A Generalization of the Fundamental Estimates for W^{m, p}- Solutions of Linear Systems with Constant Coefficients (the case 1 ¡ p ¡ 2)

J. Wolf

Abstract The aim of the present paper is to extent the well known fundamental estimates (w.r.t. the L^2-norm) for weak solutions of a linear elliptic system with constant coefficients: N∑ j=1 ∑ |α|,|β|=m D^α(A^{αβ}_{ij} D^βu^j) = 0 in Ω (i = 1, . . . , N), (1) where ν_∘ ‖ξ‖^2≤ A^{αβ}_{ij} ξ^i_αξ^j_β ≤ c_∘ ‖ξ‖^2 ∀ξ ∈ IR^{nN} , (Ω ⊂ IR^n is open and bounded ).

Based on a generalization of the ”Caccioppoli - inequality” we are able to establish the extended fundamental estimates w.r.t. the L^p- norm of W^{m, p}- solutions (1 < p < 2) of the linear system (1).

AMS Subject Classification: 35 D 10, 35 E 99 Keywords: elliptic systems, multiplicative inequality, fundamental estimate

1 Introduction and statement of the result

Let Ω ⊂ IR^n(n ≥ 2) be an open and bounded set with points x = (x_1, . . . , x_n). Further, let N, m be integers ≥ 1.

First of all we introduce some notations which are used frequently in the present paper. For any multi-index α = (α_1, . . . , α_n) (α_j ∈ IN; j = 1, . . . , n) the length of α is defined by |α|= ∑n j=1 α_j. Then we recall the usual differential operator

D^α = D^{α1} · · · D^{αn} , where D^{αj} = ∂^{αj} ∂x^{αj}_j . If u : Ω −→ IR^N then D^ku denotes the matrix of spatial derivative of order k (k ∈ IN ≥ 1), i.e. D^ku = {D^αu^i}^{i=1,...,N}_{|α|=k} .

W^{k, q}(Ω) (W^{k, q}_∘ (Ω) resp.) (1 ≤ q ≤ ∞; k = 1, 2, . . .) denote the usual Sobolev spaces equipped with the following norm ‖u‖_{k,q,Ω} = ( k ∑ l=0 |u|^q_{l,q,Ω} )1/q , where

|u|^q_{l,q,Ω}= ∫ Ω ‖D^lu‖^q dx = ∑ |α|=l ∫ Ω |D^αu|^q (l = 0, . . . , k).^1

W^{k, q}(Ω; IR^N ), W^{k, q}_∘ (Ω; IR^N ), . . . etc. denote the spaces [W^{m, q}(Ω)]^N , [W^{k, q}_∘ (Ω)]^N , . . . etc. of functions with values in IR^N .

In the present paper we shall consider the following linear system of PDE’s of order 2m with constant coefficients: N∑ j=1 ∑ |α|,|β|=m D^α(A^{αβ}_{ij} D^βu^j) = 0 in Ω (i = 1, . . . , N),

(1.1)

where the coefficients A^{αβ}_{ij} (|α|, |β|= m; i, j = 1, . . . , N) are constants satisfying the condition

ν_∘ ‖ξ‖^2 ≤ N∑ i,j=1 ∑ |α|,|β|=m A^{αβ}_{ij} ξ^i_αξ^j_β ≤ c_∘ ‖ξ‖^2 ∀ ξ ∈ IR^{μN} . (1.2)

(here μ denotes the number card{α = (α_1, . . . α_n) ∈ IN^n| |α|= m}) (ν_∘, c_∘ = const. > 0).

In what follows let 1 < p < 2 be some fixed real number.

