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Abstract

A generalization of Emery’s inequality for stochastic integrals is shown for
convolution integrals of the form (fot g(t — s)Y (s—)dZ(s))t=0, where Z is a
semimartingale, Y an adapted cadlag process, and g a deterministic function.
The function g is assumed to be absolutely continuous with bounded deriva-
tive. The function g may also have jumps, provided that the jump sizes are
absolutely summable. The inequality is used to prove existence and unique-
ness of solutions of equations of variation-of-constants type. As a consequence,
it is shown that the solution of a semilinear delay differential equation with
functional Lipschitz diffusion coefficient and driven by a general semimartin-
gale satisfies a variation-of-constants formula.
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1 Introduction

The variation-of-constants formula is a key tool in the study of long term behavior
of semilinear stochastic differential equations. It describes the diffusion and non-
linearity in the drift as perturbations of a deterministic linear equation and thus
enables to reveal information on the long term behavior (see for instance [1, 11]). In
the case of stochastic delay differential equations driven by semimartingales, how-
ever, such a variation-of-constants formula seemed to be unknown. We will prove
in this paper a variation-of-constants formula for stochastic delay differential equa-
tions with linear drift and a functional Lipschitz diffusion coefficient driven by a
general semimartingale. Our proof includes the extension of several other important
results. In particular, we present an extension of Emery’s inequality for stochastic
integrals.
Consider the stochastic delay differential equation

AX (t) = /(_OO,O] X(t + a)p(da) dt + F(X)(t—)dZ(t), ¢ >0, )
X(t) = ®(t), t <0,

where p is a finite signed Borel measure on (—o00,0], Z is a semimartingale, F' is a
functional Lipschitz coefficient, and (®(t))¢<o is a given suitable initial process. We



want to show that the solution of (1.1) satisfies the variation-of-constants formula
t ¢
X = [ gt—s)dss)+ [ glt-9FO(-)dz6), 120, (12)
0 0
where the semimartingale J given by
t
J(t)=®(0) + / / O(s+ a)u(da)ds (1.3)
0 J(—o00,—s]

contains the initial condition. The function g is the fundamental solution of the
underlying deterministic delay equation, that is,

g|{0’00) = /_oo . g(e + a)p(da) Lebesgue a.e. on [0, 00),
9(0) =1, g(t) =0, ¢t <0.

(1.4)

It is well known (see [5]) that equation (1.4) has indeed a unique solution g with
the property that g, is absolutely continuous.

If a solution of (1.2) exists, it can be shown by a Fubini argument that it also
satisfies the original stochastic delay differential equation (1.1). Since (1.1) is known
to admit a unique solution, we infer that this solution then satisfies (1.2). Thus,
it remains to prove existence of solutions of (1.2). Our proof of existence (and
uniqueness) of solutions of (1.2) is an extension of the proof for stochastic differential
equations presented in [10]. The idea there is to use localization arguments in
order to reduce to a Banach fixed point argument in a suitable space of stochastic
processes. The key estimate to obtain a contraction is an inequality due to ]:ilmelry7
see [4] or [10, Theorem V.3]. It says that for an adapted cadlag process Y and a
semimartingale Z the size of the stochastic integral can be estimated by

for certain suitable norms on spaces of processes and semimartingales.

It turns out that for the more general equations of variation-of-constants type
an extension of Emery’s inequality is needed, namely for integral processes of the
form [ g(e—s)Y (s—)dZ(s), where g is a deterministic function. We will show that
for a large class of functions g the inequality

holds, where R is a constant independent of Y and Z. We establish an even more
general inequality for integrals of the form fo. Y (e,5—)dZ(s), where Y belongs to
a class of processes with two parameters.

With the inequality (1.6) we can prove that the variation-of-constants type equa-
tion

0. Y(s—)dZ(s)

< Yol 2] e, (1.5)
HT‘

S R[Ylse 1 Z] e (1.6)
H7‘

/ gl — )Y (5-) dZ(s)

X(t) = J(¢) +/O g(t — $)F(X)(s—)dZ(s), t>0, (1.7)

has a unique (up to indistinguishability) adapted cadlag solution X, for any semi-
martingales J and Z. The nonlinear coefficient F' is here assumed to be functional
Lipschitz. With the aid of the solution of (1.7) we are then able to prove the next
variation-of-constants formula for stochastic delay differential equations. For ab-
breviation, we denote by D the space of all adapted cadlag processes on a filtered
probability space that satisfies the usual conditions.



Theorem 1.1. Let p be a finite signed Borel measure on (—o00,0] and let g : R — R
be the unique solution of (1.4) with glj,oc) absolutely continuous. Let F': D — D
be functional Lipschitz. Let J and Z be semimartingales. Then a process X € D
satisfies

X)) = J(t)+/0/( O]X(s—|—a)u(da)ds (1.8)

+/0 F(X)(s—)dZ(s), t>0,

if and only if it satisfies the variation-of-constants formula (1.2). Moreover, there
exists one and only one X € D satisfying (1.8) and (1.2).

The outline of the paper is as follows. In order to make the paper self-contained,
Section 2 settles notation and briefly reviews the basic constructions and tools that
we need in the sequel. In Section 3 we prove an inequality of Emery type for
stochastic integrals of two parameter processes. Section 4 then derives the inequality
(1.6). Existence and uniqueness of solutions of equation (1.7) is discussed in Section
5. Finally in Section 6 we prove the variation-of-constants formula, Theorem 1.1.

