A first approach to generalized polar varieties^1

B. Bank^2, M. Giusti^3, J. Heintz^{4, 5},

L. M. Pardo^5

June 24, 2003

Abstract Let W be a closed algebraic subvariety of the n –dimensional projective space over the complex or real numbers and suppose that W is non–empty and equidimensional. In this paper we generalize the classic notion of polar variety of W associated with a given linear subvariety of the ambient space of W . As particular instances of this new notion of generalized polar variety we reobtain the classic ones and two new types of polar varieties, called dual and (in case that W is affine) conic. We show that for a generic choice of their parameters the generalized polar varieties of W are empty or equidimensional and, if W is smooth, that their ideals of definition are Cohen–Macaulay. In the case that the variety W is affine and smooth and has a complete intersection ideal of definition, we are able, for a generic parameter choice, to describe locally the generalized polar varieties of W by explicit equations. Finally, we use this description in order to design a new, highly efficient elimination procedure for the following algorithmic task: In case, that the variety W is Q –definable and affine, having a complete intersection ideal of definition, and that the real trace of W is non–empty and smooth, find for each connected component of the real trace of W a representative point.

1Research partially supported by the following Argentinian, French, Spanish, Belgian and German grants: UBACyT X198, PIP CONICET 2461, UNGS 30/3003, CNRS FRE 2341 MEDICIS, DGCyT BFM 2000–0349, HF–1999–055, FW/PA/02–EIII/007, ALA 01– E3/02 and ARG 01/010 INF (BMBF)

2Humboldt-Universität zu Berlin, Institut für Mathematik, 10099 Berlin, Germany. bank@mathematik.hu-berlin.de

3UMS MEDICIS, Laboratoire GAGE, École Polytechnique, 91228 Palaiseau Cedex, France. giusti@gage.polytechnique.fr

4Departamento de Computación, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Ciudad Univ., Pab.I, 1428 Buenos Aires, Argentina. joos@mate.dm.uba.ar

5Departamento de Matemáticas, Estadística y Computación, Facultad de Ciencias, Universidad de Cantabria, 39071 Santander, Spain. heintz@matesco.unican.es and pardo@matesco.unican.es

Keywords: Geometry of polar varieties and its generalizations, geometric degree, real polynomial equation solving, elimination procedure, arithmetic circuit, arithmetic network, complexity. MSC: 14P05, 14B05, 68W30, 68Q25

1 Introduction

Let P^n denote the n – dimensional projective space over the field of complex numbers C and let, for 0 ≤ p ≤ n , V be a pure p –codimensional closed algebraic subvariety of P^n . In this paper we introduce the new notion of a generalized polar variety of V associated with a given linear subspace K , a given non–degenerate hyperquadric Q and a given hyperplane H of the ambient space P^n , subject to the condition that Q ∩ H is a non–degenerate hyperquadric of H . We denote this generalized polar variety by ^W_K (V ) . It turns out that ^W_K (V ) is empty or a smooth subvariety of V having pure codimension i in V , if V is smooth and K is a ”sufficiently generic”, (n − p − i) –dimensional, linear subspace of P^n , for 0 ≤ i ≤ n − p (see Corollary 10 and the following comments).

The concept of generalized polar varieties has two instances of particular interest. One instance reproduces the classic polar varieties, which we call direct. The other instance produces a certain type of non–classic polar varieties, which we call dual.

In this paper we are mainly concerned with the case that H is the hyperplane at infinity of P^n determining thus an embedding of the complex n –dimensional affine space A^n into the projective space P^n . Let S := V ∩H be the affine trace of V and suppose S is non–empty. Then S is a pure p –codimensional closed subvariety of the affine space A^n . The affine traces of the direct polar variety of V give rise to two types of polar varieties of the affine variety S , called conic and cylindric, respectively. A conic polar variety of S is associated with an affine linear subspace of A^n and a cylindric polar variety is associated with a linear subspace of the hyperplane at infinity of P^n , namely H . The concept of the conic polar varieties seems to be new, whereas the cylindric polar varieties of S are the classic ones.

The affine trace ^W_K (S) := ^W_K (V ) ∩ A^n is called the affine generalized polar variety of S associated with the linear subvariety K and the hyperquadric Q of P^n . The affine generalized polar varieties of S give rise to cylindric (i.e., classic) and dual affine polar varieties. However, the conic polar varieties of S cannot be obtained in this way because of the particular choice of the hyperplane H . Let us denote the field of real numbers by R and the real n –dimensional projective and affine spaces by P^n_R and A^n_R , respectively. Assume that V is R –definable and let V_R := V ∩ P^n_R and S_R := S ∩ A^n_R = V ∩ A^n_R be the real traces of the complex algebraic varieties V and S . Suppose that the real varieties V_R and S_R are non–empty and that K and Q are R –definable. Then the generalized real polar varieties ^W_K (V_R) := ^W_K (V ) ∩ P n_R and ^W_K (S_R) := ^W_K (S) ∩ A n_R = ^W_K (V ) ∩ A n_R are well defined and lead to the corresponding notions of dual polar variety of V_R and S_R and of cylindric polar variety of S_R . Suppose that S_R is smooth. Then ”sufficiently generic” real dual polar varieties of S_R contain for each connected component of S_R at least one representative point. The same is true for the real cylindric polar varieties if additionally the ideal of definition of S is a complete intersection ideal and if S_R is compact (see Proposition 1 and Proposition 2).

Let Q be the field of rational numbers, let X_1, . . . , X_n be indeterminates over R and let a regular sequence F_1, . . . , F_p in Q [X_1 , . . . , X_n] be given such that (F_1, . . . , F_p) is the ideal of definition of the affine variety S . Then, in particular, S is a Q –definable, complete intersection variety. Suppose that the hyperquadric Q is Q –definable and that Q ∩ H_R can be described by the standard, n –variate positive definite quadratic form (inducing on A^n_R the usual euclidean distance). Assume that the projective linear variety K is spanned by n − p − i + 1 rational points (a_{1,0} : · · · : a_{1,n}), . . . , (a_{n−p−i+1,0} : · · · : a_{n−p−i+1,n}) of P^n with a_{j,1}, . . . , a_{j,n} generic for 1 ≤ j ≤ n − p − i + 1 . Thus K has dimension n − p − i . Suppose that S is smooth. Then the generalized affine polar variety ^W_K (S) is empty or of pure codimension i in S . Moreover, the ideal of definition of ^W_K (S) in Q [X_1 , . . . , X_n] is Cohen–Macaulay and generated by F_1, . . . , F_p and all (n − i + 1) –minors of the polynomial ((n − i + 1) × n) matrix ∂F_1 ∂X_1 · · · ∂F_1 ∂X_n . . . . . . ∂F_p ∂X_1 · · · ∂F_p ∂X_n a_{1,1} − a_{1,0} X_1 · · · a_{1,n} − a_{1,0} X_n . . . . . . a_{n−p−i+1,1} − a_{n−p−i+1,0} X_1 · · · a_{n−p−i+1,n} − a_{n−p−i+1,0} X_n (see Theorem 9). It is even possible to show that ^W_K (S) is smooth. However, the proof of this fact is considerably more involved and less transparent than the proof of the Cohen–Macaulay property of ^W_K (S) given in this paper. For details we refer to [2]. The algorithmic applications described below do not require the smoothness of ^W_K (S) , the Cohen–Macaulay property suffices.

In [4] and [3], cylindric (i.e., classic) polar varieties were used in order to design a new generation of efficient algorithms for finding at least one representative point of each connected component of a given smooth, compact hypersurface or complete intersection subvariety of A^n_R . The dual polar varieties introduced in this paper can be used for the same algorithmic task in the non–compact (but still smooth) case. This leads to a complexity result that represents the basic motivation and (in some sense) the main outcome of this paper: If the real variety S_R is non–empty and smooth and if S is given as before by a regular sequence F_1, . . . , F_p in Q[X_1 , . . . , X_n] such that, for any 1 ≤ h ≤ p , the ideal generated by F_1, . . . , F_h is radical, then it is possible to find a (real algebraic) representative point of each connected component of S_R in (polynomial) sequential time (_n p ) L^2(ndδ)^{O(1)} (counting arithmetic operations in Q at unit costs). Here d is an upper bound for the degrees of the polynomials F_1, . . . , F_p , L denotes the (sequential time) arithmetic circuit complexity of them and δ ≤ d^n p^{n−p} is the (suitably defined) degree of the real interpretation of the polynomial equation system F_1, . . . , F_p (see Theorem 11). Although this complexity bound is polynomial in δ , it may become exponential with respect to the number of variables n , at least in the worst case. This exponential worst case complexity becomes unavoidable since S_R may contain exponentially many connected components. On the other hand, the elimination problem under consideration is intrinsically of non–polynomial character with respect to the syntactic input length for any reasonable continous data structure (compare [22] and [12]).

In view of [13] we may conclude that no numerical procedure (based on the bit representation of integers) is able to solve this algorithmic task more efficiently than our symbolic–seminumeric procedure.

2 Intrinsic aspects of polar varieties

For two given linear subvarieties A and B of the complex n –dimensional projective space P^n we denote by < A, B > the linear subvariety of P^n spanned by A and B . We say that A and B intersect transversally (in symbols: A ⋔ B) if < A, B >= P^n holds. In case that A and B do not intersect transversally, we shall write A /⋔ B . Let V be a projective subvariety of P^n and suppose that V is of pure codimension p for some 0 ≤ p ≤ n (this means that all irreducible components of V have the same codimension p ). We denote by V_{reg} the set of all regular (smooth) points of V . Observe that V_{reg} is a complex submanifold of P^n of codimension p and that V_{reg} is Zariski-dense in V . We call V_{sing} := V \ V_{reg} the singular locus of the projective variety V . Let V and W be two given pure codimensional projective subvarieties of P^n and let M be a given point of P^n belonging to the intersection of V_{reg} and W_{reg} . We say that V and W intersect transversally at the point M if the Zariski tangent spaces T_M V and T_M W of the algebraic varieties V and W at the point M intersect transversally (here we interprete T_M V and T_M W as linear subvarieties of the ambient space P^n that contain the point M ).

For the rest of this paper let us fix integers n ≥ 0, 0 ≤ p ≤ n and a projective subvariety V of P^n having pure codimension p . Using the projective setting, we first recall in Subsection 2.1. the classic notion of a polar variety of V associated with a given linear subvariety of P^n (in this paper, we shall call such polar varieties direct). Then, in Subsection 2.2 we introduce the new notion of a generalized polar variety of V associated with a given linear subspace K , a given non–degenerate hyperquadric Q and a given hyperplane H of the ambient space P^n , subject to the condition that Q ∩ H is a non–degenerate hyperquadric of H . The dual polar varieties of V are introduced and the direct polar varieties of V are reobtained as particular instances of generalized polar varieties of V .

We will pay particular attention to the case that H is the hyperplane at infinity of P^n . We may then consider the complex n –dimensional affine space A^n as embedded in P^n . In this context we may define the affine direct (conic and cylindric), dual and generalized polar varieties of the affine variety S := V ∩ A^n , which we suppose to be non–empty. Finally, in Subsection 2.3 we will introduce and discuss the real (generalized, direct, dual, affine) polar varieties of the real varieties V_R := V ∩ P^n_R and S_R := S ∩ A^n_R (supposing that V_R and S_R are non–empty). We will formulate two sufficient conditions for the non–emptyness of such real polar varieties.

2.1 Classic polar varieties

Let L ⊂ P^n be a linear subvariety. The direct polar variety of V associated with L , denoted by W_L(V ) , is defined as the Zariski–closure of the constructible set {M ∈ V_{reg} \ L | T_M V /⋔ < M, L > at M} . (1) Remark that the direct polar variety W_L(V ) is contained in V . The direct polar varieties occurring in this paper are always organized as a decreasing sequence V = W_L0 = · · · = W_Lp−2 ⊃ W_Lp−1 ⊃ · · · ⊃ · · · ⊃ W_Ln−2 ⊃ W_Ln−1 = ∅ associated with a given flag of projective linear subvarieties of the n – dimensional projective space, namely L : L^0 ⊂ L^1 · · · ⊂ L^{p−1} ⊂ · · · ⊂ L^{n−2} ⊂ L^{n−1} ⊂ P^n. Here the superscripts indicate the dimension of the respective linear subvariety. In order to simplify notations, we shall write V_i := W_Lp+i−2 (V ), 1 ≤ i ≤ n − p, and we call V_i the i –th direct polar variety of the subvariety V associated with the flag L . The subscript i reflects the expected codimension of V_i in V . Note that the relevant part of the flag L leading to non–trivial polar varieties ranges from L^{p−1} to L^{n−2} .

Direct polar varieties allow nice affine interpretations. Let us therefore consider the n – dimensional affine space A^n embedded in the projective space P^n .

We assume now that the variety V is the projective closure of a given closed subvariety S of the affine space A^n and that S has pure codimension p . We call S_{reg} := V_{reg} ∩ A^n and S_{sing} := V_{sing} ∩ A^n the set of smooth (regular) points and the singular locus of the affine variety S , respectively. For any smooth point M of the affine variety S we interprete, as usual, the tangent space T_M S of S at M as a linear subspace of A^n passing through the origin. Thus, if we interprete M as a point of the projective variety V , the affine trace of the tangent space T_M V of V at M , namely T_M V ∩ A^n , turns out to be the affine linear subspace of A^n that is parallel to T_M S and passes through M , namely M + T_M S . In the same sense we write M + A := < M, A > ∩ A^n for any linear subvariety A of P^n .