Definition 1.1. A vector function u ∈ W^{1, p}(Ω; IR^N ) is said to be a weak solution of the system (1.1) if the following integral identity is valid for each φ ∈ C^∞(Ω; IR^N ) with supp(φ) ⊂ Ω N∑ i,j=1 ∑ |α|,|β|=m ∫ Ω A^{αβ}_{ij} D^βu^jD^αφ^idx = 0. 2 (1.3)

Let B_R = B_R(x_∘)^2 denote the open ball in IR^n with the centre x_∘ and the radius R > 0. Let v ∈ W^{k, 1}(B_R) (k ∈ IN ≥ 0). Then there exists exactly one polynomial of degree ≤ k denoted by P^{x∘,R}_k such that ∫ B_R D^α(v − P^{x∘,R}_k )dx = 0 ∀ |α|≤ k. (1.4)

1 We write ‖u‖_{q,Ω} instead of |u|_{0,q,Ω}.

2 If no confusion can arise we write shortly B_R instead of B_R(x_∘).

The polynomial P^{x∘,R}_k is called the ”mean value polynomial ” of v of order k for the ball B_R (cf. appendix; pp. 12).

The main result of the present paper is the following general form of the fundamental estimate with respect to the L^p- norm.

Theorem 1.1. Assume (1.2). Let u ∈ W^{m, p}(Ω; IR^N ) be a weak solution of the system (1.1). Then for each integers 0 ≤ k ≤ l + 1 ≤ m there exists a positive constant A_{k,l} depending only on n, m, N, p and c_∘/ν_∘ such that for all concentric balls B_σ ⊂⊂ B_R ⊂ Ω, ∫ Bσ ‖D^k(u − P^{x∘,σ}_l )‖^p dx ≤ A_{k,l} ( σ R )m+p(l+1−k) ∫ B_R ‖D^k(u − P^{x∘,R}_l )‖^p dx, (1.5)

where P^{x∘,R}_l (P^{x∘,σ}_l resp.) denotes the ”mean value polynomial ” of u for the ball B_R (B_σ resp.).

The definition of P^{x∘,R}_k shows that

D^k(P^{x∘,R}_k ) = (D^ku)_{BR}^3 for k = 0, . . . , m and D^k(P^{x∘,R}_{k−1} ) = 0 for k = 1, . . . , m. Hence, from (1.5) we easily deduce that for all concentric balls B_σ ⊂⊂ B_R ⊂ Ω, ∫ Bσ ‖D^ku − (D^ku)_{Bσ}‖^p dx ≤ A_k ( σ R )n+p ∫ B_R ‖D^ku − (D^ku)_{BR}‖^p dx (1.6)

(k = 0, . . . , m − 1), ∫ Bσ ‖D^ku‖^p dx ≤ A^′_k ( σ R )n ∫ B_R ‖D^ku ‖^p dx^4 (1.7)

(k = 1, . . . , m). 2 In recent time, the fundamental estimates (cf. [1]) has frequently been used for study of regularity or partial regularity of weak solutions of elliptic systems (for instance see in [6], [8]). Some generalizations of these estimates are known for the case p ≥ 2. For instance, harmonic vector functions and weak solutions of quasilinear systems have been investigated in [3]. Further results have been obtained in [2] upon investigating parabolic systems.

For the prove of the fundamental estimates we need an appropriate Caccioppoli - inequality with respect to the L^p- norm. In section 3 we will show that such an inequality

3 For v ∈ L^1(B_R) we put (v)_BR =^1_{meas(B}R_) ∫ BR vdx. 4 Here A_k = A_{k,k} and A^′_k = A_{k,k−1}.

follows from the Caccioppoli - inequality with respect to the L^2- norm. Based on this general result, in section 4 we will derive a corresponding fundamental estimate for weak solutions u of system (1.1) belonging to the space W^{m, p}(Ω; IR^N ).

2 Preliminary lemmas

Here we recall some known results, which we are going to apply in the following sections. We start with a well known Gagliardo - Nirenberg interpolation inequality (cf. [7] ).