2 Preliminaries

2.1 Processes

All random variables and stochastic processes are assumed to be defined on a fixed
filtered probability space (Q,F,(F;):,P), where the filtration (F;); satisfies the
usual conditions (see [8, Definition 1.2.25]). Let I C [0,00) be an interval and let
D(I) denote the set of all adapted processes (X (t))te; with paths that are almost
surely cadlag (that is, right-continuous and the left limit exists at every t € I
distinct from the left endpoint of I). If X, Y € D(I) satisfy X(¢) = Y (¢) a.s. for
every t € I, then they are indistinguishable, that is, X (¢t) = Y(¢) for all t € I a.s.
(see [8, Problem 1.1.5]). We will identify processes that are indistinguishable. Every
process X € D(I) is jointly measurable from Q x I — R (see [8, Remark 1.1.14]).
For a process X € D(I), where 0 € I, and a stopping time T' we define the stopped
process X1 by

(XDYt)(w) = XtAT(W))(w), we, tel,
and X7~ by

(XT_)(t)(w) — { g((t)(w)l{ong(w)} + X(t A T(w)_)(w)l{t>T(w)} g: ;EZ; i 8:

weQ tel Here (X(tAT(w)=))(w) = limgpe) X( A s)(w) for w € Q with
T(w) > 0. Stopping times are allowed to attain the value co. The jumps of a
process X € D(I), where I C [0,00) is an interval with left endpoint a, are defined
by (AX)(t) = X(t) — X(t—) for t € I, t # a, and (AX)(a) = X(a). Further, by
convention, X (a—) = 0.

For an interval I and a function f : I — R we define the total variation of f
over I as

Vary(f) = sup i |f(tks1) — f(tn)]
k=0

where the supremum is taken over all tg,...,t,, € [ with tg < t; < -+ <
and all m € N. A process X € D(I) with paths that have almost surely finite



total variation over each bounded subinterval of I will be called an F'V-process and
Vary(X) is defined pathwise.

Let L? denote the Lebesgue space LP (2, F,P), where 1 < p < co. For a process
(X (t))ter define

1 X|lse(ry =

sup | X (t)]
tel Lp
(possibly co) and

SP(I) = {X € D) : | Xlseqr) < o0}

If the interval of definition is clear from the context, we will simply write S? and
l[ell s

2.2 Semimartingales

We adopt the definitions and notation of [2, 6, 7]. Recall that a process X € D[0, c0)
is called a semimartingale if there exist a local martingale M and an FV-process A
such that X (¢) = X(0) + M (t) + A(t) a.s. for all t > 0. For two semimartingales X
and Y we denote by [X, Y] their covariation (see [2, VI1.42] or [7, p. 519]). For any
semimartingale X the process [X, X] is positive and increasing (see [7, Theorem
26.6(ii)]). We denote [X, X]o, = sup;>q[X, X](t).

We will use the above terminology also for processes X € Dfa,b], where 0 <
a < b. We say that X € DJ[a,b] is a local martingale (or semimartingale) if there
exists a local martingale (or semimartingale) ¥ € D[0,00) such that X (¢) = Y(¢)
for all t € [a,b]. If X1, X € D[a,b] are semimartingales and Y7,Ys> € D[0,00) are
semimartingales such that X;(t) = Y;(¢) for all ¢ € [a,b], ¢ = 1,2, then we define
(X1, Xa)(8) = VP — Vi, Y = YE7)(0), £ € [a,b].

For a semimartingale Z € D[a, b] with Z(a) = 0 we define

I Z| frofa,p) = E{||[M, M](b)"/? + Var(q 4 (A)||zr : Z = M + A with (2.1)
M a local martingale, A an FV-process,
and M(a) = A(a) =0}

(possibly co) and let
HP[a,b] := {Z semimartingale : Z(a) =0, || Z]|gr(ay < 00}

The space HP[0,00) is defined similarly by replacing the norm in (2.1) by
[[M, M]})é2 + Var(p )(A)|lL». Observe that for any stopping time 7" and any
Z € HPa,b] we have ZT~ € HP[a,b] and || Z7~ || g» < || Z]| prv-

Theorem 2.1. Let 1 <p < oo and 0 < a <b. The spaces (SP[a,b], ||e||sr[q,5) and
(HPla,b],||e| gr[a,p)) are Banach spaces. Moreover, if Z € HP[a,b] then Z € SP|a,b]
and there exists a constant ¢, > 0 (independent of a and b) such that

HZHSp[a’b] < CpllZHHp[a’b] fO?” all Z € Hp[a,b].

Proof. Tt is said in [10, p.188-189] that |[e||sr[0,00) and [le|| gr[0,00) are norms. It is
straightforward that (S?[0,00), [|e||sr[0,00)) is complete. Completeness of H?[0,c0)
endowed with [|e||p[0,00) is mentioned in [2, VIL.98(e)]. The sets {X € S?[0,00) :
Xb =X, X% =0} and {X € HP[0,00) : X’ = X, X* = 0} are closed subspaces
of SP[0,00) and HP[0,0), respectively, and they are isometrically isomorphic to
SP[a,b] and HP[a,b]. The existence of ¢, is the content of [10, Theorem V.2]. O

The next statement easily follows from [10, Theorem V.1, Corollary, p. 189—
190].



Corollary 2.2. Let 1 <p< oo and 0 < a<b. If Z € HP[a,b], then [Z, Z](b)'/? €
L? and
112, Z10) 2l ze < 12| m9(a,01-

Further, if M € D[a,b] is a local martingale with M(a) = 0 and [M, M](b)'/? € L»,
then M € HP[a,b] and

1| 1o g0, = NM, M](0)?| -

2.3 Stochastic integrals

We use the stochastic integral as presented in [2, 6, 7]. Let us summarize the
properties which we need. The predictable o-algebra P is the o-algebra in [0, 00) x
generated by the processes (X (t));>o that are adapted to (F;_);>0 and which have
paths that are left-continuous on (0, 00). Here F;_ is the o-algebra generated by F;
with s < tif t > 0, and Fy_ := Fy. A process X is predictable if (t,w) — X (t,w) is
measurable with respect to the predictable o-algebra. For an interval I containing
0, a process (X (t))ter is locally bounded if there exist stopping times T} T oo, that
is, 0 =Tp < T3 < ... with sup, Tx = oo a.s., such that for each k there is a constant
cx with, a.s., | XTk(¢t) — X(0)| < ¢, for all t € I. For any process X € D[0, 00) the
process t — X (t—) is both predictable and locally bounded. We consider the class
& of processes of the form

H(t) = H_ll{o}(t) + Hol(o,tl](t) + -4 Hn—ll(tn,l,oo)(t)a t >0, (2.2)

where H_,, Hy are Fyp-measurable and H; are F;,-measurable random variables for
i > 1 such that essup |H;| < oo and where 0 = t) < t; < --- < t, = o0, n € N.
For a semimartingale X and a process H given by (2.2) the stochastic integral is
defined by

(HeX)( /H )dX (s ZH,l( t/\t)—X(ti_l/\t)), t>0.

