On the L-Function of Some Kummer Curves with Complex Multiplication

Florin Nicolae

January 17, 2003

Abstract

Let l be a prime number. For n ≥ 1 the L-function of the Kummer Curve C_n : y^l = x(x^{ln} − 1) over the cyclotomic field Q(ζ_ln+1 ), ζ_ln+1 := exp^{2πi}_{ln+1} , is a product of 2g_n = l^n(l − 1) Hecke L-functions with Jacobi sums Grössencharaktere . The jacobian variety of C_n over the field of complex numbers is a simple abelian variety with complex multiplication ring of endomorphisms isomorphic to the ring of integers Z[ζ_ln+1].

Let l be a prime number and let k be a perfect field of characteristic different from l. For n ≥ 1 the Kummer curve

C_n : y^l = x(x^{ln} − 1)

is smooth of genus g_n =^{φ(ln+1)}_2 =^{ln(l−1)}_2 over k. In projective coordinates x =^{x1}_{x0} , y =^{x2}_{x0} there is only one point (x_0 : x_1 : x_2) = (0 : 0 : 1) at infinity. The L-function of C_n over the cyclotomic field Q(ζ_ln+1 ), ζ_ln+1 := exp^{2πi}_{ln+1} , is a product of 2g_n Hecke L-functions with Grössencharaktere determined by Jacobi sums associated to the l^{n+1}- th power residue character. The jacobian variety of C_n over the field of complex numbers is a simple abelian variety with complex multiplication ring of endomorphisms isomorphic to the ring of integers Z[ζ_ln+1], all endomorphisms being defined over Q(ζ_ln+1 ).

1

Nicolae, Kummer Curves 2

1. The curves C_n : y^l = x(x^{ln} − 1) over F_q Let k = F_q be a finite field of characteristic p ≠ l with q = p^f elements. Let F_n/k be the function field of C_n, let P_{Fn} denote the set of places, and let DivF_n denote the group of divisors of F_n/k. The absolute norm N(P) of a place P ∈ P_{Fn} is the cardinality of its residue class field. It holds N(P) = q^{deg P}, with a natural number deg P ≥ 1, the degree of P. The Zeta function of the curve C_n is a meromorphic function in the complex plane, defined for Re s > 1 by

ζ_{Cn} (s) = ∏ P∈P_{Fn} 1 1 −^1_{N(P)s} = ∑ A∈DivF_n, A≥0 1 N(A)^s .

Denoting for m ≥ 0 by A_m the number of positive divisors of degree m it holds ζ_{Cn} (s) = ∞∑ m=0 A_m q^{ms} . The power series Z_{Cn} (t) := ∞∑ m=0 A_mt^m is convergent for |t| < q^{−1} and represents a rational function

Z_{Cn} (t) = L_{Cn} (t) (1 − t)(1 − qt) , where L_{Cn} (t) = q^{gn} t^{2gn} + . . . + 1 is a polynomial with coefficients in Z of degree 2g_n. For r ≥ 1 let N_r be the number of F_qr -rational points of the projective closure of C_n. Since the plane curve C_n has only one point (0 : 0 : 1) at infinity, it holds N_1 = N + 1 where N is the number of solutions (x, y) in k of the equation y^l = x(x^{ln} − 1). Let |X| denote the number of elements of a finite set X. Lemma 1. If B(x) ∈ k[x] is a polynomial with a simple root x_1 ∈ k:

B(x) = (x − x_1)B_1(x), B_1(x) ∈ k[x], B_1(x_1) ≠ 0, then the number of solutions in k of the equation y^l = B(x)

Nicolae, Kummer Curves 3 is N = 1 l l−1∑ j=0 |A_j|, where for 0 ≤ j ≤ l − 1 A_j := {(x, y) ∈ k × k | y^l = ξ^jB_1(ξ^j x^l + x_1)}, ξ a generator of the cyclic multiplicative group k^∗.

P r o o f: I) The case q ≡ 1( mod l). Let χ be a character of k^∗ of order l such that χ(ξ) = ω = e^{2πil} . Put χ(0) := 0. It holds