Lemma 2.1. Let B_σ ⊂ IR^n(σ > 0) be any open ball. Then for each u ∈ W^{m, q}(B_σ) (1 ≤ q < ∞; k ∈ IN ≤ m − 1) the multiplicative inequality ‖D^ku‖_{r,Bσ} ≤ c [ σ^{−θm} ‖u‖_{q,Bσ} + ‖D^mu‖^θ_{q,Bσ} ‖u‖^{1−θ}_{q,Bσ} ] (2.1)

holds true for all k/m ≤ θ < 1, where 1 r = 1 q − θm − k n (here c = const. > 0 depending only on n, q, θ and k ).

Proof. − 1^∘) Firstly, let us consider the case σ = 1 and x_∘ = 0. Then the assertion (2.1) is proved by using the Gagliardo - Nirenberg interpolation inequality provided in [7].

2^∘) Secondely, let σ > 0 and x_∘ ∈ IR^n be arbitrarily chosen. Then let us consider the coordinate transformation y = (x − x_∘)/σ. Now the desired inequality (2.1) follows from 1^∘) having applied the transformation formula of the Lebesgue-integral.

Lemma 2.2. Let D ⊂ IR^n be a bounded domain with lipschitz boundery ∂D. Moreover, let l ∈ IN ≥ 1 and 1 ≤ q < ∞ with q > n/l. Then the Sobolev space W^{l, q}(D) is continuous imbetted in C^0(D). Further there exists a positive constant c depending only on n, q and ∂D such that sup_D |w| ≤ c ‖w‖_{l,q,D} ∀w ∈ W^{l, q}(D) (2.2)

(cf. [4]).

Next, we mention a general form of the Poincaré - inequality (cf. also [5]). For the sake of completion we give a short prove of this result in the appendix.

Lemma 2.3. Let v ∈ W^{k, q}(B_R) (k ∈ IN ≥ 1; 1 ≤ q < ∞). Then we have the following general form of the Poincaré - inequality

∑ |α|=s ∫ B_R |D^α(v − P^{x∘,R}_{k−1} )|^q dx ≤ cR^{q(t−s)} ∑ |α|=t ∫ B_R |D^α(v − P^{x∘,R}_{k−1} )|^q dx (2.3)

(s, t ∈ IN; 0 ≤ s < t ≤ k), where the constant c depends only on n, q, k, t and s. 2 Finally, we prove a technical lemma which can also be found in [5], chapter 5.3.

Lemma 2.4. Let f be a non-negative and bounded function defined on the interval [a, b] (−∞ < a < b < +∞). Furthermore, let A, B, α and 0 < ε < 1 are positive constants such that for all a ≤ σ < R ≤ b, f(σ) ≤ A(R − σ)^{−α} + B + εf(R). (2.4)

Then there exists a positive constant c = c(α, ε) such that for all a ≤ σ < R ≤ b, f(σ) ≤ c ( A(R − σ)^{−α} + B ) . (2.5) (Remark that c = c(α, ε) = (1 − ε^{1/(α+1)})^{−(α+1)} is the best constant in (2.5)).

Proof. − Let a ≤ σ < R ≤ b be arbitrarily fixed. Then we define a decreasing sequence {t_j}_{j=0,1,...,} of real numbers by

(i) t_0 = σ (ii) t_{j+1} − t_j = (1 − τ)τ^j(R − σ) (j = 0, 1, . . .).^5

For simplicity we set Φ(t − s) = A(t − s)^{−α} + B (a ≤ s < t ≤ b). Then, applying assumption (2.4) iteratively to the sequence {t_j}_{j=0,1,...} we obtain for each k ∈ IN ≥ 1

f(σ) = f(t_0) ≤ Φ(t_1 − t_0) + εf(t_1) ≤ ≤ Φ(t_1 − t_0) + εΦ(t_2 − t_1) + ε^2f(t_2) ≤ · · · · · · ≤ k−1∑ j=0 ε^jΦ(t_{j+1} − t_j) + ε^kf(t_k).

