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Abstract We first show that LIPSCHITZ mappings transform measurable sets into
measurable sets. Then we prove the following theorem:

Let E C R™ be open, and let ¢ : E — R™ be continuous. If ¢ is differentiable at
rg € E, then

An(¢(B(20))) _ ‘ det qb'(xo)’-

lim

r=0 An(Br)

From this result the change of variables formula for injective and locally LiPSCHITZ

mappings is easily derived by using the RADON-NIKODYM theorem. We finally discuss
the transformation of L” functions by LIPSCHITZ mappings.
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Notations

(x1,...,2,) € R"

n 2\ 1/2
(Xat) " ol = s o

=1
{zr eR" | |z — x| <1}

{z eR" | |z — xgloo < T}

LEBESGUE measure in R"



1. Transformation of Measurable Sets

It is well-known that continuous mappings can fail to transform sets of measure zero
onto sets of measure zero. For instance, the CANTOR singular function is continuous and
maps the CANTOR ternary set on a set of measure 1 V.

The following definition excludes this situation.

Let E C R™ be a measurable set.

1.1 Definition A mapping ¢ : E — R™ is said to satisfy LUSIN’s (N)-condition [briefly:
(N)-condition] if
ACE, \p(A) =0 = N\ (¢(A)) =0.

1.2 Remark For a mapping ¢ : E — R" the following conditions are equivalent:
1° ¢ satisfies the (N)-condition;
2° ACE, My(A) =0 = ¢(A) is measurable.
Indeed, implication 1° = 2° is obvious.
To prove implication 2° = 1°, assume there exists A C E, \,,(A) = 0 such that
An(@(A)) > 0. Then there exists a non-measurable subset By C ¢(A). Define
AO = {Z’ €A ‘ ¢($) S Bo}

The LEBESGUE measure being complete, it follows that A, is measurable, and thus
An(Ag) = 0. By 2°, By = ¢(Ay) is measurable, a contradiction. n

1.3 Theorem Let ¢ : E — R" be a mapping.

1. Let ¢ be continuous in E and satisfy the (N)-condition. Then
F C E measurable = ¢(F') measurable.

2. Assume

1) the set ¢(E) is measurable,

2) ¢ is injective,

3) 71 : ¢(E) — E is continuous in ¢(E) and satisfies the (N)-condition.

DA brief discussion of the CANTOR ternary set and the CANTOR singular function can be found in
http://www.math.hu-berlin.de/~ jnaumann/cantor.ps



Let u: ¢(E) — R be measurable. Then
uo¢p: E—R

18 measurable.

Proof|1| The measurability of F' is equivalent to the existence of sets F; (i € N) and
A such that

Fyis closed (i €N), M\(A)=0, F= (GF) UA.
=1

The sets F; N Bi(0) (k € N) are compact. Hence ¢(F; N By(0)) is compact and thus
BOREL. On the other hand, the (N)-condition implies that ¢(A) is a LEBESGUE null set.
Therefore

o(F) = (|Jo(F)) ue)
i=1
is measurable.
The measurability of u : ¢(E) — R means that for every a € R the set

{y € 0(E) [ uly) > a}

is measurable. Observing 3), from 1 it follows that the sets

o '({y € d(E) |uly) >a}), a€cR

are measurable.

Finally, it readily seen that, for any a € R,
{z€ E|(uod)(x)>a} =¢7'({y € 6(E) | uly) > a}).

Hence the set on the left hand side is measurable. (]

2. LIpPScHITZ Mappings

2.1 Definition
1. Let E CR™ be a set, let ¢ : E — R™ be a mapping.

1.1 ¢ is called L1pSCHITZ continuous [briefly: LIPSCHITZ] if there exists L = const < +oo
such that
|6(z) — ¢(«)| < Llz — 2’| Va2’ € B

2We denote the EUCLIDean norm in R™ and R™ by the same symbol | -|. An analogous remark refers

to the norm | - |-



1.2 Let m = n. ¢ is called bi-L1PSCHITZ continuous [briefly: bi-LIPSCHITZ/ if there exists
L = const < +o00 such that

1
Tlr =2 <6(z) - ¢(a')| < Llz — 2| Vz,2" € E.

2. Let E C R™ be open. A mapping ¢ : E — R™ is called locally LIPSCHITZ continuous
[briefly: locally LipscHITZ/ if

for every compact K C E there exists Lg = const < +00 such that

|p(z) — ¢p(2')| < Lg|x — 2| Vz,2’ € K.