The next theorem (see [2, VIIL.3 and 9], [6, Theorem 1.4.31 and 1.4.33-37], or [7,
Theorem 26.4], and [7, Theorem 26.6(ii) and (v)]) extends the stochastic integral
to all locally bounded predictable processes.

Theorem 2.3. Let X be a semimartingale. The map H — HeX on £ has a unique
linear extension (also denoted by H — HeX ) on the space of all predictable locally
bounded processes into the space of adapted cadlag processes such that if (H™),, is
a sequence of predictable processes with |H™(t)| < K(t) for allt > 0, n € N and for
some locally bounded predictable process K and H™(t)(w) — H(t)(w) for allt > 0,
w € Q and for some process H, then

(H"eX)(t) — (HeX)(t) in probability for allt >0

Moreover, for every locally bounded predictable processes H and K the following
statements hold:

(a) HeX is a semimartingale;
(b) K(HeX) and (KH)eX are indistinguishable;

(c) A(HeX) and HAX are indistinguishable and (HeX)(0) = A(HeX)(0) =
H(0)X(0);



(d) if X is a local martingale then HeX is a local martingale and
t
[HeX, HeX]|(t) = / H(s)?d[X, X](s) for allt > 0;
0

(e) if X is of bounded variation then HeX is of bounded variation and

Var(g o0) (HeX) < sup |H (t)] Var|g o0) (X);

(f) if T is a stopping time, then 1o rjeX = XT and (HeX)T = (Hljgq))eX =
HoXT up to indistinguishability.

It follows that the stochastic integral fg H(s—)dX(s), t > 0, is well defined
for any H € D0, 00) and any semimartingale X. If X is an FV-process and H €
D[0, ), then the stochastic integral fot H(s—)dX(s) equals the pathwise defined
Stieltjes integral, where the convergence of the Riemann-Stieltjes sums holds only
in the sense of convergence of nets that are indexed by the set of partitions directed
by the refinement relation.

The precise formulation of Emery’s inequality reads as follows (see [4] or [10,
Theorem V.3]).

Theorem 2.4 (Emery’s inequality). Let p,q,r € [1,00] be such that I—lj—i—
% = % (with the convention that é = 0). Let T > 0. For every process
(Y'(t))tepo,ry in SP[0,T] and every semimartingale (Z(t)):eo,) in H[0,T] the pro-

cess (5 Y (s—)dZ(s))eepo,r) is in H'[0,T] and

In Section 3 and Section 6 we need the following stochastic Fubini theorem,
which we collect from [10].

0° Y (s—)dZ(s)

< | Yllseio,m 12 mago,77-
H7™[0,T]

Theorem 2.5. Let (A, A) be a measurable space and let v be a finite signed measure
on A. Let ®: A x [0,00) X Q2 — R be an A ® P-measurable map, where P denotes
the predictable o-algebra in [0,00) x 2. Let Z be a semimartingale with Z(0) = 0.
If for each a € A the process ®(a,e) is locally bounded, then

(i) for every a € A there exists an adapted cadlag version (I,(t))i>0 of the

stochastic integral
t
(/ d(a, s) dZ(s)>
0 >0

such that the map (a,t,w) — I,(t,w) is A x B([0,0)) @ F-measurable;

(ii) if moreover the process [, ®(a,e)?|u|(da) is locally bounded, then a.s.

([ vesaz) ) utaor = [ ([ atasutaa)) azes). ¢ 0.

where for the inner integral at the left hand side the versions of (i) are chosen.

Proof. Due to [10, Theorem IV.15, p.134], [10, Corollary IV.44, p.159] yields (i).
Observe that the measurability conditions yield that the process [, ®(a,«)?|u|(da)
is predictable. Assertion (ii) follows therefore by linearity from [10, Theorem IV .46,
p.169], again due to [10, Theorem IV.15, p.134]. O



3 A class of processes with two parameters

In this section we prove the next theorem.

Theorem 3.1. Let 1 <p<oo, 1 <g<oo, and 1 < 7°<oobesuchthat1—|——=l

T

LetT > 0 and let (Y (t,5))s,scjo,1) be a process such that Y (t,e) is an adapted cadlag
process for every t € [0,T] and such that there exists a process (Y1(t, s))¢ sefo,r] with

t
Y(t,s—)=Y(0,s—) —|—/ Yi(u,s)du  for allt €[0,T] a.s.
0

for each s € [0,T], where (t,s,w) — Yi(t,s,w) is B([0,T]) ® P-measurable,
SUP¢o,7] fOT Yi(u,8)?du < oo a.s., foT Y1 (u,e)?du is a locally bounded process,
and sup,cpo.r) [Y1(u,9)||svj0,7) < 00. Then for every Z € H?0,T] the process
fo. Y (e,s—)dZ(s) is a semimartingale and

/(; Y (e, 5—) dZ(s)

<Ly Z ]| ago, 175
H™[0,T]

where

Lp(Y) =Y (e, 0=)llsro,m + (1 + Cr)TtS[%PT] 1Y1(t, o)l 520,77 (3.1)
€lo,

IfTp(Y) < oo, then [ Y(s,s—)dZ(s) € H"[0,T].

We use the convention that fo. Y(e,5—)dZ(s) denotes the process
(fot Y (t,s—)dZ(s))icjo,r) and, similarly, Y (s, e—) denotes (Y (¢,t—)):e[0,1]-

Throughout the section let p, ¢, 7, T, and (Y (¢, 5))¢,scjo, 7] and (Y1(Z, 5))¢,se(0,7]
be as in Theorem 3.1. Let further Z € D[0, T] be a semimartingale with Z = M+ A,
M (0) = A(0) = 0, where M is a local martingale with [M, M](T)*/? € L and A an
FV-process with Varp 11(A4) € L. We divide the proof of Theorem 3.1 into several
lemmas. We will consider the integral process fo. Y (e, 5—)dZ(s), substitute Y7, and
apply stochastic Fubini. We begin by estimating the quadratic variation and total
variation of the ensuing terms.