N = q + l−1∑ r=1 ∑ c∈k χ^r(B(c)) = q + l−1∑ r=1 ∑ c∈k χ^r((c − x_1)B_1(c)) =

= q + l−1∑ r=1 ∑ c∈k χ^r(c − x_1)χ^r(B_1(c)) =

= q + l−1∑ r=1 ∑ 0≤i,j≤l−1 ∑ c∈A,χ^r(c−x_1)=ω^i,χ^r(B_1(c))=ω^j ω^{i+j} =

= q + l−1∑ r=1 l−1∑ s=0 ω^s · ∑ 0≤i,j≤l−1, i+j≡s( mod l) |A^{(r)}_{i,j} |, where A := {c ∈ k | B(c) ≠ 0}, A^{(r)}_{i,j} = {c ∈ A | χ^r(c−x_1) = ω^i, χ^r(B_1(c)) = ω^j }. For 1 ≤ r ≤ l − 1 let r^{−1} denote the representative in 1, . . . , l − 1 of the class r̂^{−1} in the multiplicative group of non-zero residues modulo l. It holds A^{(r)}_{i,j} = A^{(1)}_{r−1i,r−1j} hence l−1∑ r=1 l−1∑ s=0 ω^s· ∑ 0≤i,j≤l−1, i+j≡s( mod l) |A^{(r)}_{i,j} | = l−1∑ r=1 l−1∑ s=0 ω^s· l−1∑ i=0 |A^{(1)}_{r−1i,r−1(s−i)}| =

= l−1∑ r=1 l−1∑ s=0 ω^s · l−1∑ j=0 |A^{(1)}_{j,r−1s−j}| = l−1∑ r=1 l−1∑ j=0 l−1∑ s=0 ω^s|A^{(1)}_{j,r−1s−j}| =

= l−1∑ r=1 l−1∑ j=0 l−1∑ t=0 ω^{rt}|A^{(1)}_{j,t−j} | = l−1∑ t=0 ( l−1∑ r=1 ω^{rt}) l−1∑ j=0 |A^{(1)}_{j,t−j}| =

Nicolae, Kummer Curves 4

= (l − 1) l−1∑ j=0 |A^{(1)}_{j,l−j}| + l−1∑ t=1 (−1) l−1∑ j=0 |A^{(1)}_{j,t−j} | =

= l l−1∑ j=0 |A^{(1)}_{j,l−j}| − l−1∑ i,j=0 |A^{(1)}_{i,j} | = l l−1∑ j=0 |A^{(1)}_{j,l−j}| − |A|, so N = q + l l−1∑ j=0 |A^{(1)}_{j,l−j}| − |A|. For 0 ≤ j ≤ l − 1 it holds A^{(1)}_{j,l−j} = {c ∈ A | χ(c − x_1) = ω^j , χ(B_1(c)) = ω^{l−j}} = = {c ∈ A | ∃(t, u) ∈ k^∗ × k^∗ : c − x_1 = ξ^jt^l, B_1(c) = ξ^{l−j} u^l}. Let A_j := {(t, u) ∈ k × k | B_1(ξ^j t^l + x_1) = ξ^{l−j} u^l}, B_j := {(0, u) | ξ^{l−j}u^l = B_1(x_1)} ∪ {(t, 0) | B_1(ξ^j t^l + x_1) = 0}, 0 ≤ j ≤ l − 1. Let ρ ∈ k^∗ \ {1} with ρ^l = 1. For 0 ≤ j ≤ l − 1 the map g_j : A_j \ B_j → A^{(1)}_{j,l−j}, g_j (t, u) := ξ^j t^l + x_1 is surjective with the fibers g^{−1}_j (c) = {(ρ^dt, ρ^eu) | 0 ≤ d, e ≤ l} for c ∈ A^{(1)}_{j,l−j} and fixed (t, u) ∈ A_j \B_j such that g_j (t, u) = c consisting of l^2 elements. Therefore |A^{(1)}_{j,l−j}| = 1 l^2 |A_j | − 1 l^2 |B_j | = = 1 l^2 |A_j |− 1 l^2 |{c ∈ k | ξ^{l−j} c^l = B_1(x_1)}|− 1 l^2 |{c ∈ k | B_1(ξ^j c^l+x_1) = 0}|, and so l l−1∑ j=0 |A^{(1)}_{j,l−j}| = 1 l l−1∑ j=0 |A_j | − 1 l l−1∑ j=0 |{c ∈ k | ξ^{l−j}c^l = B_1(x_1)}|−

− 1 l l−1∑ j=0 |{c ∈ k | B_1(ξ^j c^l + x_1) = 0}| =

= 1 l l−1∑ j=0 |A_j | − 1 − |{d ∈ k | B_1(d) = 0}|.

Nicolae, Kummer Curves 5

Since k = A ∪ {c ∈ k | B(c) = 0} = A ∪ {c ∈ k | B_1(c) = 0} ∪ {x_1} it follows that N = q + l l−1∑ j=0 |A^{(1)}_{j,l−j}| − |A| =

= q + 1 l l−1∑ j=0 |A_j | − 1 − |{d ∈ k | B_1(d) = 0}| − |A| =

= 1 l l−1∑ j=0 |A_j | = 1 l l−1∑ j=0 |A_j|, because the map A_j → A_j , (x, y) → (x, ξ^{−1}y) is bijective.

