ERROR REDUCTION AND CONVERGENCE FOR AN
ADAPTIVE MIXED FINITE ELEMENT METHOD
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ABSTRACT. An adaptive mixed finite element method (AMFEM)
is designed to guarantee an error reduction, also known as satu-
ration property: After each refinement step, the error for the fine
mesh is strictly smaller than the error for the coarse mesh up to
oscillation terms. This error reduction property is established here
for the Raviart-Thomas finite element method with a reduction
factor p < 1 uniformly for the L? norm of the flux errors. Our re-
sult allows for linear convergence of a proper adaptive mixed finite
element algorithm with respect to the number of refinement levels.
The adaptive algorithm does surprisingly not require any particular
mesh design unlike the conforming finite element method. The new
arguments are a discrete local efficiency and a quasi-orthogonality
estimate. The proof does neither rely on duality nor on regularity.

1. INTRODUCTION

An adaptive finite element method consists of successive loops of the
following sequence

(1.1) SOLVE — ESTIMATE — MARK — REFINE.

The a posteriori error control in the step ESTIMATE has been de-
veloped over the last decades (cf. [1, 3, 6, 12, 17] and the references
therein). The convergence analysis of the full algorithm (1.1), however,
is restricted to the conforming finite element method [15, 16].

This paper investigates convergence properties of such a loop for the
mixed finite element method (MFEM) in a 2D model Poisson problem

(1.2) f+Au=0 inQ and u =0 on 0.

Given a (coarse) mesh Ty, a shape-regular triangulation of  into tri-
angles, py and uy approximate the exact flux p := Vu € H(div, Q)
and the exact displacement field u € H} () of (1.2). In step SOLVE
one computes (pg,ug) € RTo(Ty) x Py(Th) that satisfies the discrete
problem [(e, ®)r2 abbreviates the L? scalar product]

(Pus qu)r2@) + (g, div gy )2 = 0 for all gy € RTo(Ty),

(divpm, ve) @) = —(f,vr) 2@ for all vy € Py(Tr).
1

(1.3)



2 CARSTEN CARSTENSEN! AND R.H.W. HOPPE??

N AN A A

T bisec(T) bisec2f(T) bisec2r(T) bisec3(T) red(T)  bisec5(T)

F1GURE 1. Possible refinements of one triangle 7" in the
step REFINE.

Details on the lowest-order Raviart-Thomas finite element space RTj
(Tw) [8] can be found below in Section 2; Py(7x) denotes the piecewise
constants. MATLAB implementations and documentations of the step
SOLVE are provided in [5]. In this paper, for the ease of the discussion,
the step ESTIMATE is the postprocessing to compute the residual-
based explicit error estimator [2, 9, 18]

(1.4) = () mp)'? with g = hpl|[palell7: gy
E€ly

Here and throughout, [p,] denotes the jump [py| := py|r, —pu|r_ of the
discrete flux over an interior edge E := T, NT" of length hg := diam(F)
shared by the two neighboring (closed) triangles Ty € Ty. Furthermore
let f,, = |wr[™! wa f(x)dz denote the integral mean of f over the
patch wp = int(Ty UT_) of area |wg| = |T¢| + |T-| and let £y denote
the set of all interior edges in Ty.

The bulk criterion in the step MARK was introduced and analyzed in
[7, 11, 15] for displacement-based AFEMs. Here, it leads to a selection
of a subset M of edges £x such that

(1.5) Oy < > 0

for some universal constant 0 < # < 1. It came much as a surprise to
the authors that the step REFINE does not need any further specifi-
cation or restriction. It suffices when the output of REFINE satisfies
that, for each marked edge F € M, its midpoint mid(F) is a new node
in the new triangulation 7.

Typical refinements of one triangle 7' € Ty are displayed in Figure 1.

We further set hp := diam(T) and refer to ||H fx||;2(0) as the first-
order term given by

10 [ H il = (X BT [ fa)de)”
T
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while the data oscillations read

(1.7) oscy = ( Z Wl f = fusllf2gop) '

Eely

It is the milestone of this paper to prove the following error reduction
property (1.8).

Theorem 1.1 (error reduction property). Let p, and py be the MFEM
flux approximations to p with respect to T, and Ty. Then, there exist
positive constants p < 1 and C depending only on 6 and on the shape
reqularity of T, and Ty such that

(1.8) 1Ip — palli2q) < pllp —palliz@ + C(1H full L2 + oscr ) oscrr

The remaining part of this paper is organized as follows. Section 2
discusses several aspects of AMFEM as well as particularities and gen-
eralizations of our analysis. Section 3 presents the necessary details on
the notation. The key ingredients of the proof are the strict discrete
local efficiency, the quasi-orthogonality, and an estimate for the fluxes,
of Section 4 and 5. The proof of the error reduction property (1.8)
concludes the paper in Section 6.

