1} curl h, −μ^{−1} curl E) for (E, h) ∈ D(B) = W_E × W_H . (2.42) Lemma 1 B is skew self-adjoint in X_0, i.e. B^∗ = −B. Moreover, (∇φ, 0, 0, 0) ∈ kerB for all φ ∈ H^{1,Γ}.

Proof: Define the operator B^{(0)} in L^2(Ω, CI^6) endowed with the usual scalar-product < ·, · > by B^{(0)}(E, h)^{def}= ( curl h, − curl E) for (E, h) ∈ D(B^{(0)}) = W_E × W_H = D(B). Then one has for v ∈ X_0, w ∈ D(B)

< Bw, v >_{X0} =< B^{(0)}w, v > This yields the skew-self-adjointness of B in (X_0, < ·, · >_{X0} , since < ·, · > and < ·, · >_{X0} are equivalent onX_0 and B^{(0)} is skew-self-adjoint in L^2(Ω, CI^6), < ·, · >, see [9]. To prove the second assertion let Γ_{D,1}, .., Γ_{D,N} be the connected components of Γ_D and α_k^{def}= φ|_{ΓD,k} .

Let ψ ∈ C^∞_0 (IR^3) with Γ_N ∩suppψ = ∅. Then ∫ Ω ∇φ · curl ψdx = ∫ Ω div [φ curl ψ]dx

= ∫ ∂Ω φ⃗n · curl ψdS = N∑ k=1 α_k ∫ Γ_{D,k} ⃗n · curl ψdS Choose χ_k ∈ C^∞_0 (IR^3) with χ_k = 1 on a neighbourhood of Γ_{D,k} and χ_k(x) = 0 if x ∈ Γ_{D,j}, j ≠ k. Then ∫ Γ_{D,k} ⃗n · curl ψdS = ∫ ∂Ω ⃗n · curl (χ_kψ)dS = ∫ Ω div ( curl (χ_kψ))dx = 0

Hence ∫ Ω ∇φ · curl ψdx = 0 for all ψ ∈ C^∞_0 (IR^3 \ Γ_N ) and therefore ∇φ ∈ W_E, B(∇φ, 0) = 0 2 In the sequel w^{def}= (E, h) ∈ C([0, T ], X_0) is called for f ∈ L^2((0, T ), X_0) a weak solution to ∂E = ε^{−1} curl h + f_1, ∂h = −μ^{−1} curl E + f_2,

⃗n ∧ E = 0 on Γ_D, and ⃗n ∧ h = 0 on Γ_N , if d dt < w(t), u >_{X0} = − < w(t), Bu >_{X0} + < f(t), u >_{X0} for all u ∈ D(B). (2.43) This is equivalent to the variation of constants-formula

(E(t), h(t)) = exp(tB)(E(0), h(0)) + ∫ t 0 exp((t − s)B)f(s)ds (2.44) where exp(tB), t ∈ IR is the unitary group in X_0 generated by B.

By W_{E,0}, W_{H,0} we denote the spaces of all E ∈ W_E, h ∈ W_H , curl E = 0, curl h = 0, respectively.

X_E, denotes the spaces of all E ∈ L^2(Ω, CI^3) with ∫ Ω εE · Fdx = 0 for all F ∈ W_{E,0} (2.45) Analogously X_H , denotes the spaces of all h ∈ L^2(Ω, CI^3) with ∫ Ω μh · gdx = 0 for all g ∈ W_{H,0} (2.46) The orthogonal-projection on X_E with respect to the scalarproduct

< E, F̃ >_ε^{def}= ∫ Ω εEFdx for E, F ∈ L^2(Ω, CI^3) is denoted by P_E. P_H denotes the orthogonal-projection on X_H with respect to the scalarproduct < h, g̃ >_μ^{def}= ∫ Ω μhgdx for h, g ∈ L^2(Ω, CI^3).

From the above definitions it follows immediately that ε^{−1} curl h ∈ X_E for h ∈ W_H and that 1 − P_H is the orthogonal projection on W_{H,0}, which is a closed subspace of L^2(Ω). Hence P_Eε^{−1} curl h = ε^{−1} curl h = ε^{−1} curl (P_H h) for all h ∈ W_H (2.47) and similarely

P_H μ^{−1} curl E = μ^{−1} curl E = μ^{−1} curl (P_EE) for all E ∈ W_E (2.48) Lemma 2 i) W_E ∩ X_E and W_H ∩ X_H are compactly imbedded in L^2(Ω, CI^3). ii) There exists a constant K ∈ (0, ∞) depending only on ε, μ and Ω, such that ||h||_L2 ≤ K|| curl h||_L2 and ||E||_L2 ≤ C|| curl E||_L2 for all h ∈ W_H ∩ X_H , E ∈ W_E ∩ X_E.

iii)X_E = {ε^{−1} curl h : h ∈ W_H } = {ε^{−1} curl h : h ∈ W_H ∩ X_H } and X_H = {μ^{−1} curl E : E ∈ W_E} = {μ^{−1} curl E : E ∈ W_E ∩ X_E}

Proof: It has been shown in [9] that ∇φ ∈ W_{E,0} for all φ ∈ Y . Hence ∫ Ω εE∇φdx = 0 for all E ∈ X_E and φ ∈ Y. (2.49) This is the weak formulation for div (εE) = 0 and ε⃗n · E = 0 on Γ_N . By the result in [11] that the space of all E ∈ W_E, which obey 2.49 is compactly imbedded in L^2(Ω, CI^3). Therefore, the embedding W_E ∩ X_E → L^2(Ω, CI^3) is compact. The compactness of the embedding W_H ∩ X_H → L^2(Ω, CI^3) is obtained from the same argument.

ii) can be proved indierctly. Assume there were a sequence (h_n)_{n∈IN} in W_H ∩ X_H , such that 1 = ||h_n||_L2 ≥ n|| curl h_n||_L2 for all n ∈ IN. (2.50) Then (h_n)_{n∈IN} is bounded in W_H ∩ X_H and therefore precompact in L^2(Ω) by i), i.e. there is a subsequence (h_{nk} )_{k∈IN} and some h ∈ X_H with

||h_{nk} − h||_L2^{k→∞}−→ 0 in particular ||h||_L2 = 1. (2.51) From 2.50 and 2.51 it follows easily that h ∈ W_{H,0} and hence h ∈ W_{H,0} ∩ X_H = {0}, which contradicts 2.51.

Now, iii) can be proved. 2.47 yields

R^{def}= {ε^{−1} curl h : h ∈ W_H } = {ε^{−1} curl h : h ∈ W_H ∩ X_H } (2.52) and it follows easily from ii) that this space is closed in L^2(Ω). By the definition W_{E,0} coincides with the orthogonal complement R^⊥ of R with respect to < ·, · >_ε. Hence

X_E = W^⊥_{E,0} = R^{⊥⊥} = R = R and the lemma is proved. 2 In order to prove global existence to 1.18-1.27 the following truncated system is considered for M ∈ (0, ∞) . ∂_tρ_k = − div j_{k,M} − R_M (x, ρ_1, ρ_2), k ∈ {1, 2} (2.53) j_{k,M} = −D_k(x)∇ρ_k − (−1)^kμ_k min {M, ρ_k}E, k ∈ {1, 2} (2.54) ε∂_tE = curl h + j_{2,M} − j_{1,M} − curl H_Γ (2.55) μ∂_th = − curl E − μ∂_tH_Γ (2.56) ρ = U^D on IR × Γ_D (2.57) ⃗n · j_{k,M} = 0 on IR × Γ_N for k ∈ {1, 2} (2.58) ⃗n ∧ E = 0 on IR × Γ_D (2.59) ⃗n ∧ h = 0 on IR × Γ_N (2.60) ρ(0, x) = ρ_0(x) (2.61) E(0, x) = E_0(x), h(0, x) = h_0(x) (2.62) with

R_M (x, u_1, u_2) = R(x, min {M, u_1}, min {M, u_2}) for x ∈ Ω, u ∈ [0, ∞)^2 A modification of the proof given in [9] shows that 2.53-2.62 admits a weak solution (ρ, E, h) with

ρ − U^D ∈ L^2_{loc}([0, ∞), Y ) ∩ C([0, ∞), L^2(Ω)), (E, h) ∈ C([0, ∞), X_0).

For example as in [9] existence of a weak solution to 2.53 - 2.62 can be proved by using the regularization operators R_n : L^2(Ω) → C^∞(Ω̄) in [9] with the property R_nu → u for n → ∞ in L^2(Ω) strongly for all u ∈ L^2(Ω). Note that in [9] the assumption that μ, ε, μ_k are constant is only used for the proof of the M-independent L^∞-estimates for the densities. This restrictive assumption is removed in this paper by using an iteration-techniqe similar to [7].