II) The case q ≢ 1( mod l). Each element of k has one and only one l-th root in k. It holds N = q, |A_j| = q, 0 ≤ j ≤ l − 1.□ For a character φ of the multiplicative group k^∗ let τ(φ) := − ∑ c∈k^∗ φ(c) exp( 2πi p Tr_{k/Fp} c) be the corresponding Gauss sum. For two characters φ_1 and φ_2 of k^∗ let ι(φ_1, φ_2) := − ∑ c∈k φ_1(c)φ_2(1 − c) be the corresponding Jacobi sum. If φ_1 · φ_2 ≠ 1 then (1) ι(φ_1, φ_2) = τ(φ_1)τ(φ_2) τ(φ_1φ_2) . For each natural number m ≥ 1 let ζ_m := exp^{2πi}_m and let μ_m := {ζ^j_m | 0 ≤ j ≤ m − 1} be the group of complex m-th roots of unity. Proposition 1. a) If q ≢ 1( mod l^{n+1}) then N_1 = q + 1. b) If q ≡ 1( mod l^{n+1}) then N_1 = q + 1 − Tr_{Q(ζln+1 )/Q} (η_n), where η_n := ι(ψ^{ln} , ψ), ψ a character of k^∗ of order l^{n+1}.

Nicolae, Kummer Curves 6

P r o o f:

a) If q ≢ 1( mod l) then k^{∗l} = k^∗, so for each element c ∈ k there exists one and only one element t ∈ k such that t^l = c, and so for each element x ∈ k there exists one and only one element y ∈ k such that y^l = x(x^{ln} − 1). This means that N = q, hence N_1 = N + 1 = q + 1. If q ≡ 1( mod l) and q ≢ 1( mod l^{n+1}), then the greatest power of l dividing q − 1 is of the form l^m with 1 ≤ m ≤ n. The cyclic multiplicative group k^∗ is the internal direct product of its subgroups U_lm of order l^m and U q−1_{lm} of order^{q−1}_{lm} . Let χ be a character of k^∗ of order l, and let ρ be a generator of the group U_lm . It holds N = |{(x, y) ∈ k × k | y^l = x(x^{ln} − 1)}| = q + l−1∑ r=1 ∑ c∈k χ^r(c(c^{ln} − 1)). For 1 ≤ r ≤ l − 1 it holds ∑ c∈k χ^r(c(c^{ln} − 1)) = ∑ d∈U_{q−1lm} l^m−1∑

j=0 χ^r(dρ^j (d^{ln} ρ^{jln} − 1)) =

= ∑ d∈U_{q−1lm} l^m−1∑

j=0 χ^r(ρ^j d(d^{ln} −1)) = [ l^m−1∑

j=0 χ^r(ρ^j )]·[ ∑ d∈U_{q−1lm} χ^r(d(d^{ln} −1))] = 0,

since_{lm−1} ∑ j=0 χ^r(ρ^j ) = 0,

χ^r being a non-trivial character of the group U_lm . It follows that N = q, and so N_1 = N + 1 = q + 1.

b) Let q ≡ 1( mod l^{n+1}), and let ψ be a character of k^∗ of order l^{n+1} such that ψ(ξ) = ζ_ln+1 , ξ a generator of the cyclic multiplicative group k^∗. By lemma 1 with x_1 = 0 and B_1(x) = x^{ln} − 1 it holds N = |{(x, y) ∈ k × k | y^l = x(x^{ln} − 1)}| = 1 l l−1∑ j=0 |A_j |,

where A_j := {(x, y) ∈ k × k | y^l = ξ^jB_1(ξ^j x^l)}, j = 1, . . . , l − 1. The A_j’s are diagonal curves of the form: y^l − ξ^{j(ln+1)}x^{ln+1} = −ξ^j . It holds ([Da-Ha])

|A_j| = q − l^{n+1}−1 ∑ r=1 l−1∑ s=1 ψ^r(ξ^{−jln} )ψ^{sln} (−ξ^j )ι(ψ^r, ψ^{sln} ) =

Nicolae, Kummer Curves 7

= q − l^{n+1}−1 ∑ r=1 l−1∑ s=1 ζ^{−rjln+sjln} l^{n+1} ψ sl^n (−1)ι(ψr , ψsl^n ) =