2.2 Remark The constant L in Definition 2.1/1 is called a LIPSCHITZ constant for
¢ with respect to the norm |- |. An analogous notation is used for locally LIPSCHITZ
mappings.

Since all norms on R™ are equivalent to each other, the passage from |- | to any other
norm on R"™ only amounts to a different numerical value of a LIPSCHITZ constant. |

We now show that LIPSCHITZ mappings transform measurable sets into measurable
sets. More precisely, we have

2.3 Theorem Let n > m. Assume

E C R™ measurable, ¢ : E — R" LIPSCHITZ,
or

E CR™open, ¢ : E — R" locally LIPSCHITZ.

Then
F C E measurable = ¢(F') measurable.

Proof It suffices to prove that ¢ satisfies the (N)-condition. Then the claim follows
from Theorem 1.3/1.

Let E C R™ be measurable. By assumption,

(2.1) |6(x) — p(2)|o < Lz — 2|0 Vz,2’ € E, (L = const < 400).
Let A C E with \,,(A) = 0. Given any € > 0, there exist cubes Q) C R™ such that
(2:2) AclJae®, Y @) <e
= k=

k 1

[y

We may write
QW = Q, (&) == {x eR™ ’ |z = &kloo < Tk:}7 ke N.
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From (2.1) it follows that

|¢(x) - ¢(€k)|oo < L|$ - €k|oo < Lry Yo € Q(k)
ie. ¢(Q™) C QL (¢(€)) [cube in R"] for all k € N. Now (2.2) implies

c [Je@") € | Qun (et
k=1 k=1

Clearly, \,(Qrr) = (2Lr)" = L™(2r;)" ™A (Q™). Observing that 27, < em for all
k € N (cf. (2.2)), we obtain

i)\n(Qer = i )" A <L”ea—IZA < L'ew.
k=1 k=

Thus, A\, (¢(A)) =0.
To prove the second claim, let £ C R™ be an open set. By assumption, for every
compact K C FE there exists Lg = const < 400 such that

[6(2) = ¢(2)|oo < Lz — 2"l V2’ € K.
Let (E;) (i € N) be a sequence of open bounded subsets of R” such that

EiCEi+1C<ZEN FE = UE

Given any A C F with A\,,(A) = 0, we have \,,(AN E;) =0 for all i € N. The mapping
dlg, : B — R”
being LIPSCHITZ, from the preceding part it follows that A,(¢(AN E;)) =0 for all i € N.
Observing that A = Ej (AN E;), we obtain

i=1
i P(ANE;)) =0.

Throughout the remainder of the paper, let m =

Let E C R” be open. The mapping ¢ : E — R™ 3 is said to be differentiable at
xo € E if there exists an (n x n)-matrix A(zq) such that

d(xo+ h) = ¢(x) + A(xo)h + w(xo; h)  Vh €R", (xg+h) € E,

3We write
o1
o=| 1 |
®n




where

[of) ofs)
8_551(%) (9a:n( 0)
A(Io) B [N s
IPn oo
8901( 0) 8xn( 0)
and (20 1)
. W(Zo;
TR

A(zp) is called the JACOBI matrix and usually denoted by ¢'(zo).
The following result is fundamental to our approach to the change of variables formula.

2.4 Theorem Let E C R" be open. Let ¢ : E — R™ be locally LIPSCHITZ continuous.
If ¢ is differentiable at xq € E then

r—0 An(Br)

Proof First, by the continuity of ¢, the set ¢(B,(x¢)) is BOREL and thus measurable.

We fix a ball Bg,(z9) C E. Let Ly := Lm denote a LIPSCHITZ constant for ¢
‘0

with respect to By, (x):
[¢(2) = 6(2")] < Lol — 2’| Va,2" € Br,(xo).
We consider the two cases
det ¢'(xg) =0 and det ¢'(xg) #0

separately.

det ¢'(xg) =0 | We prove:

= 0.

o gy )

This implies the claim.
Without any loss of generality, we may assume that

10



(2.4) ¢ (z0)€ € R x {0} VEeR”

Indeed, det ¢’ (o) = 0 is equivalent to the linear dependence of the rows of ¢'(zy). Without any loss
of generality, we may assume that

n—1 a¢i a¢n |
;aiaxj(fro):%j(xo) G=1,...,n)

for reals aq, ..., an_1. Define
1 0 0 0
0 1 0 0
M= ,
0 0 1 0
-1 —Q3 —Qp—1 1
and

U(z) = Mep(z), z€E.

