Evaluation of the epi-convergence^{1 2}

Petr Lachout

Abstract The paper presents an equivalent characterization of the epi-convergence of lower semicontinuous functions. The proposed ’measures’ naturally estimate the distance between optimal values of two optimization programs. A comparison of optimal solutions is more complex. We propose an estimation for a given function which can be taken as the excess of a set over another, being in metric space. Hence, we receive an estimate of the distance between optimal solutions.

1 The concept of the epi-convergence

Looking for the global minimum of a given function is the central problem discussed in the literature and solved in optimization theory. The lack of complete information on the objective function is the main trouble met in the practice. We have to work with approximations and, therefore, we naturally ask about the stability of our optimization problem provided varying objective function. The epi-convergence looks to be the most efficient tool for that, see [1], [2] or [8]. We present an equivalent description of the epiconvergence which can be used to derive estimate of the distance between optimal values. Treating of the optimal solutions is more difficult. We offer a procedure which is natural in the case of metric spaces, as the example illustrates.

Let us specify the subject of our treatment. We work on the Hausdorff topological space X . Therefore, we will employ open, closed and compact sets of X , the notion of nets, cluster points, limit points, Kuratowski-Painlevé convergence of sets, etc. For convenience, we are giving the list of the used notation in Appendix.

We consider the function f : X → R = [−∞, +∞]. Our interest is focused in continuity property of its optimal value φ (f) = inf_{x∈X} f(x) and its set of optimal solutions ψ (f) = {x ∈ X : f(x) = φ (f)}. Let us note that the problem of ε-optimal solutions do not need special treating. It is sufficient to consider truncated function f_ε = max{f, φ (f) + ε}, as we do in the example.

Known observation is that ψ (f) is closed set provided f is l.s.c. (lower semicontinuous). To avoid any misunderstanding let us recall that f : X → R is l.s.c. if lim inf_{y→x} f(y) ≥ f(x) for each x ∈ X . Let us denote the set of all l.s.c. functions on X by LSC(X ).

We consider the space LSC(X ) with the epi-convergence.

Definition 1 Let Λ be a directed set, f_λ ∈ LSC(X ) for each λ ∈ Λ and f ∈ LSC(X ). We say that the net < f_λ >_{λ∈Λ} epi-converges to f, provided epi (f) = K-lim_{λ∈Λ} epi (f_λ).

Recall epi (f) = {(x, γ) ∈ X × R : γ ≥ f(x)} and the definition of K-lim is remembered in Appendix.

1The research is supported by Deutsche Forschungsgemeinschaft Projekt-Nr. Ro 1006/1-2, the Czech Republic Grant 201/96/0230 and the Charles University Grant 3051-10/716.

2The paper has partially been written during a stay at the Humboldt University of Berlin.

The epi-convergence admits a helpful characterization by means of the nets.

Proposition 1 Let f_λ ∈ LSC(X ) for each λ belonging to the directed set Λ and f ∈ LSC(X ). The net < f_λ >_{λ∈Λ} epi-converges to f if and only if at each point x ∈ X both of the following conditions hold:

1. Let Ψ be a directed set and ω : Ψ → Λ be monotone (i.e. ψ_1, ψ_2 ∈ Ψ, ψ_1 ≤ ψ_2 ⇒ ω(ψ_1) ≤ ω(ψ_2)) and confinal (i.e. for each λ ∈ Λ there exists ψ ∈ Ψ such that λ ≤ ω(ψ)). Then we have lim inf_{ψ∈Ψ} f_{ω(ψ)}(x_ψ) ≥ f(x) whenever lim_{ψ∈Ψ} x_ψ = x.

2. There exists directed set Ψ and x_{(λ,ψ)} ∈ X for each λ ∈ Λ, ψ ∈ Ψ such that lim_{(λ,ψ)∈Λ×Ψ} x_{(λ,ψ)} = x and lim_{(λ,ψ)∈Λ×Ψ} f_λ(x_{(λ,ψ)}) = f(x).

Proof: Fix the point x ∈ X

1. Let < f_λ >_{λ∈Λ} epi-converges to f.

a) Let Ψ be a directed set and ω : Ψ → Λ be monotone and confinal. Assume lim_{ψ∈Ψ} x_ψ = x and let us denote γ = lim inf_{ψ∈Ψ} f_{ω(ψ)}(x_ψ).

Take the set G ∈ G(X × R) with (x, γ) ∈ G. According to the definition of the lim inf we have for each λ ∈ Λ some ψ ∈ Ψ such that λ ≤ ω(ψ) and (x_ψ, f_{ω(ψ)}(x_ψ)) ∈ G. Then (x, γ) ∈ Ls_{λ∈Λ} epi (f_λ) = epi (f) because of the epi-convergence. Therefore, f(x) ≤ γ.

b) According to the definition of the epi-convergence, Li_{λ∈Λ} epi (f_λ) = epi (f) and, hence, (x, f(x)) ∈ Li_{λ∈Λ} epi (f_λ).

