Asymptotic behaviour of solutions of semilinear hyperbolic systems in arbitrary domains

F.Jochmann Institut für angewandte Mathematik, Humboldt Universität Berlin Unter den Linden 6 10099 Berlin

Abstract:

In this paper the long time asymptotic behavior of solutions of semilinear symmetric hyperbolic system including Maxwell’s equations and the scalar wave-equation in an arbitraty domain are investigated. The possibly nonlinear damping term may vanish on a certain subset of the domain. It is shown that the solution decays weakly to zero if and only if the initial-state is orthogonal to all stationary states. In the case that the nonlinear damping is in addition montone, also strong local L^q-convergence is shown. AMS: 35B40, 35Q60, 35L05, 35L40, 78A35.

1 Introduction

The subject of this paper the long time asymptotic behavior of solutions of semilinear hyperbolic systems of the form

∂_tE = E^{(1)} · [( 3 ∑ k=1 H^∗_k ∂_kF ) − S(t, x, E) ] , (1.1)

∂_tF = E^{(2)} · 3∑ k=1 H_k∂_kE, (1.2)

with the initial-condition

E(0, x) = E_0(x), F(0, x) = F_0(x). (1.3)

Here E ∈ C([0, ∞), L^2(Ω, IR^M )) and F ∈ C([0, ∞), L^2(Ω, IR^N )) are the unknown functions depending on the time t ≥ 0 and the space-variable x ∈ Ω. Ω ⊂ IR^3 is an arbitrary domain. H_k ∈ IR^{N×M} are constant matrices, E^{(1)} ∈ L^∞(Ω, IR^{M×M} ) and E^{(2)} ∈ L^∞(Ω, IR^{N×N} ) are positive symmetric variable matrices, which depend on the space-variable x ∈ Ω and satisfy E^{(1)} = 1 and E^{(2)} = 1 on Ω_0^{def}= Ω \ G with some subset G ⊂ Ω.

The generally nonlinear function S : [0, ∞) × Ω × IR^M → IR^M satisfies

S(t, x, y) = 0 for all x ∈ Ω_0 = Ω \ G

and S(t, x, 0) = 0 for all x ∈ Ω, t ∈ (0, ∞).

That meams that the damping-term S(t, x, E) is only present on a certain subset G ⊂ Ω. The following coerciveness-assumption is imposed. yS(x, y) ≥ γ(x) min {|y|^p, |y|} for all y ∈ IR^M , x ∈ G. Here p ∈ [2, ∞) and γ ∈ L^∞(G) is a positive function on G, which does not necessarily have a uniform positive lower bound on G.

This means that S(t, x, y) is allowed to be bounded as |y| → ∞ and |S(t, x, y)| behaves like |y|^{p−1} for small |y|. For example S(t, x, E)^{def}= γ(x)|E|^q(1 + |E|^q)^{−1}E with q ∈ [0, ∞) is possible.

A domain D(B) ⊂ L^2(Ω, IR^{M+N} ) containing C^∞_0 (Ω, IR^{M+N} ) is chosen, such that the operartor

B(E, F)^{def}= ( E^{(1)} ( 3 ∑ k=1 H^∗_k ∂_kF ) , E^{(2)} ( 3 ∑ k=1 H_k∂_kE ))

is skew-adjoint on D(B), i.e. B^∗ = −B with respect to a weighted scalar-product. The choice of D(B) involves boundary-conditions on ∂Ω supplementing 1.1-1.2.

A physically important example for this system are Maxwell’sequations describing the propagation of the electromagnetic field

ε∂_tE = curl H − S(t, x, E), and μ∂_tH = − curl E, (1.4)

supplemented by the initial-boundary conditions

⃗n ∧ E = 0 on (0, ∞) × Γ_1, ⃗n ∧ H = 0 on (0, ∞) × Γ_2, (1.5)

E(0, x) = E_0(x), H(0, x) = H_0(x). (1.6)

In 1.5 Γ_1 ⊂ ∂Ω and Γ_2^{def}= ∂Ω\Γ_1. E, H denote the electric and magnetic field respectively which depend on the time t ≥ 0 and the space-variable x ∈ Ω and S(t, x, E) describes a possibly nonlinear resistor. The dielectric and magnetic susceptibilities ε, μ ∈ L^∞(Ω) are assumed to be uniformly positive.

For 1.4, 1.5 the operator B is defined in the space X^{def}= L^2(Ω, CI^6) by

B(E, F)^{def}= (ε^{−1} curl F, −μ^{−1} curl E) for (E, F) ∈ D(B)^{def}= W_E × W_H .

Here W_H is the closure of C^∞_0 (IR^3 \ Γ_2, CI^3) in H_{curl}(Ω), where H_{curl}(Ω), is the space of all E ∈ L^2(Ω, CI^3) with curl E ∈ L^2(Ω).

W_E denotes the set of all E ∈ H_{curl}(Ω), such that ∫ Ω E curl F − F curl Edx = 0 for all F ∈ W_H , which includes a weak formulation of the boundary-condition ⃗n ∧ E = 0 on Γ_1, see [5].

Another example for 1.1-1.2 is the first-order system corresponding to the initialboundary-value-problem of the scalar wave-equation with nonlinear damping, see [3], [4], [7].

∂^2_t φ = div (E∇φ) − S(x, ∂_tφ) (1.7) supplemented by the initial-boundary-onditions

φ = 0 on (0, ∞) × ∂Ω (1.8) φ(0, x) = f_0(x) and ∂_tφ(0, x) = f_1(x) (1.9)

for initial-data f_0 ∈^0H^1 (Ω) and f_1 ∈ L^2(Ω). Here E ∈ L^∞(Ω, IR^{3×3}) is a symmetric matrix-valued function satisfying E = 1 on Ω_0 = Ω \ G. Note that u^{def}= (∂_tφ, E∇φ) ∈ C([0, ∞), L^2(Ω, IR^4)) solves the system

∂_tu = ( div (u_2, .., u_4), E∇u_1) − (S(t, x, u_1), 0, 0, 0) (1.10) which is of the form 1.1-1.3.

The set N of stationary states for 1.1-1.3 is the set of all u ∈ D(B) with Bu + F (t, u) = 0 for all t ≥ 0, where the nonlinear operator F : (0, ∞) × X → X is defined by

F (t, u)^{def}= − ( E^{(1)}S(t, ·, u_1(·)), 0 ) . From the assumptions on S it follows

{(E, F) ∈ ker B : E = 0 on G} ⊂ N .

Conversely assume u = (E, F) ∈ D(B) with Bu + F (t, u) = 0. Since B is skew-adjoint this yields 0 =< u, Bu >_X = − < u, F (t, u) >_X = ∫ Ω uS(t, x, E)dx which implies E = 0 on G by the coerciveness assumption. Hence the set of stationary states is given by N = {(E, F) ∈ ker B : E = 0 on G}.

The aim of this paper is to show

(E(t), F(t))^{t→∞}−→ 0 in L^2(Ω) weakly (1.11) if and only if the initial-data (E_0, F_0) ∈ L^2(Ω) obey ∫ Ω ( E^{(1)−1}E_0e + E^{(2)−1}F_0f ) dx = 0 for all (e, f) ∈ N . (1.12)

In the case of Maxwell’s equations 1.4-1.6 the condition 1.12 on (E_0, F_0) implies

div (εE_0) = 0 on Ω_0 and div (μH_0) = 0 on Ω (1.13)

since N contains all elements of the form (∇φ, ∇ψ) with φ ∈ C^∞_0 (Ω_0) and ψ ∈ C^∞_0 (Ω).

