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Abstract. We study mean-square consistency, stability in the mean-square sense and mean-
square convergence of drift-implicit linear multi-step methods with variable step-size for the approx-
imation of the solution of It6 stochastic differential equations. We obtain conditions that depend
on the step-size ratios and that ensure mean-square convergence for the special case of adaptive
two-step Maruyama schemes. Further, in the case of small noise we develop a local error analysis
with respect to the h—e approach and we construct some stochastic linear multi-step methods with
variable step-size that have order 2 behavior if the noise is small enough.
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1. Introduction. We consider It6 stochastic differential equations (SDEs) of
the form

X(s)|§0:/t f(X(s),s)ds—&—/t G(X(s),5)AW(s), X(to)=Xo,  (11)

for t € J, where J = [to,T]. The drift and diffusion functions are given as f :
R"x J — R" G = (g1,---,9m) : R" x J — R™ ™. The process W is a m-
dimensional Wiener process on a given probability space (2, F, P) with a filtration
(Fi)tes and Xy is a given Fi,-measurable initial value, independent of the Wiener
process and with finite second moments. It is assumed that there exists a path-wise
unique strong solution X (-) of (1.1).

In this paper the mean-square convergence properties of, in general, drift-implicit
linear multi-step methods with variable step-size (LMMSs) are analysed w. r. t. the
approximation of the solution of (1.1). Although there is a well-developed conver-
gence analysis for discretization schemes for SDEs, less emphasis has been put on a
numerical stability analysis to estimate the effect of errors. Numerical stability allows
to conclude convergence from consistency. So, we aim for a numerical stability in-
equality for such schemes with variable step-size. Our approach is based on techniques
proposed in [2] in the context of equidistant grids.

Most common methods use fixed step-size and thus are not able to react to the char-
acteristics of a solution path. It is clear that an efficient integrator must be able
to change the step-size. However, changing the step-size with multi-step methods is
difficult, so we have to construct methods which are adjusted to variable grid points.
Only a few papers deal with adaptive step-size control; for an example for strong
approximation see [3, 5]. Certainly, for an adaptive algorithm we have to explain the
choice of suitable error estimates and step-size strategies. This will be the subject of
a separate paper.
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(sickenberger@mathematik.hu-berlin.de). Support of BMBF through project 03RONAVN is grate-
fully acknowledged.
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The structure of the paper is as follows. In Section 2 we introduce the class of SLMMs
considered and provide necessary definitions and useful facts. In Section 3 we deal
with variable step-size and we focus upon our main result of consistency, stability and
convergence in the mean-square sense. Additionally to the properties in the context
of equidistant grids we have to fulfill conditions for the maximum step-size on the grid
and for the step-size ratios of the sequence. In Section 4 we consider adaptive two-
step-Maruyama methods. Both the coefficients of such a scheme and the conditions
for their mean-square consistency actually depend on the step-size ratios. As an
application, we get some of the properties of deterministic LMMs for the SDEs with
small noise, i. e. SDEs that can be written in the form

St = / F(X(s), 5)ds + / G(X(s),)AW(s), X(to)=Xo.  (12)

for t € J, where ¢ < 1 is a small parameter. The appendix contains the proof of
Theorem (3.2).

2. Definitions and preliminary results. We denote by | - | the Euclidian
norm in R™ and by || - || the corresponding induced matrix norm. The mean-square
norm of a vector-valued square-integrable random variable Z € Lo(2,R™), with E
the expectation with respect to P, will be denoted by

12|, := (BIZ*)'2.

Consider a discretization tg < t; < ... < ty = T of J with step-sizes hy :=
te—te—1, £=1,...,N. Let h := max;<y<n h¢ be the maximal step-size of the grid
and kg = hy/hy_1, £ =2, ..., N the step-size ratios.