Lemma 3 Let (ρ, E, h) be a weak solution to 2.53 - 2.62. Then one has for all φ ∈ H^{1,Γ} d dt ∫ Ω εE(t) · ∇φdx = ∫ Ω (j_{2,M} (t) − j_{1,M} (t) + curl H_Γ(t)) · ∇φdx If φ ∈ Y , then ∫ Ω εE(t) · ∇φdx = ∫ ∂Ω σ(t)φdS − ∫ Ω (ρ_1(t) − ρ_2(t) + C)φdx (This is the weak formulation for div (εE) = ρ_1 − ρ_2 + C and ε⃗n · E = σ for x ∈ Γ_N ). Proof: Let φ ∈ H^{1,Γ}.

w^{def}= (E, h) is a weak solution of the Maxwell-system, i.e. it obeys

w(t) = exp (tB)(E_0, h_0) + ∫ t 0 exp ((t − s)B)fds (2.63) with

f^{def}= (ε^{−1}[j_{2,M} − j_{1,M} + curl H_Γ], −∂_tH_Γ) By lemma 1 we have ψ = (∇φ, 0, 0, 0) ∈ ker B and therefore 2.63 yields ∫ Ω εE(t)∇φdx =< w(t), ψ >_{X0} (2.64)

=< (E_0, h_0), exp (−tB)ψ >_{X0} + ∫ t 0 < f(s), exp ((s − t)B)ψ >_{X0} ds

=< (E_0, h_0), ψ >_{X0} + ∫ t 0 < f(s), ψ >_{X0} ds

= ∫ Ω εE_0∇φdx + ∫ t 0 ∫ Ω (j_{2,M} − j_{1,M} + curl H_Γ) · ∇φdxds

Hence d dt ∫ Ω εE(t) · ∇φdx = ∫ Ω (j_{2,M} (t) − j_{1,M} (t) + curl H_Γ(t)) · ∇φdx

In order to prove the second assertion let φ ∈ Y ⊂ H^{1,Γ}. Then 2.64, 2.40, 2.41 and 2.53, 2.54 yield ∫ Ω εE(t)∇φdx = ∫ Ω εE_0∇φdx − ∫ t 0 ∫ Ω (j_{2,M} − j_{1,M} ) · ∇φdxds

+ ∫ ∂Ω σ(t)φdS − ∫ ∂Ω σ(0)φdS

= − ∫ Ω (ρ_{0,1} − ρ_{0,2} + C)φdx − ∫ Ω [ρ_1(t) − ρ_2(t) − ρ_1(0) + ρ_2(0)]φdx

+ ∫ ∂Ω σ(t)φdS = − ∫ Ω (ρ_1(t) − ρ_2(t) + C)φdx + ∫ ∂Ω σ(t)φdS 3 A-priori-estimates

In this section estimates for solutions to 2.53 - 2.62 are given.

Estimates for ρ in L^∞((0, T ), L^∞(Ω)) and for E, h in L^∞((0, T ), L^2(Ω)), T > 0 are proved, which yield in particular the global existence of solutions to 1.18 -1.27, since they are independent of M. Theorem 1 Let T ∈ (0, ∞).

Then there exists a constant C_T ∈ (0, ∞), such that for all M > 0, every weak solution to 2.53 - 2.62 the esimate

||ρ(t)||_L1_{(Ω)} + ||(E(t), h(t))||^2_{X0} ≤ C_T holds for all t ∈ [0, T ]. Proof: Let h_M (u)^{def}= ln min {u, M} + M^{−1}(u − M)^+. (3.65)

Then h^′_M (u)^{def}=^1min_{{u,M}} .

Let U_k ∈ W^{1,∞}(Ω) be uniformly positive extensions of U^D_k defined on Ω. For δ > 0 the following energy-functional is defined

E_δ(t)^{def}= ν^{−1} 2∑ k=1 ∫ Ω ∫ ρ_k(t,x) U_k(x) (h_M (s + δ) − ln(U_k(x) + δ))dsdx (3.66)

+ 1 2 ||(E(t), h(t))||^2_{X0}

Since (E, h) solves the Maxwell system, the variation of constant formula yields (E(t), h(t)) = exp (tB)(E_0, h_0) + ∫ t 0 exp ((t − s)B)f(s)ds with f^{def}= (ε^{−1}[j_2 − j_1 + curl H_Γ], −∂_tH_Γ). Hence, it follws from the fact that exp (sB), s ∈ IR is a unitary group in X_0

||(E(t), h(t))||^2_{X0} = ||(E(0), h(0))||^2_{X0} + 2 ∫ t 0 < f(s), (E(s), h(s)) >_{X0} ds and therefore 1/2 d dt ||(E(t), h(t))||^2_{X0} =< f(t), (E(t), h(t)) >_{X0} = ∫ Ω (j_2(t) − j_1(t) + curl H_Γ(t)) · E(t) − μh(t) · ∂_tH_Γ(t)dx Since h_M (ρ_k(t) + δ) − ln(U_k + δ) ∈ Y this yields

E^′_δ(t) = ν^{−1} 2∑ k=1 < ∂_tρ_k(t), h_M (ρ_k(t) + δ) − ln(U_k + δ) >_Y ∗_{,Y} (3.67)

+ ∫ Ω E(t) · (j_{2,M} (t) − j_{1,M} (t) + curl H_Γ(t)) − μh(t) · ∂_tH_Γ(t)dx

≤ ν^{−1} 2∑ k=1 ∫ Ω j_{k,M} · [ ∇ρ_k min {ρ_k + δ, M} − ∇ ln(U_k + δ)]dx

+ ∫ Ω E · (j_{2,M} − j_{1,M} )dx + f(t)||(E(t), h(t))||_{X0}

−ν^{−1} 2∑ k=1 ∫ Ω R_M (x, ρ)(h_M (ρ_k + δ) − ln(U_k + δ))dx

≤ ν^{−1} 2∑ k=1 ||∇ ln(U_k + δ)||_L∞ ||j_{k,M} ||_L1

+ 2∑ k=1 ∫ Ω ( min {ρ_k + δ, M})^{−1}j_{k,M} · [ν^{−1}∇ρ_k + (−1)^k( min {ρ_k + δ, M})E]dx

−ν^{−1} 2∑ k=1 ∫ Ω R_M (x, ρ)(h_M (ρ_k + δ) − ln(U_k + δ))dx + f(t)E_δ(t)^{1/2}

with f(t)^{def}= || curl H_Γ(t)||_L2_{(Ω)} + ||∂_tH_Γ(t)||_L2_{(Ω)}. Therefore

E^′_δ(t) ≤ C_1 2∑ k=1 || min {ρ_k + δ, M}||^{1/2}_{L1} ||( min {ρ_k + δ, M})^{−1/2}j_{k,M} ||_L2 (3.68)

−c_0 2∑ k=1 ||( min {ρ_k + δ, M})^{−1/2}j_{k,M} ||^2_L2

−ν^{−1} 2∑ k=1 ∫ Ω R_M (x, ρ)(h_M (ρ_k + δ) − ln(U_k + δ))dx

+δ^{1/2} 2∑ k=1 ∫ Ω |( min {ρ_k + δ, M})^{−1/2}j_{k,M} E|dx + f(t)E_δ(t)^{1/2}

≤ (−c_0/2 + δ^{1/2}) 2∑ k=1 ||( min {ρ_k + δ, M})^{−1/2}j_{k,M} ||^2_L2

−ν^{−1} 2∑ k=1 ∫ Ω R_M (x, ρ)(h_M (ρ_k + δ) − ln(U_k + δ))dx

+C_2 2∑ k=1 || min {ρ_k + δ, M}||_L1 + δ^{1/2}||E||^2_L2 + f(t)E_δ(t)^{1/2}

For M > 2||U||_L∞ one has by 3.65

E_δ(t) = ν^{−1} 2∑ k=1 ∫ Ω ∫ ρ_k(t,x) U_k(x) (h_M (s + δ) − ln(U_k(x) + δ))dsdx + 1/2||(E(t), h(t))||^2_{X0} (3.69)

≥ c_0||ρ_k(t)||_L1 + 1/2||(E(t), h(t))||^2_{X0} − C_3 In the previous estimates c_0 > 0, C_j ∈ (0, ∞) are independent of ρ, E, h, M, δ, t. Now, 3.68, 3.69 yield

E^′_δ(t) ≤ C_4(1 + f(t)^2 + E_δ(t)) (3.70) −ν^{−1} 2∑ k=1 ∫ Ω R_M (x, ρ)(h_M (ρ_k + δ) − ln(U_k + δ))dx

for all t ∈ (0, T ), with some C_4 ∈ (0, ∞) independent of ρ, E, h, δ. Next, we pass to the limit δ → 0. Let T > 0.

By 3.70 there exists a constant C_{M,T} ∈ (0, ∞) independent of ρ, E, h, δ, such that E^′_δ(t) ≤ C_{M,T} (1 + f(t)^2 + E_δ(t)) (3.71) Let E(t)^{def}= ν^{−1} 2∑ k=1 ∫ Ω ∫ ρ_k(t,x) U_k(x) (h_M (s) − ln U_k(x))dsdx + 1 2 ||(E(t), h(t))||^2_{X0} (3.72)

Since ρ ∈ C([0, ∞), L^2(Ω)) if follows

E_δ(t) → E(t) (3.73) for δ → 0 locally uniformly on [0, ∞). Now, it follows from 3.70, 3.71, 3.73 and 3.72 E^′(t) ≤ C_4(1 + f(t)^2 + E(t)) (3.74) −ν^{−1} 2∑ k=1 ∫ Ω R_M (x, ρ)(h_M (ρ_k) − ln U_k)dx

for all t ∈ (0, T ) with f^2 ∈ L^1(0, T ). Next, the last term in 3.74 is estimated.