The proof of 1.11 is based on a suitable modification of the approach in [3], [11] for the case that the operator B does not necessarily have purely discrete spectrum. The basic idea is to show that for each f ∈ C^∞_0 (IR \ {0}) and g ∈ ω_0(E_0, F_0) the function f(iB)g is real-analytic and vanishes on G, where ω_0(E_0, F_0) denotes the ω-limit-set with respect to the weak topology of the orbit belonging to the initial-state (E_0, F_0). This implies f(iB)g = 0 for all f ∈ C^∞_0 (IR \ {0}) and hence g ∈ ker B. (Here the operator f(iB) can be defined by the spectral-theorem, since iB is self-adjoint in L^2(Ω, CI^{M+N} ).)

If S is independent of t and monotone with respect to E strong L^r-convergence is shown, i.e.

||E(t)||_Lr_{(K)}+||F(t)||_L2_{(K)}^{t→∞}−→ 0 for all 1 ≤ r < 2, and compact sets K ⊂ Ω(1.14)

if the initial-data (E_0, F_0) ∈ L^2(Ω) obey condition 1.12.

Finally 1.11 is used to prove that the solution the wave-equation 1.7-1.8 in an arbitrary domain Ω ⊂ IR^3 decays with respect to the energy-norm on each bounded subdomain of Ω. The case of a bounded domain has been considered in [3] and [11]. Here the domain Ω

is not necessarily bounded. For all R ∈ (0, ∞), f_0 ∈^0H^1 (Ω)) and f_1 ∈ L^2(Ω)) it is shown that ( ||∇φ(t)||_L2_{(Ω∩BR)} + ||∂_tφ(t)||_L2_{(Ω∩BR)} ) t→∞ −→ 0. 2 Notation, Assumptions

For an arbitrary open set K ⊂ IR^3 the space of all infinitely differentiable functions with compact support contained in K is denoted by C^∞_0 (K).

Let Ω ⊂ IR^3 be a (connected) domain and let Ω_0 ⊂ Ω be an open subset, such that G^{def}= Ω \ Ω_0 has nonempty interior. The variable matrices E^{(1)} ∈ L^∞(Ω, IR^{(M×M)}) and E^{(2)} ∈ L^∞(Ω, IR^{(N×N)}) assumed to be symmetric and uniformly positive in the sense that

y^⊥ · E^{(1)}(x)y ≥ c_0|y|^2 and z^⊥ · E^{(2)}(x)z ≥ c_0|z|^2 (2.15)

for all x ∈ Ω, y ∈ IR^M and z ∈ IR^N with some c_0 ∈ (0, ∞) independent of x, y, z. Next,

E^{(1)}(x) = 1 and E^{(2)}(x) = 1 for all x ∈ Ω_0 = Ω \ G. (2.16)

The assumptions on S : [0, ∞) × Ω × IR^M → IR^M are the following.

S(t, x, y) = 0 if x ∈ Ω_0 = Ω \ G, (2.17) S(·, ·, y) measurable for fixed y ∈ IR^M , (2.18) and Lipschitz-continuous, i.e. there exists L ∈ (0, ∞), such that

|S(t, x, y) − S(t, x, ỹ)| ≤ L|y − ỹ| for all y, ỹ ∈ IR^M and x ∈ Ω. (2.19) |S(t, x, y)|^2 ≤ C_0 < y, S(t, x, y) > for all t ≥ 0, x ∈ G, y ∈ IR^M (2.20) with some C_0 ∈ (0, ∞). Moreover,

yS(x, y) ≥ γ(x) min {|y|^p, |y|} for all y ∈ IR^M , x ∈ G. (2.21) Here γ ∈ L^∞(G) with γ > 0 and p ∈ [2, ∞). The function γ does not necessarily have a uniform positive lower bound on G. It follows from the two latter assumptions that S(t, x, y) = 0 if and only if y = 0 for all x ∈ G.

In the sequel L^q_γ (K) denotes for a measurable subset K ⊂ G the weighted L^q-space endowed with the norm ||u||_L^q_{γ(K)}^{def}= (∫ K |u|^qγdx )1/q

where q ∈ [1, ∞) and γ as in 2.21.

The matrices H_j ∈ IR^{N×M} obey the following algebraic condition, which is fulfilled in the examples 1.4-1.6 and 1.7-1.9. ( 3 ∑ k=1 ξ_kH_k ) ( 3 ∑ k=1 ξ_kH^∗_k ) ( 3 ∑ k=1 ξ_kH_k ) = |ξ|^2 ( 3 ∑ k=1 ξ_kH_k ) for all ξ ∈ IR^3 (2.22)

Let W_0 ⊂ L^2(Ω, CI^M ) be the space of all e ∈ L^2(Ω, CI^M ) with ∑3 k=1 ∂_k(H_ke) ∈ L^2(Ω) in the sense of distributions endowed with the norm

||e||^2_{W0}^{def}= ||e||^2_L2 + || 3∑ k=1 ∂_k(H_ke)||^2_L2 .

Furthermore, let D(A) with C^∞_0 (Ω, CI^M ) ⊂ D(A) be closed subspace of W_0 with respect to the above norm and

Ae^{def}= 3∑ k=1 ∂_k(H_ke) for e ∈ D(A). (2.23)

Then the adjoint operator A^∗ obeys C^∞_0 (Ω, CI^N ) ⊂ D(A^∗) and

A^∗F = − 3∑ k=1 ∂_k(H^∗_k F) for all F ∈ D(A^∗). (2.24)

For a vector w ∈ CI^{M+N} we denote by w_1 the first M and by w_2 the last N components of w.

Now, the following operators are defined. Let D(B_0)^{def}= D(A) × D(A^∗) and

B_0w^{def}= (−A^∗w_2, Aw_1) for w ∈ D(B_0) = D(A) × D(A^∗).

Next, B^{def}= EB_0 with E^{def}= diag (E^{(1)}, E^{(2)}), i.e. D(B)^{def}= D(B_0) and

Bw^{def}= EB_0w = ( −E^{(1)}A^∗w_2, E^{(2)}Aw_1 ) (2.25)

for w ∈ D(B). It turns out that B is a densely defined skew self-adjoint operator in the Hilbert-space X^{def}= L^2(Ω, CI^{M+N} ) endowed with the scalar-product

< F, G >_X^{def}= ∫ Ω E^{−1}FGdx This follows from the closedness of A, which implies that A^{∗∗} = A = A. (It is advantageous for following considerations to consider a complex space X. But whenever the S(t, x, E) occurs in an equation, the function E is of course assumed to be real-valued.)

Now, let N be the set of all a ∈ ker B with a_1(x) = 0 for all x ∈ G. Moreover, let X^{0 def}= N^⊥ be the space of all w ∈ X with < u, w >_X = 0 for all u ∈ N .

For w ∈ L^2(Ω, IR^{M+N} ) a function u ∈ C(IR, X) is called a weak soution to the problem 1.1-1.3, if d dt ⟨u(t), a⟩_X = −⟨u(t), Ba⟩_X + ⟨F (t, u(t)), a⟩_X for all a ∈ D(B) (2.26)

Here F : (0, ∞) × X → X is defined by

F (t, u)^{def}= − ( E^{(1)}S(t, ·, u_1(·)), 0 ) . 2.26 is equivalent to the variation of constant formula

u(t) = exp (tB)w + ∫ t 0 exp ((t − s)B)F (s, u(s))ds (2.27)

where (exp (tB))_{t∈IR} is the unitary group generated by B. Since F (t, ·) is assumed to be Lipschitz-continuous in X by assumption 2.19, it follows from a standard result that this integal-equation has a unique solution u ∈ C([0, ∞), X), see [8], ch.7.