Clearly, ¥ is locally LipscHITZ in F, and
An(¥(F)) = |det M | A (¢(F)) = An(o(F))

for every measurable set F' C E. Next, ¥'(zg) = M¢'(zo), where

0 0
Sk (x0) o (z0)
el — a¢ ................ (% .......
n—1 n—1
o (o) oz, (z0)
0 0

Thus

(¥'(20)¢), [= the n-th component] =0 V¢ e R".

Let € > 0. By the differentiability of ¢ at xg, there exists an Ry = R;(e) > 0 such that

|6(z) — ¢(x0) — ¢ (w0)(z — @0)| < €|z — mo| Va € B, (x0)

(without loss of generality, we may assume that Ry < Ry). By (2.4), (¢/(xo)(x —x0)), =0
for all z € R™.
Let 0 < r < R;. We obtain

11



|60 (@) = dn(w0) — (¢ (20) (2 — 70))n]
|p(x) — d(x0) — ¢’ (20) (2 — 0))|

€|z — x|

IA

ARRVAN

(2.5) er
for all © € B,(x). On the other hand, from
|p(x) — P(x0)| < Lolx — x| < Lor Vo € B,(xp)

it follows that

(2.6) ¢(By(20)) C Brer(9(20)).
Observing that By, (¢(z0)) C Qryr(¢(x0)), from (2.5) and (2.6) we obtain

o(Br(w0)  {y € R*|Jyi = du(ao)l < Lor (1= 1, ;0 = 1), |y — Bu(wo)| < er}.

Hence
An(@( B (20))) < (QLOT)n_l - er = QRLS_IT"G,

i.e.
An(@(Br(x0)) _ 2"Lg~

e VO<r<R;.
M(B) T (By) =

Whence (2.3).

det ¢'(x9) #0 | We prove

An(@(By(20)))

@.7) it 22X > | et ) |
(2.7) lirgjgpw < | det /(o).

These inequalities imply the claim.
To begin with, we note that the matrix ¢/(z) is invertible. Then
[¢/(z0)] "¢

Cp := sup
|€]=1

is a positive real number.

12



Proof of (2.7,) Let 0 < e < 1. There exists Ry = Ry(e) > 0 such that
€
(6o + ) = $lao) = &'(wo)h| < [hl ¥ h € Br, (0)

(as above, we may assume that Ry < Rp).
Let 0 <7 < Ry. Given y € B(1_¢)-(0), for h € B,(0) define

Ty(h) =Yy - [¢/(950)]_1(¢($0 +h) — é(wo) — ¢/(l’0)h>-

Clearly, T, is continuous. Moreover, for any h € B,(0),

Ty(M)] <yl + Colg(xo + h) — ¢(z0) — ¢'(20)hl
< (L—¢)r+elh|
<

i.e. T,(h) € B,(0).
By the BROUWER fixed point ¥) theorem, there exists h* € B,.(0) such that

n =Ty = —[da0)] (oo + )~ b(ao) — ' x)h) +y
= [0 0] (dlao + %) — blan) — & (wo)y) + I,
¢(wo + ") — d(x0) — ¢ (20)y = 0.
Since |h*| = |T,,(Rh*)| < r, we obtain
(2.8) B(z0) + & (20)y = B0 + h°) € ¢ By(w0)).
To conclude the proof of (2.71), define

E = {olwo) + ¢ (z0)y | ¥ € Bu_or(0)}.

Then (2.8) means £ C ¢(B,(xo)). It follows

An(0(Br(20))) = An(E)
= M@ (x0)(Ba-or(0))]
= | det ¢'(x0) | An(Ba-e)
= [ det ¢'(x0) | (1 —€)"An(Br).

YProofs of the BROUWER fixed point theorem can be found, for instance, in DEIMLING [2; p.17],
FONSECA/GANGBO [4; p. 51] and TRAYNOR [23].

13



Thus

An(( By (0))) , n
Wz‘det(b(xo)‘(l—e) VOo<r<R;.

Whence (2.7;).

Proof of (2.7,). Define the affine-linear mapping
Tx:= ¢(xg) + ¢ (x0)(x — xg), x€R"

For 0 <r < R; and = € B,(z9) consider

-1

=t [0(w0)]  (6(2) - 6(wo) — ¢'(w0) (& — 20)).