−R_M (x, u)[h_M (u_1) + h_M (u_2) − ln(U_1U_2)] (3.75) = −r_M (x, u)(min {M, u_1} min {M, u_2} − n^2_i )[h_M (u_1) + h_M (u_2) − ln(U_1U_2)] = −r_M (x, u)(min {M, u_1} min {M, u_2} − n^2_i )

[M^{−1}(u_1 − M)^+ + M^{−1}(u_2 − M)^+ + ln(min{M, u_1} min{M, u_2}) − ln(U_1U_2)] ≤ −r_M (x, u)(min {M, u_1} min {M, u_2} − n^2_i )

[ln(min{M, u_1} min{M, u_2}) − ln(U_1U_2)] +r_M (x, u)n^2_i M^{−1}[(u_1 − M)^+ + (u_2 − M)^+] ≤ C_4(1 + |u|)M^{−1}[(u_1 − M)^+ + (u_2 − M)^+] + C_4r_M (x, u) ≤ C_5(1 + u_1 + u_2 + M^{−1}[((u_1 − M)^+)^2 + ((u_2 − M)^+)^2]) ≤ C_6(1 + u_1 + u_2 + ∫ u_1 U_1(x)

(h_M (s) − ln U_1(x))ds + ∫ u_2 U_2(x)

(h_M (s) − ln U_2(x))ds) for all x ∈ Ω, u ∈ [0, ∞)^2. Now, it follows from 3.69, 3.74 and 3.75

E^′(t) ≤ C_4(1 + f(t)^2 + E(t) + C_5||ρ(t)||_L1 ) ≤ C_6(1 + f(t)^2 + E(t)) (3.76) with some C_6 ∈ (0, ∞) independent of M, ρ, E, h, t. Finally, the assertion follows from Gronwall’s lemma, 3.69 and 3.76. 2 Next, L^∞ a-priori-estimates for the densities are given. Theorem 2 Every solution (ρ, E, h) of 2.53 - 2.62 obeys ρ ∈ L^∞_{loc}([0, ∞), L^∞(Ω)) and ||ρ||_L∞_{((0,T )×Ω)} ≤ C(1 + ||E||_L∞_{((0,T ),L}2_{(Ω))})^λ(1 + ||ρ||_L∞_{((0,T ),L}1_{(Ω))}) with some C ∈ (0, ∞) independent of M, T, ρ, E, h and with λ = max {10,^{5p∗0}_{2−p}∗_0 }

Proof: It is shown by induction that for all n ∈ IN

ρ^{(2n)}_k ∈ L^∞_{loc}([0, ∞), L^1(Ω)), ρ^{(2n−1)}_k ∈ L^2_{loc}([0, ∞), H^1(Ω)) (3.77) and the following recursive estimate 2∑ k=1 ||ρ^{(2n)}_k ||_L∞_{((0,T ),L}1_{(Ω))} (3.78)

≤ C^{(2n)}_1 + C^n_1 (1 + ||E||_L∞_{((0,T ),L}2_{(Ω))})^λ 2∑ k=1 ||ρ^{(2n−1)} k ||^2_L∞_{((0,T ),L}1_{(Ω))}

with some C_1 ∈ (0, ∞) independent of n ∈ IN, T > 0. Suppose

ρ^{p/2}_k ∈ L^∞_{loc}([0, ∞), L^1(Ω)) and ρ^{p/4}_k ∈ L^2_{loc}([0, ∞), H^1(Ω)) (3.79) for p^{def}= 2^n with some n ∈ IN.

For N > A^{def}= ||U||_∞ the following functions are defined

h_N (u)^{def}= p(max{u, A}^{p−1} − A^{p−1}) if u ≤ N (3.80) h_N (u)^{def}= p(N^{3p4 −1}u^{p/4} − A^{p−1}) if u ≥ N and g_N (u)^{def}= ∫ u 0 h_N (s)ds. Moreover,

G_N (u)^{def}= max {u, A}^{p/2} if u ≤ N, G_N (u)^{def}= N^{3p8 −1/2}u^{p/8+1/2} if u ≥ N It follows easily that these functions obey the following estimates

G^′_N (u)^2 ≤ C_2h^′_N (u), uh_N (u) ≤ C_2pG_N (u)^2 (3.81) and h_N (u) ≤ C_2G_N (u)G^′_N (u) with some C_2 ∈ (0, ∞) independent of p = 2^n and u ∈ [0, ∞). It follows from 3.79 and h_N = 0 for u ≤ A that h_N (ρ_k) ∈ L^2_{loc}([0, ∞), Y ) is an admissible testing-function for 2.53, 2.54. Moreover p 4 + 1 ≤ max {2, p/2}, 3.79 and ρ ∈ L^∞_{loc}([0, ∞), L^2(Ω)) imply g_N (ρ_k) ∈ L^∞_{loc}([0, ∞), L^1(Ω)). Now, 2.53, 2.54 yield by using h_N (ρ_k) as testing-function d dt 2∑ k=1 ∫ Ω ε μ_k g_N (ρ_k(t))dx = 2∑ k=1 < ∂_tρ_k, ε μ_k h_N (ρ_k) >_Y ∗_{,Y} (3.82)

= 2∑ k=1 ∫ Ω j_{k,M} · ∇[ ε μ_k h_N (ρ_k)]dx − 2∑ k=1 ∫ Ω R_M (x, ρ) ε μ_k h_N (ρ_k)dx

≤ −c_0 2∑ k=1 ∫ Ω h^′_N (ρ_k)|∇ρ_k|^2dx + C_3 2∑ k=1 ∫ Ω |j_{k,M} ||h_N (ρ_k)|dx

− 2∑ k=1 (−1)^k ∫ Ω εmin{M, ρ_k}Eh^′_N (ρ_k)∇ρ_kdx

+C_3 ∫ Ω (1 + ρ_1 + ρ_2)[h_N (ρ_1) + h_N (ρ_2)]dx

≤ −c_0 2∑ k=1 ∫ Ω h^′_N (ρ_k)|∇ρ_k|^2dx + C_3 2∑ k=1 ∫ Ω (|∇ρ_k| + |E|ρ_k)|h_N (ρ_k)|dx

− 2∑ k=1 (−1)^k ∫ Ω εE · ∇H_{N,M} (ρ_k)dx + 4C_3 2∑ k=1 ∫ Ω (1 + ρ_k)h_N (ρ_k)dx

with H_{N,M} (u)^{def}= ∫ u 0 min{M, s}h^′_N (s)ds, u > 0. 3.81 and 3.82 yield d dt 2∑ k=1 ∫ Ω ε μ_k g_N (ρ_k(t))dx (3.83)

≤ −c_0 2∑ k=1 ∫ Ω |G^′_N (ρ_k)∇ρ_k|^2dx + C_4 2∑ k=1 ∫ Ω (G_N (ρ_k)|G^′_N (ρ_k)∇ρ_k| + p|E|G_N (ρ_k)^2dx

− 2∑ k=1 (−1)^k ∫ Ω εE · ∇H_{N,M} (ρ_k)dx + C_4p 2∑ k=1 ∫ Ω G_N (ρ_k)^2dx + pC^p_4

≤ −c_0/2 2∑ k=1 ||G_N (ρ_k)||^2_H1 dx + C_5p(1 + ||E||_L2 ) 2∑ k=1 ||G_N (ρ_k)||^2_L4 + pC^p_4

− 2∑ k=1 (−1)^k ∫ Ω εE · ∇H_{N,M} (ρ_k)dx, where C_j ∈ (0, ∞), c_0 > 0 independent of M, T, ρ, E, h.