Now we adapt the concept of a direct polar variety to the affine case. For any member L of the flag L we define W_L(S) , the affine direct polar variety associated with L , as the affine trace of the projective polar variety W_L(V ) introduced above, namely, W_L(S) := W_L(V ) ∩ A^n . One sees easily that, in terms of the usual notion of (non–)transversality for affine linear subspaces of A^n , the affine polar variety W_L(S) is nothing else but the Zariski–closure (in A^n ) of the constructible set {M ∈ S_{reg} \ (L ∩ A^n ) | M + T_M S /⋔ M + L at M} . Again the relevant part of the flag L leading to non–trivial affine polar varieties ranges from L^{p−1} to L^{n−2} . Similarly as above, we abbreviate S_i := W_Lp+i−2 (S), 1 ≤ i ≤ n − p, and we call S_i the i –th affine direct polar variety of S associated with the flag L . Again, the subscript i denotes the expected codimension of S_i in S .

The following two situations are of particular interest

– L^{n−1} is the hyperplane at infinity with respect to the given embedding of the affine space A^n in the projective space P^n .

– The single–point variety L^0 is not contained in the hyperplane at infinity of P^n .

The affine direct polar varieties associated with the flag L are called cylindric in the first situation and conic in the second one. The cylindric polar varieties are the classic ones, the subject of extensive investigations: Let us mention among others the contributions of J.–V. Poncelet (who introduced the concept of polar varieties), F. Severi, J. A. Todd, S. Kleiman, R. Piene, D. T. Lê, B. Teissier, J.–P. Henry and M. Merle (see e.g. [40] and the references cited therein).

It is evident that any conic polar variety can be transformed into a cylindric one by means of a suitable (linear) automorphism of the projective space.

Suppose now that L^{n−1} is the hyperplane at infinity of P^n . Thus, for 1 ≤ j ≤ n − 1 , we may interprete the affine cone of the projective linear variety L^j as a (j + 1) – dimensional subspace of A^n . Due to this interpretation the flag L of projective linear subvarieties becomes a flag of linear subspaces

I : I^1 ⊂ I^2 ⊂ · · · ⊂ I^{n−1} ⊂ A^n .

As above, the superscripts indicate the dimension of the respective linear subspaces of A^n . Observe now that, for any 1 ≤ j ≤ n − 1 , and any regular point M of S , the identity (M + L^{j−1}) ∩ A^n = M + I^j holds. Moreover, the affine linear spaces M + T_M S and M + L^{j−1} intersect transversally at M if and only if the linear spaces T_M S and I^j intersect transversally. This implies that the affine direct polar variety W_Lj−1 (S) is the Zariski–closure of the constructible set { M ∈ S_{reg} | T_M S /⋔ I^j } . Remark that this is just the usual definition of the polar variety of S associated with the linear space I^j .

Thus we have shown that our cylindric polar varieties are exactly the classic polar varieties. In case that S is a smooth closed subvariety of A^n , it is well known that the classic cylindric polar varieties associated with a generic flag I of linear subspaces of A^n have the expected, pure codimension in S (see e.g. [46], Corollaire 1.3.2 and Définition 1.4, [35], Proposition 4.1.1 and Théorème 4.1.2 or [3], Theorem 1). Moreover, we shall show in Corollary 10 below that these varieties are Cohen–Macaulay (this fact seems to be folklore).

Therefore, if L^{n−1} is the hyperplane at infinity and if the the remaining part of the flag L is chosen generically, the cylindric polar varieties S_1, . . . , S_{n−p} are Cohen–Macaulay and of pure codimension 1, . . . , n − p in S . Since any affine direct polar variety can be obtained from a cylindric one by means of an automorphism of the projective space P^n , we conclude that, for any generic flag L of projective subvarieties of P^n , the corresponding (conic) polar varieties of S are Cohen–Macaulay and have the expected, pure codimension in S .

2.2 Generalized polar varieties

Let Q be a non–degenerate hyperquadric defined in the projective space P^n . For a linear variety A ⊂ P^n of dimension a , let A^∨ denote its dual with respect to Q . The dimension of A^∨ is n − a − 1 .

Further, let H be a hyperplane such that the intersection Q ∩ H is a non– degenerate hyperquadric of H (this means that H is not tangent to Q , or equivalently, that H does not belong to the dual hyperquadric of Q ). If A is a linear subvariety of P^n contained in H , we denote by A^∗ its dual with respect to Q ∩ H . The dimension of A^∗ is n − a − 2 . Observe that the linear varieties A^∗ and A^∨ ∩ H coincide.

We are going to introduce the notion of a generalized polar variety contained in the projective space P^n . Such polar varieties will be associated with a given flag of linear subvarieties, a non–degenerate hyperquadric and a hyperplane of P^n , which is supposed not to be tangent to the hyperquadric. We consider this situation to be represented by a point of a suitable parameter space given as a Zariski open subset of the product of the corresponding flag variety, the space of hyperquadrics and the dual space of P^n . We will denote a current point in this parameter space by P = (K, Q, H) .

In view of subsequent algorithmic applications to real polynomial equation solving, the principal aim of this paper is the proof of suitable smoothness results for generic polar varieties associated with the given projective variety V . For this purpose we will work locally (in the Zariski sense) in the variety V . This allows us to restrict our attention to locally closed conditions in the parameter space (instead of the more general constructible ones).

For a given a point P = (K, Q, H) we define, for any member K of the flag K , the generalized polar variety ^W_K (V ) associated with K as the Zariski– closure of the constructible set {M ∈ V_{reg} \ (K ∪ H) | T_M V /⋔ < M, (< M, K > ∩ H)^∗ > at M} . (2) Note that ^W_K (V ) is contained in V . Let us denote the given flag by K : P^n ⊃ K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p−1} ⊃ · · · ⊃ K^1 ⊃ K^0. Then the generalized polar varieties associated with K are organized as a decreasing sequence as follows: V = ^W_Kn−1 = · · · = ^W_Kn−p ⊃ ^W_Kn−p−1 ⊃ · · · ⊃ ^W_K1 ⊃ ^W_K0 . In order to simplify notations, we write in the same spirit as in Subsection 2.1: ^V_i := ^W_{Kn−p−i} , 1 ≤ i ≤ n − p. We call ^V_i the i –th generalized polar variety of V associated with the parameter point P . The subscript i reflects the expected codimension of ^V_i in V . Note that the relevant part of the flag K leading to non–trivial polar varieties ranges from K^{n−p−1} to K^0 . Let K be any member of the flag K and assume that H is the hyperplane at infinity of P^n and that V is the projective closure of a given pure p – dimensional closed subvariety S of the affine space A^n . Then we call ^W_K (S) := ^W_K (V ) ∩ A^n the affine generalized polar variety associated to K .

Two particular choices of the parameter point P = (K, H, Q) are noteworth. Let us fix a non–degenerate hyperquadric Q and a hyperplane H not tangent to Q . Furthermore, let be given a flag L : L^0 ⊂ L^1 · · · ⊂ L^{p−1} ⊂ · · · ⊂ L^{n−2} ⊂ L^{n−1} ⊂ P^n organized as an increasing sequence of linear subvarieties of the n – dimensional projective space and suppose that L^{n−1} = H holds.

We associate two new flags of linear subspaces of P^n with the flag L , both organized as decreasing sequences. We call these two flags the internal and the external flag of L and denote them by K and K , respectively.

We write the internal flag K as K : P^n ⊃ K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p−1} ⊃ · · · ⊃ K^1 ⊃ K^0. For i ranging from 1 to n−p , we define the relevant part of K by K^{n−p−i} := (L^{p+i−2})^∗ (observe that the linear variety L^{p+i−2} is contained in the hyperplane H ). The irrelevant part K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p} of K may be chosen arbitrarily.

Consider now an arbitrary member K of the relevant part of the internal flag K . Furthermore, let L be the member of the flag L determined by the condition K = L^∗ , and let M be a point belonging to V_{reg} \ H . Taking into account that K is contained in H , whereas M does not belong to H , we conclude that < M, K > ∩ H = K holds. This implies < M, (< M, K > ∩ H)^∗ > = < M, K^∗ > = < M, L > . Provided that H does not contain any irreducible component of V , we finally infer from (1) and (2) that

^W_K (V ) = W_L(V ) (3)

holds.

As before let H be the hyperplane at infinity of P^n and let V be the projective closure of a given pure p – codimensional closed subvariety S of the affine space A^n . Then H does not contain any irreducible component of V and from (3) we deduce that the affine generalized polar variety ^W_K (S) = ^W_K (V ) ∩ A n is exactly the cylindric polar variety W_L(S) . Moreover, all cylindric polar varieties of S can be obtained in this way, by a suitable choice of the flag L with L^{n−1} = H .

More generally, chosing the flag L and the hyperplane H appropriately, one obtains any direct polar variety of V as a generalized polar variety associated with some member of the internal flag of L .

We write the external flag K as K : P^n ⊃ K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p−1} ⊃ · · · ⊃ K^1 ⊃ K^0. For i ranging from 1 to n−p , we define the relevant part of K by K^{n−p−i} := (L^{p+i−1})^∨ . The irrelevant part K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p} of K may be chosen arbitrarily.

Consider now an arbitrary member K of the relevant part of the external flag K . Further, let L be the member of the flag L determined by the condition K = L^∨ , and let M be a point belonging to V_{reg} \ (K ∪ H) . From K^0 ⊂ K we deduce that K^0 is contained in < M, K > . Taking into account that K^{0∨} = L^{n−1} = H holds, we conclude that any element of < M, K >^∨ belongs to the hyperplane H . Thus < M, K >^∨ is contained in (< M, K > ∩ H)^∨ ∩ H . A straightforward dimension argument implies now < M, K >^∨= (< M, K > ∩ H)^∨ ∩ H = (< M , K > ∩ H)^∗. Hence, from (2) we conclude that the generalized polar variety ^W_K (V ) coincides with the Zariski–closure of the constructible set { M ∈ V_{reg} \ (K ∪ H) | T_M V /⋔ < M, < M, K >^∨ > at M } . (4)

We call ^W_K (V ) the dual polar variety of V associated with K .

Again, let us assume that the variety V is the projective closure of a given closed subvariety S of the affine space A^n , that S has pure codimension p and that H is the hyperplane at infinity of P^n . We denote by ^W_K (S) the affine dual polar variety of S associated with K , defined as the affine trace of the projective dual polar variety, namely ^W_K (S) := ^W_K (V ) ∩ A^n .

Now from (4) one easily deduces that the affine dual polar variety ^W_K (S) is nothing else but the Zariski–closure (in A^n ) of the constructible set { M ∈ S_{reg} \ (K ∩ A^n ) | M + T_M S /⋔ M+ < M , K >^∨ at M } . (5)

Let M be a regular point of S that does not belong to K ∩ A^n . Since the linear subvariety < M , K >^∨ is contained in the hyperplane at infinity of P^n , we may interprete the affine cone of < M , K >^∨ as a linear subspace I_{M, K} of A^n . In the same way we may interprete the affine cone of the linear variety L as a linear subspace I of A^n . Then the linear space I_{M, K} consists exactly of those elements of I that are orthogonal to the point M with respect to the bilinear form induced by Q ∩ H . From (5) one easily deduces that the affine dual polar variety ^W_K (S) is the Zariski–closure of the constructible set { M ∈ S_{reg} \ (K ∩ A^n ) | T_M S /⋔ I_{M, K} } . In conclusion: Internal flags lead to direct polar varieties that include the classic (cylindric) ones and external flags lead to a new type of polar varieties, namely the dual ones.

The affine interpretation of direct and dual polar varieties plays a fundamental role in the context of semialgebraic geometry, the main subject of this paper. In the next subsection we will discuss real polar varieties.

2.3 Real polar varieties

Recall the following notation: P^n_R and A^n_R for the real n –dimensional projective and affine spaces. Sometimes, we will also write P^n := P^n_C and A^n := A^n_C for n –dimensional complex projective and affine spaces.

Let a flag of real linear subvarieties of the projective space P^n_R be given, namely

L : L^0 ⊂ L^1 ⊂ · · · ⊂ L^{n−1} ⊂ P^n_R.

Let H be the hyperplane at infinity of P^n_C , and let H_R := H ∩A^n_R be its real trace. Thus H_R fixes an embedding of the real affine space A^n_R into P^n_R . Furthermore, let an R –definable, non–degenerate hyperquadric Q of P^n_C be given and suppose that Q ∩ H is also non–degenerate, and that Q ∩ H_R can be described by means of a positive definite bilinear form. Observe that Q ∩ H_R induces a Riemannian structure on the affine space A^n_R and that L induces a flag of R –definable linear subvarieties of the complex projective space P^n_C . We call this flag the complexification of L . Suppose that we are given a purely p – codimensional, R –definable closed subvariety S of A^n_C whose projective closure in P^n_C is V . We denote by V_R := V ∩ P^n_R and S_R := S ∩ A^n_R the real traces of V and S .

For the given flag L of linear subvarieties of P^n_R we define the notion of an internal and an external flag and the notion of a real generalized, direct, cylindric, conic and dual polar variety of V_R and of S_R in the same way as in the Subsections 2.1 and 2.2. It turns out that these polar varieties are the real traces of their complex counterparts given by V , S and the complexification of L and its internal and external flag. All our comments on direct and dual affine polar varieties made in the Subsections 1.1 and 1.2 are valid mutatis mutandis in the real case. Again we denote the (real) internal and external flag associated with L by K and K , respectively. For any member L of the flag L , K of the flag K and K of the flag K , we denote the corresponding real polar variety by

W_L(V_R), W_L(S_R), ^W_K (V_R), ^W_K (S_R), ^W_K (V_R) and ^W_K (S_R).