Lemma 3.2. The map s — Y (s,s—) is a predictable locally bounded process and

U'Y(s,s—)dM(s),fY(s,s—)dM(s) (T) < sup |Y(s,5—)[2[M, M](T).
0 0 s€[0,T]

Proof. As (s,w) — Y(0,s—,w) is P-measurable and (t,s,w) — Yi(t,s,w) is
B([0,T]) ® P-measurable, we have that (¢,s,w) — Y (t,s—, w) is B([0,T]) ® P-
measurable. Hence (s,w) — Y (s, s—,w) is P-measurable. Further, (Y (0, s))seo, 1) is
adapted and cadlag, so that Y (0, e—) is locally bounded, and (fos Y1 (u, s) du)sepo,m)
is locally bounded since ( fOT Yi(u, s)? du)sepo,r) is locally bounded.  Hence

(Y(s,5=))sefo,r] is locally bounded. The inequality follows from Theorem
2.3(d). O

Lemma 3.3. The process [; Y (e, s—)dA(s) is an FV-process and

Var(o 1y (/O.Y(.,s)dA(s)) < sup (|Y(s,57)|+Var[s7T](Y(.,sf))) Var( 11(A).

s€[0,T]



Proof. If we consider the stochastic integrals as pathwise Stieltjes integrals we find
for a partition 0 =tg < t; <--- <t, =T a.s.

m—1 T
3 / (Lot s (5)Y (a1, 5-) — Loy (5)Y (tr, 5—)) dA(s)
k=0

< Varg 71(A) S[l(l)pT] Varp, 77 (10,0 ()Y (e, 5—)) .
se|0,

By continuity of Y (e, s—),
Varyo,r) (1[0,-](3)3/('78—)) <Y (s, 8—)| + Var 1 (Y(ns—)),

and we obtain the desired inequality. Since (fOT Y1 (u, s)? du)sepo,7) has a.s. bounded
paths and Y(0,s) is cadlag, it follows that sup,cio 7 |Y(s,5—) < oo a.s. Thus

Jo Y (e, s—) dA(s) is an FV-process. O

In the next lemma we need Emery’s inequality for integrands that are not cadlag.
It is easy to verify that Emery’s proof in [4] establishes the inequality

for any predictable process (V(t)):epo,r] with ||V||sr < co and any Z € HY.

/0' V(s)dZ(s)

<MWV lseio, | Z ago,1- (3:2)
H™[0,T]

Lemma 3.4. The process fo. (fou Yi(u,s)dM(s)) du is an FV-process with

‘Var[oj] < /O ) < /O ' Yi(u, s) dM(s)> du)

Proof. With aid of a well known inequality from the theory of Bochner integration
(see [3, Lemma ITI1.11.16(b) and Theorem I11.2.20]) and Emery’s inequality (3.2) we

obtain
T u T U
/ / Y1 (u, s) dM(s) </ / Y1 (u,s)dM(s)
o IJo o Jo lJo
T
du < c,./
s 0

<f : [ it anrcs

<eT sup [[Yi(u,o)llgp [[M| e
we[0,T]

<eT sup |[[Yi(u,e)l|se || M]| .
L w€e[0,T]

du du

LT

du
HT‘

/0 Vi (u,5) M (5)

In particular, fo. | o Y1(u,s—)dM(s)|du is a.s. bounded. For absolutely continuous
functions the total variation is given by the L'-norm of the weak derivative and thus
the assertions follow. O

Lemma 3.5. The process [, Y (o, s—)dZ(s) is a semimartingale and

/0° Y(e,5—)dZ(s) = (/O.Y(s,s)dM(s))
+ (/O.Y(-,s—)dA(s)+/O. /Oqu(u,s) dM(s)du),

where the process inside the first pair of parentheses is a local martingale and the
process inside the second pair of parentheses an FV-process.



Proof. We will use the stochastic Fubini Theorem 2.5. Let t € [0,T]. The process
(a,8,w) — 1 71(a)Yi(a, s) is B([0,T]) ® P-measurable, so fot Lie,r)(a)Y1(a, ) da is
predictable. The latter process is also locally bounded, as fot Yi(a,e)?da is locally
bounded. Hence we obtain a.s.

/ot </019 lsmy(@)Yi(a, s) dM(S)) da

_ /0 ! ( /O t 1o 19(0)Yi (0, 5) da) dM(s) for all 9 € [0, .

For ¥ =t the right hand side equals

/OtY(t,s)dM(s) _ /OtY(S,S)dM(s),

As both sides are adapted cadlag processes, the desired identity is established.
Lemma 3.2, Theorem 2.3(d), and Lemmas 3.3 and 3.4 complete the proof. O

Proposition 3.6. We have

< Tp(YV)I[M, MY(T)? + Varjo 11 (A) | s,
H7T[0,T]

/0° Y (e, 5—)dZ(s)

where T'p(Y') € [0, 00] is given by (3.1).

T
g/
0

Lr

Proof. First observe that

which is clear for p = co and similar to the first step in the proof of Lemma 3.4 for
p < oco. Hence

sup |Yi(t,s)]

T
dt = / IYi(t, ) 5o dt,
s€[0,T] 0

T
| sw mieo)ar
0 s€[0,T]

Lp

sup Vargo.r)(¥ (s, s))

T
sup / |Y1(t,s)|dt
s€[0,T] 0

s€[0,T]

Lr Lr

T
< / Vit o)lsr dE < T sup [Vt o)llsr-
0 t€[0,T)

Next, Lemmas 3.2-3.5 together with Holder’s inequality and Corollary 2.2 yield

[ viesraze

H7[0,T]

<

X

[/0 Y(s,s—)dM(s), /0 Y (s,5-) dM(S)} 2 ()

+ Var(o 1y < /O T (o 52 ) dA(s) + /«m ( /0 Yi(u, s) dM(s)) du>

< TR (Y)||[M, M)(T)'/? + Var(y 7y(A)|| Lo

LT

O

Finally, Theorem 3.1 follows from Proposition 3.6 by taking the infimum over
the semimartingale representations Z = M + A.



4 Application to convolutions

This section concerns an Emery inequality for convolutions of the form

/0 gt — $)Y(s—)dZ(s), te0,T],

where ¢ is a deterministic function, Y an adapted cadlag process, and Z a semi-
martingale. If the function g is right-continuous, then the integral is well defined.