Because of ε^kf(t_k) ≤ ε^k sup_{t∈[a,b]} f(t) the right hand side of the latter inequality converges to ∑∞ j=0 ε^jΦ(t_{j+1} − t_j) as k → ∞ in case that this sum is finite. Thus, we obtain f(σ) ≤ ∞∑ j=0 ε^j(A(1 − τ)^{−α}τ^{−jα}(R − σ)^{−α} + B). (2.6)

5 This definition immediately implies t_j → R as j → ∞.

Now, let us choose τ such that ετ^{−α} < 1. (2.7)

Condition (2.7) guarantees that the right hand side of (2.6) is finite, which entails the assertion (2.5) with c = c(α, ε, τ) = (1 − τ)^{−α}(1 − ετ^{−α})^{−1}.

Finally, the fact that c(α, ε, • ) attains its minimum at τ_∘ = ε^{1/(α+1)} implies that c = c(α, ε) = (1 − ε^{1/(α+1)})^{−(α+1)} is the best constant in (2.5).

3 A Generalization of the Caccioppoli Inequality with respect to the L^p-norm

In this section we are going to prove an extension of the so called ”Caccioppoli type” inequality. We have the following

Theorem 3.1. Let u ∈ W^{m, p}(Ω; IR^N ) be a weak solution of the linear system (1.1). Let condition (1.2) be fulfilled. Then there exists a constant γ ≥ m^2 depending only on n, m and p such that for all concentric balls B_σ ⊂⊂ B_R ⊂ Ω, ( ∫

Bσ ‖D^mu‖^p dx )1/p ≤ c ( R R − σ )γ R^{−m} ( ∫

B_R ‖u‖^p dx )1/p , (3.1)

where c = const. > 0 depending only on n, m, N, p and c_∘/ν_∘.

Proof. - Let x_∘ ∈ Ω be arbitrarily fixed. The proof of the theorem will be devided into two steps.

1^∘) In the first part we will obtain a Caccioppoli -inequality with respect to the L^2- norm. Clearly, any weak solution u ∈ W^{m, p}(Ω; IR^N ) of system (1.1) assuming (1.2) is continuous differentiable on each open set Ω^′ ⊂⊂ Ω. In particular, u belongs to W^{m,2}_{loc} (Ω; IR^N ). Therefore, the following Caccioppoli-inequality is valid,

‖D^mu‖_{2,Bσ} ≤ c ( R R − σ )m m−1∑ k=1 R^{k−1} ‖D^ku‖_{2,BR}^6 ∀ 0 < σ < R < dist(x_∘, ∂Ω). (3.2)

6 In what follows the letter c denotes some positive constant which may change their numerical value from line to line, but depends neither on the radius of the chosen balls nor on the solution u.

The inequality (3.2) is easily obtained by inserting into (1.3) the addmissible testfunction φ^i = u^iζ^{2m} (i = 1, . . . , N), (3.3)

where ζ ∈ C^m_c (IR^n) is an appropriate ”cut-off function” such that: ζ ≡ 1 on B_σ, ζ ≡ 0 on R^n \ B_R, 0 ≤ ζ ≤ 1 and |D^αζ|≤ c(R − σ)^{−|α|} ∀ |α|≤ m (Here c = const. > 0 depending only on n and m) (cf. also [5], [6]).

Applying lemma 2.1 with q = 2 and θ = k/m (k = 1, . . . , m − 1) proves that for all B_t ⊂⊂ Ω, ‖D^ku‖_{2,Bt} ≤ c [ t^{−k} ‖u‖_{2,Bt} + ‖D^mu‖^{k/m}_{2,Bt} ‖u‖^{1−k/m}_{2,Bt} ] . (3.4)

Next, let 0 < s < t ≤ R < dist(x_∘, ∂Ω) be arbitrarily chosen. Having set ϕ(t) = =‖D^mu‖_{2,Bt} combining (3.2) and (3.4) gives