The aim of the following considerations is to estimate the last term in 3.83. For u ≤ A = ||U||_L∞ one has h^′_N (s) = 0 on [0, u] and therefore H_{N,M} (u) = 0. Hence H_{N,M} (ρ_k(t)) ∈ Y and lemma 3 yields − 2∑ k=1 (−1)^k ∫ Ω εE · ∇H_{N,M} (ρ_k)dx

= − 2∑ k=1 (−1)^k[ ∫ ∂Ω σH_{N,M} (ρ_k)dS − ∫ Ω (ρ_1 − ρ_2 + C)H_{N,M} (ρ_k)dx]

≤ − ∫ Ω (ρ_1 − ρ_2)[H_{N,M} (ρ_1) − H_{N,M} (ρ_2)]dx

+||C||_L∞ 2∑ k=1 ||H_{N,M} (ρ_k)||_L1 + ||σ||_L∞_{(IR,L}p_{0 (∂Ω))} 2∑ k=1 ||H_{N,M} (ρ_k)||_Lp∗_{0 (∂Ω)}

≤ C_6 2∑ k=1 (||H_{N,M} (ρ_k)||_L1 + ||H_{N,M} (ρ_k)||_Lp∗_{0 (∂Ω)})

With |H_{N,M} (u)| ≤ u ∫ u 0 h^′_N (s)ds = uh_N (u) ≤ C_1pG_N (u)^2 it follows − 2∑ k=1 (−1)^k ∫ Ω εE · ∇H_{N,M} (ρ_k)dx (3.84)

≤ C_6p 2∑ k=1 (||G_N (ρ_k)||^2_L2 + ||G_N (ρ_k)||^2_{L2p}∗_{0 (∂Ω)})

Since p^∗_0 < 2 the trace-theorem yields for φ ∈ H^1(Ω)

φ|_{∂Ω} ∈ L^4(∂Ω) ⊂ L^{p∗0} (∂Ω) and ||φ||_L2p∗_{0 (∂Ω)} ≤ K_1||φ|| 1 2p∗0 H^1(Ω)||φ|| 1−^1_{2p∗0} L^{4p∗}0^{−2}(Ω)

Since 4p^∗_0 − 2 < 6, the L^p-interpolation-inequality and the embedding H^1(Ω) → L^6(Ω) yield ||φ||_L4p∗_0 −2_{(Ω)} ≤ ||φ||^κ_L6_{(Ω)}||φ||^{1−κ}_{L1(Ω)} ≤ K_2||φ||^κ_H1_{(Ω)}||φ||^{1−κ}_{L1(Ω)} with κ ∈ [0, 1) with^1_{4p}∗_{0−2} =^κ_6 + 1 − κ. Hence ||φ||_L2p∗_{0 (∂Ω)} ≤ K_3||φ|| 1 2p∗0 +κ(1− 1 2p∗0 ) H^1(Ω) ||φ|| (1−κ)(1−^1_{2p∗0} ) L^1(Ω)

By using the inequality x^ay^b ≤ ax + by for x, y, a, b > 0, a + b = 1 it follows that for all α > 0, φ ∈ H^1(Ω) α||φ||^2_{L2p}∗_{0 (∂Ω)} ≤ c_0 4 ||φ||^2_H1_{(Ω)} + kα^λ||φ||^2_L1_{(Ω)} (3.85) with some k ∈ (0, ∞) independent of α, φ and c_0 > 0 as in 3.83, since λ ≥^{5p∗0}_{2−p}∗_0 . Now, 3.83 - 3.85 imply d dt 2∑ k=1 ∫ Ω ε μ_k g_N (ρ_k(t))dx (3.86)

≤ −c_0/2 2∑ k=1 ||G_N (ρ_k)||^2_H1 + C_5p(1 + ||E||_L2 ) 2∑ k=1 ||G_N (ρ_k)||^2_L4 + pC^p_4

+C_6p 2∑ k=1 (||G_N (ρ_k)||^2_L2 + ||G_N (ρ_k)||^2_{L2p}∗_{0 (∂Ω)})

≤ C_7p(1 + ||E||_L2 ) 2∑ k=1 ||G_N (ρ_k)||^2_L4 + pC^p_4

−c_0/4 2∑ k=1 ||G_N (ρ_k)||^2_H1 + C_7p^λ 2∑ k=1 ||G_N (ρ_k)||^2_L1

By using the L^p-interpolation-inequality and the embedding H^1(Ω) → L^6(Ω) again it follows from 3.86, since λ ≥ 10 d dt 2∑ k=1 ∫ Ω ε μ_k g_N (ρ_k(t))dx (3.87)

≤ c_0/8 2∑ k=1 ||G_N (ρ_k)||^2_H1 + C_8p^{10}(1 + ||E||_L2 )^{10} 2∑ k=1 ||G_N (ρ_k)||^2_L1

−c_0/4 2∑ k=1 ||G_N (ρ_k)||^2_H1 + C_7p^λ 2∑ k=1 ||G_N (ρ_k)||^2_L1 + pC^p_4

≤ −c_0/8 2∑ k=1 ||G_N (ρ_k)||^2_H1 + C_9p^λ(1 + ||E||_L2 )^λ 2∑ k=1 ||G_N (ρ_k)||^2_L1 + pC^p_4

Since 2∑ k=1 ∫ Ω ε μ_k g_N (ρ_k(0))dx ≤ C^p_9 (3.88)

g_N (u) → max {u, A}^p − pA^{p−1}u, G_N (u) → max {u, A}^{p/2} (3.89) for N → ∞, 3.79 and 3.87 yield by letting N → ∞

ρ^p_k ∈ L^∞_{loc}([0, ∞), L^1(Ω)), ρ^{p/2}_k ∈ L^2_{loc}([0, ∞), H^1(Ω)) (3.90)

Now, it follows from 3.87 - 3.89 and 3.90 with m^{def}= c_0/8

exp (mt) 2∑ k=1 ∫ Ω ε μ_k g_N (ρ_k(t))dx − m ∫ t 0 exp (ms) 2∑ k=1 ∫ Ω ε μ_k g_N (ρ_k)dxds

≤ −c_0/8 ∫ t 0 exp (ms) 2∑ k=1 ||ρ^{p/2}_k ||^2_H1 ds

+ exp (ms)m^{−1}[C^p_{10} + C_{10}p^λ(1 + sup_{s∈[0,t]} ||E(s)||_L2 )^λ 2∑ k=1 sup s∈[0,t] ||ρ_k(s)^{p/2}||^2_L1 ] and hence by letting N → ∞ 2∑ k=1 (||ρ_k(t)^p||_L1 − pA^{p−1}||ρ_k(t)||_L1 ) (3.91)

≤ m^{−1}[C^p_{10} + C_{10}p^λ(1 + sup_{s∈[0,t]} ||E(s)||_L2 )^λ 2∑ k=1 sup s∈[0,t] ||ρ_k(s)^{p/2}||^2_L1 ]

By Hölders inequality there exists a constant C ∈ (0, ∞) with qA^{q−1}||u||_L1 ≤ C^q + ||u^{q/2}||^2_L1 for all q ≥ 2, u ∈ L^q(Ω). Hence, 3.91 yields 2∑ k=1 ||ρ_k(t)^p||_L1 ≤ C^p_{11} + C_{11}p^λ(1 + sup_{s∈[0,t]} ||E(s)||_L2 )^λ 2∑ k=1 sup s∈[0,t] ||ρ_k(s)^{p/2}||^2_L1 (3.92)

with some constant C_{11} ∈ (0, ∞) independent of ρ, E, h, p. Recall that p = 2^n. Let T > 0 and

β_n^{def}= (1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^{λ(1−2n)} 2∑ k=1 sup t∈[0,T ] ||ρ_k(t)^{(2n)}||_L1 Then 3.92 yields

β_n ≤ (1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^{λ(1−2n)}[C^{(2n)}_{11} + C_{11}2^{λn}(1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^λ (3.93) 2∑ k=1 sup t∈[0,T ] ||ρ_k(t)^{(2n−1)}||^2_L1 ]

≤ C^{(2n)}_{11} + C_{11}2^{λn}(1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^{2λ(1−2n−1)} 2∑ k=1 sup t∈[0,T ] ||ρ_k(t)^{(2n−1)}||^2_L1 ]

≤ C^{(2n)}_{11} + C_{11}2^{λn}β^2_{n−1} ≤ C^{(2n)}_{12} + C^n_{12}β^2_{n−1} Now, α_n^{def}= max {1, C^{−1}_{12} β^{(2−n)}_n } obey the recursive estimate α_n ≤ (1 + C_{12})^{(n2−n)}α_{n−1} and hence

α_n ≤ C_{13}α_0 (3.94) with some constant C_{13} ∈ (0, ∞) independent of ρ, E, h, n. By the definition of α_n, β_n 3.94 implies

lim_{n→∞} sup_{t∈[0,T ]} ||ρ_k(t)||_L(2n) ≤ (1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^λ lim_{n→∞}β^{(2−n)}_n

≤ C_{12}(1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^λ lim_{n→∞}α_n ≤ C_{12}C_{13}α_0(1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^λ

≤ C_{13}(1 + sup_{t∈[0,T ]} ||E(t)||_L2 )^λ sup_{t∈[0,T ]} ||ρ(t)||_L1

Therefore, the estimate is proved. 2 Now, it follows from the previous theorems that for arbitrary large T > 0 there exists some M_T ∈ (0, ∞), such that every weak solution ρ, E, h to 2.53 - 2.62 obeys

ρ ∈ L^∞((0, T ), L^∞(Ω)) and ||ρ||_L∞_{((0,T ),L}∞_{(Ω))} ≤ M_T (3.95)

Hence, if ρ, E, h is a weak solution to 2.53 - 2.62, whose existence is shown in section 1, with M > M_T , it follows from 3.95 that it is actually a solution to 1.18 - 1.27. Therefore, the following theorem is proved.