Let us now assume that L^{n−1} = H_R and let us consider the real affine polar varieties associated with the internal and external flags K and K of L .

Let us first consider the case of the internal flag K . As we have seen in Subsection 2.1, the flag L of linear subvarieties of P^n_R induces a flag of linear subspaces of A^n_R , say

I : I^1 ⊂ I^2 ⊂ · · · ⊂ I^{n−1} ⊂ A^n_R .

Let now L be any member of the relevant part of the given flag L , let I be the member of the flag I representing L and let K be the member of the internal flag K defined by K := L^∗ . Observe that K is contained in the hyperplane at infinity H_R . From our considerations in the Subsections 1.1 and 1.2 we deduce that

^W_K (S_R) = ^W_K (V_R) ∩ A^n_R = W_L(V_R) ∩ A^n_R = W_L(S_R)

holds and that the real cylindric polar variety W_L(S_R) is the Zariski–closure of the semialgebraic set {M ∈ (S_R)_{reg} | T_M S_R /⋔ I} in A^n_R .

Observe that the affine cone of the real linear subvariety K of P^n_R corresponds to the orthogonal complement of I in A^n_R (here we refer to orthogonality with respect to the Riemannian structure induced by Q on A^n_R ). In this sense, the real polar variety ^W_K (S_R) is of cylindric type and orthogonal to the directions of K defining it.

In principle, the cylindric real polar variety ^W_K (S_R) may be empty, even in case that S contains real smooth points. However, under certain circumstances, we may conclude that ^W_K (S_R) is non–empty. This is the content of the following statement:

Proposition 1 Suppose that S is a pure p – dimensional complete intersection variety given as the set of common zeros of p polynomials F_1, . . . , F_p ∈ R [X_1 , . . . , X_n] , where X_1, . . . , X_n are indeterminates over the reals. Suppose that the ideal generated by F_1, . . . , F_p is radical and that S_R is a smooth and compact real variety. Then ^W_K (S_R) contains at least one point of each connected component of S_R .

Proposition 1 is an easy consequence of the arguments used in [3], Section 2.4, which will not be repeated here.

Let us now consider the external flag K . Observe that K^0 is a zero– dimensional linear subvariety of P^n_R , namely the origin of A^n . Therefore any member of the external flag K has a non–empty intersection with A^n_R . Assume now that the Riemannian metric of A^n induced by the hyperquadric Q is the ordinary euclidean distance. Under these assumptions we will show the following result:

Proposition 2 Suppose that S_R is a smooth, pure p – codimensional real variety. Let K be any member of the external flag K and suppose that K ∩ A^n_R is not contained in S_R. Then, the real affine dual polar variety ^W_K (S_R) is nonempty and contains at least one point of each connected component of S_R .

Observe that the statement of Proposition 2 becomes trivial for K belonging to the irrelevant part of K , since in this case ^W_K (S_R) = S_R holds.

Proof Since K ∩ A^n_R is not contained in S_R , there exists a point P of K ∩ A^n that does not belong to S_R . Consider now an arbitrary connected component C of S_R . Then C is a smooth, closed subvariety of A^n_R whose distance to the point P is realized by a point M of C . Since P does not belong to S_R , one has M − P ≠ 0 .

The square of the euclidean distance of any point X of A^n_R to the point P is a real valued polynomial function defined on A^n_R whose gradient in X is 2(X − P ) . Applying now the Lagrangian Multiplier Theorem (see e.g. [45]) to this function and the polynomial equations defining S_R we deduce that M − P belongs to the orthogonal complement of the real tangent space T_M (S_R) (observe that M is a smooth point of S_R ). The real trace I_{M, K} ∩ A^n_R of the linear space I_{M, K} introduced in Subsection 2.2 consists of all elements of the orthogonal complement of K ∩ A^n_R that are also orthogonal to M . Observe now that the linear space T_M (S_R) + (I_{M, K} ∩ A^n_R ) is strictly contained in A^n_R , since otherwise any point of A^n_R would be orthogonal to M − P . On the other hand, T_M (S_R) + (I_{M, K} ∩ A^n_R ) ≠ A^n_R implies that T_M (S_R) /⋔ (I_{M, K} ∩ A^n_R ) holds. From (5) we finally deduce that the point M belongs to the real affine dual polar variety ^W_K (S_R) = ^W_K (S) ∩ A^n_R and therefore we have C ∩ ^W_K (S_R) ≠ ∅ . □

3 Extrinsic aspects of polar varieties

In this section we will describe more closely the generalized polar varieties of a closed subvariety S of A^n , which is given by a system of polynomial equations. We suppose that these polynomial equations form a regular sequence and generate the ideal of definition of S . Let K be a ”sufficiently generic” linear subvariety of P^n of dimension at most n − p . We will show that the polar variety ^W_K (S) of S is either empty or equidimensional of expected codimension in S . We will describe ^W_K (S) locally by transversal intersections of explicitely given hypersurfaces of A^n and, in case that S is smooth, globally by explicit polynomial equations, which generate the ideal of definition of ^W_K (S) .

3.1 Explicit description of affine polar varieties

Let P^n and A^n be the n – dimensional projective or affine space over C or R , according to the context. As above, we consider A^n to be embedded in P^n in the usual way. For given complex or real numbers x_0, . . . , x_n that are not all zero, x := (x_0 : x_1 : . . . : x_n) denotes the corresponding point of the projective space P^n . Moreover, for x_0 = 1 we denote the corresponding point of the affine space A^n by (x_1, . . . , x_n) := (1 : x_1 : . . . : x_n) . Let X_0, . . . , X_n be indeterminates over C (or R ).

As of now we suppose that the given projective, purely p – codimensional variety V is defined by p nonzero forms f_1, . . . , f_p over C (or R ) in the variables X_0, . . . , X_n . In other words, we suppose V := V (f_1, . . . , f_p), where V (f_1, . . . , f_p) denotes the set of common zeros of f_1, . . . , f_p in P^n . Therefore, the homogeneous polynomials f_1, . . . , f_p form a regular sequence in the polynomial ring C [X_0 , , . . . , X_n] (or R [X_0 , , . . . , X_n] ). Let S := V ∩ A^n and assume that S is non–empty. The dehomogenizations of f_1, . . . , f_p are denoted by

F_1 := f_1(1, X_1, . . . , X_n), . . . , F_p := f_p(1, X_1, . . . , X_n).

Observe that F_1, . . . , F_p are nonzero polynomials in the variables X_1, . . . , X_n over C (or R ). Thus we have S = V ∩ A^n = V (F_1, . . . , F_p), where V (F_1, . . . , F_p) denotes the set of common zeros of F_1, . . . , F_p in A^n . Note that the polynomials F_1, . . . , F_p form a regular sequence in C [X_1 , , . . . , X_n] (or in R [X_1 , , . . . , X_n] ).

The projective Jacobian of f_1, . . . , f_p is denoted by

J(f_1, . . . , f_p) := [ ∂f_j ∂X_k ] 1≤j≤p 0≤k≤n . For any point x of P^n we write

J(f_1, . . . , f_p)(x) := [ ∂f_j ∂X_k (x) ] 1≤j≤p 0≤k≤n

for the projective Jacobian of the polynomials f_1, . . . , f_p at the point x . Similarly we denote the affine Jacobian of the polynomials F_1, . . . , F_p by

J(F_1, . . . , F_p) := [ ∂F_j ∂X_k ] 1≤j≤p 1≤k≤n , and we write for any point x of A^n :

J(F_1, . . . , F_p)(x) := [ ∂F_j ∂X_k (x) ] 1≤j≤p 1≤k≤n . A point x of V (or of V ∩A^n ) is called (f_1, . . . , f_p) – regular (or (F_1, . . . , F_p) – regular) if the Jacobian J(f_1, . . . , f_p)(x) (or J(F_1, . . . , F_p)(x) ) has maximal rank p . Note that the (f_1, . . . , f_p) – regular points of V are always smooth points of V , but not vice–versa. For the sake of simplicity, we shall therefore suppose from now on that all smooth points of V are (f_1, . . . , f_p) – regular. In other words, we suppose that f_1, . . . , f_p (and hence F_1, . . . , F_p ) generate a radical ideal of its ambient polynomial ring. Any smooth point of S is therefore (F_1, . . . , F_p) – regular. On the other hand, by assumption, the polynomials F_1, . . . , F_p form a regular sequence in C [X_1 , . . . , X_n] . Therefore, we conclude that the coordinate ring C [S] of the affine variety is Cohen– Macaulay.

Suppose for rest of this section that our ground field is C . Next, we will generate local equations for the generalized polar varieties of the affine complete intersection variety S . To this end (and having in mind the algorithmic applications of our geometric considerations to real affine polar varieties in Section 4) we may restrict our attention to the case where H is the hyperplane at infinity of P^n (defined by the equation X_0 = 0 ) and where the given non–degenerate hyperquadric Q is defined by a quadratic form R , which can be represented as follows:

R(X_0, . . . , X_n) := X_0^2 + n∑ k=1 2c_kX_0X_k + n∑ k=1 X_k^2

with c_1, . . . , c_n belonging to C or R , according to the context. Observe that this representation of R implies the hyperquadrics Q and Q ∩ H to be non–degenerate in P^n and H , respectively. Further, observe that Q ∩ H is defined by the quadratic form R_0(X_1, . . . , X_n) := ∑_n k=1 X^2_k ∈ R [X_1 , . . . , X_n] . Therefore, in particular, Q ∩ H_R is represented by a positive definite quadratic form that induces the usual euclidean distance on A^n_R . Let us note that the special shape of R (and hence, of the quadratic form R_0 representing Q ∩ H_R ) does not limitate the generality of the arguments which will follow. These may be applied mutatis mutandis to any non–degenerate hyperquadric whose intersection with the hyperplane at infinity H is still non–degenerate.

Fix now 1 ≤ i ≤ n − p and choose for each 1 ≤ j ≤ n − p − i + 1 a point A_j = (a_{j,0} : . . . : a_{j,n}) of P^n with a_{j,0} = 0 or a_{j,0} = 1 and a_{j,1}, . . . , a_{j,n} generic (our genericity conditions will become evident in the sequel). By this choice, we may assume that the points A_1, . . . , A_{n−p−i+1} span an (n − p − i) – dimensional linear subvariety K := K^{n−p−i} of the projective space P^n .

Let us consider an (f_1, . . . , f_p) – regular point M = (x_0 : . . . : x_n) of V with x_0 ≠ 0 and M /∈ K . Then one easily sees that the (n − p − i) – dimensional linear subvariety < M, K > ∩ H is spanned by the n − p − i + 1 linearly independent points x_0 A_1 − a_{1,0} M , . . . , x_0 A_{n−p−i+1} − a_{n−p−i+1,0} M. Let Y_1, . . . , Y_n be new indeterminates and let Θ := ∑_n k=1 X_kY_k , Θ ∈ R [X_1 , . . . , X_n, Y_1, . . . , Y_n] , denote the (polarized) bilinear form associated with the hyperquadric Q ∩ H . For 1 ≤ j ≤ n − p − i + 1 , let ℓ_j ∈ C [X_1 , . . . , X_n] be defined by ℓ_j := ℓ^{(x0,... ,xn)} j := Θ(x_0 a_{j,1} − a_{j,0} x_1, . . . , x_0 a_{j,n} − a_{j,0} x_n, X_1, . . . , X_n)

and G_j ∈ C [X_0 , X_1, . . . , X_n] by G_j := G^{(x0,... ,xn)} j := x_0 ℓ^{(x0,... ,xn)} j (X_1, . . . , X_n) − X_0 ℓ^{(x0,... ,xn)}_j (x_1, . . . , x_n). Then the linear forms ℓ_1, . . . , ℓ_{n−p−i+1} define the (p+i−2) – dimensional linear variety (< M, K > ∩ H)^∗ in H and are therefore linearly independent. Moreover, the linear forms G_1, . . . , G_{n−p−i+1} vanish at M and at any point of (< M, K > ∩ H)^∗ . Hence, they vanish at any point of the (p + i − 1) – dimensional linear variety < M, (< M, K > ∩ H)^∗ > . From the linear independence of ℓ_1, . . . , ℓ_{n−p−i+1} one easily deduces the linear independence of the linear forms G_1, . . . , G_{n−p−i+1} . Therefore G_1, . . . , G_{n−p−i+1} describe the linear variety < M, (< M, K > ∩ H)^∗ > used in (2) to define the generalized polar variety ^W_K (V ) (see Subsection 2.2).

Observe now that for any 1 ≤ j ≤ n − p − i + 1 the linear form G^{(x0,... ,xn)}_j can be written as G^{(x0,... ,xn)} j = −(X_0 − x_0) ℓ^{(x0,... ,xn)}_j (x_1, . . . , x_n) + + x_0 ℓ^{(x0,... ,xn)} j (X_1 − x_1, . . . , X_n − x_n)

= −(X_0 − x_0) ℓ^{(x0,... ,xn)} j (x_1, . . . , x_n) + x_0 n∑ k=1 (x_0 a_{j,k} − a_{j,0} x_k)(X_k − x_k).