2.27 yields the energy-estimate 1 2 d dt ||(t)||^2_X = ⟨F (t, u(t)), u(t)⟩_X = − ∫ G S(t, x, u(t)_1) · u(t)_1dx ≤ 0. (2.28)

In the sequel T (·)w ∈ C([0, ∞), X) denotes the unique solution to 1.1-1.3 in the sense of 2.26.

3 Weak convergence for t ! 1

In the following lemma it is shown in particular that T (·)w ∈ L^∞((0, ∞), X) , i. e. ||T (t)w||_X is bounded as t → ∞.

Lemma 1 Suppose w ∈ X and u(t)^{def}= T (t)w. Then ∫ ∞ 0 ⟨u(t), F (t, u(t))⟩dt + ||u(t)||^2_X ≤ ||w||^2_X, (3.29) ∫ ∞ 0 ||F (t, u(t))||^2_Xdt ≤ C_0||w||^2_X with some C_0 ∈ (0, ∞) independent of w. Moreover,

u_1 ∈ L^p((0, ∞), L^1_γ(K)) for all bounded measurable subsets K ⊂ G. (3.30) Proof: Let u(t) = (E(t), F(t))^{def}= T (t)w. By the assumptions 2.20 on S one has ||F (t, f)||^2_X ≤ C_0⟨F (t, f), f⟩ for all f ∈ X with some C_0 > 0 independent of f. Therefore, the energy-estimate 2.28 yields 1 2 d dt ||T (t)w||^2_X ≤ ⟨F (t, f), f⟩ ≤ −C^{−1}_0 ||F T (t)w||^2_X. This implies 3.29 by Gronwall’s lemma.

To prove 3.30 let f ∈ X and define a, b ∈ L^2((G, IR^M ) by a(x)^{def}= f_1(x) if |f_1(x)| ≤ 1 and a(x)^{def}= 0 if |f_1(x)| > 1. Moreover, b(x)^{def}= f_1(x) if |f_1(x)| > 1 and b(x)^{def}= 0 if |f_1(x)| ≤ 1.

Then it follows from assumption 2.21 that a(x)S(t, x, a(x)) ≥ γ(x)|a(x)|^p and b(x)S(t, x, b(x)) ≥ γ(x)|b(x)| for all x ∈ G. Hölder’s inequality yields

||f_1||_L1_{γ (K)} ≤ ||a||_L1_{γ (K)} + ||b||_L1_{γ (K)} (3.31) ≤ C_{K,1}||a||_L^p_{γ (K)} + ||b||_L1_{γ (K)} = C_{K,1} (∫ G |a(x)|^pγdx )1/p + ∫ G |b(x)|γdx ≤ C_{K,1} (∫ G a(x)S(t, x, a(x))dx )1/p + ∫ G b(x)S(t, x, b(x))dx ≤ C_{K,1} (∫ G f(x)S(t, x, f(x))dx )1/p + ∫ G f(x)S(t, x, f(x))dx = C_{K,1} (⟨f, F (t, f)⟩)^{1/p} + ⟨f, F (t, f)⟩ ≤ C_{K,2} ( 1 + ||f||^{2−2/p}_X ) (⟨f, F (t, f)⟩)^{1/p} Finally, the assertion follows from 3.29 and 3.31 2

Lemma 2 X^0 ∩ D(B^n) is dense in X^0 ∩ D(B^m) for all m, n ∈ IN with m < n. Proof:

Let w ∈ X^0 ∩ D(B^m) and define w_τ^{def}= τ^n(τ − B)^{−n}w ∈ D(B^n) for τ > 0. Then ||B^k(w_τ − w)||_X (3.32) = ||B^kw − [τ(τ − B)^{−1}]^nB^kw||_X^{τ→∞}−→ 0 for all k ∈ {0, 1, .., m}. Suppose a ∈ N . Then

< w_τ , a >_X =< w, τ^n(τ + B)^{−n}a >_X =< w, a >_X = 0. Hence w_τ ∈ X^0. By 3.32 the proof is complete. 2 Lemma 3 i) Δw = B^2_0 w on Ω for all w ∈ (ran B_0) ∩ D(B^2_0 ), in particular −Δe = A^∗Ae and −Δf = AA^∗f on Ω for all e ∈ (ran A^∗)∩D(A) and f ∈ (ran A)∩D(A^∗). with Ae ∈ D(A^∗) and A^∗f ∈ D(A).

ii) Δw = B^2w on Ω_0 = Ω \ G for all w ∈ X^0 ∩ D(B^2). Proof:

Let u ∈ C^∞_0 (Ω, CI^{M+N} ) ⊂ D(B^n_0 ) for all n ∈ IN. Then it follows from 2.22 using Fouriertransform that

F(B^3_0 u)_1(ξ) = −i 3∑ j=1 ξ_jH^∗_j ( 3 ∑ k=1 ξ_kH_k ) ( 3 ∑ l=1 ξ_lH^∗_l ) F(u_2)(ξ)

= −i|ξ|^2 ( 3 ∑ l=1 ξ_lH^∗_l ) F(u_2)(ξ)

Analogously,

F(B^3_0 u)_2(ξ) = −i|ξ|^2 ( 3 ∑ l=1 ξ_lH_l ) F(u_1)(ξ) and hence

B^3_0 u = B_0Δu for all u ∈ C^∞_0 (Ω, CI^{M+N} ). (3.33) Now, assume w ∈ (ran B_0) ∩ D(B^2_0 ), i.e. w = B_0v with some v ∈ D(B^3_0 ). Then ∫ Ω (B^2_0 w)udx = ⟨B^3_0 v, u⟩_L2 = ⟨w, B^3_0u⟩_L2

= ⟨v, B_0Δu⟩_L2 = ⟨w, Δu⟩_L2 = ∫ Ω wΔudx for all u ∈ C^∞_0 (Ω), which means B^2_0 w = Δw in the sense of distributions.

To prove ii) let w ∈ X^0 ∩ D(B^2). Suppose u ∈ C^∞_0 (Ω_0, CI^{M+N} ). and define ũ^{def}= (B^2_0 − Δ)u ∈ C^∞_0 (Ω_0, CI^{M+N} ) ⊂ D(B^n_0 ). Then 3.33 yields B_0ũ = 0 and hence ũ ∈ N . In particular 0 = ⟨w, ũ⟩, because w ∈ X^0. Since E = 1 on Ω_0, it follows Bũ = B_0ũ ∈ D(B) and ũ = (B^2 − Δ)u. With w ∈ X^0 and ũ ∈ N one obtains

0 = ⟨w, ũ⟩_X = ⟨w, B^2u⟩_X − ⟨w, Δu⟩_X = ⟨B^2w, u⟩_X − ⟨w, Δu⟩_X = ∫ Ω ( [B^2w]u − wΔu ) dx Since for all u ∈ C^∞_0 (Ω_0, CI^{M+N} ) is arbitrary, the assertion follows. 2 Remark 1 Due to the facts that generally E^{(j)} ≠ 1 and a_1 = 0 on G for all a ∈ N we have Δw_1 ≠ (B^2w)_1 on G for all w ∈ X^0 ∩ D(B^2) in general. For example is the case of Maxwell’s equations 1.4-1.6 all w ∈ X^0 ∩ D(B^2) obey (B^2w)_1 = −ε^{−1} curl (μ^{−1} curl w_1). The condition w ∈ X^0 implies div (εw_1) = 0 on Ω_0 and div (μw_2) = 0 on Ω, as mentioned in the introduction, but it does not provide any information on the divergence of w_1 on the set G, since a_1 = 0 on G for all a ∈ N .