Theorem 3 Problem 1.18 - 1.27 admits a weak solution ρ, E, h with ρ ∈ L^∞_{loc}([0, ∞), L^∞(Ω)) and (E, h) ∈ C([0, ∞), X_0)

Next, it is shown that the densities are strictly positive.

For this purpose it is assumed in the sequel that in addition to 2.36 ρ_{k,0} is uniformly positive, i. e.

ρ_{k,0} ≥ a with some a > 0. (3.96)

Theorem 4 Suppose ρ, E, h is a solution to 1.18 - 1.27 and T ∈ (0, ∞], such that ρ ∈ L^∞((0, T ), L^∞(Ω)) and (E, h) ∈ L^∞((0, T ), X_0). Then ess inf_{(0,T )×Ω} ρ(t, x) > 0. (Here T = +∞ is allowed.)

Proof:

The assertion will be proved by estimating sucessively L^p-norms ofρ^{−1}_k in a similiar way as in the previous theorem. With a > 0 as in 3.96 the following functions are defined for α > 0, p > 1

h_{α,p}(u) = −p(min {u + α, a})^{−p−1} + pa^{−p−1} and (3.97) g_{α,p}(u) = (min {u + α, a})^{−p} + pa^{−p−1} min {u + α, a}. The estimates hold h^′_{α,p}(u) = 4 p + 1 p ( d du (min {u + α, a})^{−p/2})^2 (3.98)

and g_{α,p}(u) ≥ (min {u + α, a})^{−p} hold.

Now, let (ρ, E, h) be a solution to 1.18 - 1.27 and T > 0, such that

ρ ∈ L^∞((0, T ), L^∞(Ω)), (E, h) ∈ L^∞((0, T ), X_0) (3.99)

Since ρ_k = U^D_k ≥ a on (0, T ) × Γ_D one has h_{α,p}(ρ_k) ∈ L^2((0, T ), Y ). Hence, the parabolic equations 1.18 and 1.19 yield d dt 2∑ k=1 ∫ Ω ε μ_k g_{α,p}(ρ_k(t))dx = 2∑ k=1 < ∂_tρ_k, ε μ_k h_{α,p}(ρ_k) >_Y ∗_{,Y} (3.100)

= 2∑ k=1 ∫ Ω j_k · ∇[ ε μ_k h_{α,p}(ρ_k)]dx − 2∑ k=1 ∫ Ω R(x, ρ) ε μ_k h_{α,p}(ρ_k)dx

≤ C_1 2∑ k=1 ∫ Ω |j_k||h_{α,p}(ρ_k)|dx − c_0 2∑ k=1 ∫ Ω h^′_{α,p}(ρ_k)|∇ρ_k|^2dx

− 2∑ k=1 (−1)^k ∫ Ω ερ_kEh^′_{α,p}(ρ_k)∇ρ_kdx + 2∑ k=1 ∫ Ω R(x, ρ) ε μ_k |h_{α,p}(ρ_k)|dx Since ρ is asumed to be uniformly bounded by 3.99 there exists a constant c ∈ (0, ∞) independent of α, p, such that R(x, ρ) ≤ 0 if ρ_1 ≤ c or ρ_2 ≤ c. Hence, ∑2 k=1 ∫ Ω R(x, ρ)^ε_{μk} |h_{α,p}(ρ_k)|dx ≤ C^{p+1}_2 . Therefore 3.98 and 3.100 yield d dt 2∑ k=1 ∫ Ω ε μ_k g_{α,p}(ρ_k(t))dx (3.101)

≤ C^{p+1}_2 + C_2 2∑ k=1 ∫ Ω |∇ρ_k||h_{α,p}(ρ_k)|dx + C_2||E(t)||_L2 2∑ k=1 ||ρ_kh_{α,p}(ρ_k)||_L2

−4c_0(1 + 1/p) 2∑ k=1 ||∇(min {ρ_k + α, a})^{−p/2}||^2_L2

− 2∑ k=1 (−1)^k ∫ Ω ερ_kEh^′_{α,p}(ρ_k)∇ρ_kdx with some C_2 ∈ (0, ∞) independent of α, p, t. Since h_{α,p}(u) = 0 if u ≥ a, one has ∫ Ω |∇ρ_k||h_{α,p}(ρ_k)|dx = ∫ Ω |h_{α,p}(ρ_k)∇(min {ρ_k + α, a})|dx (3.102) ≤ p ∫ Ω |(min {ρ_k + α, a})^{−p−1}∇(min {ρ_k + α, a})|dx = 2 ∫ Ω |(min {ρ_k + α, a})^{−p/2}∇(min {ρ_k + α, a})^{−p/2}|dx

≤ c_0 2 ||(min {ρ_k + α, a})^{−p/2}||^2_H1 + 1 2c_0 ||(min {ρ_k + α, a})^{−p/2}||^2_L2 ≤ c_0||(min {ρ_k + α, a})^{−p/2}||^2_H1 + C_3||(min {ρ_k + α, a})^{−p/2}||^2_L1 and ||ρ_kh_{α,p}(ρ_k)||_L2 ≤ p||(min {ρ_k + α, a})^{−p}||_L2 = p||(min {ρ_k + α, a})^{−p/2}||^2_L4 (3.103) ≤ (||(min {ρ_k + α, a})^{−p/2}||^{9/10}_{L6} ||(min {ρ_k + α, a})^{−p/2}||^{1/10}_{L1} )^2 ≤ c_0||(min {ρ_k + α, a})^{−p/2}||^2_H1 + C_3||(min {ρ_k + α, a})^{−p/2}||^2_L1 where the embedding H^1(Ω) → L^6(Ω) has been used. Next, the term − ∑2 k=1(−1)^k ∫ Ω ερ_kEh^′_{α,p}(ρ_k)∇ρ_kdx can be estimated in a similar way as in theorem 2 . Let H_{α,p}(u)^{def}= uh_{α,p}(u) − g_{α,p}(u), for u ≥ 0 Then it follows from H_{α,p}(ρ_k(t)) ∈ Y − 2∑ k=1 (−1)^k ∫ Ω εE · ρ_kh^′_{α,p}(ρ_k)∇ρ_kdx = − 2∑ k=1 (−1)^k ∫ Ω εE∇H_{α,p}(ρ_k)dx (3.104)

≤ C_4 2∑ k=1 (||H_{α,p}(ρ_k)||_L1 + ||H_{α,p}(ρ_k)||_Lp∗_{0 (∂Ω)})

≤ C^{1+p}_5 + C_5p 2∑ k=1 (||(min {ρ_k + α, a})^{−p}||_L1 + ||(min {ρ_k + α, a})^{−p}||_Lp∗_{0 (∂Ω)})

= C^{1+p}_5 + C_5p 2∑ k=1 (||(min {ρ_k + α, a})^{−p/2}||^2_L2 + ||(min {ρ_k + α, a})^{−p/2}||^2_{L2p}∗_{0 (∂Ω)})

≤ C^{1+p}_5 + c_0||(min {ρ_k + α, a})^{−p/2}||^2_H1_{(Ω)} + C_6p^λ||(min {ρ_k + α, a})^{−p/2}||^2_L1_{(Ω)} with some C_4 ∈ (0, ∞) independent of α, p and c_0 > 0 as in 3.101. Now. 3.101 - 3.104 yield d dt 2∑ k=1 ∫ Ω ε μ_k g_{α,p}(ρ_k(t))dx ≤ −c_0(1 + 1/p) 2∑ k=1 ||(min {ρ_k + α, a})^{−p/2}||^2_H1 (3.105)

+C^{1+p}_5 + C_6p^λ||(min {ρ_k + α, a})^{−p/2}||^2_L1_{(Ω)} Next, it is shown that there exists some p_1 > 0, such that ρ^{−p1}_k ∈ L^∞((0, T ), L^1(Ω)) (3.106) Choose p_1 ∈ (0, 1) with p_1 <^{c0}_{C62λ} . Then it follows from 3.105 d dt 2∑ k=1 ∫ Ω ε μ_k g_{α,p1} (ρ_k(t))dx

≤ C^2_5 − c_0 2∑ k=1 ||(min {ρ_k + α, a})^{−p1} ||_L1 ≤ C^2_5 − γ 2∑ k=1 ∫ Ω ε μ_k g_{α,p1} (ρ_k(t))dx with some γ > 0. This yields by Gronwall’s lemma sup α>0,t>0 2∑ k=1 ∫ Ω g_{α,p1} (ρ_k(t))dx < ∞ (3.107)

Since (min {u, a})^{−p} ≤ lim_{α→0}g_{α,p}(u), 3.106 follows from 3.107. Next, it is shown inductively by using 3.105, 3.106 that ρ^{−2np1} k ∈ L^∞((0, T ), L^1(Ω)) (3.108) Suppose 3.108 holds for some n ∈ IN_0. Then from 3.105 with p = 2^{n+1}p_1 follows d dt 2∑ k=1 ∫ Ω ε μ_k g_{α,2}n+1_{p1} (ρ_k(t))dx ≤ −c_0 2∑ k=1 ||(min {ρ_k + α, a})^{−2n p1} ||^2_L2 (3.109)

+C^{(2n)}_7 + C_72^{nλ}||(min {ρ_k + α, a})^{−2n p1} ||^2_L1_{(Ω)} Let β_{n,α}^{def}= sup_{t∈(0,T )} 2∑ k=1 ||(min {ρ_k(t) + α, a})^{−2n p1} ||_L1 ,

β_n^{def}= sup_{t∈(0,T )} 2∑ k=1 ||(min {ρ_k(t), a})^{−2np1} ||_L1 and G_{n,α}(t)^{def}= 2∑ k=1 ∫ Ω ε μ_k g_{α,2}n+1_{p1} (ρ_k(t))dx

Then it follows from 3.109 d dt (exp (c_0t)G_{n,α}(t)) ≤ exp (c_0t)(c^{n+1}_8 β^2_n + c^{(2n)}_8 ).