Without loss of generality suppose that x_0 = 1 holds. Then x := (x_1, . . . , x_n) is an (F_1, . . . , F_p) – regular point of S = V ∩ A^n and the polynomial

G^{(1,x1,... ,xn)} j depends only on the variables X_1, . . . , X_n . Therefore, it makes sense to consider the Jacobian T^{(i)} := T^{(i)}(X_1, . . . , X_n) := J(F_1, . . . , F_p, G^{(1,x1,... ,xn)}_1 , . . . , G^{(1,x1,... ,xn)}_{n−p−i+1} ), whose entries belong to the polynomial ring C [X_1 , . . . , X_n] . Observe that the polynomial matrix T^{(i)} is of the following explicit form, namely

T^{(i)} =

∂F_1 ∂X_1 · · · ∂F_1 ∂X_n . . . . . . ∂F_p ∂X_1 · · · ∂F_p ∂X_n a_{1,1} − a_{1,0}X_1 · · · a_{1,n} − a_{1,0}X_n . . . . . . a_{n−p−i+1,1} − a_{n−p−i+1,0}X_1 · · · a_{n−p−i+1,n} − a_{n−p−i+1,0}X_n with a_{1,0}, . . . , a_{n−p−i+1,0} being elements of the set {1, 0} .

Moreover, observe that the condition T_M (V ) /⋔ < M, (< M, K > ∩ H)^∗ > from (2) is equivalent to the vanishing of all (n − i + 1) – minors of the ((n − i+1)×n) – matrix T^{(i)} at the point x . Therefore the polynomials F_1, . . . , F_p and the (n − i + 1) – minors of T^{(i)} define the generalized affine polar variety ^W_K (S) outside of the locus S_{sing} (recall that by assumption all smooth points of S are (F_1, . . . , F_p) – regular). Let W be the closed subvariety of A^n defined by these equations. Then any irreducible component of ^W_K (S) is an irreducible component of W . In particular, we have ^W_K (S)∩S_{reg} = W ∩ S_{reg} , and ^W_K (S) = W if the affine variety S is smooth. Note, that i is the expected codimension of ^W_K (S) = ^W_Kn−p−i (S) in S . These considerations lead to the following conclusion:

Lemma 3 Any irreducible component of ^W_K (S) = ^W_Kn−p−i (S) has codimension at most i in S .

Proof Let us denote by a the ideal of the coordinate ring C [S] of the affine variety S , generated by all (n − i + 1) – minors of the ((n − i + 1) × n) – matrix induced by T^{(i)} in C [S] . Let C be a given irreducible component of the affine polar variety ^W_K (S) and let p be the ideal of definition of C in C [S] . Then p is an isolated prime component of the determinantal ideal a . From [17], Theorem 3 (see also [39], Theorem 13.10) we deduce that the height of the prime ideal p is bounded by i . This means that the codimension of C in S is at most i . □

In the further analysis of the generalized affine polar variety ^W_K (S) we shall distinguish from time to time two cases, namely the case that the linear projective variety K = K^{n−p−i} , spanned by the given points A_1, . . . , A_{n−p−i+1} of P^n , is contained in the hyperplane at infinity H of P^n , and the case that K is not contained in H . If K is contained in H , we have a_{1,0} = · · · = a_{n−p−i+1,0} = 0 and if K is not contained in H , we may suppose without loss of generality that a_{n−p−i+1,0} = 1 holds.

Let us now discuss the particular case that K = K^{n−p−i} is contained in the hyperplane at infinity H of P^n . Let S be the Zariski closure of the affine variety S in the projective space P^n and let L := K^∗ . Thus L is a (p + i − 2) –dimensional linear projective subvariety of H , the projective variety S is of pure codimension p in P^n and none of the irreducible components of S is contained in H . Furthermore, we have K = L^∗ and S = S ∩ A^n . From (3) we deduce now that ^W_K (S) = W_L(S) holds. This implies ^W_K (S) = ^W_K (S) ∩ A^n = W_L(S) ∩ A^n = W_L(S).

Therefore ^W_K (S) is the cylindric polar variety associated with the (p+i−2) – dimensional linear subvariety L of the hyperplane at infinity H of P^n .

We now return to the analysis of the general situation. Let be given a complex ((n − p − i + 1) × (n + 1)) –matrix

b := b_{1,0} · · · b_{1,n} . . . . . . b_{n−p−i,0} · · · b_{n−p−i,n} b_{n−p−i+1,0} · · · b_{n−p−i+1,n} with b_{n−p−i+1,0} = a_{n−p−i+1,0}, . . . , b_{n−p−i+1,n} = a_{n−p−i+1,n} and with b_{1,0}, . . . , b_{n−p−i,0} being elements of the set {1, 0} and suppose that b has maximal rank n − p − i + 1 and that the entries a_{n−p−i+1,n−i+1}, . . . , a_{n−p−i+1,n} are generic with respect to the other entries of b (e.g., a := (a_{j,k}) 1≤j≤n−p−i+1_{0≤k≤n} is such a ((n − p − i + 1) × (n + 1)) –matrix).

Let K(b) be the linear subvariety of P^n spanned by the n − p − i + 1 projective points (b_{1,0} : · · · : b_{1,n}), . . . , (b_{n−p−i+1,0} : · · · : b_{n−p−i+1,n}). Observe that K(b) is (n−p−i) –dimensional and that K(a) = K^{n−p−i} holds. For the sake of notational succinctness let us use, for 1 ≤ j ≤ n − p − i + 1 and 1 ≤ k ≤ n , the abbreviation r^{(b)}_{j, k}(X_k) := b_{j, k} − b_{j,0} X_k. We consider now the polynomial ((n − i + 1) × n) –matrix

T^{(i)}_b =

∂F_1 ∂X_1 · · · ∂F_1 ∂X_n . . . . . . ∂F_p ∂X_1 · · · ∂F_p ∂X_n r^{(b)}_{1,1}(X_1) · · · r^{(b)}_{1,n}(X_n) . . . . . . r^{(b)}_{n−p−i+1,1}(X_1 ) · · · r^{(b)}_{n−p−i+1,n}(X_n)

.

Observe that T^{(i)}a = T^{(i)} holds.

Let s ∈ {n − i, n − i + 1} . For any ordered sequence (k_1, . . . , k_s) of different elements of the set {1, . . . , n} we denote by M^{(b)}({k_1, . . . , k_s}) := M^{(b)}(k_1, . . . , k_s) the minor that corresponds to the first s rows and to the columns k_1, . . . , k_s of the matrix T^{(i)}_b .

Let us fix an ordered sequence I of n − i different elements of the set {1, . . . , n} , say I := (1, . . . , n − i) , and let us consider the upper (n − i) – minor

m^{(b)} := M^{(b)}(I) := det

∂F_1 ∂X_1 · · · ∂F_1 ∂X_{n−i} . . . . . . ∂F_p ∂X_1 · · · ∂F_p ∂X_{n−i} r^{(b)}_{1,1}(X_1) · · · r^{(b)}_{1,n}(X_{n−i}) . . . . . . r^{(b)}_{n−p−i,1}(X_1) · · · r^{(b)}_{n−p−i,n}(X_{n−i}) of the matrix T^{(i)} .

Note that m^{(b)} depends only on the entries b_{j,k}, 1 ≤ j ≤ n − p − i , 0 ≤ k ≤ n − i , of the matrix b . In what follows we will assume that b satisfies the additional condition m^{(b)} ≠ 0 . Let us assume without loss of generality that the polynomial (p × p) –matrix ∂F_1 ∂X_1 · · · ∂F_1 ∂X_p . . . . . . ∂F_p ∂X_1 · · · ∂F_p ∂X_p is non–singular. Then, in particular, the genericity of the entries a_{j,k} of the ((n − p − i + 1) × (n + 1)) –matrix a implies that m^{(a)} is a nonzero element of the polynomial ring C [X_1 , . . . , X_n] . Therefore the matrix a satisfies this condition.

The Exchange Lemma of [3] implies that, for any ordered sequence (k_1, . . . , k_{n−i+1}) of different elements of the set {1, . . . , n} , the identity

m^{(b)} M^{(b)}(k_1, . . . , k_{n−i+1}) =

= ∑ l∈{k_1,... ,k_{n−i+1}}\{1,... ,n−i} μ_l M^{(b)}({k_1, . . . , k_{n−i+1}} \ {l}) M^{(b)}(1, . . . , n − i, l) (6) holds with μ_l ∈ {−1, 0, 1} , for any index l ∈ {k_1, . . . , k_{n−i+1}}\{1, . . . , n−i} .

Let us abbreviate M^{(b)}_{n−i+1} := M^{(b)}(1, . . . , n−i+1), M^{(b)}_{n−i+2} := M^{(b)}(1, . . . , n− i, n − i + 2), , . . . , M^{(b)}n := M^{(b)}(1, . . . , n − i, n) . Assume now that there is given a point x of S satisfying the conditions m^{(b)}(x) ≠ 0 and

M^{(b)}_{n−i+1}(x) = · · · = M^{(b)}_n (x) = 0. (7)

Then we infer from (6) that M^{(b)}(k_1, . . . , k_{n−i+1})(x) = 0 holds for any ordered sequence (k_1, . . . , k_{n−i+1}) of different elements of the set {1, . . . , n} . This means that all (n − i + 1) – minors of the matrix T^{(i)}_b vanish at the point x . Since m^{(b)}(x) ≠ 0 implies x ∈ S_{reg} , we conclude that x belongs to the polar variety ^W_{K(b)}(S) . On the other hand, any point x of ^W_{K(b)}(S) satisfies the condition (7). Therefore, the polar variety ^W_{K(b)}(S) is defined by the equations F_1, . . . , F_p, M^{(b)}_{n−i+1}, . . . , M^{(b)}n outside of the locus V (m^{(b)}) .

Let Z_{n−i+1}, . . . , Z_n be new indeterminates and consider the ((n−i+1)×n) – matrix ∂F_1 ∂X_1 · · · ∂F_1 ∂X_{n−i} ∂F_1 ∂X_{n−i+1} · · · ∂F_1 ∂X_n . . . . . . . . . . . . ∂F_p ∂X_1 · · · ∂F_p ∂X_{n−i} ∂F_p ∂X_{n−i+1} · · · ∂F_p ∂X_n r^{(b)}_{1,1}(X_1) · · · r^{(b)}_{1,n−i}(X_{n−i}) r^{(b)}_{1,n−i+1}(X_{n−i+1}) · · · r^{(b)}_{1,n}(X_n) . . . . . . . . . . . . r^{(b)}_{n−p−i,1}(X_1) · · · r^{(b)}_{n−p−i,n−i}(X_{n−i}) r^{(b)}_{n−p−i,n−i+1}(X_{n−i+1}) · · · r^{(b)}_{n−p−i,n}(X_n) r^{(b)}_{n−p−i+1,1}(X_1) · · · r^{(b)}_{n−p−i+1,n−i}(X_{n−i}) Z_{n−i+1} − b_{n−p−i+1,0}X_{n−i+1} · · · Z_n − b_{n−p−i+1,0}X_n

.

Let ~M^{(b)}_{n−i+1}, ~M^{(b)}_{n−i+2}, . . . , ~M^{(b)}n denote the (n − i + 1) – minors of this matrix obtained by successively selecting the columns 1, . . . , n − i, n − i + 1 , then 1, . . . , n − i, n − i + 2 , up to, finally, the columns 1, . . . , n − i, n . Let U_b := A^n \ V (m^{(b)}) and observe that U_b is non–empty since m^{(b)} , by assumption, is a non–zero polynomial.

Now we consider the following morphism of smooth, affine varieties

Φ^{(b)}_i : U_b × A^i → A^p × A^i ,

defined by

Φ^{(b)}_i (x, z) := ( F_1(x), . . . , F_p(x), ~M^{(b)}_{n−i+1}(x, z), . . . , ~M^{(b)}_n (x, z) )

for any pair of points x ∈ U_b , z ∈ A^i .

Lemma 4 The origin (0, . . . , 0) of the affine space A^p × A^i is a regular value of the morphism Φ^{(b)}_i .

Proof Without loss of generality we may assume that the fibre (Φ^{(b)}_i )^{−1}(0, . . . , 0) is non–empty. Consider an arbitrary point (x, z) of (Φ^{(b)}_i )^{−1}(0, . . . , 0) with x ∈ U_b and z ∈ A^i and observe that the Jacobian J(Φ^{(b)}_i )(x, z) of Φ^{(b)}_i at the point (x, z) has the form ∂F_1 ∂X_1 (x) · · · ∂F_1 ∂X_n (x) 0 · · · 0 . . . . . . . . . . . . ∂F_p ∂X_1 (x) · · · ∂F_p ∂X_n (x) 0 · · · 0 ∗ · · · ∗ m^{(b)}(x) · · · 0 . . . . . . . . . . . . . ∗ · · · ∗ 0 · · · m^{(b)}(x)

.