= q − l^{n+1}−1 ∑ r=1 l−1∑ s=1 ζ^{jln(s−r)} l^{n+1} ι(ψ r, ψ^{sln} ), since ψ(−1) = 1. It follows that l−1∑ j=0 |A_j| = lq − l−1∑ j=0 l^{n+1}−1 ∑ r=1 l−1∑ s=1 ζ^{jln(s−r)} l^{n+1} ι(ψ r, ψ^{sln} ) =

= lq − l^{n+1}−1 ∑ r=1 l−1∑ s=1 ι(ψ^r, ψ^{sln} ) l−1∑ j=0 ζ^{jln(s−r)} l^{n+1} = = lq − l ∑ 1≤r≤l^{n+1}−1, 1≤s≤l−1, l|s−r ι(ψ^r, ψ^{sln} ). Therefore N = 1 l l−1∑ j=0 |A_j| = q − ∑ 1≤r≤l^{n+1}−1, 1≤s≤l−1, l|s−r ι(ψ^r, ψ^{sln} ) =

= q − l−1∑ s=1 l^n−1∑

i=0 ι(ψ^{s+il}, ψ^{sln} ). The automorphisms A of the abelian field extension Q(ζ_ln+1 )/Q are given by ζ^A_{ln+1} := ζ^{s+il}_{ln+1} , 1 ≤ s ≤ l − 1, 0 ≤ i ≤ l^n − 1. It holds ι(ψ, ψ^{ln} )^A = ι(ψ^{s+il}, ψ^{(s+il)ln} ) = ι(ψ^{s+il}, ψ^{sln} ), hence N = q − l−1∑ s=1 l^n−1∑

i=0 ι(ψ^{s+il}, ψ^{sln} ) = q − ∑ A∈Gal(Q(ζ_{ln+1} )/Q) ι(ψ, ψ^{ln} )^A =

= q − Tr_{Q(ζln+1 )/Q} (ι(ψ, ψ^{ln} )). □ Proposition 2. If q ≡ 1( mod l^{n+1}) then L_{Cn} (t) = ∏ J∈Gal(Q(ζ_{ln+1} )/Q) (1 − η^J_n t),

where η_n := ι(ψ^{ln} , ψ), ψ a character of order l^{n+1} of k^∗.

Nicolae, Kummer Curves 8

P r o o f: The L-polynomial of the curve C_n/k can be written in the form L_{Cn} (t) = ∏_{2gn} j=1(1 − α_j t), where α_1, . . . , α_{2gn} are algebraic integers. For r ≥ 1 it holds ([St], p.166, Theorem V.1.15.)

(2) N_r = q^r + 1 − 2g_n∑

j=1 α^r_j .

Let ψ be a character of order l^{n+1} of the cyclic group k^∗. The map ψ_r : F^∗_qr → C^∗ , ψ_r(x) := ψ(N_{Fqr |Fq} (x)) is a character of order l^{n+1} of the cyclic group F^∗_qr , and it holds ([Da-Ha],0.8) τ(ψ_r) = τ(ψ)^r, hence by (1) ι(ψ^{ln}_r , ψ_r) = τ(ψ^{ln}_r )τ(ψ_r) τ(ψ^{ln+1}_r ) = τ(ψ^{ln} )^rτ(ψ)^r τ(ψ^{ln+1})^r = ι(ψ^{ln} , ψ)^r, so by Proposition 1

N_r = q^r + 1 − ∑ J∈Gal(Q(ζ_{ln+1} )/Q) ι(ψ_r, ψ^{ln}_r )^J =

= q^r + 1 − ∑ J∈Gal(Q(ζ_{ln+1} )/Q) (ι(ψ, ψ^{ln} )^J )^r,

and so {α_1, . . . , α_{2gn} } = {ι(ψ, ψ^{ln} )^J ) | J ∈ Gal(Q(ζ_ln+1 )/Q)}.□ Let m ≥ 1 be a natural number and let K be an algebraic number field with ring of integers O_K such that ζ_m ∈ O_K . Let p be a prime ideal of O_K not dividing m, and let x ∈ O_K not divisible by p. The number x^{NK/Q(p)−1}m is congruent modulo p to one and only one root of unity ρ ∈ μ_m. The map (O_K /p) \ {0} → μ_m, x mod p → ρ is a character of order m of the multiplicative group of the finite field O_K /p called the m-th power residue character modulo p.