Therefore, for each G ∈ G(X × R) with (x, f(x)) ∈ G there is λ_0 ∈ Λ such that G ∩ epi (f_λ) ≠ ∅ for each λ_0 ≤ λ. Let us take (x_{(λ,G)}, γ_{(λ,G)}) ∈ G ∩ epi (f_λ) for λ_0 ≤ λ and define x_{(λ,G)} = x, γ_{(λ,G)} = f_λ(x) whenever λ_0 ≰ λ. The set Ψ = { G ∈ G(X × R), (x, f(x)) ∈ G } is directed by inclusion, i.e. G ≤ H ⇐⇒ G ⊃ H . Then we have lim_{(λ,G)∈Λ×Ψ} x_{(λ,G)} = x and lim_{(λ,G)∈Λ×Ψ} γ_{(λ,G)} = f(x). That implies lim_{(λ,G)∈Λ×Ψ} f_λ(x_{(λ,G)}) = f(x) since always f_λ(x_{(λ,G)}) ≤ γ_{(λ,G)} and lim inf_{(λ,G)∈Λ×Ψ} f_λ(x_{(λ,G)}) ≥ f(x), according to the first part of the proof.

2. Let the functions f_λ, λ ∈ Λ and f fulfill the conditions.

a) Accordingly to the second property, we have the directed set Ψ and the convergent net lim_{(λ,ψ)∈Λ×Ψ} x_{(λ,ψ)} = x with lim_{(λ,ψ)∈Λ×Ψ} f_λ(x_{(λ,ψ)}) = f(x). Take the set G ∈ G(X × R) with (x, f(x)) ∈ G. There are λ_0 ∈ Λ and ψ_0 ∈ Ψ such that ( x_{(λ,ψ)}, f_λ(x_{(λ,ψ)}) ) ∈ G ∩ epi (f_λ) for each λ_0 ≤ λ and each ψ_0 ≤ ψ.

That means (x, f(x)) ∈ Li_{λ∈Λ} epi (f_λ). b) Take (x, γ) ∈ Ls_{λ∈Λ} epi (f_λ). We set Ψ = { (λ, G) ∈ Λ × G(X × R) : epi (f_λ) ∩ G ≠ ∅, (x, γ) ∈ G } .

The set Ψ is directed by the natural ordering (λ_1, G_1) ≤ (λ_2, G_2) ⇔ λ_1 ≤ λ_2 and G_1 ⊃ G_2 since (x, γ) is a cluster point. By the definition of Ψ we have the point (x_{(λ,G)}, γ_{(λ,G)}) ∈ epi (f_λ) ∩ G for each (λ, G) ∈ Ψ. Then lim_{(λ,G)∈Ψ} x_{(λ,G)} = x and lim_{(λ,G)∈Ψ} γ_{(λ,G)} = γ. According to the first property we conclude γ ≥ f(x) and therefore (x, γ) ∈ epi (f).

We proved epi (f) = Li_{λ∈Λ} epi (f_λ) = Ls_{λ∈Λ} epi (f_λ), which is the epi-convergence. Q.E.D.

We write the paper to introduce ”distances” between l.s.c. functions giving an equivalent characterization of the epi-convergence. These ”distances” can be defined for each couple of real functions f, g : X → R and A ⊂ X , x ∈ X by ρ_1 (g, f; A, x) = sup {(f(x) − g(y))_+ : y ∈ A} , ρ_2 (g, f; A, x) = inf {|f(x) − g(y)| : y ∈ A} . Proposition 2 Let u : R → R be increasing continuous, Λ be a directed set, f_λ ∈ LSC(X ) for each λ ∈ Λ, f ∈ LSC(X ) and for each point x ∈ X we have given the base G_x.

Then the net < f_λ >_{λ∈Λ} epi-converges to f if and only if lim_{G∈Gx} lim sup_{λ∈Λ} ρ_1 (u ∘ f_λ, u ∘ f; G, x) = 0 for each x ∈ X , lim_{λ∈Λ} ρ_2 (u ∘ f_λ, u ∘ f; G, x) = 0 for each G ∈ G_x , x ∈ X .

Proof: The function u naturally gives the bijection between LSC(X ) and LSC(X ) ∩ { f : X → u(R) } preserving the epi-convergence. Therefore, it is sufficient to consider the nets of l.s.c. functions with real values, only, and show for them the characterization by nets given in the proposition 1. Fix the point x ∈ X for that.

1. We show the equivalence between the first property of the proposition 1 and the first property of the proposition 2. a) Let lim_{G∈Gx} lim sup_{λ∈Λ} ρ_1 (f_λ, f; G, x) = 0.

Let Ψ be directed set, ω : Ψ → Λ be monotone and confinal, and lim_{ψ∈Ψ} x_ψ = x. For G ∈ G_x we have ψ_0 ∈ Ψ such that x_ψ ∈ G and

ρ_1 ( f_{ω(ψ)}, f; G, x ) ≥ ( f(x) − f_{ω(ψ)}(x_ψ) ) + for each ψ_0 ≤ ψ .