Since sup_{t∈(0,T )} G_{n,α}(t) ≥ β_{n+1,α} this yields

β_{n+1,α} ≤ c^{n+1}_9 β^2_n + c^{(2n)}_9 (3.110) with some c_9 ∈ (0, ∞) independent of n. By letting α → 0 3.110 implies (min {ρ_k(t), a})^{−2n+1p1} ∈ L^∞((0, T ), L^1(Ω)) and β_{n+1} ≤ c^{n+1}_9 β^2_n + c^{(2n)}_9 (3.111) By the same argument as in the proof of the previous theorem it follows from 3.111 that sup t∈(0,T ),n∈IN 2∑ k=1 ||(min {ρ_k(t), a})^{−1}||_L2np_1 ≤ sup_{n∈IN} β^{2−n/p1}_n ≤ ∞. Hence (min {ρ_k(t), a})^{−1} ∈ L^∞((0, T ), L^∞(Ω)) and the assertion is proved. Corollary 1 Every solution ρ, E, h 1.18 - 1.27 obeys

ess inf_{(0,T )×Ω} ρ(t, x) > 0 for all T ∈ (0, ∞].

4 Convergence to thermal equilibrium for t ! 1

In this section it is assumed in addition to 2.38, 2.39, 2.40 and 2.41 that

curl H_Γ, ∂_tH_Γ ∈ (L^1 ∩ L^2)((0, ∞), L^2(Ω)) (4.112)

and ||σ(·) − σ_0||_L4/3_{(∂Ω)} ∈ L^2(0, ∞) (4.113)

with some σ_0 ∈ L^{p0} (∂Ω).

Moreover, U^D ∈ H^1_Γ, i.e. U_D is constant on every conncected component of Γ_D. This condition is reasoable from the physical point of view, since in thermal equilibrium the Fermi-potential is constant on Γ_D and the electric potential φ is constant on every conncected component of Γ_D. Let φ_e ∈ H^1_Γ, U_1, U_2 ∈ H^1(Ω) ∩ L^∞(Ω) be solutions of the following system

∇(ln U_k − (−1)^kνφ_e) = 0, U_1U_2 = n^2_i (4.114)

and for all φ ∈ Y − ∫ Ω ε∇φ_e∇φdx = ∫ Γ_N σ_0φdS − ∫ Ω (U_1 − U_2 + C)φdx (4.115)

These are the stationary drift-diffusion-equations in thermal equilibrium. Existence of solutions to the system 4.114, 4.115 has been shown in [7].

The aim of the following considerations is to show that lim_{t→∞} ||ρ(t) − U||_Lp_{(Ω)} = 0 for every solution (ρ, E, h) to the system 1.18 -1.27 and every p ∈ [1, ∞). Firsty, some global in time estimates are given. In the sequel (ρ, E, h) is an arbitrary solution to the system 1.18 -1.27 with the properties ρ − U^D ∈ L^∞_{loc}([0, ∞), L^∞(Ω)) ∩ L^2_{loc}([0, ∞), Y ) and (E, h) ∈ C([0, ∞), X_0).

Theorem 5 ρ ∈ L^∞((0, ∞), L^∞(Ω)), (E, h) ∈ L^∞((0, ∞), X_0),

ess inf_{(0,∞)×Ω} ρ_k > 0 and j_k ∈ L^2((0, ∞), L^2(Ω)).

Proof:

Suppose that (ρ, E, h) is a solution to the system 1.18 -1.27. The following energy-functional is considered

E(t)^{def}= ν^{−1} 2∑ k=1 ∫ Ω ∫ ρ_k(t,x) U_k(x) [ln(s) − ln(U_k(x))]dsdx + 1 2 ||(E(t) + ∇φ_e, h(t))||^2_{X0} (4.116)

By corollary 1 ρ_k(t) is bounded and uniformly positive for fixed t ∈ [0, ∞). Since φ ∈ H^{1,Γ}, one has (∇φ_e, 0, 0, 0) ∈ ker B. Therefore, by 2.43, (E(·) + ∇φ_e, h(·)) is a mild solution of ∂_tu = Bu + f with f^{def}= (ε^{−1}[j_2 − j_1 + curl H_Γ], −∂_tH_Γ). This provides the energy-conservation 1 2 d dt ||(E(t) + ∇φ_e, h(t))||^2_{X0} (4.117) = ∫ Ω (E(t) + ∇φ_e) · (j_2(t) − j_1(t) + curl H_Γ(t)) − μh(t) · ∂_tH_Γ(t)dx.

Since ln(ρ_k(t)) − ln U_k ∈ Y and φ ∈ H^{1,Γ}, one obtains from 1.18 and 4.117

E^′(t) = ν^{−1} 2∑ k=1 < ∂_tρ_k(t), ln ρ_k(t) − ln U_k >_Y ∗_{,Y}

+ ∫ Ω (E(t) + ∇φ_e) · (j_2(t) − j_1(t) + curl H_Γ(t)) − μh(t) · ∂_tH_Γ(t)dx

≤ ν^{−1} 2∑ k=1 ∫ Ω j_k[ρ^{−1}_k ∇ρ_k + (−1)^kνE − ∇ ln U_k + (−1)^kν∇φ_e]dx

+f(t)||(E(t) + ∇φ_e, h(t))||_{X0} − ν^{−1} 2∑ k=1 ∫ Ω R(x, ρ)(ln(ρ_1ρ_2) − ln(U_1U_2))dx

where f(t)^{def}= || curl H_Γ(t)||_L2_{(Ω)} + ||∂_tH_Γ(t)||_L2_{(Ω)} obeys f ∈ L^1(0, ∞). Now, it follows from 4.114 and the assumptions on the recombination term E^′(t) ≤ − 2∑ k=1 ∫ Ω μ^{−1}_k ρ^{−1}_k |j_k|^2dx + f(t)||(E(t) + ∇φ_e, h(t))||_{X0} (4.118)

−ν^{−1} 2∑ k=1 ∫ Ω r(x, ρ)(ρ_1ρ_2 − n^2_i )(ln(ρ_1ρ_2) − ln(n^2_i ))dx

≤ − 2∑ k=1 ∫ Ω μ^{−1}_k ρ^{−1}_k |j_k|^2dx + f(t)E(t)^{1/2}

Since f ∈ L^1(0, ∞), this implies

E ∈ L^∞(0, ∞) and ρ^{−1/2}_k j_k ∈ L^2((0, ∞), L^2(Ω)) (4.119) It follows immediately from the definition of E that E(t) ≥ 1 2 ||(E(t) + ∇φ_e, h(t))||^2_{X0} + c_0||ρ_k(t)||_L1 − C_1 (4.120) with constants c_0 > 0, C_1 ∈ (0, ∞) independent of ρ, E, h, t. From 4.119 and 4.120 one obtains (E, h) ∈ L^∞((0, ∞), L^2(Ω)), and ρ ∈ L^∞((0, ∞), L^1(Ω)), which implies by theorem 3 ii) and theorem 4

ρ ∈ L^∞((0, ∞), L^∞(Ω)) and ess inf_{(0,∞)×Ω} ρ_k > 0. (4.121) Finally, the last assertion follows from the first one and 4.119. 2

Lemma 4 There exists a constant K ∈ (0, ∞), such that ||ρ(t) − U||^2_L2_{(Ω)} + || √ ε(E(t) + ∇φ_e)||^2_L2_{(Ω)}

≤ K(||σ(t) − σ_0||^2_{L4/3(∂Ω)} + 2∑ k=1 ||j_k(t)||^2_L2_{(Ω)}) for all t ∈ (0, ∞).