In the next lemma it is shown that X^0 is an invariant space of T (t).

Lemma 4 i) < T (t)w, a >_X =< w, a >_X for all w ∈ X, a ∈ N and t ≥ 0. ii) T (t)w ∈ X^0 for all w ∈ X^0 and t ≥ 0.

Proof:

Suppose w ∈ X^0 and a ∈ N , that means a ∈ ker B and a_1 = 0 on G. Then 3.51 and 2.27 yield

< T (t)w, a >_X =< exp (tB)w − ∫ t 0 exp ((t − s)B)F (s, T (s)w)ds, a >_X =< w, exp (−tB)a >_X − ∫ t 0 < F (s, T (s)w), exp ((s − t)B)a >_X ds =< w, a >_X − ∫ t 0 < F (s, T (s)w), a >_X ds =< w, a >_X . Hence, i) is proved. ii) follows from i) and the definition X^{0 def}= N^⊥. 2

In the sequel let ω_0(w) denote the ω-limit-set of the solution T (·)w with respect to the weak topology of X, i.e. the set of all g ∈ X, such that there exists a sequence t_n^{n→∞}−→ ∞ with T (t_n)w^{n→∞}−→ g in X weakly, that means with < T (t_n)w, f >_X^{n→∞}−→< g, f >_X for all f ∈ X. Since the T (·)w ∈ L^∞((0, ∞), X) by lemma 1 the weak ω-limit-set ω_0(w) in nonempty for all w ∈ X.

Theorem 1 i) Let w ∈ X . Then ω_0(w) ⊂ N . Proof:

Let u(t)^{def}= T (t)w for t ∈ IR. Suppose g ∈ X and t_n^{n→∞}−→ ∞ with T (t_n)w^{n→∞}−→ g in X^0 weakly. Since

u(t_n + t) = exp (tB)u(t_n) + ∫ t_n+t tn exp ((t_n + t − τ)B)F u(τ)dτ, by 2.27, it follows from lemma 1, 3.29 that

||u(t_n + t) − exp (tB)u(t_n)||_X ≤ ∫ t_n+t tn ||F u(τ)||_Xdτ

≤ t^{1/2} (∫ t_n+t tn ||F u(τ)||^2_X dτ )1/2 n→∞−→ 0 for all t ∈ IR and hence

u(t_n + t)^{n→∞}−→ exp (tB)g in X weakly for all t ∈ IR. (3.34) Suppose χ ∈ C^∞_0 (IR) and define f^{def}= ∫ IR χ(t) exp (tB)gdt and f^{(n) def}= ∫ IR χ(t)u(t_n + t)dt Then 3.34 yields by the dominated convergence-theorem

⟨f^{(n)}, h⟩_X = ∫ IR χ(t)⟨u(t_n + t), h⟩_X dt n→∞−→ ∫ IR χ(t)⟨exp (tB)g, h⟩_X dt = ⟨f, h⟩_X for all h ∈ X , i.e. f^{(n) n→∞}−→ f weakly. In particular

f^{(n)}_1^{n→∞}−→ f_1 in L^2(G) ⊂ L^1_γ (K) weakly for all bounded K ⊂ G. (3.35) On the other hand it follows from lemma 1 iii) that ||f^{(n)}_1||_L1_{γ (K)} ≤ ||χ||_Lp�_{(IR)} (∫ b+tn a+tn ||u_1(t)||^p_L1_{γ (K)}dt )1/p n→∞−→ 0 (3.36) for all t ∈ IR. Here a, b ∈ IR with supp χ ⊂ (a, b). 3.35 and 3.36 yield

f_1 = 0 on K for all bounded K ⊂ G and all χ ∈ C^∞_0 (IR), where f^{def}= ∫ IR χ(t) exp (tB)gdt. This implies (exp (tB)g)_1 = 0 on G for all t ∈ IR. (3.37) Since iB is self-adjoint in X, f(iB) = ∫ IR f(λ)dE_λ can be defined by the spectral-theorem for a Borel-measurable function f : IR → CI. Here (E_λ)_{λ∈IR} denotes the family of spectralprojectors of iB. If f ∈ C^∞_0 (IR), then bounded operator f(iB) has the representation f(iB)u = ∫ IR f̂(t) exp (−tB)udt for all u ∈ X. (3.38)

Here f̂ denotes the Fourier-transform of f. To see this let u, v ∈ X. Then ⟨f(iB)u, v⟩ = ∫ IR f(λ)d⟨E_λu, v⟩ = (2π)^{−1/2} ∫ IR ∫ IR f̂(t) exp (itλ)dtd⟨E_λu, v⟩

= (2π)^{−1/2} ∫ IR f̂(t) ∫ IR exp (itλ)d⟨E_λu, v⟩dt = (2π)^{−1/2} ∫ IR f̂(t)⟨exp (−tB)u, v⟩dt

= (2π)^{−1/2}⟨ ∫ IR f̂(t) exp (−tB)udt, v⟩ Suppose f ∈ C^∞_0 (IR \ {0}). Then 3.37 and 3.38 yield

(f(iB)g)_1 = 0 on G. (3.39) Moreover, f̃(iB)g = Bf(iB)g = ( −E^{(1)}A^∗(f(iB)g)_2, E^{(2)}A(f(iB)g)_1 ) on Ω, (3.40) where f̃(λ) = λf(λ). In particular 3.39 and 3.40 yield in the case that f is replaced by g(λ)^{def}= λ^{−1}f(λ) ∈ C^∞_0 (IR \ {0}) that

(f(iB)g)_2 = E^{(2)}A(g(iB)g)_1 = 0 on G and hence by 3.39

f(iB)g = 0 on G (3.41)

Since E(x) = 1 on Ω \ G, 3.39 - 3.41 yield

B_0f(iB)g = B(f(iB)g) = f̃(iB)g for all f ∈ C^∞_0 (IR \ {0}) (3.42) with f̃(λ) = λf(λ).

In particular it follows by induction

f(iB)g ∈ ( ran B_0) ∩ D(B^n_0 ) with B^n_0 f(iB)g = B^n(f(iB)g) (3.43) for all f ∈ C^∞_0 (IR \ {0}) and n ∈ IN.