Since x belongs to U_b , we conclude that the first p rows of J(Φ^{(b)}_i )(x, z) are C – linearly independent and that m^{(b)}(x) ≠ 0 holds. Therefore, J(Φ^{(b)}_i )(x, z) has maximal rank p + i . Thus (x, z) is a regular point of Φ^{(b)}_i . Since (x, z) is an arbitrary element of the fibre (Φ^{(b)}_i )^{−1}(0, . . . , 0) , we conclude finally that (0, . . . , 0) is a regular value of Φ^{(b)}_i . □

Applying now the Weak–Transversality–Theorem of Thom–Sard (see e.g. [16]) to Φ^{(b)}_i , we deduce from Lemma 4 that there exists a residual dense set Ω of A^i such that, for any point z ∈ Ω , the polynomials F_1, . . . , F_p, ~M^{(b)}_{n−i+1}(X_1, . . . , X_n, z), . . . , ~M^{(b)}_n (X_1, . . . , X_n, z) of C [X_1 , . . . , X_n] intersect transversally in any of their common zeros outside of the positive codimensional, Zariski closed locus A^n \U_b . From the generic- ity of the entries b_{n−p−i+1,n−i+1} = a_{n−p−i+1,n−i+1}, . . . , b_{n−p−i+1,n} = a_{n−p−i+1,n} of the matrix T^{(i)}_b we deduce that we may assume without loss of generality that the point α := (a_{n−p−i+1,n−i+1}, . . . , a_{n−p−i+1,n}) belongs to the set Ω . Observing now that M^{(b)}_{n−i+1} = ~M^{(b)}_{n−i+1}(X_1, . . . , X_n, α), . . . , M^{(b)}n = ~M^{(b)}_n (X_1, . . . , X_n, α) holds, we conclude that the equations F_1, . . . , F_p, M^{(b)}_{n−i+1}, . . . , M^{(b)}n intersect transversally at any point of ^W_{K(b)}(S) not belonging to the locus V (m^{(b)}) and that such points exist.

We have therefore shown the following statement:

Lemma 5 Let the notations and assumptions be as before. Then the polynomial ((n − i + 1) × n) –matrix T^{(i)}_b satisfies the following condition:

The equations F_1, . . . , F_p, M^{(b)}_{n−i+1}, . . . , M^{(b)}n define the generalized polar variety ^W_{K(b)}(S) outside of the locus V (m^{(b)}) and intersect transversally in any point of the affine variety ^W_{K(b)}(S) \ V (m^{(b)}) . In particular, ^W_{K(b)}(S) \ V (m^{(b)}) is empty or a smooth, complete intersection variety of dimension n − p − i .

Observe that all upper (n−i) –minors of T^{(i)} vanish at a given (F_1, . . . , F_p) – regular point x of S if and only if x belongs to the polar variety ^W_Kn−p−i−1 (S) which is contained in ^W_K (S) = ^W_Kn−p−i (S) . Applying now Lemma 5 to any upper (n − i) –minor of the matrix T^{(i)} = T^{(i)}a we conclude:

Proposition 6 For any (F_1, . . . , F_p) –regular point x of ^W_Kn−p−i (S) \ ^W_Kn−p−i−1 (S) there exist indices 1 ≤ k_1 < · · · < k_{n−i} ≤ n with the following property: Let m := M({k_1, . . . , k_{n−i}}) be the upper (n − i) –minor of the polynomial ((n − i + 1) × n) –matrix T^{(i)} determined by the columns (k_1, . . . , k_{n−i}) , let {1, . . . , n} \ {k_1, . . . , k_{n−i}} = {k_{n−i+1}, . . . , k_n} and let M_{n−i+1} := M({k_1, . . . , k_{n−i}, k_{n−i+1}}) , M_{n−i+1} := M({k_1, . . . , k_{n−i}, k_{n−i+2}}), . . . , M_n := M({k_1, . . . , k_{n−i}, k_n}) . Then the minor m does not vanish at the point x and the equations F_1, . . . , F_p , M_{n−i+1}, . . . , M_n intersect transversally at x . Moreover, the polynomials F_1, . . . , F_p , M_{n−i+1}, . . . , M_n define the polar variety ^W_Kn−p−i (S) outside of the locus V (m) .

Fix for the moment 1 ≤ j ≤ n − p − i + 1 and let E_j be the (n − p − i − 1) –dimensional linear projective subvariety of P^n spanned by the points A_1, . . . , A_{j−1}, A_{j+1}, . . . , A_{n−p−i+1} . In particular, we have E_{n−p−i+1} = K^{n−p−i−1} . From the generic choice of the complex numbers a_{j,k}, 1 ≤ j ≤ n−p−i+1, 1 ≤ k ≤ n we infer that Proposition 6 remains still valid if we replace in its statement the upper (n − i) –minor m = M(k_1, . . . , k_{n−i}) by the (n − i) –minor of T^{(i)} given by the rows 1, . . . , p + j − 1, p + j + 1, . . . , n − p − i + 1 and the columns k_1, . . . , k_{n−i} and the polar variety ^W_Kn−p−i−1 (S) by ^W_{Ej} (S) .

Let Δ_i := ⋂ 1≤j≤n−p−i+1 ^WEj (S) . Then Δi is contained in ^WK^{n−p−i+1} (S) and Proposition 6 implies that, outside of the locus Δ_i , the polar variety ^W_{Kn−p−i} (S) is smooth and of pure codimension i in S . It is not too difficult to deduce from Proposition 6 that the codimension of Δ_i in S is at least 2i + 1 . Hence, for^{p−1}_2 < i ≤ n − p , the algebraic variety Δ_i is empty and therefore, the polar variety ^W_Kn−p−i (S) is smooth in any of its (F_1, . . . , F_p) – regular points. In the next subsection we will show this property of ^W_Kn−p−i (S) for any 0 ≤ i ≤ n − p (see Theorem 9 below).

Finally, let us consider the case i := n − p . Observe that T^{(n−p)} is a ((p + 1) × n) –matrix which contains the Jacobian J(F_1, . . . , F_p) as its first p rows. Thus, for any (F_1, . . . , F_p) –regular point x of ^W_K0 (S) , there exists an upper p –minor m of T^{(n−p)} with m(x) ≠ 0 . Therefore, we define ^W_K−1 as the empty set. Thus, in particular, Δ_{n−p} is empty and this implies that ^W_{K0} (S) is smooth and of pure codimension (n−p) outside of the locus S_{sing} (compare Lemma 7 below).

3.2 Geometric conclusions

The geometric main outcome of this section is Theorem 9 below, which is a basic result for generalized affine polar varieties in the reduced complete intersection case. The proof of this result requires two fundamental technical statements, namely Lemma 7 and Proposition 8 below. For the rest of this section let the assumptions and notations be as before.

Lemma 7 The generalized polar variety ^W_K0 (S) is empty or of (expected) codimension n − p in S (i.e., ^W_K0 (S) contains at most finitely many points). Moreover, ^W_{K0} (S) is contained in S_{reg} .

Proof Without loss of generality we may assume that ^W_K0 (S) is nonempty. Consider an irreducible component C of ^W_K0 (S) . Since the (F_1, . . . , F_p) – regular points of ^W_K0 (S) are Zariski dense in ^W_K0 (S) , we conclude that C ∩ S_{reg} is non–empty.

Observe that ^W_K−1 (S) is empty. From Proposition 6 we conclude now that any point of ^W_K0 (S) ∩ S_{reg} is isolated. Therefore C consists of a single point that belongs to S_{reg} . This implies that the algebraic variety ^W_K0 (S) is contained in S_{reg} and of pure codimension n − p in S . □

Proposition 6 and Lemma 7 imply our next result.

Proposition 8 Suppose that the generalized affine polar variety ^W_Kn−p−i (S) is non–empty. Then ^W_Kn−p−i (S) is of pure codimension i in S (and therefore, the codimension of ^W_Kn−p−i (S) in S coincides with the expected one). Moreover, for each irreducible component C of ^W_Kn−p−i (S) there exists an upper (n − i) – minor m of T^{(i)} such that m does not vanish identically on C . In particular, no irreducible component of ^W_Kn−p−i (S) is contained in ^W_Kn−p−i−1 (S) .

Proof Let C be an irreducible component of ^W_Kn−p−i (S) . Suppose for the moment that all upper (n − i) – minors of T^{(i)} vanish identically on C . Then Proposition 6 implies that C is contained in ^W_Kn−p−i−1 (S) . From Lemma 7 we deduce that there exists an index 0 ≤ j < n − p − i such that C is contained in ^W_Kj (S) , but not in ^W_Kj−1 (S) . Since C ∩ S_{reg} is Zariski dense in C , there exists a point x ∈ C ∩ S_{reg} \ ^W_Kj−1 (S) . From Proposition 6 we infer that there is a single irreducible component C^′ of ^W_Kj (S) that contains the point x . Moreover, this irreducible component has codimension n−p−j > i in S and contains C . Thus the codimension of C in S is strictly larger than i . On the other hand, Lemma 3 implies that C has codimension at most i in S . From this contradiction we deduce that there exists an upper (n − i) –minor m of T^{(i)} that does not vanish identically on C .

Therefore, C \ V (m) is non–empty. From Proposition 6 we deduce now that the codimension of C in S is exactly i . Hence, the generalized affine polar variety ^W_Kn−p−i (S) is of pure codimension i in S .

Observe that the same arguments are valid for the polar variety ^W_Kn−p−i−1 (S) . Thus ^W_Kn−p−i−1 (S) is of pure codimension (i + 1) in S . Consequently, the irreducible component C of ^W_Kn−p−i cannot be contained in ^W_Kn−p−i−1 (S) . □ Let us remark that, for a generic choice of the parameters a_{j, k} , 1 ≤ j ≤ n − p, 1 ≤ k ≤ n , Propositions 6 and 8 yield a local description of the generalized polar varieties of a given complete intersection variety by polynomial equations.

Theorem 9 Let the assumptions and notations be as at the beginning of Section 3. Suppose furthermore that any point of S is (F_1, . . . , F_p) –regular and that the affine polar variety ^W_Kn−p−i (S) is non–empty. Then the (radical) ideal of definition of ^W_Kn−p−i (S) in C [X_1 , . . . , X_n] is Cohen–Macaulay and generated by F_1, . . . , F_p and all (n − i + 1) –minors of T^{(i)} .

Proof Let a be the determinantal ideal of C [S] induced by the (n − i + 1) –minors of T^{(i)} . Since, by assumption, any point of S is (F_1, . . . , F_p) – regular, the ideal a defines the (non–empty) polar variety ^W_Kn−p−i (S) in S . From Proposition 8 we infer that any isolated prime component of the ideal a has height i . Therefore, since C [S] is a Cohen – Macaulay ring, the grade of the ideal a coincides with its height i . Observe that a is the ideal generated by the maximal minors of the ((n − i + 1) × n) – matrix induced by T^{(i)} in C [S] .

From [8], Theorem 2.7 and Proposition 16.19 we conclude now that the determinantal ideal a is Cohen–Macaulay (compare [17], [18], and [19], Section 18.5 for the general context of determinantal ideals in a Cohen–Macaulay ring). In particular, the ideal a has no embedded associated primes and the ideal generated in C [X_1 , . . . , X_n] by F_1, . . . , F_p and all (n − i + 1) –minors of T^{(i)} is Cohen–Macaulay.

Let p be an arbitrary prime component of the ideal a . Then p is an isolated component of a and has height i . From Proposition 8 we infer that there exists an upper (n − i) – minor m of T^{(i)} that does not vanish identically on the irreducible component of ^W_Kn−p−i (S) defined by p in S . Considering the coordinate ring C [S] as a C [X_1 , . . . , X_n] – module, we may localize C [S] and the ideals a and p by the non–zero polynomial m , obtaining thus non–trivial ideals a_m and p_m of C [S]_m . Since the variety S is smooth by assumption, we deduce from Lemma 5 that (C [S]/a)_m is a regular ring. This implies that p_m is a primary component of the ideal a_m , and therefore, p is also a primary component of the ideal a . Since p was chosen as an arbitrary prime component of a , we conclude that the ideal a is radical. Therefore a is the ideal of definition of the affine variety ^W_Kn−p−i (S) in S . We conclude now that the polynomial ideal generated by F_1, . . . , F_p and all (n − i + 1) – minors of T^{(i)} is Cohen–Macaulay and the ideal of definition of ^W_Kn−p−i (S) in C [X_1 , . . . , X_n] . □

In the case of classic, cylindric affine polar varieties (i.e., in the case K^{n−p−i} ⊂ H ) Propositions 6 and 8 and Theorem 9 are nothing but a careful reformulation of [3], Theorem 1.

In terms of standard algebraic geometry, Theorem 9 implies the following result:

Corollary 10 Let S be a smooth, pure p – dimensional closed subvariety of A^n . Let K be a linear, projective subvariety of P^n of dimension (n − p − i) with 1 ≤ i ≤ n−p . Suppose that K is generated by n−p−i+1 many points A_1 = (a_{1,0} : · · · : a_{1,n}) , . . . , A_j = (a_{j,0} : · · · : a_{j,n}) , . . . , A_{n−p−i+1} = (a_{n−p−i+1,0} : · · · : a_{n−p−i+1,n}) of P^n with a_{j,0} = 0 or a_{j,0} = 1 and a_{j,1}, . . . , a_{j,n} generic for any 1 ≤ j ≤ n − p − i + 1 . Then ^W_K (S) is empty or a Cohen–Macaulay variety of pure codimension i in S .

Proof By assumption, S is smooth and of pure codimension p in A^n . Therefore, the algebraic variety S is locally definable by radical complete intersection ideals of height p in C [X_1 , . . . , X_n] . Therefore we may apply a suitably adapted local version of Propositions 6 and 8 and Theorem 9 to the variety S . Thus ^W_K (S) is locally empty or a Cohen–Macaulay variety of pure codimension i in S . This implies the corresponding global properties of ^W_K (S) . □ In the case of classic, cylindric affine polar varieties (i.e., in the case K^{n−p−i} ⊂ H ), Corollary 10 seems to be folklore (compare [46], Corollaire 1.3.2 and Définition 1.4).

Observe that Corollary 10 remains mutatis mutandis true if we replace in its formulation the affine variety S by the projective variety V and if V is smooth.