Proof:

Let P_0 denote the orthogonal projection on the closed subspace Z^{def}= {∇φ : φ ∈ Y } of L^2(Ω, CI^3) with respect to the scalar product

< f, g >_ε= ∫ Ω εfgdx, f, g ∈ L^2(Ω, CI^3). Moreover, φ ∈ C([0, ∞), Y ) is defined by

−∇φ(t) = P_0(E(t) + ∇φ_e) (4.122)

By theorem 5 one has

ϕ_k^{def}= ν^{−1} ln ρ_k U_k − (−1)^kφ ∈ L^2_{loc}([0, ∞), Y ). It follows from 4.114, theorem 5 that

||j||^2_L2_{(Ω)} ≥ c_0|| √ ε(ν^{−1}∇ ln ρ_k + (−1)^kE)||^2_L2_{(Ω)} (4.123)

= c_0|| √ ε(ν^{−1}∇ ln ρ_k U_k + (−1)^k(E + ∇φ_e))||^2_L2_{(Ω)}

= c_0|| √ εP_0[ν^{−1}∇ ln ρ_k U_k + (−1)^k(E + ∇φ_e)]||^2_L2_{(Ω)} +c_0|| √ ε(1 − P_0)(E + ∇φ_e)||^2_L2_{(Ω)}

= c_0|| √ ε∇ϕ_k||^2_L2_{(Ω)} + c_0|| √ ε(1 − P_0)(E + ∇φ_e)||^2_L2_{(Ω)}

≥ c||ϕ_k||^2_L2_{(Ω)} + c_0|| √ ε(1 − P_0)(E + ∇φ_e)||^2_L2_{(Ω)}

with c, c_0 > 0 independent of t. In the last inequality Poincare’s inequality for the space Y is used.

Now, 4.113, 4.122, lemma 3 and lemma 5 yield 2∑ k=1 ||ϕ_k(t)||_L2_{(Ω)}||ρ_k(t) − U_k||_L2_{(Ω)} ≥ 2∑ k=1 ∫ Ω ϕ_k(t)(ρ_k(t) − U_k)dx

= 2∑ k=1 ∫ Ω [ν^{−1}(ln ρ_k(t) − ln U_k)(ρ_k(t) − U_k) + (ρ_1(t) − U_1 − ρ_2(t) + U_2)φ(t)]dx

≥ c||ρ(t) − U||^2_L2_{(Ω)} + ∫ Ω (ρ_1(t) − ρ_2(t) + C)φ(t)dx − ∫ Ω (U_1 − U_2 + C)φ(t)dx

= c||ρ(t) − U||^2_L2_{(Ω)} − ∫ Ω εE(t)∇φ(t)dx + ∫ ∂Ω σ(t)φ(t)dS − ∫ Ω ε∇φ_e∇φ(t)dx − ∫ ∂Ω σ_0φ(t)dS ≥ c||ρ(t) − U||^2_L2_{(Ω)} + || √ ε∇φ(t)||^2_L2_{(Ω)} − ||σ(t) − σ_0||_L4/3_{(∂Ω)}||φ(t)||_H1_{(Ω)} ≥ c||ρ(t) − U||^2_L2_{(Ω)} + 1/2|| √ εP_0(E + ∇φ_e)||^2_L2_{(Ω)} − f_2(t)

with f_2(t)^{def}= ||σ(t) − σ_0||^2_{L4/3(∂Ω)}. Hence c/2||ρ(t) − U||^2_L2_{(Ω)} + 1/2|| √ εP_0(E(t) + ∇φ_e)||^2_L2_{(Ω)} ≤ 2∑ k=1 ||ϕ_k(t)||^2_L2_{(Ω)} + f_2(t) (4.124)

with c > 0 independent of t and f ∈ L^1(0, ∞) by assumption 4.113. 4.123 and 4.124 imply ||ρ(t) − U||^2_L2_{(Ω)} + || √ ε(E(t) + ∇φ_e)||^2_L2_{(Ω)} (4.125) = ||ρ(t) − U||^2_L2_{(Ω)} + || √ εP_0(E(t) + ∇φ_e)||^2_L2_{(Ω)} + || √ ε(1 − P_0)(E(t) + ∇φ_e)||^2_L2_{(Ω)}

≤ K(f_2(t) + 2∑ k=1 ||j_k(t)||^2_L2_{(Ω)})

and the proof is complete. 2 Now, it can be shown that for all p ∈ [1, ∞)

lim_{t→∞} ||ρ(t) − U||_Lp_{(Ω)} + ||E(t) + ∇φ_e||_L2_{(Ω)} = 0 (4.126) For this purpose a vector-potential A is introduced. By lemma 2 there exists a unique A(t) ∈ W_E ∩ X_E with

curl A(t) = μP_H h(t) (4.127) There exists a constant C_0 ∈ (0, ∞) with

||A(t)||_L2_{(Ω)} ≤ C_0||P_H h(t)||_L2_{(Ω)} (4.128) Recall that w^{def}= (E, h) as a solution of the Maxwell-system obeys d dt < w(t), u >_{X0} = − < w(t), Bu >_{X0} + < f(t), u >_{X0} for all u ∈ D(B), (4.129) where f^{def}= (ε^{−1}[j_2 − j_1 + curl H_Γ], −∂_tH_Γ).

Let g ∈ W_H and define g̃^{def}= (0, 0, 0, P_H g) ∈ D(B). Then it follows from 4.127 and 4.129 that < A(t), ε^{−1} curl g >_ε= ∫ Ω A(t) curl gdx

= ∫ Ω μP_H h(t)gdx =< w(t), g̃ >_{X0}

=< w_0, g̃ >_{X0} + ∫ t 0 [< f(s), g̃ >_{X0} − < w(s), Bg̃ >_{X0} ]ds

= ∫ Ω μh_0P_H gdx − ∫ t 0 [ ∫ Ω μ∂_sH_Γ(s)P_H gdx + ∫ Ω E(s) curl (P_H g)dx]ds

= ∫ Ω μP_H [h_0 + H_Γ(0) − H_Γ(t)]gdx − ∫ t 0 ∫ Ω εEP_E(ε^{−1} curl g)dxds

= ∫ Ω [A_Γ(t) − ∫ t 0 P_EE(s)ds] curl gdx, where A_Γ(t) ∈ W_E ∩ X_E is uniquely determined by

curl A_Γ(t) = μP_H [h_0 + H_Γ(0) − H_Γ(t)]. (4.130) Hence

< A(t) − A_Γ(t) + ∫ t 0 P_EE(s)ds, ε^{−1} curl g >_ε= 0 (4.131) Since A(t), A_Γ(t) and P_EE(t) belong to X_E, 4.131 implies

A(t) = A_Γ(t) − ∫ t 0 P_EE(s)ds. (4.132) From the assumptions on H_Γ it follows that A ∈ W^{1,2}_{loc} ([0, ∞), X_E ) ∩ L^2_{loc}([0, ∞), W_E ) and there exists a constant K ∈ (0, ∞) with

||∂_tA(t) + P_EE(t)||_L2_{(Ω)} = ||∂_tA_Γ(t)||_L2_{(Ω)} ≤ K||∂_tH_Γ(t)||_L2_{(Ω)} (4.133) Now, it follows from 4.129 and 4.132 that d dt ∫ Ω εE(t)A(t)dx = d dt < w(t), (A(t), 0, 0, 0) >_{X0} (4.134) = − < w(t), B(A(t), 0, 0, 0) >_{X0} + < f(t), (A(t), 0, 0, 0) >_{X0}

+ < w(t), (∂_tA(t), 0, 0, 0) >_{X0} = ∫ Ω h(t) curl A(t)dx + ∫ Ω [j_2(t) − j_1(t) + curl H_Γ(t)]A(t)dx + ∫ Ω εE(t)∂_tA(t)dx

= ∫ Ω μ|P_H h(t)|^2 − ε|P_EA(t)|^2dx + ∫ Ω εE(t)∂_tA_Γ(t)dx

+ ∫ Ω [j_2(t) − j_1(t) + curl H_Γ(t)]A(t)dx.

Theorem 6 There exist constants K ∈ (0, ∞), γ > 0, such that

||ρ(t) − U||^2_L2_{(Ω)} + ||(E(t) + ∇φ_e, P_H h(t))||^2_L2_{(Ω)} ≤ K exp (−γt) + K ∫ t 0 exp (−γ(t − s)) (||∂_tH_Γ(s)||^2_L2_{(Ω)} + || curl H_Γ(s)||^2_L2_{(Ω)} + ||σ(s) − σ_0||^2_{L4/3(∂Ω)})ds^{t→∞}−→ 0.

Proof:

For α > 0 the following energy-functional is introduced

E_α(t)^{def}= ν^{−1} 2∑ k=1 ∫ Ω ∫ ρ_k(t,x) U_k ln s U_k dsdx + 1 2 ||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} (4.135)

−α ∫ Ω εE(t)A(t)dx Let P̃ u^{def}= (u_1, u_2, u_3, P_H (u_4, u_5, u_6)) for u ∈ X_0. For u ∈ D(B) one has by 2.47 and 2.48 P̃ u ∈ D(B) and

BP̃ u = (ε^{−1} curl (P_H (u_4, u_5, u_6)), −μ^{−1} curl (u_1, u_2, u_3)) = (ε^{−1} curl (u_4, u_5, u_6), −P_H (μ^{−1} curl (u_1, u_2, u_3))) = P̃ Bu.