The aim of the following considerations is to show that f(iB)g is real analytic on Ω. This will be achieved by means of a local integral representation. Let f ∈ C^∞_0 (IR \ {0}) and choose χ ∈ C^∞_0 (IR \ {0}) with χ(λ) = 1 on supp f. Define F(t)^{def}= exp (−tB)χ(iB)g = (2π)^{−1/2} ∫ IR χ̂(ξ) exp ((−t − ξ)B)gdξ. Then 3.43 and lemma 3 i) yield

∂^2_t F(t) = B^2F(t) = B^2_0 F(t) = ΔF, (3.44) in particular

∂^n_t F = B^nF(·) ∈ L^∞(IR, L^2(Ω)) and Δ^nF = B^{2n}_0 F(·) = B^{2n}F(·) ∈ L^∞(IR, L^2(Ω)) for all n ∈ IN, which implies F ∈ C^∞(IR × Ω) and

∂^j_t ∂^αF ∈ L^∞(IR × K) for all compact K ⊂ Ω, j ∈ IN_0 and α ∈ IN^3_0 . (3.45) Suppose x_0 ∈ Ω and choose R > 0 with B_{2R} ⊂ Ω. Let K(x, ξ)^{def}= (4π|x|)^{−1}f̂(ξ − |x|) for ξ ∈ IR and x ∈ IR^3 Then 3.45 yields for all x ∈ B_{R/2}(x_0)

lim_{r→0} ∫ IR ∫ ∂Br(x) ⃗n(y) [K(x − y, ξ)∇_yF_j(ξ, y) (3.46) −F_j(ξ, y)∇_yK(x − y, ξ)] dS(y)dξ = (4π)^{−1} lim_{r→0} ( r^{−3} ∫ IR f̂(ξ − r) ∫ ∂Br(x) [⃗n(y)(x − y)]F_j(ξ, y)dS(y)dξ )

= ∫ IR f̂(ξ)F_j(ξ, x)dξ = ∫ IR f̂(ξ) (exp (−ξB)χ(iB)g)_j (x)dξ

= (2π)^{1/2}(f(iB)χ(iB)g)_j(x) = (2π)^{1/2}(f(iB)g)_j(x). For all x ∈ B_{R/2}(x_0) and all y ∈ B_{2R}(x_0) with y ≠ x one has by 3.44 div_y [K(x − y, ξ)∇_yF_j(ξ, y) − F_j(ξ, y)∇_yK(x − y, ξ)] = K(x − y, ξ)Δ_yF_j(ξ, y) − F_j(ξ, y)Δ_yK(x − y, ξ) = K(x − y, ξ)∂^2_ξ F_j(ξ, y) − F_j(ξ, y)∂^2_ξ K(x − y, ξ) = ∂_ξ [K(x − y, ξ)∂_ξF_j(ξ, y) − F_j(ξ, y)∂_ξK(x − y, ξ)] and hence ∫ IR ∫ ∂B_R(x0) ⃗n(y) [K(x − y, ξ)∇_yF_j(ξ, y) (3.47) −F_j(ξ, y)∇_yK(x − y, ξ)] dS(y)dξ − ∫ IR ∫ ∂Br(x) ⃗n(y) [K(x − y, ξ)∇_yF_j(ξ, y) − F_j(ξ, y)∇_yK(x − y, ξ)] dS(y)dξ

= ∫ IR ∫ B_R(x0)\Br (x) div_y [K(x − y, ξ)∇_yF_j(ξ, y) −F_j (ξ, y)∇_yK(x − y, ξ)] dydξ = ∫ B_R(x0)\Br (x) ∫ IR ∂_ξ [K(x − y, ξ)∂_ξF_j(ξ, y) −F_j (ξ, y)∂_ξK(x − y, ξ)] dξdy = 0, since K(x − y, ξ)^{|ξ|→∞}−→ 0 and ∂_ξK(x − y, ξ)^{|ξ|→∞}−→ 0, whereas F and ∂_ξF remains bounded as |ξ| → ∞ by 3.45 for fixed y ≠ x. Now, 3.46 and 3.47 yield for all x ∈ B_{R/2}(x_0)

(2π)^{1/2}(f(iB)g)_j(x) = ∫ IR ∫ ∂B_R(x0) ⃗n(y) [K(x − y, ξ)∇_yF_j(ξ, y) (3.48) −F_j(ξ, y)∇_yK(x − y, ξ)] dS(y)dξ Since f ∈ C^∞_0 (IR), there exists a constant C_1 ∈ (0, ∞) with

(1 + ξ^2)|f̂^{(k)}(ξ)| ≤ C^k_1 for all ξ ∈ IR and k ∈ IN.

Hence there exists a constant C_2 ∈ (0, ∞) with ∫ IR ∫ ∂B_R(x0) ( | d^k dτ^k K(x_0 + τη − y, ξ)|

+| d^k dτ^k (⃗n(y)∇_yK(x_0 + τη − y, ξ)) | ) dS(y)dξ ≤ C^k_2 k!|η|^k for all η ∈ IR^3 with |η| ≤ R/2, τ ∈ (−1, 1) and k ∈ IN . Now it follows from 3.45 and 3.48 and the previous estimate that there exists a constant C_3 ∈ (0, ∞) with

(k!)^{−1}| d^k dτ^k (f(iB)g) (x_0 + τη)| ≤ (C_3|η|)^k

for all η ∈ IR^3 with |η| ≤ R/2, τ ∈ (−1, 1) and k ∈ IN, which yields the analycity of f(iB)g. Next this analycity yields by 3.41 and the assumptions that G has nonempty interior and Ω is connected that

f(iB)g = 0 for all f ∈ C^∞_0 (IR \ {0}). (3.49)

Choose a sequence f_n ∈ C^∞_0 (IR \ {0}), n ∈ IN with |f_n(λ)| ≤ 1 and f_n(λ)^{n→∞}−→ 1 for λ ∈ IR \ {0} and f_n(0)^{n→∞}−→ 0. By the spectral-theorem 3.49 implies 0 = ⟨f_n(iB)g, g⟩_X^{n→∞}−→ ⟨(1 − P_{kerB})g, g⟩_X and hence g = P_{kerB}g ∈ ker B. Together with 3.37 this yields g ∈ N , which completes the proof. 2 Theorem 2 Suppose w ∈ X.

Then T (t)w^{t→∞}−→ 0 in X weakly, if and only if w ∈ X^0 = N^⊥ .

Proof:

First suppose that T (t)w^{t→∞}−→ 0 in X weakly. From lemma 4 i) it follows < w, a >_X =< T (t)w, a >_X^{t→∞}−→ 0, for all a ∈ N , i.e. w ∈ X^0.

To prove the converse assume that w ∈ X^0. Then it follows from lemma 1 i) that ω_0(w) ≠ ∅. Hence it suffices to show that it can contain at most the zero-element. Since w ∈ X^0, lemma 4 yields ω_0(w) ⊂ X^0 = N^⊥. By the previos theorem it follows ω_0(w) ∈ N ∩ N^⊥ = {0}. 2 Let P be the orthogonal-projector on N in X.