We discuss mean-square convergence of possibly drift-implicit stochastic linear multi-
step methods (SLMM) with variable step-size, which for £ = k, ..., N, takes the form

k k k

Zae,j Xej=he Zﬂe,j f(Xe—j tej) + Zré,j(Xé—jaté—j) [re-atemart (2.1)
=0 i=0 =1

The coeflicients ay j, 8¢ ; and the diffusion terms I'; ; actually depend on the ratios &
forj=¢—k+1,...,¢. We require given initial values X0, Xp—1 € La(Q2,R™) such
that X, is ]-"tl—measurable for £ =0,...,k—1. As in the deterministic case, usually
only Xy = X (tp) is given by the initial value problem and the values Xi,..., X1
need to be computed numerically. This can be done by suitable one-step methods,
where on has to be careful to achieve the desired accuracy. Every diffusion term
Ty, (z,t) I'e—j>te—i+1 is g finite sum of terms each containing an appropriate function
Ge; of z and ¢ multiplied by a multiple Wiener integral over [te—_;, tr—j4+1], i.e. it takes
the general form

m
to—j,te—j 2 : t/ te—j+1 1,7 to—j,te—j41
F@J((E,t)]z jole—j41 .’Et jote—j + ghz x, )Ih,?"]z’ J + ...
r=1 r1,79=0

r1+1r2>0

A general multiple Wiener integral is given by

t+h
Iiit,tz}fm,n / / / SJ)dWTl (S]) dWTj (1), (2.2)
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where 7; € {0,1,...,m} and dWy(s) = ds. If y = 1 we write [;;*1" . Note that the

T1,725.05
integral IH*+" is simply the increment W,.(t + h) — W,.(t) of the scalar Wiener process
W,.. The term I***t" denotes the collection of multiple Wiener integrals associated
with the interval [¢, t+h]. It is known [7] that the multiple integrals have the properties

E(I5H ()1 Fi) = 0 if at least one of the indices r; # 0, (2.3)
BT OIF) [, = O F=72), (2.4)

where [ is the number of zero indices r; and ls the number of non-zero indices r;.

We point out that for 5,0 =0, £ =k,..., N, the SLMM (2.1) is explicit, otherwise
it is drift-implicit. For the diffusion term we use an explicit discretization.

3. Mean-square convergence of stochastic linear multi-step methods
with variable step-size. We will consider mean-square convergence of SLMMs in
the sense discussed in Milstein and others [1, 7, 6, 9]. Note that in the literature the
term strong convergence is sometimes used synonymously for our expression mean-
square convergence.

DEFINITION 3.1. We call the SLMM (2.1) for the approximation of the solution of
the SDE (1.1) mean-square convergent if the global error ey := X (ty) — Xy satisfies

ZZI{{%TNHGZHLQHO as h—0,

we say it is mean-square convergent with order v (v > 0) if the global error
satisfies

< C-h”
(Jmax leel|z, < C-h7,

with a grid-independent constant C' > 0.

The mean-square convergence follows almost immediately with the notion of numerical
stability in the mean-square sense together with mean-square consistency.

3.1. Numerical stability in the mean-square sense. We assume that the
scheme (2.1) for the SDE (1.1) satisfies the following properties:
(A1) the function f : R™ x J — R™ satisfies a uniform Lipschitz condition with
respect to x:

|f(x,t) — f(y,t)| < Lyle —y|l, Ve,yeR",teJ, (3.1)

where Ly is a positive constant;
(A2) the functions I'y ; : R™ x J — R"*™T satisfies a uniform Lipschitz condi-
tion with respect to x:

ITej(xz,t) =T (y,t)| < Lr,, |z —y|, Vz,yeR"teJ, (3.2)

where Lr, ; is a positive constant;
(A3) and the functions I’y ; : R™ x J — R™™ T gatisfies a linear growth condi-
tion with a positive constant KFM in the form

ITej(z,t)| < Kr,,(1+|z[*)%, VzeR"teJ. (3.3)
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(A4) the coefficients o j = a;j(Ke—g41,- .., Ke) are continuous in a neighbourhood
of (1,...,1), fulfil 1 + Z?zl ay; = 0 for all £ and the underlying constant
step-size formula satisfy Dahlquist’s root condition, i.e.

(i) the roots of the characteristic polynomial of (2.1)

p(O) =ao(1,..., ) +an(1,..., D+ ap(1,...,1)  (34)

lie on or within the unit circle and
(ii) the roots on the unit circle are simple.