2. COMMENTS

Some remarks are given before the subsequent sections are devoted
to the technical details of the proof of Theorem 1.1.

2.1. Data oscillations. For f € H'(Q), we note that the data oscil-
lation (1.7) is of quadratic order and so of higher order when compared
to the first-order errors ||p—pg || s(giv) OF |4 — || 12(0) or the first-order
data term || H fy||12(q)-

Hence, Theorem 1.1 asserts that the error on the fine mesh is bounded
by a factor p'/? times the error on the coarse mesh plus higher-order
terms.

We also point out that the oscillations (1.7) of f are patch-oriented
while those in the reliability and efficiency estimate of Theorem 3.2
below are element-oriented (and so possibly smaller than (1.7)).

It is an important property of the data oscillation that the mesh-sizes
enter explicitly. Given 0 < ¥ < 1 and a coarse mesh Ty, it is therefore
easy to design a fine mesh 7, with oscillations osc;, < ¥ oscy where
oscy, and oscy denote the data oscillation of the fine and coarse mesh,
respectively. The same remark applies to ||H fu||12()-
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2.2. A convergent AMFEM. In order to guarantee linear conver-
gence in terms of the refinement levels, suppose that (1.1) is employed
successively. At the refinement level j, there is an MFEM solution p;

with error e; := ||p — p;||12(n) With respect to a mesh 7; and and a data
oscillation osc; such that (1.8) reads
(2.1) e <pe;+Cd;  forj=0,1,2,...

where d; abbreviates the data term (|| H;fu,|/12() + osc;)osc; with
respect to 7;. Moreover, suppose that MARK provides (1.5) plus (pos-
sibly) additional refinements to guarantee

(2.2) div1 < od; for j=0,1,2,...

with some universal constant 0 < p < 1 (this is always possible as
indicated at the end of the previous subsection).
Mathematical induction proves that (2.1)-(2.2) imply
j—1
e? < plel+ Cd,y Zpkgj’l’k and d; < dyo’
k=0
and so R-linear convergence (with any reduction factor between max{p,
o}'/? and 1):

(2.3) e; < pleg + Cdo jmax{p, 0}/ " forj=1,2,...

2.3. Numerical Experiments. Numerical experiments throughout
the literature are frequently based on the element-oriented maximum
criterion in the step MARK, i.e., one marks an element 7' if the esti-
mator nr associated with T satisfies Tol < nr and Tol is # times the
largest of such contributions. In the context of AMFEM, data oscil-
lations have not been involved so far. We refer to [5] for algorithmic
details and MATLAB routines and to [2, 10, 18, 13] for empirical ex-
amples.

It is the authors’ overall impression that the AMFEM is very robust
in changing algorithmic details in practice. The numerical experiments
in [15, 16] with a realization of (2.1)-(2.2) from the previous subsection
for conforming AFEM anticipate that the new algorithms perform as
optimal as the frequently employed ones. But there is no mathematical
justification for that.

2.4. Optimal Complexity. The adaptive algorithm is linear conver-
gent with respect to the number of refinement steps. This does not
imply any control of the number of degrees of freedom. Based on addi-
tional coarsening steps, there exists an algorithm of optimal complexity
for the conforming AFEM [7]. The authors anticipate that their results
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carry over to the present situation, because it is the universal coarsen-
ing step that yields the control of the degrees of freedom. Numerical
wisdom, however, tells that coarsening is not needed in practice leaving
an open gap between theory and practice.

2.5. Generalizations. The arguments below are illustrated by a sim-
ple 2D model example only, but they apply to more general boundary
value problems as well. In the presence of Neumann boundary data
or for non-constant coefficients, the data oscillations apply to such
terms as well. The arguments are not restricted to 2D; for instance,
Lemma 3.1 also holds true in 3D [5].

The use of alternative refinement indicators [10, 18] is also possible as
long as they are globally reliable and locally controlled by the residual-
based estimators.

2.6. Uzawa Algorithms. The well-established Uzawa algorithm for
the iterative solution of the mixed problem on the continuous level
consists of two steps: a Poisson solve and and update formula. The
substitute of the Poisson solve by some AFEM allows a perturbation of
the convergence on the continuous level [4]. The advantage is that even
unstable finite element schemes can be employed. The disadvantage
is the possibly slow convergence of the Uzawa algorithm relative to
multilevel solver [13].