ϕ(s) ≤ c ( t t − s )m t^{−m} ‖u‖_{2,Bt} + c m−1∑ k=1 ( t t − s )m t^{k−m} ‖u‖^{1−k/m}_{2,Bt} ϕ(t)^{k/m}. (3.5)

With the help of the Young’s inequality from (3.5) we obtain,

ϕ(s) ≤ c ( t t − s )m t^{−m} ‖u‖_{2,Bt} +

+ c m−1∑ k=1 ( t t − s )m2/(m−k) t^{−m} ‖u‖_{2,Bt} + 1 2 ϕ(t) ≤

≤ c ( t t − s )m2 t^{−m} ‖u‖_{2,Bt} + 1 2 ϕ(t) = A (t − s)^{m2} + 1 2 ϕ(t),

(3.6)

where A = c R^{m2−m} ‖u‖_{2,BR} . Now we are in a position to apply lemma 2.4. According to (3.6),

‖D^mu‖_{2,Bσ} ≤ c ( R R − σ )m^2 R^{−m} ‖u‖_{2,BR} ∀0 < σ < R ≤ dist(x_∘, ∂Ω). 2 (3.7)

2^∘) Secondly, let k ≥ 0 denote the uniquely determined integer which satisfies 2n n + k + 1 ≤ p < 2n n + k . (3.8)

We define for j = 0, . . . , k

q_j = 2n 2n + j . Next, set χ = 2m/(2m − 1) and suppose that for some j ∈ {0, . . . , m − 1} the inequality ‖D^mu‖_{qj ,Bσ} ≤ c ( R R − σ )χ^j m^2 R^{−m} ‖u‖_{qj ,BR} (3.9)

holds true for all 0 < σ < R < dist(x_∘, ∂Ω).

Let 0 < s < t ≤ R < dist(x_∘, ∂Ω) be arbitrarily fixed. Setting ϕ(t) =‖D^mu‖_{qj+1,Bt} using Hölder’s inequality from the assumption (3.9) we get

ϕ(s) ≤ ω^{1/2n}_n t^{1/2} ‖D^mu‖_{qj ,Bs} ≤ c ( t t − s )χj m2 t^{−m+ 12} ‖u‖_{qj ,Bt} .^7 (3.10)

On the other hand, by (2.1) (cf. lemma 2.1) putting r = q_j, q = q_{j+1} and θ = 1/(2m) therein we receive ‖u‖_{qj ,Bt} ≤ c [ t^{− 12} ‖u‖_{qj+1,Bt} + ‖D^mu‖^{1/(2m)}_{qj+1,Bt} ‖u‖^{1−1/(2m)}_{qj+1,Bt} ] . (3.11)

Combining (3.10) and (3.11) gives ϕ(s) ≤ c ( t t − s )χj m2 t^{−m} ‖u‖_{qj+1,Bt} + ( t t − s )χj m2 t^{−m+ 12} ‖u‖^{1−1/(2m)} q_{j+1},Bt ϕ(t) 1/(2m). (3.12)

By Young’s inequality, ϕ(s) ≤ ( t t − s )χj+1m2 t^{−m} ‖u‖_{qj+1,Bt} + 1 2 ϕ(t) = = A (t − s)^{χj+1m2} + 1 2 ϕ(t), where A = c R^{χj+1m2−m} ‖u‖_{qj+1,BR} . Again applying lemma 2.4 we receive ‖D^mu‖_{qj+1,Bσ} ≤ c ( R R − σ )χ^{j+1}m^2 R^{−m} ‖u‖_{qj+1,BR} ∀0 < σ < R < dist(x_∘, ∂Ω). (3.13)

7 Here ω_n denotes the measure of the unit ball in IR^n.

Since (3.9) has been proved for j = 0 (cf. inequality (3.7)) we may use the implication (3.9) ⇒ (3.13) iteratively starting with j = 0 until j = k − 1 to show that

‖D^mu‖_{qk,Bσ} ≤ c ( R R − σ )χ^km^2 R^{−m} ‖u‖_{qk,BR} ∀0 < σ < R < dist(x_∘, ∂Ω). (3.14)