Accordingly to the assumption, we have lim_{G∈Gx} lim sup_{ψ∈Ψ} ρ_1 ( f_{ω(ψ)}, f; G, x ) = 0 and, therefore, lim_{ψ∈Ψ} ( f(x) − f_{ω(ψ)}(x_ψ) ) + = 0 .

That is nothing else than lim inf_{ψ∈Ψ} f_{ω(ψ)}(x_ψ) ≥ f(x).

b) Let for each directed set Ψ, ω : Ψ → Λ monotone and confinal, and lim_{ψ∈Ψ} x_ψ = x, we have lim inf_{ψ∈Ψ} f_{ω(ψ)}(x_ψ) ≥ f(x).

For each λ ∈ Λ, G ∈ G_x and 0 < Δ < 1 there exist x_{(λ,G,Δ)} ∈ G such that ρ_1 (f_λ, f; G, x) < ( f(x) − f_λ(x_{(λ,G,Δ)}) ) + + Δ .

Setting Ψ = Λ × G_x × (0, 1) we receive a set directed by the ordering

(λ_1, G_1, Δ_1) ≤ (λ_2, G_2, Δ_2) ⇐⇒ λ_1 ≤ λ_2, G_1 ⊃ G_2, Δ_1 ≥ Δ_2

and lim_{(λ,G,Δ)∈Ψ} x_{(λ,G,Δ)} = x. Therefore according to the assumption,

lim inf (λ,G,Δ)∈Ψ f_λ(x_{(λ,G,Δ)}) ≥ f(x) . Then lim_{(λ,G,Δ)∈Ψ} ( f(x) − f_λ(x_{(λ,G,Δ)}) ) + = 0 and, consequently, lim_{G∈Gx} lim sup_{λ∈Λ} ρ_1 (f_λ, f; G, x) = 0.

2. We show the equivalence between the second property of the proposition 1 and the second property of the proposition 2.

a) Let lim_{λ∈Λ} ρ_2 (f_λ, f; G, x) = 0 for each G ∈ G_x.

Then for each λ ∈ Λ, G ∈ G_x and 0 < Δ < 1 there exist x_{(λ,G,Δ)} ∈ G such that ρ_2 (f_λ, f; G, x) > | | |f(x) − f_λ(x_{(λ,G,Δ)}) | | | − Δ . Consequently, lim_{(λ,G,Δ)∈Λ×Gx×(0,1)} x_{(λ,G,Δ)} = x and lim (λ,G,Δ)∈Λ×Gx×(0,1) f_λ(x_{(λ,G,Δ)}) = f(x) . b) Let Ψ be a directed set and x_{(λ,ψ)} ∈ X be such that lim_{(λ,ψ)∈Λ×Ψ} x_{(λ,ψ)} = x and lim_{(λ,ψ)∈Λ×Ψ} f_λ(x_{(λ,ψ)}) = f(x).

Let G ∈ G_x. Then there are λ_0 ∈ Λ and ψ_0 ∈ Ψ such that x_{(λ,ψ)} ∈ G for each λ_0 ≤ λ and ψ_0 ≤ ψ. Hence, ρ_2 (f_λ, f; G, x) ≤ | |f(x) − f_λ(x_{(λ,ψ)}) | | for each λ_0 ≤ λ and ψ_0 ≤ ψ.

Consequently, lim_{λ∈Λ} ρ_2 (f_λ, f; G, x) = 0.

Q.E.D.

If the space X is a metric space then we can receive characterizations of the epiconvergence by means of the Hausdorff distance of closed sets, see [2] and [9].

In general, the epi-convergence on LSC(X ) is not induced by any topology. If the space X is first countable Hausdorff space then epi-convergence coincides with the convergence induced by Fell topology on closed subsets in X × R , see [5], theorem 5.2.10, p.140. If the space X is a finite dimensional space then there is a metric inducing the epi-convergence, see [2] or [5], p.161.

2 Stability of the optimization program

The epi-convergence implies consistency of the optimization program. Theorem 1 Let f, f_λ ∈ LSC(X ) for each λ ∈ Λ, the net < f_λ >_{λ∈Λ} epi-converges to f and sup_{K∈K(X )} inf_{y∉K} inf_{λ∈Λ} f_λ(y) > φ (f).

Then lim_{λ∈Λ} φ (f_λ) = φ (f) and there exist λ_G ∈ Λ for any G ∈ G(X ) with ψ (f) ⊂ G such that ψ (f_λ) ⊂ G for each λ ≥ λ_G, consequently Ls_{λ∈Λ} ψ (f_λ) ⊂ ψ (f). Moreover, ψ (f) is a non-empty compact and there is a λ_0 ∈ Λ such that ψ (f_λ) is a non-empty compact for each λ_0 ≤ λ ∈ Λ.

Proof: See [1] or [5], theorem 5.3.6, p.160. Q.E.D.

Provided compact space X , the statement can be expressed in the following way: the function φ is continuous and the multifunction ψ is upper semicontinuous. The assumptions of the theorem 1 can be easily fulfilled for convex functions, see [6].