4 Real polynomial equation solving

The geometric and algebraic results of Section 2 allow us to enlarge the range of applications of the new generation of elimination procedures for real algebraic varieties introduced in [3] and [4].

Let S be a pure p –dimensional and Q –definable, closed algebraic subvariety of the n –dimensional, complex, affine space A^n_C and suppose that S is given by p polynomial equations F_1, . . . , F_p of degree at most d , forming a regular sequence in Q[X_1 , . . . , X_n] . Assume that, for any 1 ≤ k ≤ p , F_1, . . . , F_k generate a radical ideal. Moreover, suppose that the real algebraic variety S_R := S ∩ A^n_R is non–empty and smooth.

In this section we will describe an elimination procedure that finds a representative point for each connected component of S_R . The complexity of this algorithm will be of intrinsic type, depending on the maximal geometric degree of the dual polar varieties of S that are associated with the external flag of a generic, Q –definable flag contained in the hyperplane at infinity H of the n –dimensional, projective space P^n_C .

In order to explain this algorithm, let us first discuss these polar varieties and then the data structure and the algorithmic model we will use.

Let us choose a rational point u = (u_1, . . . , u_n) of A^n \ S_R with generic coordinates u_1, . . . , u_n and, generically in the hyperplane at infinity H , a flag L of Q –definable, linear subvarieties of P^n_C , namely L : L^0 ⊂ L^1 ⊂ · · · ⊂ L^{p−1} ⊂ · · · ⊂ L^{n−2} ⊂ L^{n−1} ⊂ P^n_C with L^{n−1} = H . Let Q_u be the hyperquadric of P^n_C defined by the quadratic form

R_u(X_0, X_1, . . . , X_n) := X^2_0 − 2 ∑ 1≤k≤n u_kX_0X_k + ∑ 1≤k≤n X^2_k .

Observe that the hyperquadrics Q_u and Q_u ∩ H are non–degenerate in P^n_C and H , respectively, and that Q_u ∩ H_R is represented by the positive definite quadratic form R_0(X_1, . . . , X_n) = ∑ 1≤k≤n X 2 k that introduces the usual euclidean distance on A^n_R . One verifies immediately that the point (1 : u_1 : · · · : u_n) ∈ P^n spans, with respect to the hyperquadric Q_u , the dual space of L^{n−1} = H .

Let us consider the external flag K associated with L , namely K : P^n_C ⊃ K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p−1} ⊃ · · · ⊃ K^1 ⊃ K^0, with K^{n−p−i} := (L^{p+i−1})^∨ , for 1 ≤ i ≤ n − p , and with an arbitrarily chosen irrelevant part K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p}. Observe that K^0 consists of the rational point (1 : u_1 : · · · : u_n) ∈ P^n . Let 1 ≤ i ≤ n − p and recall that the (p + i − 1) –dimensional, Q –definable, linear subvariety L^{p+i−1} was chosen generically in the hyperplane at infinity

H of P^n_C . Therefore, K^{n−p−i} is an (n − p − i) -dimensional, Q –definable, linear subvariety of P^n_C , which we may imagine to be spanned by n−p−i+1 rational points A_1 = (a_{1,0} : · · · : a_{1,n}), . . . , A_{n−p−i+1} = (a_{n−p−i+1,0} : · · · : a_{n−p−i+1,n}) of P^n_C with a_{1,1} = u_1, . . . , a_{1,n} = u_n and a_{j,1}, . . . , a_{j,n} generic, for 2 ≤ j ≤ n − p − i + 1 , and a_{1,0} = 1, a_{2,0} = · · · = a_{n−p−i,0} = 0 . Observe that the point u belongs to K^{n−p−i} ∩ A^n and is not contained in S_R . Thus Proposition 2 implies that the real affine dual polar variety ^W_Kn−p−i (S_R) contains at least one representative point of each connected component of S_R .

In particular, the complex affine dual polar variety ^W_Kn−p−i (S) is not empty. From the generic choice of the point u and of the flag L we deduce now that Proposition 6, Lemma 7, Proposition 8 and Theorem 9 are applicable to the generalized, affine, polar variety ^S_i := ^W_Kn−p−i (S) . Observe that ^S_i is Q – definable and of pure codimension i in S . According to the terminology introduced in Section 1, we call ^S_i the i –th affine polar variety of S associated with the flag K . Observe that ^S_i is non–empty and intersects each connected component of the real variety S_R .

Thus, in particular, ^S_{n−p} is a Q –definable, zero–dimensional, algebraic variety that contains a representative point for any connected component of S_R .

We will now analyse the polar variety ^S_i more closely. For 2 ≤ j ≤ n − p let Λ_j := ∑ 1≤l≤n aj,lXl and, for 1 ≤ k ≤ n , let ζk = (ζk,1, . . . , ζk,n) ∈ Q n such that ζ_1 is a zero of Λ_2 , ζ_1 and ζ_2 are zeros of Λ_2 and Λ_3 , . . . , ζ_1, . . . , ζ_{p+1} are zeros of Λ_2, . . . , Λ_{n−p} and such that ζ_1, . . . , ζ_n form a Q –vector space basis of Q^n (recall that the coefficients of the forms Λ_2, . . . , Λ_{n−p} are generic). Let B be the transposed matrix of (ζ_{j,k})_{1≤j, k≤n} . For 1 ≤ k ≤ n , let Z_k = ∑ 1≤j≤n ζ̃k,jXj , where (ζ̃k,1, . . . , ζ̃k,n) is the k –th row of the inverse

of the transposed matrix of B . Let Z := (Z_1, . . . , Z_n) . As in Section 3, consider now the polynomial ((n − i + 1) × n) –matrix

T^{(i)} =

∂F_1 ∂X_1 · · · ∂F_1 ∂X_n . . . . . . ∂F_p ∂X_1 · · · ∂F_p ∂X_n a_{1,1} − a_{1,0} X_1 · · · a_{1,n} − a_{1,0}X_n . . . . . . a_{n−p−i+1,1} − a_{n−p−i+1,0} X_1 · · · a_{n−p−i+1,n} − a_{n−p−i+1,0}X_n

.

Observe that T^{(i)}B is of the following form:

T^{(i)}B = J(F_1(Z), . . . , F_p(Z)) b_1 − c_1X_1 · · · b_{p+i} − c_{p+i}X_{p+i} b_{p+i+1} − c_{p+i+1}X_{p+i+1} · · · b_n − c_nX_n O_{n−p−i, p+i} ( ∗ )_{n−p−i, n−p−i} , where b_1, . . . , b_n and the entries of ( ∗ )_{n−p−i, n−p−i} are all generic rational numbers and where c_1, . . . , c_n belong to Q \ {0} . For the sake of simplicity we shall suppose that c_1 = · · · = c_n = 1 (this assumption does not change the following argumentation substantially).

Thus the (n − i + 1) –minors of the matrix T^{(i)}B , which are not identically zero, are scalar multiples of the (p + 1) –minors selected among the columns 1, . . . , p + i of the ((p + 1) × n) –matrix

θ := J(F^1(Z), . . . , F^p(Z)) b_1 − X_1 · · · b_n − X_n

and vice versa.

Consider now an arbitrary p –minor m of the Jacobian J(F_1(Z), . . . , F_p(Z)) . For the sake of definiteness let us suppose that m is given by the columns 1, . . . , p . For p + 1 ≤ j ≤ p + i , let M_j be the (p + 1) –minor of the matrix θ given by the columns 1, . . . , p, j .

Then we deduce from the Exchange Lemma of [3] that, for any point x of S with m(x) ≠ 0 , the condition M_{p+1}(x) = · · · = M_{p+i}(x) = 0 is satisfied if and only if all (p + 1) –minors of θ vanish at x .

Taking into account that m(x) ≠ 0 implies the (F_1, . . . , F_p) –regularity of the point x ∈ S , we conclude that the equations F_1, . . . , F_p, M_{p+1}, . . . , M_{p+i} define the polar variety ^S_i outside of the locus V (m) .

For 1 ≤ h ≤ p , let S_h be the affine variety defined by the equations F_1, . . . , F_h . Denote by deg S_h the geometric degree of S_h in the set–theoretic sense introduced in [27] (see also [20] and [47]). Thus, in particular, we do not take into account multiplicities and components at infinity for our notion of geometric degree. We call δ := max{max{deg S_h|1 ≤ h ≤ p}, max{deg ^S_i|1 ≤ i ≤ n − p}} the degree of the real interpretation of the polynomial equation system F_1, . . . , F_p . From Proposition 6, Proposition 8 and the genericity of L in H we deduce that δ does not depend on the choice of the particular flag L .

Since, by assumption, the degrees of the polynomials F_1, . . . , F_p are bounded by d , we infer from the Bézout–Inequality of [27] the degree estimates deg S ≤ d^p and deg S_h ≤ d^h ≤ d^p , for any 1 ≤ h ≤ p .

Let 1 ≤ i ≤ n − p and recall from the beginning of Subsection 3.1 that each irreducible component of the polar variety ^S_i = W_Kn−p−i (S) is a (n − p − i) –dimensional irreducible component of the closed subvariety of A^n defined by the vanishing of F_1, . . . , F_p and of all (n − i + 1) –minors of the polynomial ((n−i+1)×n) –matrix T^{(i)} . Taking generic linear combinations of these minors, one deduces easily from the Bézout–Inequality that deg ^S_i is bounded by

(deg S) · (p(d − 1) + 1)^i ≤ d^{p+i} p^i ≤ d^n p^{n−p}.

This implies the extrinsic estimate δ ≤ d^n p^{n−p} .

We will now introduce a data structure for the representation of polynomials of Q [X_1 , . . . , X_n] and describe our algorithmic model and complexity measures. Our elimination procedure will be fomulated in the algorithmic model of (division–free) arithmetic circuits and networks (arithmetic–boolean circuits) over the rational numbers Q .

Roughly speaking, a division-free arithmetic circuit β over Q is an algorithmic device that supports a step by step evaluation of certain (output) polynomials belonging to Q [X_1 , . . . , X_n] , say F_1, . . . , F_p . Each step of β corresponds either to an input from X_1, . . . , X_n , to a constant (circuit parameter) from Q or to an arithmetic operation (addition/subtraction or multiplication). We represent the circuit β by a labelled directed acyclic graph (dag). The size of this dag measures the sequential time requirements of the evaluation of the output polynomials F_1, . . . , F_p performed by the circuit β . A (division-free) arithmetic network over Q is nothing else but an arithmetic circuit that additionally contains decision gates comparing rational values or checking their equality, and selector gates depending on these decision gates. Arithmetic circuits and networks represent non–uniform algorithms, and the complexity of executing a single arithmetic operation is always counted at unit cost. Nevertheless, by means of well known standard procedures our algorithms will always be transposable to the uniform random bit model and they will be implementable in practice as well. All this can be done in the spirit of the general asymptotic complexity bounds stated in Theorem 11 below.

Let us also remark that the depth of an arithmetic circuit (or network) measures the parallel time of its evaluation, whereas its size allows an alternative interpretation as ”number of processors”. In this context we would like to emphasize the particular importance of counting only nonscalar arithmetic operations (i.e., only essential multiplications), taking Q –linear operations (in particular, additions/subtractions) for cost–free. This leads to the notion of nonscalar size and depth of a given arithmetic circuit or network β . It can be easily seen that the nonscalar size determines essentially the total size of β (which takes into account all operations) and that the nonscalar depth dominates the logarithms of degree and height of the intermediate results of β .

An arithmetic circuit (or network) becomes a sequential algorithm when we play a so–called pebble game on it. By means of pebble games we are able to introduce a natural space measure in our algorithmic model and along with this, a new, more subtle sequential time measure. If we play a pebble game on a given arithmetic circuit, we obtain a so–called straight line program (slp). In the same way we obtain a computation tree from a given arithmetic network. For more details on our complexity model and its use in the elimination theory we refer to [9], [21], [33], [38], [28] and, in particular, to [25] and [36] (where also the implementation aspect is treated).

Now we are able to formulate the algorithmic main result of this paper.

Theorem 11 Let n, p, d, δ, L and ℓ be natural numbers with d ≥ 2 and p ≤ n . Let X_1, . . . , X_n, Y be indeterminates over Q . There exists an arithmetic network N over Q of size (_n p ) L^2(ndδ)^{O(1)} and nonscalar depth O(n(ℓ + log nd) log δ) with the following property:

Let F_1, . . . , F_p be a family of polynomials in the variables X_1, . . . , X_n of a degree at most d and assume that F_1, . . . , F_p are given by a division– free arithmetic circuit β in Q [X_1 , . . . , X_n] of size L and nonscalar depth ℓ . Suppose that the polynomials F_1, . . . , F_p form a regular sequence in Q [X_1 , . . . , X_n] and that F_1, . . . , F_h generate a radical ideal for any 1 ≤ h ≤ p . Moreover, suppose that the polynomials F_1, . . . , F_p define a closed, affine subvariety S of A^n_C such that S_R is non–empty and smooth. Assume that the degree of the real interpretation of the polynomial equation system is bounded by δ . Then the algorithm represented by the arithmetic network N starts from the circuit β as input and computes the coefficents of n + 1 polynomials P, P_1, . . . , P_n in Q [Y ] satisfying the following conditions:

- P is monic and separable,

- 1 ≤ deg P ≤ δ ,

- max{deg P_k | 1 ≤ k ≤ n} < deg P ,

- the cardinality # ^S of the (non–empty) affine variety ^S := {(P_1(y), . . . , P_n(y)) | y ∈ C , P (y) = 0} is at most deg P , the affine variety ^S is contained in S and at least one point of each connected component of S_R belongs to ^S .