Finally, observing ‖u‖_{qk,Bt} ≤ c t^{−θm} [ ‖u‖_{p,Bt} + t^{θm} ‖D^mu‖^θ_{p,Bt} ‖u‖^{1−θ}_{p,Bt} ] (3.15)

whenever 0 < t < dist(x_∘, ∂Ω) with an suitable θ (0 < θ ≤ 1/(2m)) (cf. lemma 2.1), we may argue as before to obtain from (3.14), ‖D^mu‖_{p,Bσ} ≤ c ( R R − σ )γ R^{−m} ‖u‖_{p,BR} ∀0 < σ < R < dist(x_∘, ∂Ω),^8 (3.16)

where the constant c depends only on n, m, N, p and c_∘/ν_∘. This concludes the proof of the theorem.

Remark that the constant γ in (3.16) may be estimated by χ^km^2 < γ ≤ χ^{k+1}m^2.

Corollary 3.1. Assume (1.2). Let u ∈ W^{m, p}(Ω; IR^N ) be a weak solution of system (1.1). Then for each multi-index β = (β_1, . . . , β_n) the function D^βu belongs to the space W^{m, p}_{loc} (Ω; IR^N ) and is a weak solution refering to (1.1). Furthermore, for any integer h ≥ 1 and for all concentric balls B_σ ⊂⊂ B_R ⊂ Ω, we have ‖D^{hm}u‖_{p,Bσ} ≤ c ( R R − σ )hγ R^{hγ} ‖u‖_{p,BR} , (3.17)

where c = const. > 0 depending only on n, m, N, p, h and c_∘/ν_∘. (Here γ denotes the constant which appears in (3.1)).

Proof. - Let B_σ ⊂⊂ B_R ⊂ Ω and h ∈ IN ≥ 1 be arbitrarily fixed. Define σ_j = σ + j(R − σ)/h^9 (j = 1, . . . , h). Since u ∈ C^∞(Ω^′; IR^N ) ∀Ω^′ ⊂⊂ Ω, using integration by parts an elementary calculation shows that for any multi-index β = (β_1, . . . , β_n) the function D^βu satisfies the integral identity (1.3). Consequently, D^βu ∈ W^{m, p}_{loc} (Ω; IR^N ) is a weak solution of the system (1.1).

8 Notice that by the absolute continuity of the Lebesgue-integral one may obtain (3.16) also for each 0 < σ < R ≤ dist(x_∘, ∂Ω). 9 Remark that σ ≤ σ_j < σ_{j+1} ≤ R (j = 1, . . . , k − 1).

Now, applying (3.1) to the function D^βu (|β|= (h − j)m; 1 ≤ j ≤ h) replacing σ by σ_{j−1} and R by σ_j yields ‖D^m(D^βu)‖_{p,B}(j−1) ≤ c ( σ_j σ_j − σ_{j−1} )γ σ^{−m}_j ‖D^βu‖_{p,B}(j) , (3.18)

where c and γ are the same constants as in (3.1) (cf. theorem 3.1) (B^{(j)} = B_{σj} ; j = 0, . . . , h).

Then summation over |β|= m(h − j) in (3.18) implies,

‖D^{m(h−j+1)}u‖_{p,B}(j−1) ≤ c ( hR R − σ )γ R^{−m} ‖D^{m(h−j)}u‖_{p,B}(j) (3.19) (j = 1, . . . , h). Now, iterating (3.19) starting with j = 1 gives

‖D^{mh}u‖_{p,Bσ} ≤ c ( hR R − σ )γ R^{−m} ‖D^{m(h−1)}u‖_{p,B}(1) ≤

≤ c^2 ( hR R − σ )2γ R^{−2m} ‖D^{m(h−2)}u‖_{p,B}(2) ≤ · · ·

· · · ≤ c^h ( hR R − σ )hγ R^{−hm} ‖u‖_{p,BR} , what concludes the proof of assertion (3.17).