We are interested not only in consistency, we would like to estimate the rate of consistency. To receive an estimate of the distance between the optimal values we need the following simple lemma.

Lemma 1 If f, g ∈ LSC(X ) and u : R → R is increasing continuous then we have the estimates −ρ_1 (u ∘ g, u ∘ f; A, x̂) ≤ u ∘ φ (g) − u ∘ φ (f) ≤ ρ_2 (u ∘ g, u ∘ f; X , x̂) , whenever x̂ ∈ ψ (f) and A ∩ ψ (g) ≠ ∅.

Proof: Let x̂ ∈ ψ (f) and ŷ ∈ A ∩ ψ (g). Then we have the estimates u ∘ φ (f) − u ∘ φ (g) = u ∘ f(x̂) − u ∘ g(ŷ) ≤ ρ_1 (u ∘ g, u ∘ f; A, x̂) and for each x ∈ X u ∘ φ (g) − u ∘ φ (f) = u ∘ g(ŷ) − u ∘ f(x̂) ≤ ≤ u ∘ g(x) − u ∘ f(x̂) ≤ |u ∘ g(x) − u ∘ f(x̂)| . Minimizing along x ∈ X we receive the estimate u ∘ φ (g) − u ∘ φ (f) ≤ ρ_2 (u ∘ g, u ∘ f; X , x̂) . Q.E.D.

Theorem 2 Let f, f_λ ∈ LSC(X ) for each λ ∈ Λ, sup_{K∈K(X )} inf_{y∉K} inf_{λ∈Λ} f_λ(y) > φ (f), G_x be a given base at each point x ∈ X and u : R → R be increasing continuous. Let lim_{G∈Gx} lim sup_{λ∈Λ} ρ_1 (u ∘ f_λ, u ∘ f; G, x) = 0 for each x ∈ X , lim_{λ∈Λ} ρ_2 (u ∘ f_λ, u ∘ f; G, x) = 0 for each x ∈ X , G ∈ G_x

and let G_x ∈ G_x, λ_x ∈ Λ for x ∈ ψ (f), 0 ≤ D_λ < +∞ for λ ∈ Λ be such that ρ_1 (u ∘ f_λ, u ∘ f; G_x, x) ≤ D_λ , ρ_2 (u ∘ f_λ, u ∘ f; X , x) ≤ D_λ for each λ ≥ λ_x, x ∈ ψ (f).

Then there is λ_0 ∈ Λ such that |u ∘ φ (f_λ) − u ∘ φ (f)| ≤ D_λ for each λ ≥ λ_0 and there exist λ_G ∈ Λ for any G ∈ G(X ) with ψ (f) ⊂ G such that ψ (f_λ) ⊂ G for each λ ≥ λ_G, consequently Ls_{λ∈Λ} ψ (f_λ) ⊂ ψ (f). Moreover, ψ (f) is a non-empty compact and there is λ_1 ∈ Λ such that ψ (f_λ) is a non-empty compact for each λ_1 ≤ λ ∈ Λ.

Proof: According to the proposition 2, the net of functions epi-converges and, therefore, almost all assertions of the theorem are contained in the theorem 1. We have to prove the estimation of the distance between optimal values, only. From the theorem 1 we know that the set ψ (f) is a non-empty compact. Then we can select a finite set I ⊂ ψ (f) such that ψ (f) ⊂ ⋃ x∈I int G_x since ψ (f) ⊂ ⋃ x∈ψ(f) int Gx. Then there is λ0 ∈ Λ such that ψ (f_λ) ⊂ ⋃ x∈I int G_x for each λ_0 ≤ λ, according to the theorem 1. The stated assertion is straightforward, now, since the set I is finite and − max_{x∈I} ρ_1 (u ∘ f_λ, u ∘ f; G_x, x̂) ≤ u ∘ φ (f_λ) − u ∘ φ (f) ≤ ρ_2 (u ∘ f_λ, u ∘ f; X , x̂) , accordingly to the lemma 1. The point x̂ ∈ ψ (f) can be chosen arbitrarily. Q.E.D.

The shown statement is better than the statement based on the uniform topology, assuming an open set G ⊃ ψ (f) and λ_0 ∈ Λ such that

sup_{y∈G} |f_λ(y) − f(y)| ≤ D_λ for each λ ≥ λ_0.

Then for each x ∈ ψ (f) there is G_x ∈ G_x such that G_x ⊂ G. For each y ∈ G_x we have the estimate

(f(x) − f_λ(y))_+ ≤ (f(y) − f_λ(y))_+ ≤ |f(y) − f_λ(y)| since x ∈ ψ (f)

and, hence, ρ_1 (f_λ, f; G_x, x) ≤ sup_{y∈G} |f_λ(y) − f(y)| ≤ D_λ . Further, ρ_2 (f_λ, f; X , x) ≤ |f_λ(x) − f(x)| ≤ sup_{y∈G} |f_λ(y) − f(y)| ≤ D_λ . The distance of the optimal solution can be estimated using the following theorem.