Corollary 1 Let w ∈ X be arbitrary. Then T (t)w^{t→∞}−→ P w in X weakly. Proof:

Define a^{def}= P w ∈ N and u^{(1)}(t)^{def}= T (t)(1 − P )w. Since (1 − P )w ∈ N^⊥ = X^0, theorem 2 yields

u^{(1)}(t)^{t→∞}−→ 0 in X weakly . (3.50) Since a_1 = 0 on G = Ω \ Ω_0, assumption 2.17 yields

F (t, u^{(1)}(t) + a) = F (t, u^{(1)}(t)) for all t ≥ 0. (3.51) Since u^{(1)} soves 1.1-1.3 and a ∈ N ⊂ ker B, it follows with 3.51 that u^{(1)} +a also solves 1.1- 1.3 in the sense of 2.26 with initial-condition u^{(1)}(0) + a = w. Hence T (t)w = u^{(1)}(t) + a and the assertion follows from 3.50. 2 4 Strong L^q-convergence of solutions

The aim of the following considerations is find sufficient conditions for strong convergence. Assume that in addition S(t, x, y) is independent of t, i.e. S(t, x, y) = S_0(x, y) and (S_0(x, y) − S_0(x, ỹ)) (y − ỹ) ≥ 0 (4.52) for all t ≥ 0, y ∈ IR^M and x ∈ G with some function S_0 : Ω × IR^M → IR^M . The main purpose of this assumption is to ensure that T (t)w ∈ D(B), ∂_t(T (t)w) ∈ L^2(Ω) and BT (·)w ∈ L^∞((0, ∞), X) , i. e. ||BT (t)w||_X is bounded as t → ∞ if w ∈ D(B) as shown in the following lemma. (For examle in the linear case S(t, x, y) = σ(t, x)y the condition that S is independent of t can be replaced by the weaker assumption ∂_tσ ∈ L^∞((0, ∞) × G) and |∂_tσ(t, x)| ≤ C_1σ(t, x) for all t ≥ 0 and x ∈ G with some constant C_1 independent of t, x.) Lemma 5 For all w ∈ D(B) one has

T (·)w) ∈ W^{1,∞}((0, ∞), X) ∩ L^∞((0, ∞), D(B)) (4.53) Proof:

It follows from the assumption that there is a nonlinear operator F_0 : X → X with F (t, w) = F_0(w) and

| < F_0(w) − F_0(w̃), w − w̃ >_X ≤ 0 for all w, w̃ ∈ X

Suppose w ∈ D(B) and set u(t)^{def}= T (t)w. Let τ > 0. Then in analogy to 2.28 one has d dt ||u(t + τ) − u(t)||^2_X = 2 < F (t + τ, u(t + τ)) − F (t, u(t)), u(t + τ) − u(t) >_X = 2 < F_0(u(t + τ)) − F_0(u(t)), u(t + τ) − u(t) >_X ≤ 0 Hence |τ|^{−2}||u(t + τ) − u(t)||^2_X ≤ |τ|^{−2}||u(τ) − w||^2_X (4.54) Now, it follws from 2.27 that

u(τ) − w = (exp (τB) − 1)w − ∫ τ 0 exp ((τ − s)B)F (s, u(s))ds, Since w ∈ D(B) one has τ^{−1}(exp (τB) − 1)w^{τ→0}−→ Bw inX strongly and hence lim_{τ→0}||τ^{−1} (u(τ) − w) ||_X ≤ ||Bw||_X + lim_{τ→0} ( τ^{−1} ∫ τ 0 ||F (s, u(s))||_Xds ) (4.55)

≤ ||Bw||_X + K_1 lim_{τ→0} ( τ^{−1} ∫ τ 0 ||u(s)||_Xds ) = ||Bw||_X + K_1||w||_X. Now, 4.54 and 4.55 yield u ∈ W^{1,∞}((0, ∞), X) and ||∂_tu||_L1_{((0,∞),X)} ≤ ||Bw||_X + K_1||w||_X. Next, 2.26 yields for all c ∈ D(B) | < u(t), Bc >_X | ≤ (||∂_tu(t)||_X + ||F (t, u(t))||) ||c||_X. ≤ (||Bw||_X + K_1||w||_X + ||F (t, u(t))||) ||c||_X. Finally, this implies u(t) ∈ D(B^∗) = D(B) and ||Bu(t)||_X ≤ ||Bw||_X + K_1||w||_X + ||S(t, u(t))||_X ≤ C_1 (||Bw||_X + ||w||_X) with some C_1 ∈ (0, ∞) independent of w. 2

Lemma 6 i) Let K ⊂ Ω_0 be a bounded open set with K ⊂ Ω_0. Then w ∈ H^1(K) and

||w||_H1_{(K)} ≤ C_K||w||_{D(B)} for all w ∈ X^0 ∩ D(B).

with some constant C_K ∈ (0, ∞) depending only on K.

ii) Suppose in addition E^{(2)} = 1 on all of Ω. Let U ⊂ Ω be a bounded open set with U ⊂ Ω. Then F ∈ H^1(U) and

||F||_H1_{(U)} ≤ C_U ||w||_{D(B)} for all w = (E, F) ∈ X^0 ∩ D(B).

with some constant C_U ∈ (0, ∞) depending only on U.

Proof:

i) Let K ⊂ Ω_0 be a bounded open set with K ⊂ Ω_0. Choose χ ∈ C^∞_0 (Ω_0) with χ = 1 on K. Suppose w ∈ X^0 ∩ D(B^2). Then lemma 3 ii) yields w ∈ H^2_{loc}(Ω_0) and M+N∑ k=1 ∫ Ω0 χ^2|∇w_k|^2dx = M+N∑ k=1 ∫ Ω0 div (χ^2∇w_k)w_kdx

≤ C_{K,1} M+N∑ k=1 ∫ Ω0 |χ∇w_k| |w_k|dx + M+N∑ k=1 ∫ Ω0 χ^2Δw_kw_kdx

≤ C_{K,2}||w||^2_X + 1/3 M+N∑ k=1 ∫ Ω0 χ^2|∇w_k|^2dx + ⟨χ^2(B^2w), w⟩_X

≤ C_{K,3}||w||^2_X + 1/3 M+N∑ k=1 ∫ Ω0 χ^2|∇w_k|^2dx + ⟨χ^2(Bw), Bw⟩_X

≤ C_{K,4} ( ||Bw||^2_X + ||w||^2_X ) + 2/3 M+N∑ k=1 ∫ Ω0 χ^2|∇w_k|^2dx

by assumption 2.16. Hence

||w||^2_H1_{(K)} ≤ ||w||^2_X + M+N∑ k=1 ∫ Ω0 χ^2|∇w_k|^2dx ≤ 3C_{K,4} ( ||Bw||^2_X + ||w||^2_X )

By lemma 2 the estimate holds for all w ∈ X^0 ∩ D(B).

To prove ii) consider first f ∈ D(A^∗) ∩ ( ker A^∗)^⊥ with A^∗f ∈ D(A). Since (ker A^∗)^⊥ = ranA lemma 3 i) yields Δf = −AA^∗f. From a similar cut-off argument as in the proof of the first part it follows that ||f||^2_H1_{(U)} ≤ C_{U,4} ( ||A^∗f||^2_L2 + ||f||^2_L2 ) (4.56)

Since the set of all f ∈ D(A^∗) ∩ ( ker A^∗)^⊥ with A^∗f ∈ D(A) is dense in D(A^∗) ∩ ( ker A^∗)^⊥, 4.56 holds for all f ∈ D(A^∗) ∩ ( ker A^∗)^⊥.

Now let (E, F) ∈ X^0 ∩ D(B).