Let W1*[a,b] denote the space of absolutely continuous functions h from the
interval [a, b] into R whose derivative h’ is in L>[a, b]. Let further the vector space
of pure jump functions of bounded variation PJBV[a,b] consist of all j : [a,b] — R
such that

jt) = Zail[t“b] (t), telab, (4.1)

for some t; € [a,b] and a; € R, i € N, with > 2 |a;| < oo.

Theorem 4.1. Let 1 <p< oo, 1 <q< oo, and 1 <1 < oo be such that 5 +2 = 1.

Let T > 0. If g : [0,T] — R is such that g = h + j with h € WH>[0,T] and
j € PJBVI0,T], then there exists a constant R > 0 such that for every Y € SP[0,T)
and every Z € H?[0,T] we have fo. gle —8)Y(s—)dZ(s) € H"[0,T] and

< R||Y | spi0,77 12| 910,17
H™[0,T]

/ T g(e— )Y (s-)dZ(s)

If j is given by (4.1), then we have

R=[h(0)] + (1 + )T loc + D leul,
i=1

where ¢, is the constant of Theorem 2.1.

The proof is divided into the next two lemmas. We will first study absolutely
continuous functions g by means of Theorem 3.1 and then consider pure jump
functions. We write H" as shorthand for H"[0,T], S? for S?[0, T}, etc.

Lemma 4.2. Let 1 <p<oo, 1 <q¢g<oo,andl <r <o besuchthat%—l—%:%.
Let T > 0. If g : [0,T] — R is absolutely continuous with derivative g’ € L*[0,T),
then for every Y € SP and every Z € H? one has fo. gle—9)Y(s—)dZ(s) € H" and

Proof. We begin by extending g by setting g(t) := g(0) for t € (—00,0). Then g is
absolutely continuous on (—oo,T], ¢’(t) = 0 for ¢ < 0, and the supremum norms of
g and ¢’ are not changed by the extension. Define

/ Cge— 8V (s—)dZ(s)

< (IO + (1 + )Tlg oo ) IV 5212 4.

HT

Y(t,s):=g(t—5)Y(s) and Yi(t,s):=g(t—s)Y(s—), t,s€l0,T].
Since g is continuous, Y (¢,e) is an adapted cadlag process for every ¢ € [0, T].
Further, Y7 (e,s) € L*°[0,T] a.s. and for ¢ € [0,T],

¢ ¢
/ Yi(u, s)du = / g (u—38)Y(s=)du=Y(ts—)—Y(0,s—).
0 0

10



Also, (¢, s w) — Yi(t, s,w) is B([0,T]) ® P-measurable, fo Y1 (u,e)? du = Tg’(u

)2 duY (e—)? has a.s. bounded paths and is a locally bounded process, and

sup [[Yi(u,o)[[sp < |9 [loc /Y [lsP < o0.
we[0,T]

Moreover, I',,(Y) < <|g(0)| + 1+ CT)THQ/HOO)HYHSP < oo. Hence, an application
of Theorem 3.1 completes the proof. O

The next lemma concerns pure jump functions.

Lemma 4.3. Let 1 <p< oo, 1< g< 00, and 1< 7"<oobesuchthat1+—:%.
Let T >0 and let g : [0,T] — R be given by

t)=> aily, ), te[0,T],
=1

where t; € [0,T] and o; € R, i € N, are such that Y- |o;| < oo. Then for every
Y € 5P and every Z € H? one has fo. gle —8)Y(s—)dZ(s) € H" and

\ < (Zm) 1Y ol Zl e
H" i=1

Proof. Let Y € SP and Z € H?. Observe that g is a cadlag function. For m € N let

/0. gle —5)Y(s—)dZ(s)

)= ailpr(t), te[0,T].
i=1

Emery’s inequality (Theorem 2.4) yields

/0 (o — )Y (5—) dZ(s)

H™ =1

m
<D lalllYllso 1 2] 7o
=1

If we apply for n > m the previous inequality to g, — g, instead of g,,, we obtain
that (gn(e —s)Y (s—)dZ(s)),, is a Cauchy sequence in H". As H" is complete
(Theorem 2.1), it follows that fo. gn(e — 8)Y (s—)dZ(s) converges in H" to some
H € H". For fixed t € [0,T] we have

[(gm (t —5) — g(t — 5))Y (s—)

for 0 < s <t and ||gm — 9|l — 0 as m — oo. Hence by Theorem 2.3,

< lgm — glloolY (5—)]

/Osgm(tu)( )dZ(u H/ (t — w)Y (u—) dZ(u)

in probability for all s € [0,¢], and in particular for s = ¢. It follows that H(t) =
fo (t —u)Y (u—)dZ(u) and that the desired inequality holds. O

11



5 Existence for equations of variation-of-constants
type

In this section we will exploit the extended Emery inequality to show existence and
uniqueness for stochastic equations of variation-of-constants type. We follow the
proof of existence and uniqueness for stochastic differential equations as given in
[10].

Definition 5.1. Let I C [0,00) be an interval. A map F : D(I) — D(I) is called
functional Lipschitz if there exists an increasing (finite) process (K (t))¢cs such that
for all X,Y € D(I),

(i) XT= =YY"= = F(X)T= = F(Y)T~ for every stopping time T,
(ii) [F(X)(®) = F(Y)(®)| < K(t)supgernpo,g 1 X (s) = Y(s)| a.s. for all t € I.

Recall that equalities of processes such as in (i) are meant up to indistinguisha-
bility. It is contained in (ii) that a functionally Lipschitz map F is well-defined
this way. Indeed, if X and Y in ID(I) are indistinguishable, then (ii) yields that
F(X)(t) = F(Y)(t) a.s. for all ¢t € I and hence F(X) and F(Y) are indistinguish-
able.

We will establish the next result by a sequence of lemmas.

Theorem 5.2. Let (Z(t))i>0 be a semimartingale, let J € D, let F': D — D be a
functional Lipschitz map, and let g : [0,00) — R be such that gl ) = h + j with
h € Wh>[0,T] and j € PJBV[0,T) for every T > 0. Then the equation

X(t) = J(t) + /0 gt — $)F(X)(s—)dZ(s), t>0,

has a unique (up to indistinguishability) solution X € D. If J is a semimartingale,
then so is X.