Theorem 3 Let f, f_λ ∈ LSC(X ) for each λ ∈ Λ, sup_{K∈K(X )} inf_{y∉K} inf_{λ∈Λ} f_λ(y) > φ (f), G_x be a given base at each point x ∈ X and u : R → R be increasing continuous. Let lim_{G∈Gx} lim sup_{λ∈Λ} ρ_1 (u ∘ f_λ, u ∘ f; G, x) = 0 for each x ∈ X , lim_{λ∈Λ} ρ_2 (u ∘ f_λ, u ∘ f; G, x) = 0 for each x ∈ X , G ∈ G_x .

Let us consider a given function d : ⋃ x∈X (G_x × {x}) → [0, +∞). Suppose, we have functions β : [0, +∞) → [0, +∞), γ : [0, +∞) × Λ → [0, +∞), λ_0 ∈ Λ, an open set Q ⊃ ψ (f) and G_{x,λ} ∈ G_x for each x ∈ Q, λ ≥ λ_0, such that G_{x,λ} ∩ ψ (f) ≠ ∅, u ∘ f(x) − u ∘ φ (f) ≥ β (d (G_{x,λ}; x)) , u ∘ f(x) − u ∘ φ (f) − u ∘ f_λ(x) + u ∘ φ (f_λ) ≤ γ (d (G_{x,λ}; x) ; λ) for each x ∈ Q, λ ≥ λ_0.

Then lim_{λ∈Λ} φ (f_λ) = φ (f) and there exist λ_G ∈ Λ for any G ∈ G(X ) with ψ (f) ⊂ G such that ψ (f_λ) ⊂ G for each λ ≥ λ_G, consequently Ls_{λ∈Λ} ψ (f_λ) ⊂ ψ (f). The set ψ (f) is a non-empty compact and there is λ_1 ∈ Λ such that ψ (f_λ) is a non-empty compact for each λ_1 ≤ λ ∈ Λ. Moreover, there is λ_2 ∈ Λ such that β (d (G_{x,λ}; x)) ≤ γ (d (G_{x,λ}; x) ; λ) for each x ∈ ψ (f_λ), λ ≥ λ_2.

Proof: According to the proposition 2, the net of functions epi-convergences and, consequently, the assumptions of the theorem 1 are fulfilled. Therefore, almost all assertions of the theorem are contained in the theorem 1 and we have to show the estimate for the function d, only.

There is λ_2 ∈ Λ such that ψ (f_λ) ⊂ Q for each λ ≥ λ_2. Taking x ∈ ψ (f_λ), λ ≥ λ_2, we receive the estimate 0 = u ∘ f(x) − u ∘ φ (f) − ( u ∘ f(x) − u ∘ φ (f) − u ∘ f_λ(x) + u ∘ φ (f_λ) ) ≥ ≥ β (d (G_{x,λ}; x)) − γ (d (G_{x,λ}; x) ; λ) .

The received estimate coincides with the statement of the theorem. Q.E.D.

The additional assumptions of the theorem are realistic. The function β represents so called ”growth condition” on the limit function. Such a condition is probably almost necessary. The second assumption of the theorem 3 can be fulfilled, for example, using ’Lipschitz norm’ Lip (g; A) = inf {L ∈ [0, +∞] : |g(x) − g(y)| ≤ Lγ (d (G; x)) , x ∈ A, G ∈ G_x, y ∈ G} . Let Q ⊃ ψ (f) be an open set and λ_0 ∈ Λ be such that Q ⊃ ψ (f_λ) for each λ ≥ λ_0. Taking x ∈ Q, G ∈ G_x, G ⊂ Q and x̂ ∈ ψ (f) ∩ G, we receive the estimate u ∘ f(x) − u ∘ φ (f) − u ∘ f_λ(x) + u ∘ φ (f_λ) ≤ ≤ u ∘ f(x) − u ∘ f(x̂) + u ∘ f_λ(x̂) − u ∘ f_λ(x) ≤ Lip (u ∘ f_λ − u ∘ f; Q) γ (d (G; x)) .

3 Metric spaces

This chapter is written to show the meaning of the theorem 3. Let X be a metric space with the metric ρ. We take the collection of closed balls V (x, ε) = {y ∈ X : d(x, y) ≤ ε} for ε > 0 as the base at the point x and d (V (x, ε) ; x) = ε. Further, we employ the excess of the set A over the set B given by excess(A, B) = sup_{a∈A} inf_{b∈B} ρ(a, b).

Theorem 4 Let f, f_λ ∈ LSC(X ) for each λ ∈ Λ, sup_{K∈K(X )} inf_{y∉K} inf_{λ∈Λ} f_λ(y) > φ (f) and u : R → R be increasing continuous. Let

lim_{ε→0+} lim sup_{λ∈Λ} ρ_1 (u ∘ f_λ, u ∘ f; V (x, ε) , x) = 0 for each x ∈ X ,

lim_{λ∈Λ} ρ_2 (u ∘ f_λ, u ∘ f; V (x, ε) , x) = 0 for each x ∈ X , ε > 0 .