Since (0, g) ∈ N it follows from the assumption E^{(2)} = 1 on Ω that

⟨F, g⟩_L2 = ⟨(E, F), (0, g)⟩_X = 0 for all g ∈ (kerA)^∗, in particular F ∈ D(A^∗) ∩ ( ker A^∗)^⊥. Finally, the assertion follows from 4.56. 2 Remark 2 As described in remark 1 the H^1_{loc}-regularty of w_1 for w ∈ X^0 ∩ D(B) does generally not hold on the set G = Ω \ Ω_0 even if E^{(j)} = 1 on Ω. Lemma 7 Suppose E^{(2)} = 1 on Ω. Then (E(t), F(t))^{def}= T (t)w obeys ( ||E(t)||_Lr_{(K)} + ||F(t)||_Lr_{(U)} ) t→∞ −→ 0. for all compact sets K ⊂ Ω_0 and U ⊂ Ω, w = (E_0, F_0) ∈ X^0 ∩ D(B) and r ∈ [2, 6). Proof: Lemma 4 and lemma 5 yield

u = (E, F)^{def}= T (·)w ∈ L^∞((0, ∞), D(B) ∩ X^0) (4.57) Hence, it follows from lemma 6 and Sobolev’s imbedding theorem that

{E(t) : t ≥ 0} is precompact in L^r(K) and {F(t) : t ≥ 0} is precompact in L^r(U). Therefore, theorem 2 yields ||E(t)||_Lr_{(K)} + ||F(t)||_Lr_{(U)}^{t→∞}−→ 0. 2 In the next lemma the strong L^r_{loc}-convergence of u_1 on the set G is proved, which in general does not follow from lemma 6, see remark 2. Lemma 8 Suppose w = (E_0, F_0) ∈ X, R > 0 and r ∈ [1, 2). Then (E(t), F(t))^{def}= T (t)w satisfies ||E(t)||_Lr_{(G∩BR)}^{t→∞}−→ 0.

Proof: Let u(t) = (E(t), F(t))^{def}= T (t)w with w ∈ D(B), and define G^{(R) def}= G ∩ B_R and M^{def}= ||u||_L1_{((0,∞),L}2_{(Ω))}.

Suppose δ > 0. With γ > 0 as in 2.21 one has G = ⋃ n∈IN {x ∈ G : γ(x) > 1/n}. Therefore there exists a subset G^{(R)}_δ ⊂ G^{(R)}, such that

M|G^{(R)} \ G^{(R)}_δ |^{(1/r−1/2)} ≤ δ/2, (4.58) and γ(x) ≥ c_δ for all x ∈ G^{(R)}_δ (4.59) with some positive constant c_δ > 0. In 4.58 |G^{(R)} \ G^{(R)}_δ | denotes the Lebesgue-measure of this set.

From 4.59 and lemma 1 one obtains

E ∈ L^p((0, ∞), L^1_γ(G^{(R)}_δ )) ⊂ L^p((0, ∞), L^1(G^{(R)}_δ )). (4.60) Lemma 5 yields

E ∈ W^{1,∞}((0, ∞), L^2(Ω)) ⊂ W^{1,∞}((0, ∞), L^1(G^{(R)}_δ )). (4.61) By 4.60 and 4.61 the function t → ||E(t)||^p_{L1(G(R)δ )} is uniformly continuous and integrable over (0, ∞) and hence ||E(t)||_{L1(G}(R)_{δ )}^{t→∞}−→ 0. Since r ∈ (1, 2), this yields ||E(t)||_{Lr(G}(R)_{δ )} ≤ ||E(t)||^θ_{L2(G}(R)_{δ )}‖|E(t)||^{1−θ}_{L1(G(R)δ )} ≤ M^θ‖|E(t)||^{1−θ}_{L1(G(R)δ )}^{t→∞}−→ 0. (4.62) where 1/r = θ/2 + 1 − θ. Next it follows from 4.58 that

||E(t)||_{Lr(G(R)\G}(R)_{δ )} ≤ ||E(t)||_L2_{(Ω)}|G^{(R)} \ G^{(R)}_δ |^{(1/r−1/2)} (4.63) ≤ M|G^{(R)} \ G^{(R)}_δ |^{(1/r−1−2)} ≤ δ/2. Finally, the assertion follows from 4.62 and 4.63, since δ > 0 is arbitrary. 2 Theorem 3 Suppose E^{(2)} = 1 on Ω. Then it follows for all q ∈ [1, 2), w = (E_0, F_0) ∈ X^0 and all compact U ⊂ Ω that ( ||E(t)||_Lq_{(U)} + ||F(t)||_L2_{(U)} ) t→∞ −→ 0. where (E(t), F(t))^{def}= T (t)w.

Proof:

First consider w = (E_0, F_0) ∈ X^0 ∩ D(B), (E(t), F(t))^{def}= u(t)^{def}= T (t)w and define M^{def}= ||u||_L1_{((0,∞),L}2_{(Ω))}.

Suppose δ > 0. Choose a compact set K ⊂ U ∩ Ω_0 with M|(U ∩ Ω_0) \ K|^{(1/q−1/2)} ≤ δ. Then Hölder’s inequality yields ||E(t)||_Lq_{(U)} ≤ ||E(t)||_Lq_{(U∩G)} + ||E(t)||_Lq_{(K)} + ||E(t)||_L2_{(U)}|(U ∩ Ω_0) \ K|^{(1/q−1/2)} ≤ ||E(t)||_Lq_{(U∩G)} + ||E(t)||_Lq_{(K)} + δ. Now, lemma 7 and lemma 8 yield lim sup_{t→∞} ||w(t)||_Lq_{(U)} ≤ δ, which proves the assertion for w = (E_0, F_0) ∈ X^0 ∩ D(B).

In order to prove the theorem for all w ∈ X^0 note that from 4.52 and a similar estimate as in 2.28 one obtains d dt ||T (t)w − T (t)w̃||^2_X = 2 < F (t, T (t)w) − F (t, T (t)w̃), T (t)w − T (t)w̃ >_X ≤ 0

and therefore ||T (t)w − T (t)w̃||_X ≤ ||w − w̃||_X. With ||u_1||_Lq_{(U)} + ||u_2||_L2_{(U)} ≤ C_{q,U} ||u||_X for all u ∈ X, the assertion follows for arbitrary w = (E_0, F_0) ∈ X^0 from the density of X^0 ∩ D(B) in X^0 as shown in lemma 2. 2 In the case of Maxwell’s equations 1.4-1.6 the assumption E^{(2)} = 1 on Ω can be omitted using the compactness-result in [5] [9] and [12].

Under the general assumptions considered so far it cannot be expected that the assertion of the previons theorem holds for q = 2 or sets U which may overlap the boundary ∂Ω. However, for the system corresponding to the scalar wave-equation the result can be improved in this direction. Consider

∂^2_t φ = div (E∇φ) − S(x, ∂_tφ) (4.64)

supplemented by the initial-boundary-onditions

φ = 0 on (0, ∞) × ∂Ω (4.65)

φ(0, x) = f_0(x) and ∂_tφ(0, x) = f_1(x). (4.66)

Here the nonlinear function S : Ω×IR^3 → IR^3 obey the assumptions 2.15 - 2.21. According to 4.52 it is assumed that S is independent of t and monotone with respect to y ∈ IR^3.

For a domain Ω_1 ⊂ Ω let H^1(Ω_1) be the usual first order Sobolev space and^0H^1 (Ω_1) denotes the closure of C^∞_0 (Ω_1) in H^1(Ω_1).

Next, D(A) ⊂^0H^1 (Ω) is defined as the set of all f ∈^0H^1 (Ω), such that

Af^{def}= − div (E∇f) ∈ L^2(Ω).