Conditions (A1) - (A3) are standard assumptions for analyzing stochastic differential
systems, condition (A4) is known [4] in the context of deterministic variable step-size
multi-step methods. We now formulate and prove our main theorem on numerical
stability. Additionally to the properties in the context of equidistant grids we have
to fulfill conditions for the maximum step-size on the grid and for the step-size ratios
of the sequence.

THEOREM 3.2. Assume that (A1) - (A4) hold for the scheme (2.1). Then there
exists constants k, K (k <1< K), a >0, h°® > 0 and a stability constant S > 0
such that the following holds true for each grid {to,t1,...,tx} having the property
h:=max,—1,_ yhe <h, h-N < a-(T —ty) and k < hg/he—1 < K for all ¢:

For all Fy,-measurable, square-integrable initial values Xy, X, for?t=0,....k—1and
all Fy,-measurable perturbations Dy having finite second moments the system (2.1)
and the perturbed discrete system

k k k
Do Xej=hey Beg f(Xejite) ) Toj(Xemj tey) 1141 4Dy, (3.5)
3=0 3=0 j=1
{=k,...,N, have unique solutions {X,}}_, {X@}évzo, and the mean-square norm of

their differences ep = Xy — Xy can be estimate by

k 2
Rele,  VE 1S5l
@ZIE?‘.%NHGEHLQ < S{z=or,r_1??1§_1 lleellr, +é=1£17?j}.(,N( 0 2 4 o 2)}’

where Dy = Ry + 25:1 Sje—jt1 and Sjo—ji1 is Fy_ji1-measurable with
E(Sje—js1lFy, ;) =0 forf=k,...,N and j=1,... k.

The proof is divided into several parts and given in the appendix. First, we show
the existence of unique solutions of the perturbed discrete system. Second, we show
that the second moments of these solutions exists, and, third, we derive a stability
inequality.

If scheme (2.1) for the SDE (1.1) fulfils the assertion of Theorem 3.2, we call it
numerically stable in the mean-square sense.

3.2. Mean-square consistency. Different notions of errors for pathwise ap-
proximation are studied in the literature. We recall the notions from [2] and define
the local error as the defect that is obtained when the exact solution values are inserted
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into the numerical scheme, i.e. the local error of SLMM (2.1) for the approximation
of the solution of the SDE (1.1) is given as

k k k
Lpo=> ap; X(teg) —hed  Brj F(X(tej)iteg) = Y Toj(X(tey),tej) Tt
=0 =0 =1

¢(=k,... N, (3.7)
L@ = X(tz) —le €: 0,...7k_ ].. (3.8)

In order to exploit the adaptivity and independence of the stochastic terms arising on
disjoint subintervals we represent the local error in the form

k
Ly =Ry + S =: R4+25j,e—j+1, {=k, ...,N, (3.9)

j=1

where each Sy ;11 is Fy,_, -measurable with E(S; ¢ ;1]|F, ;) =0for £ =k,..., N
and j =1,...,k as in [2]. Note that the representation (3.9) is not unique.

DEFINITION 3.3. We call the SLMM (2.1) for the approzimation of the solution of
the SDE (1.1) mean-square consistent if the local error Ly satisfies

hy YB(Le| Fr, )z, — 0 for he — 0, and h, *?||Lellp, — 0 for by — 0;  (3.10)

and mean-square consistent of order v (y > 0), if the local error L, satisfies

(Lol Fip 2o <E-B)T and  ||Lellp, <c-h}72, 0=k,...,N

f— — )

. (3.11)

with constants c¢,¢ > 0 only depending on the SDE and its solution.