4 Proof of Theorem 1.1

Let l, k ∈ IN (0 ≤ k ≤ l + 1 ≤ m) and B_R ⊂ Ω be arbitrarily fixed. Since in the particular case R/2 < σ < R the assertion (1.5) is trivially fulfilled, without loss of generality we may assume that 0 < σ ≤ R/2.

For almost all y ∈ B_1(0) we set w(y) = u(x_∘ + Ry) − P^{x∘,R}_l (x_∘ + Ry), (4.1)

where P^{x∘,R}_l denotes the ”mean value polynomial ” of u of the order l for the ball B_R. Using the transformation formula of the Lebesgue - integral an elementary calculation shows that w ∈ W^{m, p}_{loc} (B_1(0); IR^N ) is a weak solution of the system (1.1) in the unit ball B_1(0).

Next, let s denote the smallest integer satisfying s > n/p. Setting h = [(s+l+1)/m]+1^{10} by (2.2) (cf. lemma 2.2) we get for all τ ∈ (0, 1/2],

‖D^{l+1}w‖^p_{,Bτ} ≤ ω_nτ^nsup_{Bτ} ‖D^{l+1}w‖^p ≤ ≤ cτ^n ‖w‖^p_{hm,p,B1/2} = cτ^n hm∑ j=0 ‖D^jw‖^p_{,B1/2} . (4.2)

On the other hand, by (2.1) we have ‖D^jw‖_{p,B1/2} ≤ c [ ‖w‖_{p,B1/2} + ‖D^{hm}w‖_{p,B1/2} ] . (4.3)

Combining (4.3) and (3.17) with σ = 1/2 and R = 1 yields, ‖D^jw‖^p_{,B1/2} ≤ c ‖w‖^p_{,B1} . (4.4) (j = 0, . . . , hm). Now, inserting estimate (4.4) into (4.2) gives ‖D^{l+1}w‖^p_{,Bτ} ≤ cτ^n ‖w‖^p_{,B1} ∀ 0 < τ ≤ 1/2. (4.5)

Finally, using the transformation formula of the Lebesgue-integral (setting τ = σ/R) with help of Poincaré’s inequality (2.3) from (4.5) we get ∫ Bσ ‖D^{l+1}u‖^p dx ≤ c ( σ R )n R^{−p(l+1)} ∫ B_R ‖u − P^{x∘,R}‖^p dx ≤

≤ c ( σ R )n R^{−p(l+1−k)} ∫ B_R ‖D^k(u − P^{x∘,R})‖^p dx (4.6)

for all 0 < σ < R ≤ dist(x_∘, ∂Ω). Now, assertion (1.5) is obtained after having applied once more the Poincaré - inequality (2.3) combined with (4.6).

10 Here [a] denotes the greatest integer ≤ a.

5 Appendix

Proof of Lemma 2.2 - Let B_R(x_∘) ⊂ IR^n be arbitrarily chosen. Let v ⊂ W^{k, q}(B_R) (k ∈ IN ≥ 1; 1 ≤ q < ∞). 1^∘) In order to prove assumption (1.4) we proceed as follows: Let c_β ∈ IR (|β|≤ k) denote the coefficients of the polynomial P^{x∘,R}_k , i.e. P^{x∘,R}_k (x) = ∑ |β|≤k c_β(x − x_∘)^β for x ∈ IR^n.

(5.1)

It is readily seen that for each |α|≤ k,

D^αP^{x∘,R}_k (x) = ∑ |β|≤k α≤β c_β α! ( β α ) (x − x_∘)^β ∀x ∈ IR^n,^{11} (5.2)

where α! = α_1! · · · α_n! and ( β α ) =^{β!}_{(β−α)!α!} .