We obtain

Z — o] < o — x| + Colp(x) — d(x0) — ¢ (20)(x — 20))|
< — x| + €|z — x|
< (I+¢r,

i.e. T € Bater(zo). By the definition of 7 and Z,

Hence

This inclusion implies

An (925(37«(%))) < A (T(B(He)r(l’o)))

— )\n (¢/(1'0> (B(1+e)r(l'0)))
= | det (o) | (1+ )" Au(B),

1.e.

14



An(¢(Br(0)))
An(B:r)

Now (2.75) follows. ]

< |det¢'(zo) | (1+€)" VO<r<Ry.

Remark 2.5 The above argument for proving the inclusion

{¢($0) + ¢/(x0>y Yy € B (1- 6)7‘( )} C ¢( ( ))

(cf. (2.8)) via a fixed point of T}, has been submitted to the author by J. MALY. In a
technically slightly different way, this inclusion is also established in RUDIN [19; p. 152].
See also RESHETNYAK [18; pp. 98-99]. ]

3. The Change of Variables Formula

Preliminaries

We begin with stating three theorems which are well-known from real analysis. To-
gether with Theorem 2.4 they form the basis of the present approach to the change of
variables formula.

Theorem I (RADEMACHER) Let E C R"™ be open. For every LIPSCHITZ function f :
E — R there exist a set A C E and measurable functions g; : E~N A (i=1,...,n), such
that

An(A) =0,
flz+h)= —i—ZgZ Vhi+o(z;h) YeeENA, YheR" (z+h)eE,
where h
i TN o vieBa
h—0 |h|

The functions g; are the partial derivatives of f with respect to z; in E ~\ A; clearly,
G| <L Ve EA

where L is a LIPSCHITZ constant for f (i =1,...,n).

Theorem II (LEBESGUE) Let E C R" be open. For every locally integrable function
f: E — R there holds

(3.1) lim

"0 2 (B,) / fy)dr, = f(x) fora.e. z€E.

B (x)

15



Those z € E for which (3.1) holds, are called LEBESGUE points of f.

Let E C R" be a (fixed) measurable set. Define
A :={F C E | F measurable }.

The family of sets A is a o-algebra. We note a special case of the RADON-NIDODYM
theorem which is suitable for our purposes.

Theorem III Let y1: A — [0, +00] be a measure. Assume
1) Ac AN (A)=0 = pu(A)=0;

2) there exist K; € A (i € N) such that:
KiCKin CE, p(K)<+o0o (i€N), E=|]JK.
i=1

Then there ezists a measurable function D : E — [0, +o0] such that

MGU:/D@MM VFeA

The function D is called the RADON-NIKODYM derivative of ;1 with respect to )\,
dp
d denoted by ——:
and denoted by — "

dp
—— =D.
d,

Change of Variables: Special Case

The following result forms the basis for the proof of the Change of Variables Formula
below.

3.1 Theorem Let E C R" be open. Let ¢ : E — R™ be injective and locally LIPSCHITZ.
Then

(3.2) M(B(F)) = / | det @' (2)dA,

for all measurable subsets FF C E.

16



By Theorem 2.3, ¢(F') is measurable whenever F' C E' is measurable.
Proof We divide the proof into three steps.

Step 1: Application of Theorem III  Define

A = {F CFE ‘ F measurable},
p(F) = A(8(F)), FeA

Clearly, u(F) > 0 for all F' € A. Let F = UFl (disjoint union), F; € A (i € N). The
i=1
mapping ¢ being injective, we have

¢(F) =|Jo(F) disjoint.
=1

It follows

HE) = M(0(F)) = 3 Ma(0(F) = 3 (P,

Thus, i is a measure on the o-algeba A.

We verify conditions 1) and 2) of Theorem III. First, let A € A, A,
satisfies the (N)-condition, we obtain A, (¢(A)) = 0 Second, let K; (i
subsets of E such that

(A) = 0. Since ¢
€ N) be compact

KiC K (i€N), E=|]JK.:
=1

The continuity of ¢ implies the compactness of ¢(K;). Hence
p(K;) = M(o(K;)) < 400 Vi€ N,

We now apply Theorem III to obtain a measurable function D : E — [0, 400] such that
(3.3) H(F) = / D(z)dA, VF € A

F
The function D is locally integrable in E. Indeed, for any compact set K C E there holds

/ D(x)dM, = p(K) = M(6(K)) < +oc.