Suppose, we have functions β, γ : [0, +∞) → [0, +∞), λ_0 ∈ Λ and an open set Q ⊃ ψ (f) such that u ∘ f(x) − u ∘ φ (f) ≥ β (excess({x}, ψ (f))) , u ∘ f(x) − u ∘ φ (f) − u ∘ f_λ(x) + u ∘ φ (f_λ) ≤ γ (excess({x}, ψ (f)) ; λ) for each x ∈ Q, λ ≥ λ_0.

Then lim_{λ∈Λ} φ (f_λ) = φ (f) and there exist λ_G ∈ Λ for any G ∈ G(X ) with ψ (f) ⊂ G such that ψ (f_λ) ⊂ G for each λ ≥ λ_G, consequently Ls_{λ∈Λ} ψ (f_λ) ⊂ ψ (f). The set ψ (f) is a non-empty compact and there is λ_1 ∈ Λ such that ψ (f_λ) is a non-empty compact for each λ_1 ≤ λ ∈ Λ. Moreover, there is λ_2 ∈ Λ such that

β (excess(ψ (f_λ) , ψ (f))) ≤ γ (excess(ψ (f_λ) , ψ (f)) ; λ)

for each λ ≥ λ_2.

Proof: The assertion is a easy consequence of the theorem 3. It is sufficient to set G_{x,λ} = V (x, excess({x}, ψ (f))) and d (V (x, ε) ; x) = ε and consider that always there is a point x ∈ ψ (f_λ) such that excess({x}, ψ (f)) = excess(ψ (f_λ) , ψ (f)).

Q.E.D.

4 Example

Let us give a simple example illustrating the subject. Consider the functions f_n(x) = (x − α_n)^2 + β_n, n ∈ N and f(x) = x^2, where α_n → 0 and β_n → 0.

Evidently, f, f_n are l.s.c. and φ (f_n) = β_n, ψ (f_n) = {α_n}, φ (f) = 0, ψ (f) = {0}. Our ’measures’ are ρ_1 (f_n, f; [x − ε, x + ε], x) = ( x^2 − (|x − α_n| − ε)^2 − β_n ) + if |x − α_n| > ε, ( x^2 − β_n ) + if |x − α_n| ≤ ε and ρ_2 (f_n, f; [x − ε, x + ε], x) ≤ |f(x) − f_n(x)| = |x^2 − (x − α_n)^2 − β_n| .

lim n→+∞ ρ1 (fn, f; [x − ε, x + ε], x) = { x^2 − (|x| − ε)^2 if |x| > ε, x^2 if |x| ≤ ε, Hence, lim_{ε→0+} lim sup n→+∞ ρ_1 (f_n, f; [x − ε, x + ε], x) = 0 ∀x ∈ R, lim n→+∞ ρ2 (fn, f; [x − ε, x + ε], x) = 0 ∀x ∈ R, ε > 0. Consequently, the functions f_n epi-converges to f.

Accordingly to the theorem 2, we have |φ (f_n) − φ (f) | ≤ |β_n| for each n ∈ N since

sup_{t>0} inf_{|y|>t} inf_{n∈} N f_n(y) ≥ sup_{t≥2A} ( 1 4 t^2 + inf_{n∈} N β_n ) = +∞ , where A = sup_{n∈} N |α_n| , ρ_1 (f_n, f; [−ε, ε], 0) ≤ max { (−(|α_n| − ε)^2 − β_n)_+, (−β_n)_+ } = (β_n)_− ,

ρ_2 (f_n, f; R, 0) ≤ |f(0) − f_n(α_n)| = |β_n|

for each n ∈ N and ε > 0.

Accordingly to the theorem 3, we have excess(ψ (f_n) , ψ (f)) ≤ 2|α_n| for each n ∈ N since f(x) − φ (f) = x^2 = ( excess({x}, ψ (f)) )2 , f(x) − φ (f) − f_n(x) + φ (f_n) = x^2 − (x − α_n)^2 = 2α_nx − α^2_n ≤ 2|α_n|excess({x}, ψ (f))

for each n ∈ N and each x ∈ R. Here, β(t) = t^2 and γ(t, n) = 2|α_n|t are the functions assumed in the theorem 3.

Now, we are interested in behavior of the Δ_n-optimal sets

ψ (f_n, Δ_n) = {x ∈ R : f_n(x) ≤ φ (f_n) + Δ_n} ,

provided 0 ≤ Δ_n < +∞ and Δ_n → Δ < +∞.