Lemma 2. Let p be a prime divisor of p in the ring Z[ζ_ln+1]. Let ψ be the l^{n+1}-th power residue character modulo p. Identifying the finite field F_q with the residue class field Z[ζ_ln+1]/p it holds: a) The absolute value of the complex number ι(ψ^{ln} , ψ) is |ι(ψ^{ln} , ψ)| = √ q;

Nicolae, Kummer Curves 9

b) The prime ideal decomposition of the principal ideal generated by ι(ψ^{ln} , ψ) in the ring of integers Z[ζ_ln+1] is ι(ψ^{ln} , ψ)Z[ζ_ln+1] = p ∑ 0≤u≤ln−1, 1≤v≤l−1:ul+v(1+ln)≤ln+1 J(u,v) −1 , where J(u, v) is, for 0 ≤ u ≤ l^n − 1, 1 ≤ v ≤ l − 1, the automorphism of Q(ζ_ln+1 )/Q) defined by ζ^{J(u,v)}_{ln+1} := ζ^{ul+v}_{ln+1} . c) In the ring Z[ζ_ln+1] it holds ι(ψ^{ln} , ψ) ≡ 1( mod (ζ_ln+1 − 1)^{ln +1}).

The number ι(ψ^{ln} , ψ) ∈ Z[ζ_ln+1] is uniquely determined by the properties a), b) and c). P r o o f:

a): Every Jacobi sum in a finite field with q elements has absolute value √ q. b): By ([Ha], p.40, (6.)) it holds ι(ψ^{ln} , ψ)Z[ζ_ln+1] = p^{∑J d(−lnj,−j)J} , where J runs over the set of automorphisms of Q(ζ_ln+1 ), j mod l^{n+1} is defined by ζ^{J −1}_ln+1 = ζ^j_{ln+1} and d(−l^nj, −j) = { 0 if r(−l^nj) + r(−j) < l^{n+1}, 1 if r(−l^nj) + r(−j) ≥ l^{n+1}, r(x) the smallest non-negative residue of x mod l^{n+1}. It holds ∑ J∈Gal(Q(ζ_{ln+1} )/Q) d(−l^nj, −j)J =

= ∑ 0≤u≤l^n−1, 1≤v≤l−1:r(−l^n(ul+v))+r(−ul−v)≥l^{n+1} J(u, v)^{−1} =

= ∑ 0≤u≤l^n−1, 1≤v≤l−1:r(−l^nv)+r(−ul−v)≥l^{n+1} J(u, v)^{−1} = ∑ 0≤u≤l^n−1, 1≤v≤l−1:l^{n+1}−l^nv+l^{n+1}−ul−v≥l^{n+1} J(u, v)^{−1} =

= ∑ 0≤u≤l^n−1, 1≤v≤l−1:ul+v(1+l^n )≤l^{n+1} J(u, v)^{−1}. c): For c ∈ F^∗_q it holds ψ(c) ≡ 1 mod (ζ_ln+1 − 1)

Nicolae, Kummer Curves 10 and ψ^{ln} (c) ≡ 1 mod (ζ_ln+1 − 1)^{ln} .

Indeed, if ψ(c) = ζ^k_{ln+1} , 0 ≤ k < l^{n+1}, then ψ(c) − 1 = ζ^k_{ln+1} − 1 is divisible by ζ_ln+1 − 1 in Z[ζ_ln+1] and ψ^{ln} (c) − 1 is divisible by ζ^{ln}_{ln+1} − 1 which is associate with (ζ_ln+1 − 1)^{ln} . Then ι(ψ^{ln} , ψ) = − ∑ c∈F_q ψ^{ln} (c)ψ(1 − c) = − ∑ c∈F_q ψ(c)ψ^{ln} (1 − c) =

= − ∑ c≠1 ψ(c) − ∑ c≠0,1 ψ(c)(ψ^{ln} (1 − c) − 1) =

= 1 − ∑ c≠0,1 ψ(c)(ψ^{ln} (1 − c) − 1) ≡ ≡ 1 − ∑ c≠0,1 (ψ^{ln} (1 − c) − 1) mod (ζ_ln+1 − 1)^{ln+1} ≡ ≡ 1 − ∑ c≠0,1 ψ^{ln} (1 − c) + ∑ c≠0,1 1 mod (ζ_ln+1 − 1)^{ln+1} ≡

≡ 1 + 1 + q − 2 mod (ζ_ln+1 − 1)^{ln+1} ≡

≡ q mod (ζ_ln+1 − 1)^{ln+1} ≡ 1 mod (ζ_ln+1 − 1)^{ln+1}.