Step 2: Proof of D = |det ¢'|.  Define

%) Combine Remark 1.2 and theorem 2.3, or look at the proof of Theorem 2.3.

17



B, = {:L’ ekl ‘ ¢ is differentiable at x},

lim )\n(lBr) / D(y)d\, = D(x)}.

By (z)

B, = {er

Then

M(EXNE;)=0 (Theorem I ,

M(E N Ey) =0 (Theorem II) .

Now, from Theorem 2.4 and (3.3) it follows that

/ D(y)dA, = lim % _ |det ¢/ (z)

Br(a:)

for all x € E;. Thus
D(I) = |det ¢/<I>| Vr € BN Es.

Step 3: Proof of (3.2) Let F C E be any measurable set. We have

F=(FRENE)) U (FN(FN(ENE)),

F~ (Fﬂ(ElﬂE2)> C E~(EiNE,).

Clearly, A, (F < (FN (BN Ez))> — 0. Finally, with D = | det ¢/| at hand, (3.3) gives

An(o(F)) = / D(x / | det ¢/ ()| dAy,
FN(E1NE>) FN(E1NE>)
= /|det¢'(w)|d)\n.
F

18



Change of Variables: General Case
From Theorem 3.1 we now derive

3.2 Theorem (Change of Variables Formula) Let E C R™ be open. Let ¢ : E — R”
be injective and locally LIPSCHITZ.
1. Let u: E — [0, +00] be measurable. Then uo ¢! is measurable, and

(3.4) / u(6 (y))dA, = / u(a)| det & (2)]dA,
o(F) F

for all measurable qusets FCE.
2. Let v : E — R be measurable. Then vo ¢~ is integrable over ¢(E) if and only if
v(-)|det @'(+)| is integrable over E. In either case,

(3.5) [ v wian = [o@laets@an,
o(F) F

for all measurable subsets F C E.

Proof Define E; := ¢(E), ¢ := ¢~'. By Theorem 1.3/1, E; is measurable. Next,

we have
1) ¢1(E;) is measurable,
2) ¢1 is injective,
3) ¢1': ¢1(Ey) — Ej is locally LIPSCHITZ.
Then from Theorem 1.3/2 it follows that
uo ¢y : By — [0, +00]

is measurable.
We prove (3.4) for F' = E. Given any measurable function u : E — [0, +00], there
exist functions uy : E — [0, 400] (k € N) such that

mg
u(z) = Zal(k)fok)(:c), r el
I=1

mp
where al(k) € [0, +oof, El(k) C F measurable (I =1,...,m;) and E = UEl(k) disjoint, and
1=1

up(z) <wugppr(z) < ... <wu(z) (keN), lim ug(z) =u(r) Vre kL.

k—o00

19



Observing that xr o ¢~ = xy(r) for any F' C E, we find

[ w(o7@)an, - St [ e (67 @) an,

(E) E02)
m
— 3 / Xy ()M
102

mg
> al A (o(EM))

=1

Zal / |det ¢/(z)|d\, [by Theorem 3.1]
=1

E®

B / wn(@)] det ¢/ (2)|d\,  (k € ).

Applying the Monotone Convergence Theorem to both sides we obtain

/ u(qu(y))aun: / (@) | det ¢ (z)|dn.

*(E) E

To prove (3.4) for any measurable subset F' C E, we note that the product u - xr is a
non-negative measurable function. Again using that x4r) = xr © ¢!, we obtain

/u((bl(y))d/\" - /U<¢1(y))x¢(p)(y)d)\n

o(F) ?(E)

= [ (o @)xe(o7 W),

»(E)

_ / u(@)xr(x)] det ¢ ()|dA,

u(x)| det ¢'(x)|dN,.

I
ﬁj\ &

To begin with, we note that the measurability of v is equivalent to the measurability
of both v+ and v~ 9. Analogously as in part 1, we see that the functions v o ¢~ and
v¥ o ¢! are measurable.

O+ .= max{t,0}, t~ := max{—t,0}, t € R.