Subsequently we assume that the conditions of theorem 3.2 are fulfilled. In order to
prove mean-square convergence of order ~y it is then sufficient to find a representation
(3.9) of the local error L, such that

IE(R)||z, <c-h)™ and  ||Sellz, <c-h)*%, e=k,... N, (3.12)

with constants ¢, ¢ > 0 only depending on the SDE and its solution. Together the
condition (3.12) imply the estimates

1
HE(Ldftz—k)HLz < O(hZJrl) and ||Ll||L2 < O(hz+2) ) t=kF,.. SN

4. Local error analysis. To analyse the local error Ly of a discretization scheme
for the SDE (1.1) and to achieve a suitable representation (3.9) we want to derive ap-
propriate It6-Taylor expansions, where we take special care to separate the multiple
stochastic integrals over the different subintervals of integration.

Let C**~! denote the class of functions form R” x 7 to R™ having continuous partial
derivations up to order s — 1 and, in addition, continuous partial derivations of order
s with respect to the first variable.

Let CX denote the class of functions from R™ x J to R™ that satisfies a linear growth
condition (A3).
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We introduce operators Ag and A, » = 1,...,m, defined on C%! and C', respec-
tively, by

Aoy =y, +yof + 5 Z Z Vi Oribri Ny =yhge, r=1,...,m,  (4.1)

r=114,j=1

and remind the reader of the notation for multiple Wiener integrals (2.2). Using these
operators the Ité formula for a function y in C?! and the solution X of (1.1) reads

y(X(1),t) = y(X(to), to) + 1" (Aoy) +th°t/\y) teJ. (4.2)

r=1

4.1. Two-step-Maruyama schemes for general SDEs. We consider linear
two-step-Maruyama schemes with variable step-size, thus we have for { =2,..., N

ZQZJXZ J —h826é,jf XZ ]7t€ J “"Z”Yi,j Zgr XZ ]até j) It( plemis (43)

7=0 j=1 r=1

where the coefficients vy j, B¢ ; and 7 ; actually depend on the ratio k¢ = he/he—1.

We apply the Ito-formula (4.2) on the corresponding intervals to the drift coefficient
f and trace back the values to the point t;_o to obtain

FX(tor)teo1) = F(X (teoa) toma) + Lo ™" 7 (Mo f) + D TE=11 (A f), (44)

r=1

F(X(te), te) = f(X(tfz 2),te—2) +It5_2’te_1(1\ £+ I " (Ao f)

+Z[i‘z 2,t0—1 (A f) +thl 15te (A f). (4.5)

r=1 =

For the general SDE (1.1) we have the following result.

LEMMA 4.1. Assume that the coefficients f, gr.,r =1,...,m of the SDE (1.1) belong
to the class C*' with Ao f, Nogr, Arf, Nggr € CE forr,q=1,...,m. Then the local
error (3.7) of the stochastic 2-step scheme (4.3) allows the representation

Le=R;+S7,+85, 1, £=2,...,N, (4.6)
where R7, S5 ,,j = 1,2 are Fy,-measurable with E(S]‘-’,A]-}Z_l) =0 and

2
1 -
Ry = Z Oéz,]] (te—2) + [Oéz,o + ;@(Oée,o +ap1) — Zﬁe,j] hef(X(te—2),te—2) + Ry,

m

Sil: aeo—fy“}Zg, t@ 1 St 1)[2513 1t[_'_51£’

S30-1=|(ago+ae) Wz] Zgr (te—2), te—o) 2" 4 55,

with

1Bz, = O(hF), 1185 oll. = OChe), 1155 -1llL, = Olhe). (4.7)
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COROLLARY 4.2. Let the coefficients f, g., = 1,...,m, of the SDE (1.1) salisfy
the assumptions of Lemma 4.1 and suppose they are Lipschitz continuous with respect
to their first variable. Let the stochastic linear two-step scheme with variable step-size
(4.8) are stable and the coefficients satisfy the consistency conditions

Zaz,g—o agot-— (042,0+04€,1):ZB€,J‘7 Qe o0="1, uotoei="v2.  (4.8)
Jj=0 j=0

Then the global error of the scheme (4.3) applied to (1.1) allows the expansion

max | X(t) — Xl|1, = Ob1/?) + O(max | X(tr) — Xel|1.)