3. NOTATION AND PRELIMINARIES

Throughout this paper suppose that Ty and 7, are two shape regular
triangulations of the planar Lipschitz domain €2 with polygonal bound-
ary 0f) into triangles where 7}, is some refinement of 7y such that the
refinement 7|7, := {K € T, : K C T} of each element 7" in Ty is
depicted in Figure 1. Moreover, let py € RTy(Ty) denote the discrete
MFEM solution on the coarse triangulation 7. A regular triangula-
tion 7 in triangles, d = 2, is a set of closed triangles T of positive area
|T'| such that any two distinct triangles 77 and Ty are either disjoint
T: N'Ty, = () or share exactly one vertex z, Ty N Ty, = {z}, or have one
edge £ = T, NT, in common. The set of all edges is denoted by &,
the set of nodes is denoted by A. Each edge is associated to a length
hg = diam(F) and a unit normal and unit tangential vector vy and
Tg- The subindices H and h refer to the coarse and fine triangulation
Ty and Tj, respectively. The words mesh and triangulation are used
as synonyms of each other.
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The Raviart-Thomas MFEM space and the piecewise constant space
read

RTy(Ty) = {qu € H(div,Q): VT € Ty 3a € R*3b € RVz € T,
qu(z) =a+ba},
Po(Tu) = {vg € L*®(Q): VT € Ty Ja € RVx € T, vy (x) = a}.

[Analogous notation for 7, is not displayed]. The Crouzeix-Raviart
FEM space on Ty reads

VY = {vg € P/(Ty) : vy continuous at mid(E) for E € £y
and vy (mid(F)) =0 for £ € £ with E C 0Q}.

Since V' ¢ H'(Q), the distributional gradient of v, € V) is different
from its elementwise gradient Dyvy € Po(Ty)?.

Let u® denote the Crouzeiz-Raviart FEM solution of
(Dyu?y, Dva)LQ(Q) = (fH,vg)Lz(Q) for all vl € V.
The discrete fluxes pi¥ := Dyuly and py from (1.3) are related.
Lemma 3.1 ([14, 5]). Let fr, = fTi f(z)dx/|Ts| and let zr, =
mid(7%) denote the barycenter of 7. Then there holds

1
pulr(x) = DHUZ‘Ti — §fTi (x —ap,) forzeTy. O

In this context, fg € Py(Ty) and f, € Py(T,) denote the piecewise
integral means, e.g., fgl|r := fr:= [, f(x)dz/|T| for T € Ty.

Theorem 3.2 (reliability and efficiency [2, 9]). With (1.4) and (1.7),
there holds

Nu § ||P —pH||L2(Q) § Ng + 0sCy .

Here and throughout this paper, A < B abbreviates A < C'B with
a mesh-size independent, generic constant C' > 0. Finally, A ~ B
abbreviates A < B < A. The paper adopts standard notation for
Lebesgue and Sobolev spaces and normes.

4. DISCRETE LocCAL EFFICIENCY

This section provides the first of two main arguments for error re-
duction. Unlike for conforming AFEM, there is no request on further
restriction in REFINE.
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Theorem 4.1 (Strict discrete local efficiency). Suppose that E = 0T N
OT_ € &y is an edge in Ty [shared by the triangles T, T € Ty ] and
bisected in the refinement, i.e. E = E; U FEy ¢ &, and mid(E) =
E\N Ey, € N, for two distinct Ey, By € E,. Then there holds
1/2
Wt il ey < pw— Pl ey + hellf = fupllizr)-

The remaining part of this section is devoted to the proof of Theo-
rem 4.1. Observe that [py| - vg = 0 for the unit normal vector vy L E
since py € H(div,). Therefore, denoting by 75 Lvg the tangential
vector, the jump

[pu] = (PH|T+ —pylr.) along E=T,NT_
(and formally [pg| := 0 along E C 01) satisfies

a2y = Npal - 7l 22 ).