Two numbers in Z[ζ_ln+1] with the same absolute value and the same prime ideal decomposition differ by a root of unity. The only root of unity of Z[ζ_ln+1] which is ≡ 1 mod (ζ_ln+1 − 1)^{ln +1} is 1. The properties a), b), c) determine the number ι(ψ^{ln} , ψ) in Z[ζ_ln+1]. □

Proposition 3. If k = F_p with p ≡ 1( mod l^{n+1}) then the polynomial L_{Cn} (t) is irreducible in Z[t] and the jacobian variety J(C_n) of the curve C_n is a k-simple abelian variety. The ring End_k(J(C_n)) of endomorphisms of J(C_n) defined over k is isomorphic to Z[ζ_ln+1].

P r o o f: If p ≡ 1( mod l^{n+1}) then p is totally decomposed in the ring Z[ζ_ln+1]. The polynomial L_{Cn} (t) is irreducible in Z[t] if and only if the number η_n is a primitive element of the extension Q(ζ_ln+1 )/Q. If l ≠ 2 then Q(ζ_ln ) and the l-extension L_n/Q of degree [L_n : Q] = l^n are the maximal subfields of Q(ζ_ln+1 ). Suppose η_n ∈ Q(ζ_ln ). The Galois group Gal(Q(ζ_ln+1 )/Q(ζ_ln )) is generated by J(l^n − l^{n−1}, 1), so it holds η^{J(ln−ln−1,1)−1} n = η_n, hence {J(u, v)^{−1}J(l^n−l^{n−1}, 1)^{−1} | 0 ≤ u ≤ l^n−1, 1 ≤ v ≤ l−1 : ul+v(1+l^n) ≤ l^{n+1}} = {J(u, v)^{−1} | 0 ≤ u ≤ l^n − 1, 1 ≤ v ≤ l − 1 : ul + v(1 + l^n) ≤ l^{n+1}},

Nicolae, Kummer Curves 11

by proposition 3 b) and by the fact that p is totally decomposed in Z[ζ_ln+1]. It follows that J(l^n−l^{n−1}, 1) ∈ {J(u, v) | 0 ≤ u ≤ l^n−1, 1 ≤ v ≤ l−1 : ul+v(1+l^n) ≤ l^{n+1}}, which is a contradiction, since (l^n − l^{n−1}) · l + (1 + l^n) = l^{n+1} + 1 > l^{n+1}.

Suppose η_n ∈ L_n. The Galois group Gal(Q(ζ_ln+1 )/L_n) is cyclic of order l − 1 generated by J(l^n − 1, l − 1), so it holds η^{J(ln−1,l−1)−1} n = η_n, hence {J(u, v)^{−1}J(l^n−1, l−1)^{−1} | 0 ≤ u ≤ l^n−1, 1 ≤ v ≤ l−1 : ul+v(1+l^n) ≤ l^{n+1}} = {J(u, v)^{−1} | 0 ≤ u ≤ l^n − 1, 1 ≤ v ≤ l − 1 : ul + v(1 + l^n) ≤ l^{n+1}}, again by proposition 3 b) and by the fact that p is totally decomposed in Z[ζ_ln+1]. It follows that J(l^n−1, l−1) ∈ {J(u, v) | 0 ≤ u ≤ l^n−1, 1 ≤ v ≤ l−1 : ul+v(1+l^n) ≤ l^{n+1}}, which is a contradiction, since

(l^n − 1) · l + (l − 1)(1 + l^n) = 2l^{n+1} − l^n − 1 > l^{n+1}.

This shows that η_n is not contained in any maximal subfield of Q(ζ_ln+1 ), so it is a primitive element of the extension Q(ζ_ln+1 )/Q. If l = 2 then if n = 1 it holds Q(ζ_ln+1 ) = Q(ζ_4 ). The number η_n is, by proposition 3 a), of absolute value √ p, so it cannot be rational and so it is a primitive element of the extension Q(ζ_4 )/Q. If n ≥ 2 it holds Q(ζ_2n+1 ) = L_0 · L_{n−1} with [L_0 : Q] = 2 and L_{n−1}/Q the cyclic 2-extension of degree 2^{n−1}. The maximal subfields of Q(ζ_2n+1 ) are Q(ζ_2n ) and L_{n−1}. Suppose η_n ∈ Q(ζ_2n ). The Galois group Gal(Q(ζ_2n+1 )/Q(ζ_2n )) is generated by J(2^{n−1}, 1), so it holds η^{J(2n−1,1)−1} n = η_n, hence

{J(u, 1)^{−1}J(2^{n−1}, 1)^{−1} | 0 ≤ u ≤ 2^n − 1 : 2u + (1 + 2^n) ≤ 2^{n+1}} = {J(u, 1)^{−1} | 0 ≤ u ≤ 2^n − 1 : 2u + (1 + 2^n) ≤ 2^{n+1}}, by proposition 3 b) and by the fact that p is totally decomposed in Z[ζ_2n+1]. It follows that

J(2^{n−1}, 1) ∈ {J(u, v) | 0 ≤ u ≤ 2^n − 1 : 2u + (1 + 2^n) ≤ 2^{n+1}},

Nicolae, Kummer Curves 12

which is a contradiction, since

2 · 2^{n−1} + (1 + 2^n) = 2^{n+1} + 1 > 2^{n+1}.