where h := maxe—y N hy.
Proof. (of Corollary 4.2) By Lemma 4.1 we have the representation (4.6) for the local
error. Applying the consistency conditions (4.8) yields

o 0 o Qo o Qo
RZ :Re, SL[ :Sl,éﬂ 52’571 :SQ,Zflﬂ 622,7N

As the scheme (4.3) satisfies the conditions of Theorem 3.2, it is numerically stable in
the mean-square sense. Now the assertion follows from the estimates (4.7) by means
of the stability inequality. 0

Proof. (of Lemma 4.1) To derive a representation of the local error in the form (4.6) we
evaluate and resume the deterministic parts at the point (X (¢y_2), t¢—2) and separate
the stochastic terms carefully over the different subintervals [ty_o,ts—1] and [ty—1, t¢].

This ensures the independence of the random variables. It does make the calculations
more messy, though. By rewriting

Z o i X (te—j) = oo (X (te) =X (te—1)) + (o) (X (te—1)— X (te—2) Z ;)
we can express the local error (3.7) as

Ly = apo(X(te) = X(te—1)) + (ago + ar1) (X (te—1) — X (te—2)) + chj (te—2)

2
~he > Brif (X (te—j),te—j) Zw,g X(te—j) te—j) AWe—jt1.

The SDE (1.1) implies the identities

m

X(tia) = X(te-o) = [ FOX(9)5)ds+ Y / (X9, 9)AW (5

te—2 r=1"7te—2

= hye—1 f(X (te—z), te—2) + Ios =" (Ao f) +ZI“ (A S)

+Zgr (to—2),te—o) T2t 1+ZI“;*2’““(Aogr)+ Z L' (Aqggy),

r=1 r,q=1

X (te—2),
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and, additionally using (4.4),

X(t) - X = [ ") ds+2 / AW, (s)

*hz{f (to—2),to— 2)+It[ 2/be— Y(Aof) JrZI” 2h-1 (A, f)}

r=1
+ Iog " (Ao f) +ZI” AT
r=1
+Zgr t[ 1 o l)ltzz 17tz+zlt1 1,te AO.gr Z Itg 1,te A gr
r=1 r,q=1

Inserting this and the expansions (4.4), (4.5) into the local error formula and reorder-
ing the terms, yields

2
[Z Oéz,]} (te—2) [heaz,o + ho—1(ago + apn) — he Zﬂe,j] F(X(te—),te—2) + RS
[0%0_721}297" (to—1), to—1)It~ 1“‘1‘514

+[(az,o+az1 ’Yez} Zgr (te—2),teo) 2" 4 55,

where

R = apo{hey " (Mo f) + L5 " (Ao f)} + (o + 1) o5 > (Ao f)
—heBeo{ Iy (Mo f) + I (Mo f) ) — heBealy 2" (Aof),  (4.9)

m

80 =" (ol (Aef) = heBrol=" (A f)) + aeg Zf“ ' (Aogr)
r=1 r=1
+ago Y It (Aggr), (4.10)
r,q=1
55,671 = hg(az’o — 5&0 _ ﬂl,l) Z Ifagfz’tefl(l\rf) Oéz 0+ 1 ZIQ 2,t0— 1 )
r=1

(a0 + a) Z I " (Rogr) + (a0 + 046,1)215‘}72“71(%%)- (4.11)

r,g=1

Finally, the estimates (4.7) are derived by means of (2.3) and (2.4), where the last
terms in (4.10) and (4.11) determine the order O(hy). |

EXAMPLE 4.3. As examples we give stochastic variants of the trapezoidal rule, the
two-step Adams-Bashforth (AB) and the backward differential formulae (BDF) with
variable step-sizes. The trapezoidal rule, also known as stochastic Theta method with



MEAN-SQUARE CONVERGENCE OF ADAPTIVE MULTI-STEP METHODS FOR SDES 9

0 = , is the one-step scheme with the coefficients ayo=1, ag1 =—1, Bro=0Fe1 =
%, Ye1=1, 2= L0r2="e2 = 0 independent of the step-size ratio kg = h¢/h¢_1 and
reads