Thus, it follows easily from 4.129 that w̃(t)^{def}= P̃ w(t) is a mild solution of d dt w̃ = Bw̃ − P̃ f. Hence d dt ||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} = d dt ||w̃(t)||^2_{X0} = 2 < f(t), P̃ w(t) >_{X0} (4.136) = ∫ Ω E(t)[j_2(t) − j_1(t) + curl H_Γ(t)] − μP_H h(t) · ∂_tH_Γ(t))dx Since ∇φ_e ∈ W_{E,0},i.e. (∇φ_e, 0, 0, 0) ∈ ker B, we have by 1.18, 1.19, 4.134 and 4.136

E^′_α(t) = ν^{−1} 2∑ k=1 ∫ Ω j_k(t)∇ ln ρ_k(t) U_k dx − ∫ Ω r(x, ρ)(ρ_1ρ_2 − n^2_i )[ln (ρ_1ρ_2) − ln (n^2_i )]dx(4.137)

+ ∫ Ω (E(t) + ∇φ_e)[j_2(t) − j_1(t) + curl H_Γ(t)] − μP_H h(t) · ∂_tH_Γ(t))dx −α ∫ Ω (μ|P_H h(t)|^2 − ε|P_E E(t)|^2)dx − α ∫ Ω εE(t)∂_tA_Γ(t)dx −α ∫ Ω [j_2(t) − j_1(t) + curl H_Γ(t)]A(t)dx.

≤ ν^{−1} 2∑ k=1 ∫ Ω j_k[ρ^{−1}_k ∇ρ_k + (−1)^kνE − ∇ ln U_k + (−1)^kν∇φ_e]dx

+f(t)||(E(t) + ∇φ_e, h(t))||_{X0} − α ∫ Ω (μ|P_H h(t)|^2 − ε|P_E E(t)|^2)dx

−α ∫ Ω εE(t)∂_tA_Γ(t)dx − α ∫ Ω [j_2(t) − j_1(t) + curl H_Γ(t)]A(t)dx.

≤ −c 2∑ k=1 ||j_k||_L2_{(Ω)} + C_1α^2||A(t)||^2_L2_{(Ω)}

+f(t)||(E(t) + ∇φ_e, h(t))||_{X0} − α ∫ Ω μ|P_H h(t)|^2dx + α ∫ Ω ε|P_E E(t)|^2dx

−α ∫ Ω εE(t)∂_tA_Γ(t)dx − α ∫ Ω curl H_Γ(t)A(t)dx.

by 4.114 and theorem 5, where f(t)^{def}= ||∂_tH_Γ(t)||_L2_{(Ω)} + || curl H_Γ(t)||_L2_{(Ω)}. Since ∇φ_e ∈ W_{E,0}, it follows from the definition of P_E that ∫ Ω ε|P_EE(t)|^2dx = ∫ Ω ε|P_E (E(t) + ∇φ_e)|^2dx ≤ ∫ Ω ε|E(t) + ∇φ_e|^2dx. It follows from 4.128, 4.133, 4.137 and the previous estimate that E^′_α(t) ≤ −c 2∑ k=1 ||j_k(t)||^2_L2_{(Ω)}

+C_2α ∫ Ω ε|E(t) + ∇φ_e|^2dx − cα||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} +C_2(1 + 1/α)(f(t)^2 + ||∂_tA_Γ(t)||^2_L2_{(Ω)}) + C_2α^2||A(t)||^2_L2_{(Ω)}

≤ −c 2∑ k=1 ||j_k(t)||^2_L2_{(Ω)} + C_3α|| √ ε(E(t) + ∇φ_e)||^2_L2_{(Ω)}

−c(1 − C_3α)α||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} + C_3(1 + 1/α)f(t)^2 According to lemma 4 one obtains

E^′_α(t) ≤ −c_0(||ρ(t) − U||^2_L2_{(Ω)} + || √ ε(E(t) + ∇φ_e)||^2_L2_{(Ω)}) (4.138) −c_0(1 − C_3α)α||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} +C_3α|| √ ε(E(t) + ∇φ_e)||^2_L2_{(Ω)} + C_3(1 + 1/α)F (t)^2 with c_0 > 0 and C_3 ∈ (0, ∞) independent of t, α.

Here F (t)^{def}= ||∂_tH_Γ(t)||_L2_{(Ω)} + || curl H_Γ(t)||_L2_{(Ω)} + ||σ(t) − σ_0||_L4/3_{(∂Ω)}. Since A(t) ∈ X_E and ∇φ_e ∈ W_{E,0}, 4.128 yields | ∫ Ω εE(t)A(t)dx| = | ∫ Ω ε(E(t) + ∇φ_e)A(t)dx| (4.139)

≤ C_0|| √ ε(E(t) + ∇φ_e)||_L2_{(Ω)}|| √ μP_H h(t)||_L2_{(Ω)} ≤ C_0||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} .

By theorem 5, 4.135 and 4.139 there exist α_0 > 0, and constants c > 0 and C_5 ∈ (0, ∞), such that for all α ∈ (0, α_0) the estimate

c(||ρ(t) − U||^2_L2_{(Ω)} + ||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} ) ≤ E_α(t) (4.140) ≤ C_5(||ρ(t) − U||^2_L2_{(Ω)} + ||(E(t) + ∇φ_e, P_H h(t))||^2_{X0} ) holds. Now, it follows from 4.138 and 4.139 that α > 0 can be chosen so small such that there exist constants γ > 0 and C_6 ∈ (0, ∞) with

E^′_α(t) ≤ −γE_α(t) + C_3(1 + 1/α)F (t)^2 (4.141) By 4.140 and 4.141 the proof of the estimate in theorem 6 is complete. Since F ∈ L^1(0, ∞) by the assumptions on H_Γ and σ , it follows

lim_{t→∞}(||ρ(t) − U||_L2_{(Ω)} + ||(E(t) + ∇φ_e, P_H h(t))||_{X0} ) = 0. 2 Finally, exponential convergence the thermal equilibrium for t → ∞ is obtained from lemma 5 and the previous theorem.

Corollary 2 Let p ∈ [1, ∞) and suppose that H_Γ(t) = 0 and σ(t) = σ_0 for all t ≥ T_0 with some T_0 ∈ (0, ∞) . There exist constants K ∈ (0, ∞), γ > 0, such that

||ρ(t) − U||^2_Lp_{(Ω)} + ||(E(t) + ∇φ_e, P_H h(t))||^2_L2_{(Ω)} ≤ K exp (−γt)

References

[1] R..Adams,Sobolev spaces, Acad. Press, 1975 [2] J.M.Ball,Strongly continuous semigroups, weak solutions and the variation of constant formula, Proc. Amer. Math. Soc 63 (1977), 370 - 373 [3] H.Beirao da Veiga,On the semiconductor drift diffusion equations, Diff. Int. Eq., vol 9 (1996), 729 - 744 [4] W. Fang, K. Ito, On the time dependent drift diffusion model for semiconductors, J. Diff.

Eq., 117, (1995), 245-280 [5] H.Gajewski, On existence, uniqueness and asymptotic behavior of solutions of the basic equations for carrier transport in semiconductors, ZAMM, 65, 1985, 101 - 108 [6] H.Gajewski, K.Gröger, On the basic equations for carrier transport in semiconductors, Journal of Math. Anal. and Appl. 113, (1986), 12 - 35 [7] H.Gajewski, K.Gröger and K.Zacharias, Nichtlineare Operatorengleichungen und Operatordifferentialgleichungen, Akademie Verlag Berlin, 1974

[8] A. Jüngel, On existence and uniqueness of transient solutions of a degenerate nonlinear drift diffusion model for semiconductors, Math. Models and Methods Appl. Sci.4, No.5, (1994), 677-703

[9] F. Jochmann, Existence of weak solutions to the drift diffusion model for semiconductors copled with Maxwell’s equations, J. Math. Anal. Appl.204, (1996), 655-676

[10] F. Jochmann, Uniqueness and regularity for the two-dimensional drift diffusion model for semiconductors coupled with Maxwell’s equations, preprint, submitted for publication

[11] F. Jochmann, A compactness result for for vector-fields with divergence and curl in L^q satisfying mixed boundary conditions, to appear in applicable anal.

[12] J.L.Lions Quelques methods de resolution des problems aux limites non lineaires, Dunod Gauthier-Villars, Paris 1969

[13] P.A.Markowich, C.A.Ringhofer and C.Schmeiser semiconductor equations, Springer 1990

[14] M. S. Mock, An initial value problem from semiconductor device theory, SIAM J. Math.

Anal. 5 (1974), 597 - 612

[15] M. S. Mock, Asymptotic behavior of solutions of transport equations for semiconductor devices, J. of Math. Anal. Appl. 49 (1975), 215 - 225

[16] Pazy, Semigroups of linear operators and applications to partial differential equations, Springer Verlag, New York 1983

[17] T. I. Seidman and G. M. Troianiello, Time dependent solutions of a nonlinear system arising in semiconductor theory, Nonlinaer Anal. 9, (1985), 1137- 1157

[18] V. Roosbroeck, Theory of flow of electrons and holes in Germanium and other semiconductors, Bell System Tech. J. 29 (1950) 560 - 607