Moreover, using sign gates the network N produces at most # ^S sign sequences of elements {−1, 0, 1} such that these sign conditions encode the real zeros of the polynomial P ”à la Thom” ([14]).

In this way, namely by means of the Thom encoding of the real zeros of P and by means of the polynomials P_1, . . . , P_n , the arithmetic network N describes the finite, non–empty set ^S ∩ R^n = {(P_1(y), . . . , P_n(y)) | y ∈ R , P (y) = 0}, which contains at least one representative point for each connected component of the real variety S_R .

Proof We will freely use the notation introduced at the beginning of this section. Let F_1, . . . , F_p be polynomials of Q [X_1 , . . . , X_n] satisfying the assumptions in the statement of the theorem. Let S be the closed, affine subvariety of A^n_C defined by these polynomials. For 1 ≤ j, k ≤ n , let U_k and U_{j,k} be indeterminates over C and let U := (U_1, . . . , U_n, U_{1,1}, . . . , U_{n,n}) . Furthermore, for 1 ≤ l ≤ n , let Z_l := ∑ 1≤k≤n Ul,kXk . We write Z := (Z1, . . . , Zn) . Let C be an algebraic closure of C (U) and fix a real closure R of R(U) in C . Denote by A^n (C) and A^n (R) the n –dimensional, affine spaces over C and R , respectively. Further, for any Q –definable, closed, algebraic subvariety W of A^n_C denote by W (C) and by W (R) the closed, algebraic subvarieties of A^n (C) resp. A^n (R) given by an arbitrary set of defining equations of W in Q [X_1 , . . . , X_n] .

Observe that the irreducible and semialgebraically connected components of S(C) and S(R) correspond bijectively to the irreducible and connected component of S and S_R , respectively.

Consider the ((p + 1) × n) –matrix

T := J(F^1(Z), . . . , F^p(Z)) U_1 − X_1 · · · U_n − X_n .

The entries of T are polynomials belonging to R [X_1, . . . , X_n] .

For any choice of p columns 1 ≤ i_1 < . . . < i_p ≤ n and any index j ∈ {1, . . . , n} \ {i_1, . . . , i_p} we denote by m^{(i1 ,... ,ip)} the p –minor of J(F_1(Z), . . . , F_p(Z)) given by the columns i_1, . . . , i_p and by M^{(i1 ,... ,ip,j)} the (p + 1) –minor of T given by the columns i_1, . . . , i_p, j .

Let ^S_{n−p}(C) be the Zariski closure of the set of all (F_1, . . . , F_p) –regular points of S(C) , at which all (p + 1) –minors of T vanish.

Observe that ^S_{n−p}(C) is the generalized, affine, polar variety of S(C) associated with the zero–dimensional, linear, projective subvariety of the n – dimensional, projective space P^n(C) over C that is spanned by the point (1 : U_1 : · · · : U_n) . Let H(C) be the hyperplane at infinity of P^n(C) and let Q_U be the hyperquadric of P^n(C) defined by the quadratic form R_U (X_0, . . . , X_n) := X^2_0 − ∑_n k=1 2U_kX_0X_k + ∑_n k=1 X^2_k . One verifies immediately that with respect to the hyperquadric Q_U of P^n(C) , the point (1 : U_1 : · · · : U_n) spans the dual space of H(C) in P^n(C) . Thus ^S_{n−p}(C) is a dual polar variety with respect to the hyperquadric Q_U of P^n(C) .

Observe now that the hyperquadric Q_U ∩ H(C) of H(C) is defined by the quadratic form R_0(X_1, . . . , X_n) := ∑_n k=1 X^2_k and that the point (U_1, . . . , U_n) of A^n (R) does not belong to S(R) . Thus we may deduce from Proposition 2 and the Transfer Principle for real closed fields (see e.g. [7]) that the real polar variety ^S_{n−p}(R) is non–empty. Thus ^S_{n−p}(C) is non–empty, too. Now, Proposition 8 (or alternatively Lemma 7) implies that ^S_{n−p}(C) is zero–dimensional and consists of (F_1, . . . , F_p) –regular points of S(C) . Thus ^S_{n−p}(C) is of pure codimension n − p in S(C) . From the generic choice of the entries of U we deduce that the geometric degree (i.e., the cardinality) of ^S_{n−p}(C) is at most δ .

Let us consider an arbitrary point x of ^S_{n−p}(C) . Since x is (F_1, . . . , F_p) – regular, there exist indices 1 ≤ i_1 < . . . < i_p ≤ n such that m^{(i1,... ,ip)}(x) ≠ 0 holds. Let i_{p+1}, . . . , i_n be an enumeration of the set {1, . . . , n}\{i_1, . . . , i_p} .

Taking into account the generic choice of the entries of U , we deduce from Proposition 6 and Proposition 8 that the equations F_1, . . . , F_p, M^{(i1 ,... ,ip+1)}, M^{(i1 ,... ,ip,ip+2)} , . . . , M^{(i1 ,... ,ip,in)} intersect transversally at the point x and that they define the algebraic variety ^S_{n−p}(C) outside of the locus V (m^{(i1,... ,ip)}) defined by the equation m^{(i1,... ,ip)} in A^n (C) . Therefore, the polynomials F_1, . . . , F_p , M^{(i1 ,... ,ip+1)}, M^{(i1,... ,ip,ip+2)}, . . . , M^{(i1 ,... ,ip,in)} form a regular sequence in Q (U) [X_1 , . . . , X_n]_m(i_1 ,... ,i_p) .

Moreover, for any 1 ≤ j ≤ n − p , the polynomials (F_1, . . . , F_p), M^{(i1 ,... ,ip+1)}, M^{(i1,... ,ip,ip+2)} , . . . , M^{(i1 ,... ,ip,ip+j )} generate a radical ideal in Q (U) [X_1 , . . . , X_n]_m(i_1,... ,ip) . From the genericity of the entries of U and the considerations at the beginning of this section we deduce that the Zariski closure of V (F_1, . . . , F_p, M^{(i1 ,... ,ip+1)}, M^{(i1 ,... ,ip,ip+2)} , . . . , M^{(i1 ,... ,ip,ip+j )}) \ V (m^{(i1 ,... ,ip)}) in A^n (C) is a pure (p+j) –codimensional variety of geometric degree at most δ . We are now able to apply the elimination algorithm described in the proof of [23], Proposition 18 (and improved by [24], Theorem 31) to the following system of polynomial equations and inequations: F_1 = · · · = F_p = M^{(i1 ,... ,ip,ip+1)} = · · · = M^{(i1,... ,ip,in)} = 0, m^{(i1 ,... ,ip)} ≠ 0. (8) Observe that the degree of this system (in the sense of loc.cit.) is at most δ . Moreover, the n –variate polynomials of the system are of degree at most pd and they can be evaluated by a division–free arithmetic circuit of size O(Lnp^4) and non–scalar depth O(ℓ + log p) over the function field Q (U) . The mentioned elimination algorithm is represented by an arithmetic network over Q(U) , whose size and non–scalar depth are L(ndδ)^{O(1)} and O(n(ℓ + log(nd)) log δ) , respectively.

For the given input system (8) this network evaluates the coefficients of certain univariate polynomials P^{(i1,... ,ip)}, P^{(i1,... ,ip)}_1 , . . . , P^{(i1,... ,ip)}n in Q (U) [Y ] that satisfy the following conditions:

P^{(i1,... ,ip)} is monic and separable with respect to the variable Y , deg_Y P^{(i1,... ,ip)} = #( ^S_{n−p}(C) \ V (m^{(i1,... ,ip)})) ≤ δ , max{deg_Y P^{(i1,... ,ip)} 1 , . . . , deg_Y P^{(i1,... ,ip)}n } < deg_Y P^{(i1,... ,ip)} , ^S_{n−p}(C) \ V (m(i1 ,... ,ip)) = = {(P^{(i1,... ,ip)} 1 (y), . . . , P^{(i1,... ,ip)}n (y)) | y ∈ C, P^{(i1,... ,ip)}(y) = 0} . Now we repeat this procedure for each index set {i_1, . . . , i_p} with 1 ≤ i_1 < · · · < i_p ≤ n , thus obtaining an arithmetic network N_1 over Q (U) that computes the coefficients of all polynomials P^{(i1,... ,ip)}, P^{(i1,... ,ip)}_1 , . . . , P^{(i1,... ,ip)} n ∈ Q (U)[Y ] for the given input system (8).

The network N_1 has size (_n p ) L(ndδ)^{O(1)} and non–scalar depth O(n(ℓ + log nd) log δ) . From these data we compute, for the given input systen (8), the coefficients of certain polynomials ~P , ~P_1, . . . , ~P_n ∈ Q(U)[Y ] that satisfy the conditions:

~P is monic and separable with respect to the variable Y ,

deg_Y ~P = # ^S_{n−p}(C) ≤ δ ,

max{deg_Y ~P_1 , . . . , deg_Y ~P_n} < deg_Y ~P , ^S_{n−p}(C) = { ~P_1(y), . . . , ~P_n(y)) | y ∈ C, ~P (y) = 0} . This computation can be realized by an extension N_2 of the network N_1 , such that N_2 has asymptotically the same size and non–scalar depth as N_1 .

Without loss of generality we may consider the arithmetic network N_2 to be division–free, representing rational functions by polynomial numerators and denominators. We choose now a correct test sequence γ_1, . . . , γ_N ∈ Z^{n2+m} for the polynomials of Q[U] whose circuit size is bounded by the size of N_2 . From [32], Theorem 4.4 (see also [33]) we deduce that such a correct test sequence of length N = (_n p ) L(ndδ)^{O(1)} exists. Let N_3 be the arithmetic network over Q , which we obtain by specializing the vector U of inputs of N_2 to the integer points γ_1, . . . , γ_N and concatenating the resulting arithmetic networks over Q .

Observe that the arithmetic network N_3 is of size (_n p ) L^2(ndδ)^{O(1)} and of non–scalar depth O(n(ℓ + log nd) log δ) . For the given input system (8) there exists an index 1 ≤ k ≤ N such that no denominator vanishes on u = (u_1, . . . , u_n, u_{1,1}, . . . , u_{n,n}) := γ_k in the computation of the coefficients of the polynomials ~P , ~P_1, . . . , ~P_n ∈ Q (U)[Y ] by the arithmetic network N_2 and such that (u_1, . . . , u_n) does not belong to S .

Let P := ~P (u)(Y ), P_1 := ~P_1(u)(Y ), . . . , P_n := ~P_n(u)(Y ) and let ^S be the generalized, affine, polar variety of S associated with the zero–dimensional, projective subvariety K^0 of P^n_C , which is spanned by the point (1 : u_1 : · · · : u_n) . In other words, let ^S := W_K0 (S) . Consider the hyperquadric Q_u of the projective space P^n_C defined by the quadratic form R_u(X_0, . . . , X_n) := X^2_0 − ∑_n k=1 2u_kX_0X_k + ∑_n k=1 X^2_k and observe that the hyperquadric Q_u ∩ H of H is given by the quadratic form R_0(X_1, . . . , X_n) := ∑_n k=1 X^2_k and that, with respect to the hyperquadric Q_u , the point (1 : u_1 : · · · : u_n) spans the dual space of H in P^n_C . Thus ^S is a dual polar variety with respect to the hyperquadric Q_u of P^n_C . From Proposition 2 we infer now that ^S_R contains at least one representative point of each connected component of S_R . In particular, ^S is non–empty. Furthermore, the polynomials P, P_1, . . . , P_n belong to Q[Y ] . From the choice of u we deduce that ^S is a Q –definable, zero–dimensional variety (i.e., ^S is of pure codimension n − p in S ) with ^S = {(P_1(y), . . . , P_n(y)) | y ∈ C , P (y) = 0} and # ^S ≤ δ . Moreover, P is monic and separable, and we have max{deg P_1, . . . , deg P_n} < deg P = # ^S ≤ δ . We apply now any of the known, well parallelizable Computer Algebra algorithms for the determination of all real zeros of a given univariate polynomial, where these zeros are thought to be encoded “à la Thom” (see e.g. [14]), to the polynomial P ∈ Q [Y ] . This subroutine may be realized by an arithmetic network N over Q , which uses sign gates and extends the network N_3 . The size and non–scalar depth of N are asymptotically the same as those of N_3 , namely (_n p ) L^2(ndδ)^{O(1)} and O(n(ℓ + log nd) log δ) , respectively. □

Observe that the algorithm described in the proof of Theorem 11 is based on a generic transformation of the variables X_1, . . . , X_n and on the generic choice of a point in A^n_R , namely (u_1, . . . , u_n) , outside of the variety S_R . Indeed, the projective point (1 : u_1 : · · · : u_n) spans a zero–dimensional linear subvariety K^0 of P^n which determines the polar variety ^S = W_K0 (S) . The fact that ^S is a zero–dimensional algebraic variety for a generic choice of a point u = (u_1, . . . , u_n) ∈ A^n_R \ S is implicitely used in [43] and [1] for the purpose to find for any connected component of S_R a representative point. However, the algorithm developed in loc.cit. is rewriting based, lacks a rigorous complexity analysis and is much less efficient than ours.