By an elementary calculation one can see that (1.4) is fulfilled if and only if the coefficients c_β (|β|≤ k) satisfying the following system of linear equations, ∑ |β|≤k c_βa_{αβ} = b_α (|α|≤ k), where (5.3)

b_α = ∫ B_R D^αvdx ,

a_{αβ} = α! ( β α ) ∫ B_R (x − x_∘)^{β−α}dx if β ≤ α 0 otherwice (|α|, |β|≤ k). It is immediately obvious that the matrix A = {a_{αβ} | |α|, |β|≤ k} is of triangular form.

Moreover, a_{αα} = α! meas(B_R) > 0 (|α|≤ k), what proves the regularity of A. Hence, there exists exactely one vector c = {c_β | |β|≤ k} such that (5.3) is fulfilled.

2^∘) Let l ∈ IN (0 ≤ l < k) and let β = (β_1, . . . , β_n) be a multi-index with the length |β|= l. Since by (1.4) the mean value of the function D^β(v − P^{x∘,R}_{k−1} ) taken over the ball B_R vanishes, we are in a position to apply the known Poincaré - inequality. Hence

11 We say that α ≤ β if and only if α_j ≤ β_j ∀j = 1, . . . , n.

∫ B_R |D^β(v − P^{x∘,R}_{k−1} )|^q dx ≤ c_∗R^q ∑ |α|=l+1 ∫ B_R |D^α(v − P^{x∘,R}_{k−1} )|^q dx, (5.4)

where the constant c_∗ depends only on n and q.

Summation over |β|= l now provides, according to (5.4) |v − P^{x∘,R}_{k−1} |^q_{l,q,BR} ≤ cR^q |v − P^{x∘,R}_{k−1} |^q_{l+1,q,BR} . (5.5)

Finally, let s, t ∈ IN (0 ≤ s < t ≤ k) be arbitrarily chosen. Then we conclude the proof of the lemma by applying (5.5) iteratively starting with l = s until t − 1, i.e. |v − P^{x∘,R}_{k−1} |^q_{s,q,BR} ≤ cR^q |v − P^{x∘,R}_{k−1} |^q_{s+1,q,BR} ≤ · · · ≤ cR^{q(t−s)} |v − P^{x∘,R}_{k−1} |^q_{t,q,BR} , where c = c(n, q, s, t). References

[1] Campanato, S.: Propieta di hölderianista di alcune classi di funzioni. − Annali Scuola Normale Superiore Pisa, Vol. 17 (1963), 175-188.

[2] Campanato, S.: Sistemi parabolici del secondo ordine, non variazionali, a coefficienti discontinui. − Ann Univ. Ferrara, Vol. 23 (1977), 169-187.

[3] Campanato, S.: Fundamental interior estimates for a class of second order elliptic operators. − Printed in: Partial Differential Equations and Calculus of Variations, Vol. I, Eds. F. Columbini, A. Marino, L. Modica, S. Spangolo, Birkhäuser Boston Inc (1989), 251-259.

[4] Gilbarg, D. and Trudinger, N.S.: Elliptic partial differential equations of second order. − Grundlehren der mathematischen Wissenschaften 224, Springer (1977).

[5] Giuaquinta, M.: Multiple integrals in calculus of variations and nonlinear elliptic systems. - Princeton Univ. Press, Princeton, New Jersey, 1983.

[6] Giusti, E.: Regularità partiale delle solutioni di sistemi ellitici quasilineari di ordine arbitario. − Annali Scuola Normale Superiore Pisa, Vol. 23 (1969), 115-141.

[7] Nirenberg, L.: An extended interpolation - inequality. − Annali Scuola Normale Superiore Pisa, Vol. 20 (1966), 733-737.

[8] Pepe, L.: Risultati di regularita parziale per solutione H^{1, p}(1 < p < 2) di sistemi ellittici quasi lineari. − Ann. Ferrara, Sez. VII (Sci. Mat.), 16 (1971), 129-148

Humboldt-Universität zu Berlin, Institut für Mathematik Unter den Linden 6, 10099 Berlin, BRD.