20



Applying (3.4) to v and v~ gives

(3.5) / vi<¢’1(y)>d)\n - / vE ()| det & ()| dn.
#(E) E

We obtain: the functions v o ¢! are integrable over ¢(F) if and only if the func-
tion v (-)|det ¢/(+)] and v~ (-)| det ¢'(-)| are integrable over E. Thus, if either of these
conditions is satisfied, (3.5) follows from (3.5”). ]

3.3 Corollary: Let E C R™ be open and let ¢ : E — R™ be injective and locally Lip-
SCHITZ. Let
Fy:={x € E|det ¢'(x) = 0}.

Then
)‘n(¢(Fo)) = 0.

Proof The function x — det¢’(z) is defined for a. e. x € E (cf. Theorem I above). It
can be extended to a measurable function on all of E. Hence Fj is measurable.
The claim follows from Theorem 3.2/1. ]

Remarks 1. Our approach to the Change of Variables Formula (Theorem 3.2) is
similar to that of LoJASIEWICZ [11; pp. 199-201] . The same idea of proof of that
theorem is developed in RUDIN [19; pp. 153-155].

Entirely different proofs of Theorem 3.2 which do not make use of the RADON/NIKODYM
theorem, can be found in GARIEPY/ZIEMER [5; pp. 326-335] and LEINFELDER/SIMADER
[10], SIMADER [21] (¢ injective and locally bi-LIPSCHITZ).

2. The Change of Variables Formula continues to hold when ¢ is only approximately
totally differentiable a. e. in E. Then the BANACH indicatrix of ¢ (= the counting func-
tion of ¢ over E) is involved in this formula (cf. HAJLASZ [8], GIAQUINTA /MODICA /SOU-
CEK [6; pp. 75-79, 215-216, 219-220]).

3. The statement of Corollary 3.3 is a variant of SARD’S theorem ®. This theorem is
true without the injectivity of the mapping ¢ (cf. e. g. GARIEPY/ZIEMER [5; pp. 210-211]
(n = 1) and LUKES/MALY [12; p. 116]).

The following result has been proved by VARBERG [24] (cf. also the literature quoted
therein).

") Essentially the same approach to this theorem within the realm of C'-mappings is presented in
GUNTHER, P. ; BEYER, K.; GOTTWALD, S.; WUNSCcH, V.: Grundkurs Analysis, Teil 3. BSB B.G.
Teubner Verlagsgesellschaft, Leipzig 1973; pp. 96-99.

8)SARD, A.: The measure of the critical values of differentiable maps. Bull. Amer. Math. Soc. 48
(1942), 883-890.
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Let E C R"™ and let ¢ : EE — R™ be a mapping. Let F' C E be any measurable subset
where ¢ is differentiable. Then the set ¢(F) is measurable and

M) < [ ldetdf(z) | .
F
n
This result has been established for locally L1PSCHITZ mappings in CLAESSON/HOR-
MANDER [1; p. 60].
4. A presentation of the change of voriables formula within the framework of area and
coarea formulas can be found in EVANS/GARIEPY [3]. ]

4. Transformation of L’ Functions

Throughout this section, let 1 < p < +o0.

4.1 Theorem
1. Let E C R"™ be open. Let ¢ : E — R"™ be injective and locally L1PSCHITZ. Then, for
every u € LP(E),

uog¢ ':¢(E) — R is measurable,

1

lwo o omomy < (essgup [det &) ullioe).
2. Let E C R™. Suppose that ¢ : E — R™ satisfies the following conditions:

1) ¢(E) is open,

2) ¢ is injective,

8) ¢~ is locally LIPSCHITZ ).
Then, for every v € LP(¢(E)),

vo¢: E — R ismeasurable,

1

|vo ¢||LP(E) < (ess(zl)lp | det(¢—1)/|> » ||v||Lp(¢(E))

Proof Let u € LP(E). By Theorem 3.2/1, the functions uo ¢! and |uo ¢~ !|P are
measurable. From (3.4) it follows that

9From 1), 2), 3) it follows that E is BOREL.
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u(o7 w)Pah = [ fula)Pldet (),
(E)

E

ess sup |detgb’|/|u(m)|pd)\n.
B
B

Whence the claim.

Define

B, = ¢(E), ¢ := ¢ .

Then E) is open, and ¢, is injective and locally LiPSCHITZ.
Let v € LP(Ey). By 1,

vod;!: ¢ (F) — R is measurable,

1

loo 6 ooy < (esssup [det 61]) ollzaen.
1
The second part of Theorem 4.1 is proved.
4.2 Corollary Let E C R"™ be open. Let ¢ : E — R™ be bi-LiPSCHITZ. Then:

u€ LP(P(E)) & uo¢e LP(E);
there holds

cllull oy < lluo ¢l < eallullir@e)),
where
1
¢ = (ess sup | det ¢’]>p
E

( =)

¢y = [(esssup ——

5 | det ¢/|

Remarks 1. The following conditions on E and ¢ are sufficient for ¢(E) to be open.