Taking into account that [pg] - 75 is an affine function along the edge
E. we have

([pu] - e)(x) =a+ p - (r —mid(F)) forallz e E
with fixed o € R and 3 € R?.
Lemma 4.2. There holds
mif o ey < llon = pallieon)

Proof. Let ¢g denote the nodal basis function in the conforming P;
FEM space with respect to the node mid(E) and with respect to the
fine mesh 7,. Then, g, := Curl ¢ belongs to Py(75) N H(div, 2) with
divg, = 0. Since o = [, [py] - 75 ds/hg, one deduces

/ appds = / [pH] TpPEds = (pH7Qh)L?(Q)
B E

with an elementwise integration by parts. Since ¢, = Curlypp €
RT,(Ts) is an admissible test function, the discrete MFEM problem
with respect to the fine mesh 7, reduces to

(P, @) 12(0) = 0.
Altogether, one obtains the key identity

Oé/ Ypds = (Du — Dh, qh) L2(0)-
E

The shape regularity allows the estimates

hE S / Lk ds and ||Qh||L2(wE) S 1.
E
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The foregoing key identity therefore leads to the assertion:

mmam%@::@x/g%dﬁ2u3/¢@dﬁ2
E

E
S (pa — P Qh)2L2(Q)
< ||Qh||2L2(wE)||ph - pHH%?(wE)
S lpn — PH||%2(ME)- [
Lemma 4.3. There holds

1 - _
81 < ST+ T 1205 = Follreny

Proof. The differences of the representation formula of Lemma 3.1 for
x € F lead to

§=3lfr — fr) 7 € R

Consider the piecewise constant function

—|T, |7t forxeT,,
g(x) ;= +|T_|7' forzeT.,
0 for x € Wi

and notice wa g(x)dr = 0. The definition of the piecewise integral
means fr, = fT;l: f(x)dxz/|Ty| then implies the identity
fro — fn = (9; f)L?(wE)-

Since (g,1)12(0) = 0 and f,,, is constant on wp,

fro — fTJr = (g;f - wa)LQ(wE)'

Cauchy’s inequality and [|g[|7. ., = |T4| " +|T"| " conclude the proof:

wE

208 < (T4 "+ 1T )'Y2UIf = farllrzws). O

The proof of Theorem 4.1 immediately follows from Lemma 4.2 and
4.3: Since « and 3 - (¢ — mid(E)) are L*(F) orthogonal, there holds

helllpalllizm = helllpa] - a7z
= hllallfz g + hellf - (o = mid(E))|[72m
Slon = pullFey + bu'l @ = mid(E) 72l f = foulf2y: O
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5. QUASI-ORTHOGONALITY

The second main argument for error reduction is a generalization of
the Galerkin orthogonality in the conforming AFEM [11, 15, 16].

Theorem 5.1 (Quasi-orthogonality). There holds

(P — prs P — pr) 2yl S NH(frn — fa)llee@
x (||P - Ph||L2(Q) + [|lp —pH||L2(Q) + ||HfH||)Lz(Q) .

Theorem 5.1 is an immediate consequence of Lemma 5.4 and 5.5
below. Throughout the rest of this section set p := Dju) for the
Crouzeiz-Raviart FEM solution u)y in V,¥ with respect to 7.

Lemma 5.2. There holds
(p— pflvapH - ph)L2(Q) = (u— Uéva o — fh)L2(Q)-

Proof. Since p = Du, —divpy = fy, and —divp, = f,, the assertion
follows from an elementwise integration by parts. The edge contribu-
tions vanish indeed: Given any F € &, the resulting boundary term
over E reads

/E[u = uy )(pu — pn) - v ds.

This is zero because of [,[u — u}]ds = 0 by construction of V}¥ and
since py -vg and py,-vg are continuous from both sides of E and constant
along F. O]

Lemma 5.3. There holds
(w =y, fir = fo)rza)| SH(fo = fu)llr2e
< (IIp = il + ok~ il ).

Proof. To estimate (u—uy, fg — fn)12(0) notice that [ (fi—fx)dz =0
for any T' € Ty. Hence, for some ey € Py(T) with

Xl = [ (ula) — i a)) daf|]
T
and e} := u — uf a Poincaré inequality on T shows in total
|(u — ugy, fu — f)rz)) = (ely —ex, fu — fn)r2)
<1/7|lp — ppll2@llH(fa — fu)ll 2

The remaining term reads (ujy — up, fr — fa)r2(0) and is analyzed

separately for each T' € Tyr. In fact, let VN (T) := {vp|r : vy € Pi(Thl7)
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continuous at mid(E) for all E € &,} and notice ufy —uy € V;N(T).
Moreover, for any v, € V;¥(T) set

01(vp) = qulel]% lon — wl[r2¢ry and  oa(vn) = ho || Dpop|| 20r).-

This defines two semi-norms p;, g, on the finite-dimensional space
VN(T). Consequently, 9; ~ g,. Therein, the equivalence constants
are independent of hr according to a scaling argument (transform to
a reference triangle T, first and notice that there exists a finite num-
ber of possible refinements only, compute the constants, and transform
back). In particular, for some average ¢ := [.(uy — vy ) dz/|T|,