Suppose η_n ∈ L_{n−1}. The Galois group Gal(Q(ζ_2n+1 )/L_{n−1}) is cyclic of order 2 generated by J(2^n − 1, 1), so it holds η^{J(2n−1,1)−1} n = η_n, hence

{J(u, 1)^{−1}J(2^n − 1, 1)^{−1} | 0 ≤ u ≤ 2^n − 1 : 2u + (1 + 2^n) ≤ 2^{n+1}}

= {J(u, 1)^{−1} | 0 ≤ u ≤ 2^n − 1 : 2u + (1 + 2^n) ≤ 2^{n+1}},

again by proposition 3 b) and by the fact that p is totally decomposed in Z[ζ_2n+1]. It follows that

J(2^n − 1, 1) ∈ {J(u, 1) | 0 ≤ u ≤ 2^n − 1 : 2u + (1 + 2^n) ≤ 2^{n+1}},

which is a contradiction, since

2(2^n − 1) + (1 + 2^n) = 2^{n+1} + 2^n − 1 > 2^{n+1}.

This shows that η_n is not contained in any maximal subfield of Q(ζ_2n+1 ), so it is a primitive element of the extension Q(ζ_2n+1 )/Q. This proves that the polynomial L_{Cn} (t) is irreducible in Z[t]. Let f_{J(Cn)}(t) be the characteristic polynomial of the Frobenius endomorphism of J(C_n) relative to k. Since f_{J(Cn)}(t) = t^{2gn} L_{Cn} (^1_t ), the polynomial f_{J(Cn)}(t) is irreducible in Z[t]. By ([Tate], Theorem 2, p.140) J(C_n) is a k-simple abelian variety, and the algebra Q ⨂ End_k(J(C_n)) is a commutative field of degree 2g_n = φ(l^{n+1}) over Q. The automorphism (x, y) → (ζ_ln x, ζ_ln+1 y) of the curve C_n is defined over k (since p ≡ 1( mod l^{n+1}), the field k contains a primitive l^{n+1}-th root of unity, which, by abuse of notation, is still denoted by ζ_ln+1 ) and has order l^{n+1}. It extends to an automorphism of order l^{n+1} of J(C_n), defined over k. Therefore Q ⨂ End_k(J(C_n)) is isomorphic to the field Q(ζ_ln+1 ) and End_k(J(C_n)) is isomorphic to Z[ζ_ln+1]. □

2. The curves C_n : y^l = x(x^{ln} − 1) over Q (ζ_ln+1 )

Let p be a prime divisor of Q(ζ_ln+1 ) which does not divide l. The curve C_n has good reduction at p: By reducing modulo p the equation

Nicolae, Kummer Curves 13

y^l = x(x^{ln} − 1) one obtains a curve C_n(p) over the residue field k(p) of Q(ζ_ln+1 ) at p with the equation

C_n(p) : y^l = x(x^{ln} − 1)

which is smooth of genus g_n =^{ln(l−1)}_2 over k(p). Let L_{Cn(p)}(t) be the L-polynomial of C_n(p)/k(p). By Proposition 2 it holds

L_{Cn(p)}(t) = ∏ J∈Gal(Q(ζ_{ln+1} )/Q) (1 − η_n(p)^J t),

where η_n(p) = ι(ψ^{ln}_p , ψ_p), ψ_p : k(p)^∗ → μ_ln+1 the l^{n+1}-th power residue character modulo p. The L-function of C_n over Q(ζ_ln+1 ) is defined by

(3) L(s, C_n, Q(ζ_ln+1 )) := ∏ (p,l)=1

L_{Cn(p)}(N(p)^{−s})^{−1}.