Given constants 1 < p < oo, tg > 0, and R > 0, we will use the following
property of a function g : [0, ty] — R:

g is cadlag and for every Y € SP[0,to] and Z € H*°[0,to] we have

Jo 9(s — s)Y (s—)dZ(s) € HP[0, o] and (5.1)

1fs 9(s = )Y (s=) dZ(s) |l mrpo.ta) < BRIV s0(0,t0) 121 11> 10,101
Lemma 5.3. Let 1 < p < oo, let tg > 0, and let J € SP[0,t9]. Let F :
D0, tg] — D|0,to] be functional Lipschitz as in Definition 5.1 with F(0) = 0 and
SUPyeo,to] [ (1) < k a.s. for some constant k. Let g : [0,t0] — R be a function and

R > 0 be a constant such that (5.1) is satisfied. Let Z € H>|0,to] be such that
| Z] zro(0,60] < 1/27, where v = cykR. Let T be a stopping time. Then the equation

T—

X(t)zﬂ<t>+(/O°g<-—s>F<X><s—>dZ<s>) (1), 0<t<to,

has a unique solution X in SP[0,t0] and || X||sr0.¢0] < 2| |l sr10,t0]-

Proof. Define

AX)(E) = J(t) + /0 t g(t — $)F(X)(s—)dZ(s), t€[0,t], X € SP[0, o).

12



By the assumption (5.1), the assumption F'(0) = 0, and the fact that HP C S? we
have that A(X) € SP for every X € SP. Further, for X, Y € S? we have

A(X) = A(Y) = /0 “ole—s) (F(X)(s—) - F(Y)(s—)) dZ(s) € HP.

Moreover, due to assumption (5.1),
IACX)T™ = AY) T e < IAX) = AY) |0

1
S RIEX) = FY)|s2 2l < 57 kX = Ys»,
cpk

so [|[AX)T= = AY) T [|sr < | AX)T™ = AY)T|l» < &[|X — Y]|sv. Since SP
is complete, we find a unique fixed point X € S? of A(e)T~. This X is the solution
as asserted, and

_ _ 1
1X = Jllse = AT = AO) " [lsr < 5 X[l

so that [|[X|lsr < [|[X = Jllse + | J]lsr < 3|1 X|ls» + [|J]lsr and hence || X|[s» <
2[| 7|5 O

Definition 5.4. (see [10, p.192]) Let I = [0,00) or I = [a, ] for some 0 < a < b.
Let Z € H*®(I), and o > 0. Then Z is called a-sliceable, denoted by Z € S(«),
if there exist stopping times 0 = Ty < 7} < --- < T such that Z = Z7+~ and
[(Z—2") T+ || ooy S @ for i =0,....k—1.

Theorem 5.5. (see [10, Theorem V.5, p.192]) Let Z € D[0, c0) be a semimartingale
with Z(0) =0 a.s.

() If a >0, Z € S(), and T is a stopping time, then ZT € S(a) and ZT~ €
S(a).

(ii) For every a > 0 there exist stopping times T}, | oo , that is, 0 =Top < Th < - -
and supy, Tj, = oo a.s., such that ZT+= € S(«a) for all k.

It follows that for every o > 0, tg > 0, and Z € H*[0, ] there exist stopping
times T}, T oo such that Z7+~ € S(a) for all k.
The next lemma extends Lemma 5.3 to more general semimartingales.

Lemma 5.6. The existence and uniqueness assertions of Lemma 5.8 remain true
if the condition ||Z|| g < 1/(27) is relazed to Z € S(1/(27)).

Proof. Let Sy, S1,...,S¢ be stopping times such that 0 = Sy < 57 < -+ < 5y,
Z =275 and |(Z — Z%)5+17 || g < 1/2 for 0 < i < £ — 1 (these exist because
Ze€S8(1/2y). Let T; :=S; AT, i=0,...,. Then 0 =Ty < Ty < --- < Ty and
1(Z — ZT) T~ ||gee = ||((Z — Z5)%+17) T~ || g < 1/27. We argue by induction
on i. If the equation stopped at T;— has a unique solution, we first show that
the equation stopped at T; has a unique solution and then we show existence and
uniqueness for the equation stopped at T;1—.
Suppose that ¢ € {0,...,¢ — 1} is such that the equation

. T;—
x =150+ ([Tt P02 0) 0, o<t (62)
0
has a unique solution X € SP. In order to simplify notation, we extend F'(U)(t) :=
FU)(to), J(t) := J(to), and Z(t) := Z(to) for t >ty and U € D[0,¢g]. Further we
interpret [c,b] =0 if ¢ > b. Let

Y =X+ (AJ(Ti) + A( /0 g(s — $)F(X)(5-) dZ(s)) (Ti)) 17, 10]-

Observe that YTi— = XTi— and YT = Y.

13



> Claim: Y is the unique solution in SP of

. T;
V(t)=J(t) + (/ gle —s)F(V)(s—)dzT: (3)) (t), 0<t<ty. (5.3)

0

Proof. We have YTi— = XTi= 5o F(Y)Ti~ = F(X)%i~ and

T

(1) + ( / g~ S)F(Y)(5) dZ<s>) (0
= X(t) + AJ(T) Lz, 1) (1)
N ( [ ate - 9reeo) dZ<s>) (T 1,101 (8)
=Y(t), 0<t<to,

so Y satisfies (5.3). Further,

sup |Y(s)|
s€[0,to]

< X Alse + [[Il[se 4+ 2RI F(X) |52 | 2] mroe,
Lp

so Y € SP. To see uniqueness, suppose that V' € SP is another solution of (5.3).
Then VTi~ satisfies the equation for X, so VIi= = XTi= = YT~ From (5.3) it
is clear that V = V7i and that
viovne = (aamsa( [ 9FE0E-)209) (1) i
0
= Y& —yh-
sothat V =Y. O
Let us introduce D;U = (U — UT)Ti+1~ and G(U) = F(Y + U) — F(Y),
U € D[0,tp]. Consider the equation

Tit1—

U(t) = <Dij(t) + (/0 gle = s)F(Y)(s—) dZTm_(S)) (t) (5.4)

([ s aze) @
0

Tip1—

+ </O g(e — 5)G(U)(s-) dDiZ(s)> (), 0<t<to,

> Claim: (a) equation (5.4) has a unique solution U in S?, and (b) the process
V :=U + YTi+1~ is the unique solution of

Tip1—

V(t) = Jh+7(t) + (/0. gle —8)F(V)(s—) dZT”'“_(S)) (t), 0<t<t.