Let us finally mention that a variant of the elimination algorithm described in the proof of Theorem 11 can be obtained by chosing a rational (but possibly non–generic) point of A^n_R \ S and chosing the hyperquadric Q of P^n generically, subject to the condition that Q ∩ H_R is defined by a positive quadratic form. We do not go into the details of this algorithmic variant and its geometric foundations, which require only a suitable adaption of Proposition 2 and Lemma 4.

Remark 12 A more precise estimate for the size of the network N of Theorem 11, namely O( (_n p ) L^2npdδ^3) , can be obtained by replacing, in the proof of Theorem 11, the elimination algorithm of [23] and [24] by a refined version of it, which is described in [28] and [25].

A uniform, probabilistic version of the algorithm described in the proof of Theorem 11 can be realized by a network of size O( (_n p ) L^2npdδ^3) and non– scalar depth O(n(ℓ + log nd) log δ) , which depends on certain randomly chosen parameters.

On the other hand, taking into account the extrinsic estimate δ ≤ d^n p^{n−d} of the beginning of this section and the straightforward estimates L ≤ d^{n+1} and ℓ ≤ log d , we obtain the worst case bounds (_n p ) (np^{n−p}d^n)^{O(1)} and O((n log nd)^2) for the size and non–scalar depth of the network N of Theorem 11. Thus, our worst case sequential time complexity bound meets the standards of todays most efficient d^{O(n)} –time procedures for the problem under consideration (compare [5], [6] and also [15], [29], [30], [31], [41], [42], [10], [11], [26]).

In the particular case that the real variety S_R is compact, our method produces the following alternative complexity result:

Theorem 13 Let the notations and assumptions be as in Theorem 11. Suppose that the real variety S_R is not only non–empty and smooth, but also compact. For 1 ≤ h ≤ p , let S_h be the closed subvariety of A^n_C defined by the equations F_1, . . . , F_h . Let L be the generic flag of Q –definable, linear subvarieties of P^n_C introduced at the beginning of this section, namely L : L^0 ⊂ L^1 ⊂ · · · ⊂ L^{p−1} ⊂ · · · ⊂ L^{n−2} ⊂ L^{n−1} ⊂ P^n_C with L^{n−1} = H . Let K be the internal flag associated with L , namely K : P^n ⊃ K^{n−1} ⊃ K^{n−2} ⊃ · · · ⊃ K^{n−p−1} ⊃ · · · ⊃ K^1 ⊃ K^0. For 1 ≤ i ≤ n − p , let ~S_i := ^W_Kn−p−i (S) = W_Lp+i−2 (S) be the i –th cylindric polar variety of S associated with the internal flag K .

Finally, suppose that δ is an upper bound for the geometric degrees of the affine varieties S_1, . . . , S_p and ~S_1, . . . , ~S_{n−p} . Under these assumptions the same conclusions as in Theorem 11 hold true.

In order to show this statement we have to replace the matrix T by the polynomial ((p + 1) × n) –matrix J(F^1(Z), . . . , F^p(Z)) U_1 · · · · · · · · · U_n in the proof of Theorem 11 and all applications of Proposition 2 by those of Proposition 1. The rest is textually the same argument.

Theorem 13 is the algorithmic main result of [3], where its statement is slightly different.

Motivated by the outcome of Theorem 13 and Theorem 11 above, the following geometric result is shown in [44]. This result is interesting on its own because of its mathematical and algorithmic consequences. Let the notations and assumptions be as in Theorem 13, however, dropping the requirement that S_R is compact. Suppose that the variables X_1, . . . , X_n are in generic position with respect to the algebraic variety S . For each 1 ≤ i < n − p , let π_i : A^n_C → A^{n−p−i}_C be the projection given by the variables X_1, . . . , X_{n−p−i} . Furthermore, let λ = (λ_1, . . . , λ_{n−p}) be a randomly chosen point of Z^{n−p} and let λ^{(i)} := (λ_1, . . . , λ_{n−p−i}) . Then, for each 1 ≤ i < n−p , the algebraic variety π^{−1}_i (λ^{(i)}) ∩ ~S_i is zero–dimensional or empty and the finite set ~S_{n−p} ∪ ⋃ 1≤i<n−p(π −1 i (λ^{(i)}) ∩ ~S_i) intersects any connected component of S_R .

This geometric result allows to extend the validity of Theorem 13 to the non– compact case, however, its proof is somewhat different, because it requires the more general elimination procedure of [37] for polynomial equation and inequation systems defining (locally closed) algebraic subvarieties of A^n_C . The reason is that intermediate ideals (generated by subsystems of the given input equation system) are no longer radical. From the point of practical computations it seems difficult to compare the algorithm of Theorem 11 with the elimination algorithm described in [44]. On the one hand, one may expect that the degree associated with the real interpretation of a polynomial equation system is typically smaller if this notion of degree is based on the concept of cylindric polar varieties as in Theorem 13. On the other hand, the use of a more general and intricate elimination algorithm may disminish this complexity gain.

References

[1] P. Aubry, F. Rouillier, M. Safey El Din: Real solving for positive dimensional systems. J. Symb. Computation, Vol. 34 (6), 543–560 (2002)

[2] B. Bank, M. Giusti, J. Heintz, L.M. Pardo: Generalized polar varieties: Geometry and algorithms. Manuscript, Institut für Mathematik, Humboldt Universität zu Berlin (2003)

[3] B. Bank, M. Giusti, J. Heintz, G.M. Mbakop: Polar varieties and efficient real elimination. Math.Z. 238, 115–144, Digital Object Identifier (DOI) 10.1007/s002090100248 (2001)

[4] B. Bank, M. Giusti, J. Heintz, G.M. Mbakop: Polar varieties, real equation solving and data structures: The hypersurface case. J. Complexity 13, No.1, 5-27, Best Paper Award J. Complexity 1997 (1997)

[5] S. Basu, R. Pollack, M.-F. Roy: On the combinatorial and algebraic complexity of quantifier elimination. J.ACM 43, No. 6, 1002-1045 (1996)

[6] S. Basu, R. Pollack, M.-F. Roy: Complexity of computing semialgebraic descriptions of the connected components of a semialgebraic set. Proceedings, ISSAC ’98, Gloor, Oliver eds., Rostock, Germany, August 13–15, 1998, New York, NY, ACM Press. 25-29 (1998).

[7] J. Bochnak, M. Coste, M.–F. Roy: Géométrie algébrique réelle. Ergebnisse der Mathematik und ihrer Grenzgebiete, Berlin–Heidelberg–New York, Springer (1987)

[8] W. Bruns, U. Vetter: Determinantal rings. Berlin, Springer, Lecture Notes in Mathematics, 1327 (1988)

[9] P. Bürgisser, M. Clausen, M. A. Shokrollahi: Algebraic complexity theory. With the collaboration of Thomas Lickteig. Grundlehren der Mathematischen Wissenschaften. 315. Berlin, Springer (1997)

[10] J. F. Canny: Some algebraic and geometric computations in PSPACE, Proc. 20th ACM Symp. on Theory of Computing, 460-467 (1988)

[11] J. F. Canny, I. Z. Emiris: Efficient incremental algorithms for the sparse resultant and the mixed volume. J. Symb. Comput. 20, No.2, 117-149 (1995)

[12] D. Castro, M. Giusti, J. Heintz, G. Matera, L. M. Pardo: The hardness of polynomial solving. To appear in Found. Comput. Math. (2003)

[13] D. Castro, K. Hägele, J. E. Morais, L. M. Pardo: Kronecker’s and Newton’s approaches to solving: A first comparision. J. Complexity 17, No.1, 212–303 (2001)

[14] M. Coste, M.-F. Roy: Thom’s Lemma, the coding of real algebraic numbers and the computation of the topology of semialgebraic sets. J. Symbolic Comput., 5, 121-130 (1988)

[15] F. Cucker, S. Smale: Complexity estimates depending on condition and round-of error. J. ACM, Vol. 46, No. 1, 113–184 (1999)

[16] M. Demazure, Catastrophes et bifurcations. Ellipses, Paris (1989)

[17] J. A. Eagon, D. G. Northcott: Ideals defined by matrices and a certain complex associated with them. Proc. R. Soc. Lond., Ser. A 269, 188– 204 (1962)

[18] J. A. Eagon, M. Hochster: R–sequences and indeterminates. O.J.

Math., Oxf. II. Ser. 25, 61–71 (1974)

[19] D. Eisenbud: Commutative algebra with a view toward algebraic geometry. New York, NY, Springer (1995)

[20] W. Fulton: Intersection Theory. Ergebnisse der Mathematik und ihrer Grenzgebiete (3). Berlin, Springer (1984)

[21] J. von zur Gathen: Parallel linear algebra. Synthesis of parallel algorithmns, J. Reif ed., Morgan Kaufmann (1993)

[22] M. Giusti, J. Heintz: Kronecker’s smart, little black boxes. Foundations of Computational Mathematics, R. A. DeVore, A. Iserles and E. Süli, Cambridge Univ. Press 284, 69–104 (2001)

[23] M. Giusti, J. Heintz, J.E. Morais, J. Morgenstern, L.M. Pardo:

Straight–line programs in geometric elimination theory. J. Pure Appl. Algebra, 124, No.1-3, 101-146 (1998)

[24] M. Giusti, J. Heintz, K. Hägele, J. E. Morais, J. L. Montaña, L. M.

Pardo: Lower bounds for diophantine approximations. J. Pure and Applied Alg., 117 & 118, 277–317 (1997)

[25] M. Giusti, G. Lecerf, B. Salvy: A Gröbner free alternative for polynomial system solving. J. Complexity, Vol. 17, No. 1, 154–211 (2001)

[26] D. Grigor’ev, N. Vorobjov: Solving systems of polynomial inequalities in subexponential time. J. Symb. Comput., 5, No.1/2, 37-64 (1988)

[27] J. Heintz: Fast quantifier elimination over algebraically closed fields.

Theoret. Comp. Sci., 24, 239-277 (1983).

[28] J. Heintz, G. Matera, A. Waissbein: On the time–space complexity of geometric elimination procedures. Appl. Algebra Engrg. Comm. Compute., 11, No.4, 239–296 (2001)

[29] J. Heintz, M.–F. Roy, P. Solernó: On the complexity of semialgebraic sets. Proc. Information Processing ’89 (IFIP ’89) San Francisco 1989, G. Ritter ed., North-Holland, 293–298.(1989)

[30] J. Heintz, M.–F. Roy, P. Solernó: Complexité du principe de Tarski– Seidenberg. Paris, CRAS, t. 309, Série I, 825–830 (1989)

[31] J. Heintz, M–F. Roy and P. Solernó: Sur la complexité du principe de Tarski–Seidenberg. Bull. Soc. math. France, 18, 101–126 (1990)

[32] J. Heintz, C.P. Schnorr: Testing polynomials which are easy to compute. Proc. 12th Ann. ACM Symp. on Computing, 262–268 (1980), also in: Logic and Algorithmic: An Int. Symposium held in Honour of Ernst Specker, Monographie No.30 de l’Enseignement de Mathématiques, Genève, 237–254 (1982)

[33] T. Krick, L.M. Pardo: A computational method for diophantine approximation. Proc. MEGA ’94, Algorithms in Algebraic Geometry and Applications, L. Gonzales-Vega, T. Recio, eds., Progress in Mathematics, 143, 193-254, Basel, Birkhäuser (1996)

[34] E. Kunz: Kähler differentials. Advanced Lectures in Mathematics.

Braunschweig–Wiesbaden Vieweg (1986)

[35] D. T. Lê, B. Teissier: Variétés polaires locales et classes de Chern des variétés singulières, Annals of Mathematics, 114, 457-491 (1981)

[36] G. Lecerf: Une alternative aux méthodes de réécriture pour la résolution des systèmes algébriques. Thèse, École Polytechnique (2001)

[37] G. Lecerf: Quadratic Newton iterations for systems with multiplicity.

Found. Comput. Math. 2 (3), 247–293 (2002)

[38] G. Matera: Probabilistic algorithms for geometric elimination. Appl.

Algebra Engrg. Commun. Comput. 9, No.6, 463-520 (1999)

[39] H. Matsumura: Commutative ring theory. Cambridge Studies in Adv.

Math., 8, Cambridge Univ. Press, Cambridge, UK (1986)

[40] R. Piene: Polar classes of singular varieties. Ann. scient. Éc. Norm.

Sup. 4. série, t. 11, 247-276 (1978)

[41] J. Renegar: A faster PSPACE algorithm for the existential theory of the reals. Proc. 29th Annual IEEE Symposium on the Foundation of Computer Science, 291-295, (1988)

[42] J. Renegar: On the computational complexity and geometry of the first order theory of the reals. J. Symbolic Comput., 13(3), 255-352 (1992)

[43] M. Safey El Din: Résolution réelle des systèmes polynomiaux en dimension positive Thèse, Université Paris VI (2001)

[44] M. Safey El Din, E. Schost: Polar varieties and computation of one point in each connected component of a smooth real algebraic set. Submitted to ISSAC 2003 (2003)

[45] M. Spivak: Calculus on manifolds. A modern approach to classical theorems of calculus. New York–Amsterdam, W. A. Benjamin, Inc. (1965)

[46] B. Teissier: Variétés Polaires. II. Multiplicités polaires, sections planes et conditions de Whitney. Algebraic geometry (La Rábida, 1981), J. M. Aroca, R. Buchweitz, M. Giusti, M. Merle eds., 314–491, Lecture Notes in Math., 961, Berlin, Springer, 314–491 (1982)

[47] W. Vogel: Lectures on Results on Bézout’s Theorem. Berlin, Springer (1984)