Let us define g(x) = max {f(x), φ (f) + Δ} and g_n(x) = max {f_n(x), φ (f_n) + Δ_n}. Then our ’measures’ are

ρ_1 (g_n, g; [x − ε, x + ε], x) =

( x^2 − (|x − α_n| − ε)^2 − β_n ) + if |x − α_n| > ε + √ Δ_n and |x| > √ Δ, ( x^2 − Δ_n − β_n ) + if |x − α_n| ≤ ε + √ Δ_n and |x| > √ Δ, ( Δ − (|x − α_n| − ε)^2 − β_n ) + if |x − α_n| > ε + √ Δ_n and |x| ≤ √ Δ, ( Δ − Δ_n − β_n ) + if |x − α_n| ≤ ε + √ Δ_n and |x| ≤ √ Δ, and ρ_2 (g_n, g; [x − ε, x + ε], x) ≤ |g(x) − g_n(x)| =

= |x^2 − (x − α_n)^2 − β_n| if |x − α_n| > √ Δ_n, |x| > √ Δ, |x^2 − Δ_n − β_n| if |x − α_n| ≤ √ Δ_n, |x| > √ Δ, |Δ − (x − α_n)^2 − β_n| if |x − α_n| > √ Δ_n, |x| ≤ √ Δ, |Δ − Δ_n − β_n| if |x − α_n| ≤ √ Δ_n, |x| ≤ √ Δ.

Hence,

lim n→+∞ ρ1 (gn, g; [x − ε, x + ε], x) = x^2 − (|x| − ε)^2 if |x| > ε + √ Δ, x^2 − Δ if √ Δ < |x| ≤ ε + √ Δ, 0 if |x| ≤ √ Δ, Hence, lim_{ε→0+} lim sup n→+∞ ρ_1 (g_n, g; [x − ε, x + ε], x) = 0 ∀x ∈ R, lim n→+∞ ρ2 (gn, g; [x − ε, x + ε], x) = 0 ∀x ∈ R, ε > 0. Consequently, the functions g_n epi-converges to g.

Accordingly to the theorem 2, we have |φ (g_n) − φ (g) | ≤ |Δ − Δ_n − β_n| for each n ∈ N since sup_{t>0} inf_{|y|>t} inf_{n∈} N g_n(y) ≥ sup_{t≥2A} ( 1 4 t^2 + inf_{n∈} N β_n ) = +∞ , where A = sup_{n∈}N { |α_n| + √ Δ_n } , ρ_1 (g_n, g; [−ε, ε], x) ≤ (Δ − Δ_n − β_n)_+ ,

ρ_2 (g_n, g; R, x) ≤ |g(x) − g_n(α_n)| = |Δ − Δ_n − β_n|

for each n ∈ N , x ∈ ψ (g), i.e. |x| ≤ √ Δ, and ε > 0.

Estimating the excess between the sets of optimal solutions we have to establish the functions β and γ required in the theorem 4. Let x ∉ ψ (g), i.e. |x| > √ Δ and excess({x}, ψ (g)) = |x| − √ Δ. That we have

g(x) − φ (g) = x^2 − Δ = β(excess({x}, ψ (g))) ,

where β(t) = t^2 + 2t √ Δ. The other difference is

g(x) − φ (g) − g_n(x) + φ (g_n) = { x^2 − Δ if |x − α_n| ≤ √ Δ_n, x^2 − (x − α_n)^2 − Δ + Δ_n if |x − α_n| > √ Δ_n.

Hence, we estimate g(x) − φ (g) − g_n(x) + φ (g_n) ≤ { x^2 − Δ if ||x| − |α_n|| ≤ √ Δ_n, x^2 − (|x| − |α_n|)^2 − Δ + Δ_n if ||x| − |α_n|| > √ Δ_n, and g(x) − φ (g) − g_n(x) + φ (g_n) ≤ { x^2 − Δ if |x| ≤ |α_n| + √ Δ_n, 2|x||α_n| − Δ + Δ_n if |x| > |α_n| + √ Δ_n.

Consequently, g(x) − φ (g) − g_n(x) + φ (g_n) ≤ γ(excess({x}, ψ (g)) , n) , where γ(t, n) = t^2 + 2t √ Δ if 0 ≤ t ≤ max { 0, |α_n| + √ Δ_n − √ Δ } , 2t|α_n| + 2|α_n| √ Δ − Δ + Δ_n if t > max { 0, |α_n| + √ Δ_n − √ Δ } .

Accordingly to the theorem 4, we have

β(excess(ψ (g_n) , ψ (g))) ≤ γ(excess(ψ (g_n) , ψ (g)) , n)

and solving this inequality we get

excess(ψ (g_n) , ψ (g)) ≤ max { 0, |α_n| + √ Δ_n − √ Δ, |α_n| + √ Δ_n + α^2_n − √ Δ } = = max { 0, |α_n| + √ Δ_n + α^2_n − √ Δ } ≤ max { 0, 2|α_n| + √ Δ_n − √ Δ }

for each n ∈ N .

5 Appendix

The appendix is giving a list of the notation used in the paper. We combine the notations used in [10] and in [5].

Let X be a topological space. The set of all open (resp. closed, compact) sets is denoted G(X ) (resp. F(X ), K(X )). The collection of sets G ⊂ G(X ) is called the (topological) base if each open set of X can be written as the union of the sets belonging to G. The collection of sets G ⊂ G(X ) is called the (topological) subbase if the collection of all finite intersections of the sets from G forms the (topological) base. The collection of sets G_x ⊂ exp X is called the (topological) base at the point x ∈ X if each set from G_x contains an open set containing the point x and each open set containing the point x contains a set from G_x. The space X is called first countable provided a countable base at each point of X . The space X having a countable base is called separable.