Proof. (a) Observe that the sum of the first three terms of (5.4) is a member of
SP, G is functional Lipschitz with G(0) = 0 and satisfying the same estimates

as F', and
ID:iZ(s)[ = = I(Z = Z7) 7+ || < 1/27.

Now apply Lemma 5.3.

14



(b) From (5.4) it is clear that U = UT#+1~ and Ui~ = 0. Consequently,
F(Y +U)Ti= = F(Y)Ti~. Due to (5.3) we can easily check that

Tiv1—

R e (/O gle —8)F(Y +U)(s—) dZTi“_(s))

For any solution V, the process V — Y Ti+1~ satisfies (5.4) and therefore equals
U. O

We conclude that if equation (5.2) has a unique solution X in SP, then the
equation (5.2) with T; replaced by T;1; has a unique solution in S? as well. As for
i = 0, X = 0 is the unique solution X in S?, we find that there exists a unique
solution V' € S? of (5.2) with ¢ = .

Finally, let

T—

X(t):=J(t) + </0. gle — s)F(V)(s)dZ(s)) (t), te0,t0].

Because Ty = T A Sy and Z%¢~ = Z we have X7¢~ =V and hence

T—

([ (o= ormieaze) 0= ([ - orxm)eaz o)

T—

T—

- (/O' gle —s)F(V)(s—) dZ(s)> — X(t) = JT (1), t € [0, ko).
O

We will increase the generality of the assumptions building on Lemma 5.6 in
Proposition 5.8 below. The next lemma is needed in the proof of Proposition 5.8.

Lemma 5.7. Let Y € D|[0,00) and let Z € D[0,00) be a semimartingale. Let
1 <p<ooandletg:[0,00) — R be a function such that for every to > 0 there
exists a constant R > 0 such that (5.1) is satisfied. Then

(f gl — V() azs)

=

is a semimartingale.

Proof. By convention, Y(0—) = 0, so we may assume Z(0) = 0. Observe that there
exist stopping times T} T oo such that Y7+~ € SP[0, 00) for all k. Use Theorem 5.5
to choose the stopping times T such that also Z7+~ € H*[0, 00) for each k. Then
for each to > 0, ([f; g(s — s)Y = (s—) dZTe~(5))re(o,1o) € HP[0, to]. Hence

"o — )Y (5—) dZ(s) e " oo — YT (52) dZT+ (s) e
0 0

equals a stopped semimartingale. It follows that [ g(s — s)Y (s—)dZ(s) is a local
semimartingale and hence a semimartingale by [6, Proposition 1.4.25(a) and (b)].
O

Proposition 5.8. Let Z be a semimartingale, J € D[0,00), and let F : D[0, c0) —
D0, o) be functional Lipschitz. Let g : [0,00) — R be a function such that for every
to > 0 there exists a constant R > 0 such that (5.1) is satisfied. Then

X(@t)=Jt)+ /0 g(t —s)F(X)(s—)dZ(s), (5.5)

t > 0, has a unique solution X in D[0,00). If J is a semimartingale, then so is X.
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Proof. We use the notation of Definition 5.1. As F(X)(0—) = 0 for all X, we may
assume that Z(0) = 0. We begin by replacing J by J + [; g(s — s)F(0)(s—)dZ(s)
and F by F(e) — F(0). Thus we may assume that F(0) = 0.

> Claim: Let tg > 0. Suppose that |K(t,w)| < k for a.e. w and all 0 < ¢ < to.
Let S be a stopping time. Then there is a unique process X € D such that

S—

X(t)=J%(t)+ (/O.g(. - s)F(X)(s—)dZ(s)) (t), 0<t<ty. (5.6)

Proof. Let R > 0 be a constant corresponding to to such that (5.1) is satisfied.
Let v := c,kR. For every stopping time 7" such that JT= € S? and Z7~ €
8(1/2v), Lemma 5.6 says that there is a unique X7 € S? such that

S—

X = 7% ([ ate = 9P (5 4279

By uniqueness we have for any two such stopping times 77 and 75 that X%IV =
X%ﬂg’*, where T35 = T7 AT;. Due to Theorem 5.5, there exist stopping times
Ty T oo such that J7¢= € S? and Z7*~ € §(1/2y) for all £. Define

0o
X(t) = ZXTz (t)l[Tzfl,Te)(t)v 0<t<to.
/=1

Then (X (t))+>0 is an adapted cadlag process and X~ = X. Further, for £ > 1,
we have X7t~ = X7, and by (i) of Definition 5.1,

<<J + /O "ol — F(X)(5-) dZ(s)> S)

(TS (( [t = 9r 05 dZ<s>)T2>

= Xp, = X7,

Ty—

S—

It follows that X satisfies (5.6). O

To show uniqueness, let Y be another adapted cadlag solution of (5.6). There
exist stopping times Sy T oo with Y5~ € S2 for all £. Then Y (5¢ATo)~ gatisfies
the same equation as X%_ and by uniqueness we obtain Y (SeATo)— — X%_ =
X (SeATo) = Since supy Sy ATy = o0 a.s., it follows that X =Y. O

Next, fix tg > 0. For n =1,2,3,... define the stopping time

T, (w) :=1inf{t € [0,t0] : K(t,w) >n}, weqQ,
where inf ) := co. Then T}, T co. Define
Fo(X)(t) = F(X)T(t), 0<t<ty, X €D|0,to), n=1,2,....
Then F, : D[0,tg] — DI[0,to] is functional Lipschitz, |F,(X)(t) — F,(Y)(t)] <

nsuPgcsct | X(5) — Y(s)|, for all X,Y € D[0,%], and F,(0) = 0. By the first
claim, there exists therefore for each n a unique X,, € D[0,¢o] such that

° T, —
Xa(t) = JT(8) + (/0 9o — 8)Fn(X0)(s—) dZ(s)> (1), 0<t<t,.
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Then by uniqueness, X »~ = X,, for every m > n. Define

NE

X() =3 X, (D). 0<t<to.