1 m
Xe—Xp 1= h@i(f(X@,tg) + f(Xg_l,tg_l)) + Zgr(XE—l,té—l) Iﬁl’l’t‘z. (4.12)
r=1

The Adams-Bashforth scheme is given as

Ke+ 2 Ke
X=X 1= he( 5 f(Xe—1,te—1) — Qf(Xé—z,te—z))
+ D g (X, tey) It (4.13)
r=1
where apo=1, ap1=—1, Bro="2, By1=—", v1=1and B2 =cy2="s2=0.
The two-step BDF takes the form
(ke +1)? K2 Ko+ 1
X, — et )y, Xy o= hy Xt
s Py B L PRI 2/£g—|—1f( 6 te)
m 2
(X1, tey) I — o(Xpmg, teg) I-11 (414
+;g(z17e1)r 2w+129 -2, te-2) -(4.14)
2 2 "
Here one has ay = 1, oL = (Sf;jﬂ s o = gty Bro = 3t Bia = Bea =0
and Ye1 =1, ve2 = —%-

4.2. Consistency of two-step-Maruyama schemes for small noise SDEs.
To be able to exploit the effect of the small parameter € in the expansions of the local
error we introduce operators Ag, Ao and IA\T7 r=1,...,m defined on C%! and C*9,
respectively, by

My =y, +y,f, Aoy:= Z Z Yy a Gridegs vy =10, . (4.15)
r=114,j=1

In terms of the original definition (4.1) we have
Aoy = Agy + Aoy  and  Ayy = eA,y. (4.16)

LEMMA 4.4. Assume that the coefficients f,g.,r = 1,...,m of the small noise
SDE (1.2), as well as Agf = fLf 4 f! belong to the class C*' with Ao f, NGy, Arf,
[\qgr, AOAgf, ArAgf € CK forr,q=1,...,m. Let the stochastic 2-step scheme with
variable step-size (4.3) satisfy the consistency conditions (4.8). Then the local error
(8.7) of the method (4.3) for the small noise SDE (1.2) allows the representation

Ly=Ry+5S7,+ 85,4, {=2,...,N, (4.17)
where Ry, S;-?Z,j = 1,2 are F;,-measurable with E(S;-?A}"thl) =0, and
Ry = [( 1 += 2 +1)a¢ 0+ 1Z gy — (j@+2)6e,o - éﬂl,l %%(Agf)(X(tz,g),tg,g) + Ry,
515—515‘*‘5“7
52,2—1 = 52,4—1 + 52,4—17
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where
RS ||z, = O(hE +€2h3),  152,ll, = O(h)’®), 18501 llL, = O(ehy/?).  (4.18)

The terms Sié, 5‘5)@_1 are given by (4.10, 4.11) in the proof of Lemma 4.1 and satisfy
here

155 ollz, = O(2he + ehy?),  [195ll1. = O(2he + ehy/?). (4.19)

Proof. We have from Lemma 4.1, if the consistency conditions (4.8) are satisfied, the
representation

Ly=R}+57,+55,4,0=2,...,N,

where Rg, S7,, S5, are given by (4.9, 4.10, 4.11). Splitting Aof = AJf + > Ao f
immediately yields RY = Ry’ 4 ¢2R$ with

Ry = (o — Buo — Bea )by = (AL F) + (o + aea) oy > (AL f)
+agolos (AL F) = heBroly™ " (ML f) (4.20)

RS == (ap0 — Beo — Bea eIy 2" Y (Ao f) + (ano + ae) 156> (Ao f)
+agolsy " (Rof) — heBroly ™" (Rof). (4.21)

We note that (4.21) appears with the factor €2 in the local error representation, thus
yielding the O(e?h?) term in the estimate of | Ry ||z, in (4.18) . We concentrate on

developing R;f in more detail. Applying the Ito-formula (4.2) to Agf(X(s)7s) for
$ € [tg—2,te—1] and integrating yields
Iy (A ) = (5 = te2) ATF(X (tr—2), te—2) + Lo > (BoAJf) + € 3 L5 (A AL f)-

r=1
For s = t,_1 we obtain

I 2" (AL F) = heot AL F(X (te—2) te—2)+ 105 2" (Ao AS f) e Do T =" (A, AL ).
r=1

for the first integral in (4.20) . Integrating again we obtain for the second integral in
(4.20)