Let E CR" be open. Let ¢ : E— R™ be injective and continuous. Then ¢(F) is open.

This statement is the well-known BROUWER Open Mapping Theorem. Proofs of
this theorem can be found in DEIMLING [2; p. 23], GREENBERG /HARPER [7; p. 110] and
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SIMADER [21] (¢ injective and locally LIPSCHITZ).

2. Transformation of LP-functions The following result is a variant of Theorem 4.1/2.

Let E, F CR"™ be open sets. Let ¢ : EE — F be a bijective mapping such that
1) ¢ is continuous on E;

2) o7 y) — o7 (W)|eo < Lily — §loo Yy,y € F (L1 =const).

Then, for every v € LP(F) (1 < p < +00),

vo¢: E — R ismeasurable,

(2L,)" 1/p
p < P(F)-
oo dlom < (Sn) Tl

This result has been proved in NECAS [15; pp. 65-66] by using the mollification v, of

v, estimating the RIEMANN sums for the integral / |v, 0 ¢|Pdx and then carrying out the

E
passage to limit p — 0. m

Appendix: More about LIPSCHITZ Mappings

A.1 Extension of LiPscHITZ Mappings
Let £ C R™ be a set.

1.1 Let || - || be any norm on R™. Let ¢ : E — R be LIPSCHITZ, i.e.
0(x) = d(y)l < Lllx =yl Vo,y € B (L = const).

Define

¢(x) :=sup(¢(§) — Lllx —&[), = e R™.
¢eE
Then . . .
¢(z) = o(x) Vo e E,|¢p(x) - ¢(x)| < Lllz—yl| Vz,y e R™
Indeed, the first property of ¢ follows immediately from its definition. To establish
the second one, let z,y € R™. For any £ € E,
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¢(§) — Lllz =&l = (¢(§) = Llly =&l + Llly = £l = L= = ]|

< o(y) + Lz —y].

Thus . .
¢(x) < ¢(y) + Lz — yl|.

Interchanging the role of x and y, the second property of qg is easily seen.

Hence, without any loss of generality, real-valued LIPSCHITZ mappings can be
assumed to be defined on the whole R™.

Next, let ¢ : R™ — R be LiPSCHITZ with constant L. The mapping ¢ can be ”‘cut
off”” as follows:

¢(x) = q ox) if —L <o(x) <L,
L if ¢(x) > L.

Then B B )
p(x)| < L Ve eR™, [¢(x) - o(y)| < Lllz -yl Vr,y € R™.

1.2 Let both R™ and R” (n > 1) be furnished with the norm |- | '?. Let ¢ : E — R
be LIPSCHITZ, i.e.

|o(x) — d(Y)|oo < Ll — y|ow Vr,y € E (L = const < +00).
Writing ¢ = (¢4, ..., ¢n), it follows that

Let ggz :R™ — R (i = 1,...,n) denote the extension of ¢; according to 1.1. We

obtain a mapping ¢ = (¢1,...,¢,) with the following properties: ¢(z) = ¢(z) for all
r € F, and

[6(2) = $(y)]oo = max{|d1 (x) = 1Y), -+ [Pn(2) = Gu(y)[} < Llx — yloo

for all z,y € R™.

1.3 Let now both R™ and R™ (n > 1) be furnished with the (EucLIDean) norm | - |.
Let ¢ : E — R™ be LIPSCHITZ with constant L. Again writing ¢ = (¢4, ..., ¢,) we obtain

19Recall that 2] := max{|z1],..., |zk|}, = (z1,...,21) € RF
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|0i(x) = ¢ily)| < [o(x) — oY)l < Llx —y| Va,ye £ (i=1,....,n)

By 1.1, each component ¢; can be extended to a LIPSCHITZ mapping gEl :R™ — R
with the same constant L (i = 1,...,n). It follows

N B n 1/2
3(2) = 3(y)| = (Z<¢i<x> _ ¢i<y>>2) < ViiLlz—y

i=1

for all x,y € R™. |

We note a sharper extension result. To this end, for a LIPSCHITZ mapping ¢ : £ — R",
define

|9(x) — ¢(y)|

r,y € b, x#y}
|z —y|

Lip(¢) := sup {
The following result holds.