The product on the right hand side of (3) is absolutely convergent for Re s >^3_2 ([Ha], [We], [De], [Ta]). It holds L(s, C_n, Q(ζ_ln+1 )) = ∏ J∈Gal(Q(ζ_{ln+1} )/Q) L_J (s),

where

(4) L_J (s) := ∏ (p,l)=1

(1 − η_n(p)^J N(p)^{−s})^{−1},

for J ∈ Gal(Q(ζ_ln+1 )/Q). The function η_n(p) extends multiplicatively on the group Div_lQ(ζ_ln+1 ) of divisors of Q(ζ_ln+1 ) prime to l.The functions

λ_J : Div_lQ(ζ_ln+1 ) → C^∗ , λ_J (a) := η_n(a)^J √ N(a) , J ∈ Gal(Q(ζ_ln+1 )/Q) are Grössencharaktere of Q(ζ_ln+1 ) ([Ha],[We]) in the sense of Hecke ([He]). Let Div^+_l Q(ζ_ln+1 ) denote the set of positive divisors in Div_lQ(ζ_ln+1 ). By (4) it holds for Re s >^3_2

L_J (s) = ∏ (p,l)=1

(1 − λ_J (p)N(p)^{−s+ 12} )^{−1} =

= ∑ a∈Div^+_l Q(ζ_{ln+1} )

λ_J (a) N(a)^{s− 1}2 = L(s − 1 2 , λ_J , Q(ζ_ln+1 )), where

L(s, λ_J , Q(ζ_ln+1 )) := ∑ a∈Div^+_l Q(ζ_{ln+1} )

λ_J (a) N(a)^s , Re s > 1,

Nicolae, Kummer Curves 14

is the Hecke L-function corresponding to λ_J .

The Q-rational point (0 : 0 : 1) at infinity of the curve C_n, taken as the origin of the jacobian J(C_n), is fixed by the Q(ζ_ln+1 )-automorphism (5) (x, y) → (ζ_ln x, ζ_ln+1 y) of C_n, which extends to a Q(ζ_ln+1 )-automorphism of J(C_n). Let p be a prime number ≡ 1( mod l^{n+1}), and let p be a prime divisor of p in Z[ζ_ln+1]. The residue field k(p) is isomorphic to F_p .The abelian variety J(C_n) reduces modulo p to the jacobian J(C_n(p)), and the endomorphism ring End_{Q(ζln+1 )}(J(C_n)) injects by reduction in the ring of F_p -endomorphisms of J(C_n(p)), which, by proposition 3, is isomorphic to Z[ζ_ln+1]. Since the Q(ζ_ln+1 )-automorphism (5) of J(C_n) has order l^{n+1} it must hold

End_{Q(ζln+1 )}(J(C_n)) = Z[ζ_ln+1].

Theorem 1. It holds L(s, C_n, Q(ζ_ln+1 )) = ∏ J∈Gal(Q(ζ_{ln+1} )/Q) L(s − 1 2 , λ_J , Q(ζ_ln+1 )), Re s > 3 2 .

The jacobian variety J(C_n) of the complex Kummer curve

C_n : y^l = x(x^{ln} − 1)

is a simple abelian variety with complex multiplication ring isomorphic to Z[ζ_ln+1],ζ_ln+1 := exp^{2πi}_{ln+1} , all endomorphisms being defined over Q(ζ_ln+1 ).

References

[Da-Ha] Davenport, H., Hasse, H., Die Nullstellen der Kongruenzzetafunktionen in gewissen zyklischen Fällen, J.Reine Angew. Math. 172(1934), 151-182.

[De] Deuring, M., Die Zetafunktion einer algebraischen Kurve vom Geschlechte Eins, Nachr. Akad. Wiss. Göttingen, 1953, 85-94.

[Ha] Hasse, H., Zetafunktion und L-Funktionen zu einem arithmetischen Funktionenkörper vom Fermatschen Typus, Abhandlungen der Deutschen Akademie der Wissenschaften Berlin, Math.-Nat. Kl. 1954, Nr. 4, 5-70

[He] Hecke, E., Eine neue Art von Zetafunktionen und ihre Beziehungen zur Verteilung der Primzahlen, Math. Zeitschr. 1(1918), 357-376, 6(1920), 11-51.

Nicolae, Kummer Curves 15

[St] Stichtenoth, H., Algebraic Function Fields and Codes, Springer-Verlag, Berlin Heidelberg 1993.

[Ta] Taniyama, Y., L-functions of number fields and zeta functions of abelian varieties, J. Math. Soc. Japan 9(1957), 330-366.

[Tate] Tate, J., Endomorphisms of Abelian Varieties over Finite Fields, Inventiones math. 2(1966), 134-144.

[We] Weil, A., On Jacobi sums as ”Grössencharaktere”, Transact.

Amer. Math. Soc. 73(1952), 487-495.

Humboldt-Universität zu Berlin, Institut für Mathematik, Rudower Chaussee 25, D-10099 Berlin e-mail:nicolae@mathematik.hu-berlin.de and Institute of Mathematics of the Romanian Academy, P.O.BOX 1-764 RO 70700 Bucharest 1