It is well known that for f_0 ∈^0H^1 (Ω)) and f_1 ∈ L^2(Ω)) problem 4.64 - 4.66 admits a unique solution φ ∈ C([0, ∞),^0H^1 (Ω)) with ∂_tφ ∈ C([0, ∞), L^2(Ω)). The usual energy-estimate yields

∂_tφ ∈ L^∞((0, ∞)L^2(Ω)), ∇φ ∈ L^∞((0, ∞), L^2(Ω)). (4.67)

If in addition f_1 ∈^0H^1 (Ω)) and f_0 ∈ D(A) then φ ∈ C([0, ∞), D(A)) and ∂_tφ ∈ C([0, ∞),^0H^1 (Ω)) with

∂_t∇φ, ∂^2_t φ ∈ L^∞((0, ∞)L^2(Ω)), div (E∇φ) = Aφ(·) ∈ L^∞((0, ∞), L^2(Ω)). (4.68) In order to consider problem 4.64 - 4.66 is the setting of section 2 the following operators are introduced. Let D(A)^{def}=^0H^1 (Ω, CI), Aφ^{def}= ∇φ. D(A^∗) is the space of all vector-fields a ∈ L^2(Ω, CI^3) with A^∗a = − div a ∈ L^2(Ω). Next, D(B)^{def}= D(A) × D(A^∗) and B(w_1, .., w_4)^{def}= (−A^∗(w_2, .., w_4), EAw_1) = ( div (w_2, .., w_4), E∇w_1) for w ∈ D(B).

Suppose φ ∈ C([0, ∞),^0H^1 (Ω)) is for f_0 ∈^0H^1 (Ω)) and f_1 ∈ L^2(Ω)) a solution of problem 4.64 - 4.66. Then u^{def}= (∂_tφ, E∇φ) ∈ C([0, ∞), L^2(Ω, IR^4)) is a weak soltion of 2.26, i.e. d dt ⟨u(t), a⟩_X = −⟨u(t), Ba⟩_X + ⟨F_0(u(t)), a⟩_X for all a ∈ D(B) where F_0 : L^2(Ω, IR^4) → L^2(Ω, IR^4) is defined by

F_0(u)^{def}= − (S(·, u_1(·)), 0) .

If f_0 ∈ D(A) and f_1 ∈^0H^1 (Ω)) then u(0) ∈ D(B) and hence by lemma 5 u ∈ L^∞((0, ∞), D(B)), whence again 4.68.

Next it is shown that

∇φ(t)^{t→∞}−→ 0 and ∂_tφ(t)^{t→∞}−→ 0. in L^2(Ω) weakly. (4.69) for all f_0 ∈^0H^1 (Ω)) and f_1 ∈ L^2(Ω). For this purpose let w^{def}= (f_1, E∇f_0) ∈ L^2(Ω, IR^4). Then (∂_tφ(t), E∇φ(t)) = u(t) = T (t)w solves 2.26. In order to apply theorem 2 it suffices to show

w ∈ X^0 (4.70) Suppose a ∈ N . Then a_1 ∈^0H^1 (Ω)), with ∇a_1 = 0, which implies a_1 = 0. Moreover, div (a_2, .., a_4) = 0 by the definition of A, B. Hence

⟨w, a⟩_X = ∫ Ω [E^{−1}(w_2, .., w_4)](a_2, .., a_4)dx = ∫ Ω (a_2, .., a_4)∇f_0dx = 0

since f_0 ∈^0H^1 (Ω)). Thus, 4.70 and 4.69 are proved. In the following theorem local strong convergence in the energy-norm is shown.

Theorem 4 For all R ∈ (0, ∞), f_0 ∈^0H^1 (Ω)) and f_1 ∈ L^2(Ω)) one has ( ||∇φ(t)||_L2_{(Ω∩BR)} + ||∂_tφ(t)||_L2_{(Ω∩BR)} ) t→∞ −→ 0. Proof:

By a density-argument it suffices to consider f_0 ∈ D(A) and f_1 ∈^0H^1 (Ω). Choose χ ∈ C^∞_0 (B_{2R}) with χ(x) = 1 on B_R and define Ω_R^{def}= Ω ∩ B_{2R} and φ_R(t, x)^{def}= χ(x)φ(t, x). It follows easily from 4.68 using Poincare’s inequality that φ_R ∈ L^∞((0, ∞),^0H^1 (Ω ∩ B_{2R})) and ∂_tφ_R ∈ L^∞((0, ∞),^0H^1 (Ω ∩ B_{2R})). Since Ω ∩ B_{2R}, is bounded, the imbedding^0H^1 (Ω ∩ B_{2R}) → L^2(Ω ∩ B_{2R}) is compact. Hence

{φ(t) : t ≥ 0} is precompact in L^2(Ω ∩ B_R) (4.71) and {∂_tφ(t) : t ≥ 0} is precompact in L^2(Ω ∩ B_R). (4.72) for all R ∈ (0, ∞). Next, one obtains by 2.15and the definition of A that c_0||∇(φ(t_1) − φ(t_2))||^2_L2_{(BR)} ≤ ∫ Ω χE∇(φ(t_1) − φ(t_2))∇(φ(t_1) − φ(t_2))dx = − ∫ Ω (φ(t_1) − φ(t_2)) div (χE∇[φ(t_1) − φ(t_2)]) dx ≤ ||φ(t_1) − φ(t_2)||_L2_{(B2R)} ( ||A(φ(t_1) − φ(t_2))||_L2_{(Ω)} +K_R||∇(φ(t_1) − φ(t_2))||_L2_{(Ω)} ) for all t_1, t_2 ≥ 0.

which implies by 4.67, 4.68 and 4.71 also

{∇φ(t) : t ≥ 0} is precompact in L^2(Ω ∩ B_R) (4.73) Finally, the result follows from 4.69, 4.72 and 4.73. 2

References

[1] R.A.Adams,Sobolev spaces, Academic Press 1975.

[2] H. Barucq and B. Hanouzet, Asymptotic behavior of solutions to Maxwell’s equations in bounded domains with absorbing Silver-Müller’s condition on the exterior boundary, Asympt. Anal. 15 (1997), 25 - 40.

[3] C.M. Dafermos, Asymptotic Behavior of Solutions of Evolution Equations , in Nonlinear Evolution Equations p.p. 103-123, Acad. Press, New York, 1978.

[4] A. Haraux, Stabilization of Trajectories for some Weakly Damped Hyperbolic Equations , J. Diff. Equations. 59 (1985), 145 - 154.

[5] F. Jochmann, A compactness result for vector fields with divergence and curl in L^q(Ω) involving mixed boundary conditions, Appl. Anal. vol.66 (1997), 198-203.

[6] F. Jochmann, Existence of weak solutions of the drift-diffusion model for semiconductors coupled with Maxwell’s equations, J. Math. Anal. Appl., 204 (1996), 655-676.

[7] J.L. Lopez-Gomes, On the linear damped wave equation , J. Diff. Equations. 134 (1997), 26 - 45.

[8] A. Pazy,Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer, New York 1983.

[9] R. Picard, An elementary proof for a compact imbedding result in generalized electromagnetic theory, Math. Z. 187 (1984), 151 - 161.

[10] M. Reed, B. Simon Mathematical Methods in Modern mathematical Physics II, Academic Press, San Diego, 1977 .

[11] M. Slemrod Weak asymptotic decay via a relaxed invariance principle for a wave equation with nonlinear, non-monotone damping., Proc. R. Soc. Edinb. Sect. A 113, No.1/2 (1989), 87-97.

[12] C.Weber A local compactness theorem for Maxwell’s equations, Math. Methods Appl.

Sci. Vol. 2, (1980), 12-25.

[13] W.P. Ziemer,Weakly differentiable functions, Springer Verlag, New York 1989.