Al. Theorem (KirszBRAUN'Y) Let ¢ : E — R™ be LipscHITZ. Then there exists a
mapping ¢ : R" — R™ such that

~ ~

¢(z) = p(x) Ve e E, Lip(¢)= Lip(¢).

A.2 Equivalent Characterization of the Local LirscHiTZ Conti-
nuity

We have the following

A2. Theorem Let E C R™ be open. For a mapping ¢ : E — R™ the following two
statements are equivalent:

1° ¢ is locally L1IPSCHITZ;

) See KIRSZBRAUN, M. D.: Uber die zusammenziehende und Lipschitzsche Transformationen. - Fund.
Math. 22(1934), 77-108. This result is also proved in FEDERER, H.: Geometric measure theory. -
Springer-Verlag, Berlin 1969 (p. 201). We note that the example on p. 202 of this book shows that
KIRSZBRAUN’S theorem fails when R™ is furnished with the norm | - |, while R™ is furnished with the
EucLIDean norm | - |.

An extension theorem for real-valued, uniformly continuous functions with a rather general modulus
of continuity is proved in DIBENEDETTO, E.: Real analysis. Birkhduser, Boston, Basel 2002 (pp.
197-198).
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2° for every x € E there ezists a ball B.(x) such that
. /
B.(x) C E, sup M < +o00.
v,y €Br(x) |y -y |
vy

A.3 LipscHITZ Continuity and Differentiability a. e.

Theorem I (Chap. 3) has been proved by RADEMACHER [17] under conditions on ¢ which
are slightly weaker than the LIPSCHITZ continuity '%.

There are several different proofs of RADEMACHER’s theorem. KRUSHKOV [9] and
MORREY [14; p. 65] proved this theorem by using the notion of weak derivative and the
mollification of integrable functions. By using only techniques from LEBESGUE measure
and integration theory, RADEMACHER’s theorem has been proved by SAINT-PIERRE [20]
and NEKVINDA /ZAJICEK [16] (cf. also ZAJICEK [25]).

RADEMACHER’s theorem has been sharpened by STEPANOV [22]:

Let E C R™ be open. Let the mapping ¢ : E — R satisfy

lim sup o) = ¢l < —l—oo} £ ().

yEE,y—x |y - x|

E()Z:{.I'GE

Then ¢ is differentiable a. e. in Ey.

Proofs of STEPANOV’s theorem may be also found in LoJjasiEwicz [11; pp. 208-
209] and MALY [13]. The following weaker version of this theorem has been proved by
VAISALA (Lectures on n-dimensional quasiconformal mappings. Lecture Notes Math.
229, Springer-Verlag 1971; pp. 97-99):

Let E CR™ be open. Let ¢ : E — R. Assume

1) ¢ is continuous on E;

2)  the partial derivatives 5 exist a. e. on E (i=1,...,m);
T
3) limsup [9y) = ¢(=)] < +oo fora. e v€eE.
yeE y—a ly — x|
Then ¢ is differentiable a. e. on E. |

12)In [17; p. 340], RADEMACHER remarked that C. CARATHEODORY obtained a certain version of this
differentiability result. Cf. CARATHEODORY, C.: Vorlesungen iiber reelle Funktionen. B. G.
Teubner, Leipzig, Berlin 1917; 2. Aufl. 1927; reprinted: Chelsea Publ. Comp., New York 1968.
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Remark Let E C R" be open. Let u € C'(E). Given any z € F, we fix a cube Q,()

such that Q,.(z) C E. Then, for all y,y € Q.(z),

uly) = ul) = |3 [ Dialy’+ ey = )t — )

=19
< max |[Vu(2)|ly — ¢
ZEQ’V‘(‘Z)
Thus, u is locally LipscHITZ in E (cf. Theorem A.2).
We finally note that a C'-function with uniformly bounded gradient can fail to be

(globally) LipscHITZ. Indeed, there exist a domain £ C R? and a function u € C(FE)
such that

e sup [Vu(z)| < +oo0,
zelR

o there exist xy, T € E (k € N) such that:

u(zg) —u(zy) =const #0 VkeN, |z, — x| — 0as k — oo.

Whence .
|ulzy) — ul@s)|

- — 400 as k — oo.
|21, — Tk
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