We say the set Λ = (Λ, ≤) is directed provided the relation ≤ is reflexive (i.e. λ ≤ λ), transitive (i.e. λ_1 ≤ λ_2 & λ_2 ≤ λ_3 ⇒ λ_1 ≤ λ_3) and for each pair λ_1, λ_2 ∈ Λ there exists λ_3 ∈ Λ with λ_1 ≤ λ_3 and λ_2 ≤ λ_3.

Let X be a non-empty set. A net in a set X based on a directed set Λ is a function a : Λ → X. We use the notation < a_λ >_{λ∈Λ}.

Let X be a topological space and < a_λ >_{λ∈Λ} be a net in X . We say the net < a_λ >_{λ∈Λ} converges to the point a ∈ X , provided λ_G ∈ Λ for each G ∈ G(X ), a ∈ G such that a_λ ∈ G for each λ_G ≤ λ ∈ Λ. Traditional notation is lim_{λ∈Λ} a_λ = a. Treating the net in generalized real line R, we use lim sup_{λ∈Λ} a_λ = lim_{λ∈Λ} sup_{λ≤ϕ∈Λ} a_ϕ and lim inf_{λ∈Λ} a_λ = lim_{λ∈Λ} inf_{λ≤ϕ∈Λ} a_ϕ. Treating the function f from a topological space X to R we use lim inf_{y→x} f(y) = lim_{G∈Gx} inf_{y∈G} f(y), lim sup_{y→x} f(y) = lim_{G∈Gx} sup_{y∈G} f(y), the result is, of course, independent on the choice of the bases at the point x. In the case lim sup coincides with lim inf we set lim_{y→x} f(y) = lim sup_{y→x} f(y) = lim inf_{y→x} f(y).

Let X be a topological space and < A_λ >_{λ∈Λ} be a net of the subsets of X . We say the point x ∈ X is the limit point of < A_λ >_{λ∈Λ} if for each G ∈ G(X ), x ∈ G there is λ_G ∈ Λ such that G ∩ A_λ ≠ ∅ for each λ_G ≤ λ ∈ Λ. The set of all limit points is denoted Li_{λ∈Λ} A_λ.

We say the point x ∈ X is the cluster point of < A_λ >_{λ∈Λ} if for each G ∈ G(X ), x ∈ G and each λ ∈ Λ there is ϕ ∈ Λ, λ ≤ ϕ such that G ∩ A_ϕ ≠ ∅. The set of all cluster points is denoted Ls_{λ∈Λ} A_λ.

We declare < A_λ >_{λ∈Λ} Kuratowski-Painlevé convergent to A ⊂ X , we write A = K-lim_{λ∈Λ} A_λ, provided Li_{λ∈Λ} A_λ = Ls_{λ∈Λ} A_λ = A. Recall the set A must be closed since Li_{λ∈Λ} A as well as Ls_{λ∈Λ} A are always closed.

References

[1] H. Attouch. Variational Convergence of Functions and Operators. Pitman, London, 1984.

[2] H. Attouch and R.J-B. Wets. Quantitative stability of variational systems. I: The epigraphical distance. Trans.Amer.Soc. 328, 695–729, 1991.

[3] H. Attouch and R.J-B. Wets. Quantitative stability of variational systems. II: A framework for nonlinear conditioning. SIAM J. Optimization 3, 359–381, 1993.

[4] H. Attouch and R.J-B. Wets. Quantitative stability of variational systems. III: εapproximate solutions. Math.Prog. 61, 197–214, 1993.

[5] G. Beer. Topologies on Closed and Closed Convex Sets. Kluwer Academic Publishers, Dordrecht, 1993.

[6] A.J. King and R.J-B. Wets. Epi-consistency of convex stochastic programs. Stochastics and Stochastics Reports 34, 259–260, 1991.

[7] S.M. Robinson. Local epi-continuity and local optimization. Math. Programming 37, 208–222, 1987.

[8] R.T. Rockafellar and R.J-B. Wets. Variational Analysis. Springer, New York, 1998.

[9] G. Salinetti and R.J-B. Wets. On the convergence of sequence of convex sets in finite dimensions. SIAM Review 21, 18–33, 1979.

[10] F. Topsøe. Topology and Measures. Lecture Notes in Math. 133., Springer, Berlin, 1970.

[11] R.J-B. Wets. Constrained estimation: Consistency and asymptotics. Appl. Stochastic Models Data Anal. 7, 17–32, 1991.

Petr Lachout:

Department of Probability Theory and Mathematics Statistics, Charles University of Prague, Sokolovská 83, CZ-186 00 Praha 8, Czech Republic

Institute of Information Theory and Automation, Czech Academy of Sciences, Pod vodárenskou věží 4, CZ-182 08 Praha 8, Czech Republic