‘(ullzv - Uga In— fH)L2(T)| = |(Ug - u}z:r —¢ fu— fh)L?(T)\
< o1(upy —up)||fa — Tr 2
S Dn(uzy = w2yl (fo = fu) 2y

The sum over all T € Ty shows that

(uyy —up s fu = fo)rxoy) Sen = e ez |H(fo = fo)llrze). O

Lemma 5.4. There holds
((p—pp o — pa)rzy| SH(fr— fa)llree
X (||P —pulle2@) + o — pullee) + | H full2g) + ||hfh||L2(Q))-
Proof. The combination of Lemma 5.2 5.3 readily gives
(p— pflv;pH - ph)LQ(Q)\ SH(fn — fH)HL?(Q)
x (||p —pillizey + Py — p%”m(n))-

An immediate consequence of Lemma 3.1 is that

|| N . - o . 2 < 2 - 2
p pHHLZ(Q) Ip pnl\m(g) > Z |fr|*|l ~TT||L2(T)
TeTy

< |[H fulla)-

A similar estimate also holds true with H replaced by A. The combina-
tion of those two estimates with a triangular inequality concludes the
proof of the lemma. O

Lemma 5.5. There holds
|(17;]lV — PhsPH *ph)r,2(9)| 5 thh||L2(Q) Hh(fh - fH)Hm(Q)-
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Proof. Let v € Py(Tw; R?) and z), € Py(Ty; R?) denote the piecewise
center of inertia, e.g. zg|r := mid(7T") for T € Ty. Then, Lemma 3.1
results in

pule) = () = 5 fu (o — o) forw €0

plus a corresponding equation with H replaced by h. Then,

1

= 5(fh(° — ), Py — PR)12@)

(p}zlv — PhsPH — ph)L2(Q)

+ %(fh(. — zp), fr(® — ) = fu(® —zn))L2 ()

The first term on the right-hand side vanishes because p¥ — pi is
constant and [,.(z — z7) dz = 0 for each T' € T,. The same argument
shows (fy(® — 4),2m — 74)12(0) = 0. There remains

A(pp — pn, P — pr)re) = (fr(® —xn), (fn — fu)(® — 1)) 2(0)-

An elementwise Cauchy inequality in the previous identity concludes
the proof. 0

6. PROOF OF ERROR REDUCTION PROPERTY

This section is devoted to the proof of the error reduction property
(1.8) in Theorem 1.1.

The proof starts with the reliability from Theorem 3.2 and continues
with the bulk criterion (1.5), i.e.,

(6.1) 0= Z hEH[pH]H%Z(E) N Z hEH[pH]H%?(E)
Eely EeM
for the set M of marked edges. This leads to
P — pHH%Q(Q) <’ +osch S Z hEH[pH]H%z(E) + osc3, .
EeM

The discrete local efficiency of Theorem 4.1 plus the finite overlap of

the edge-patches (wg : E € ) show

lp — pHH%?(Q) S Z |pn — pHH%Q(wE) +oscy < [lpn *pHH%Z(Q) + 08¢y
EeM

With some constant ¢;, this reads

lp — pHHQL?(Q) < allpn — pH||2L2(Q) + ¢1 08¢

On the other hand,

[[Pn *pHHiz(Q) = ||p*pH||2L2(Q) - ||p*ph||%2(g) —2(p—pn:pa *pH)m(Q)
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and the last term can be bounded with the quasi-orthogonality. With
some constant ¢y, Theorem 5.1 leads to

Ipn — pullia@) < Ip— pallizq) — 1P — prlli2@
+ca(llp — pullrz) + 0 — prllez@) + [1H frlln2@) oscw -

The combination with the preceding inequality plus a Young inequality
yield

—~

Cal_th%Z(Q) cr—1)|lp — pHHLz —|—closcH

+ C9Cq

/\

1P = pall2) + llp = pullLo@) + ||HfH||L2(Q)> oscy
12 = pull 720y + (1 = 1/2)|Ip = pull720)

<||Hfh||L2 + oscH> 0sCy .

—|— »lkl»—'

This proves
(1 =1/ D) p—pallie0) < (@-1/2)[p—prllTa@ytes([H fall 12 +oscr) oscy

and so the theorem with p = (¢; —1/2)/(¢c; — 1/4) and C' = ¢4/(cy —
1/4). O
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