Il
—

n

Then X € D[0,tg] and XT»~ = X,, for n = 1,2,.... Further, F,(X,)"~ =
F(X)~ so

N (/O.g(. -~ S)F(X)(S)dZ(S))Tn )

for each n. Hence X satisfies (5.5) for 0 < t < tg. Moreover, X is the unique solution
of the latter equation. Indeed, if V is a solution as well, then V7=~ satisfies the
defining equation for X,, and therefore VI~ = X,, = XT»~ for all n. This implies
V=X.

Finally, we can vary to and glue solutions together to obtain a unique X € D such
that (5.5) holds for all ¢ > 0. It follows from Lemma 5.7 that X is a semimartingale
whenever J is a semimartingale. O

Theorem 5.2 follows from Theorem 4.1 and Proposition 5.8. Notice that the
function g in Theorem 5.2 need not be continuous. In this way Theorem 5.2 gener-
alizes [9].

6 Variation-of-constants formula for SDDE with
linear drift

It is the aim of this section to prove Theorem 1.1. It is well known that (1.4) has
a unique solution g : R — R with g|jp o) absolutely continuous (see [5]). Then
f(foo,O] g(e + a)p(da) is bounded on [0, 7] and hence gl 7] € W*°[0,T] for every
T>0.

The proof of Theorem 1.1 proceeds as follows. Due to Theorem 5.2, there exists
a solution of (1.2). By means of a stochastic Fubini argument, we will show that
this solution also satisfies (1.8). As equation (1.8) has only one solution, we then
know that the solutions of (1.8) and (1.2) coincide and the proof is complete. The
Fubini argument is given next.

Lemma 6.1. Let p be a finite signed Borel measure on (—oo,0] and let g : R — R be
the solution of (1.4) with gl absolutely continuous. Let F :D[0, 00) — D0, c0)
be functional Lipschitz. Let (Z(t))i>0 and (J(t))i>0 be semimartingales. If X €
D0, o) satisfies

X(t) = g(H)X(0)+ /0 g(t — s)dJ(s) (6.1)
n / gt — $)F(X)(s-) dZ(s), t3>0,
0
then
X)) = X(O)+J(t)+/0/(S’O}X(era),u(da)ds

n /OtF<X><s>dZ<s>, t>0,
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Proof. Observe that we may assume that Z(0) = 0 and J(0) = 0. We will first
apply stochastic Fubini twice to prove the identity

(s—&-a)Jr
/ /( o / 9(s +a—m)F(X)(m—)dZ(m)u(da)ds (6.2)

:/O g(T = m)F(X)(m— /F —)dZ(m),

for any T > 0 and any X € D. Since we will only evaluate g on (—oo,T], we
may assume that ¢ is bounded. Fix an s € [0,7]. The map (a,t,w) — g(s+a —
t)F(X)(t—)(w) is bounded and B((—o0,0]) ® P-measurable, where P denotes the
predictable o-algebra. Further, the process F(X)(e—) is predictable and locally
bounded, the function g is Borel measurable and bounded, and

/( ) (s +a—)*F(X)(s=)?|pl(da) < [lg]l3 ]l (=00, 0) F(X)(e—)*.

The stochastic Fubini theorem (Theorem 2.5) therefore yields that

/(00,0} </0t 9(s+a—m)F(X)(m-) dZ(m)> p(da)

:/ (/ g(s+a— m)u(da)F(X)(m—)) dZ(m) as
0 (—00,0]

for every t > 0. Since g(¢) = 0 for ¥ < 0, the inner integral at the left hand side
of the previous equality runs only up to (s +a)™ if t > s. The map (s,m,w) —
f( 000 9(8 + a = m)p(da) F(X)(m—) is measurable with respect to B([0,7]) ® P,

because (s m) — f(ioo 0] g(s+a—m)u(da) is B([0,T]) ® P-measurable. Moreover,

for each s > 0 the processes f(ioo o 9(s+a—e)u(da)F(X)(e—) and fOT(f(foo o 9(s+
a — &)u(da)F(X)(e—))?ds are locally bounded, since g is bounded, p is a finite
measure, and F(X)(e—) is locally bounded. Hence, again by the stochastic Fubini
theorem (Theorem 2.5), we have

/OT </o /(—oo,ol olotas mM(da)F(Xﬂm—)dZ(m)) ds

for every ¢t > 0. Next, we substitute ¢ = T in the previous equality, use that g(¢) =0
for ¥ < 0, and rewrite the right hand side by observing that for m > 0,

/mT /(—00,01 9(s +a—m)u(da)ds = /OT_m g'(s)ds = g(T —m) — 1.

Thus we arrive at the identity (6.2).
Similarly, we have for any T" > 0 that

/ /ooo]/m 9(s +a —m)dJ(m)u(da)ds (6.3)

:/0 g(T — m)dJ(m)/OT dJ(m).
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Next assume that X € D satisfies (6.1). Set X (¢) := 0 for ¢t < 0. Then

X() = gu)X(0)+ / g(u — ) dJ(s)

+/U glu—s)F(X)(s—)dZ(s), forallueR.
0

Therefore,

/Ot /(_370] X(s+a)u(da)ds = /Ot /(_0070} X (s + a)p(da) ds

-/ t [ s ot dsxo
+ /ot /(—oo,o] /O(S+a)+ g9(s +a—m)dJ(m)u(da)ds

t (s+a)T
+ /0 /(oo,o] /0 g(s+a—m)F(X)(m—)dZ(m)u(da) ds
- / ¢'(s)dsX (0) + / ot —m) dJ(m) — J(1)
0 0
+ / gt — m)F(X)(m—) dZ(m) — / F(X)(m—)dZ(m)
= (90 =1)X© + [ gtt=m)dsm) - 1)
+ / ot — m)F(X)(m—) dZ(m) — / F(X)(m—)dZ(m)
— X(t) — X(0) — J(t) / F(X)(m—) dZ(m),
for all ¢ > 0. Here the third equality is justified by the identities (6.2) and (6.3),

which yields the assertion. O
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