2
re g =

T A0 f (X (te-2), tea) Lo ™ (RoAG fre 32 LGo™ " (ArATS):

Both the other integrals are over the interval [t,_1, t;] with step-size hy. In the anal-
ogous expressions for these the term Ag f(X(tg—1),te—1) has to be substituted by

A F(X (t—1),te—1) = ALF(X (temz), tema)+ 102" (oA £) e 3 L2 (AL f).
r=1
Then we obtain from (4.20)

2 h2 h2
B 2)z+

+R/+SM+S”

R = |

2 2 h?
[( + — + oo + Oéz 1= (= +2)Bro — —Bo1 | LA F(X (te—2), te—2)
I{Z Z Ky Ky 2

+ Re + Sl,l + 52,57

Loy — (heho—y — h3)Beo — hehe—1 e, 1}1\ F(X(te—2),te—2)
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where
H<f h’% to—2,te—1 f
R/ = (a0 — 25@,0)710 (AoAp f)

+ (0 = Beo — Be)helgs > (MoAL £) = Beohelgs V™ (Mo f)

+ (a0 4+ ) ono> " " (MoAd f) + cauoloe ™ (AoAd £),

800 = avoe > Lig " (AnAf f) - hemerI” (AL ),
r=1
~ h2 m R
53, = (00— 2000) LS 11 (RALT) + (@0 B Boahae 3015

2
r=1 r=1

+ (o + gy )e Z[fg(f’“ YA

We arrive at RS = Rff + €2R?. Finally, the estimates (4.18) are derived by means of
(2.3) and (2.4). d

COROLLARY 4.5. Let the coefficients f, gr, ¥ = 1,...,m, of the SDE (1.2) satisfy
the assumptions of Lemma 4.4 and suppose they are Lipschitz continuous with respect
to their first variable. Let the stochastic linear two-step scheme with variable step-size
(4.8) are stable, the coefficients satisfy the consistency conditions (4.8) and

1 2 1 2 2
<2++1) oo+ —5 g1 — (+2> Beo — — Bea =0. (4.22)
K Kp K Ke Re

4 4

Then the global error of the scheme (4.3) applied to (1.2) allows the expansion

max ([ X(te) = Xol|z, = O(h? + e+ h1/2) + O(ma |1 X (t) = Xi1,)

Proof. Lemma 4.4 stated the representation (4.17) for the local error. Applying
the consistency condition (4.22) yields RS = R{ and by (4.18) we have |RS |z, =
O(h3 + €2h?). The stochastic terms Sﬁz, Szhl are dominated by 5“1’)5, 55’471 and
thus are of order of magnitude O(e?h, + ehj/z). As the scheme (4.3) satisfies the
conditions (A1) - (A4), it is numerically stable in the mean-square sense. Applying
the stability inequality (3.6) to the representation (4.17) of the local error yields the
assertion. O

We remark that the schemes (4.12), (4.13) and (4.14) satisfy the assumptions and the
consistency conditions of corollary 4.5. Thus, these schemes are numerically stable in
the mean-square sense and we can expect order 2 behavior if the term O(h?) of the
global error dominates the term O(ch + ¢2h!/2).

AALF)
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Appendix A. For the proof of Theorem (3.2) we need a discrete version of Gronwall’s
lemma.

LEMMA A.1. Let ag, £ = 1,...,N, and Cy, Cy be nonnegative real numbers and
assume that the inequalities

-1
1
WSCleCzNZai (=1,...,N

i=1

are valid. Then we have maxy=1, N a¢ < Ciexp(Cs).

Proof. (of Theorem (3.2))

Part1 (Existence of a solution X;): We consider scheme (3.5). If the right hand side
does not depend on the variable X, the new iterate X is given explicitly. Otherwise,
the new iterate X, is given by (3.5) only implicity as the solution of the fixed point
equation

k
X = hiBeof (X te) + he Y Bejf (Xe jites) + Be = mo(X; Xoo1, ..., Xo_y, Be),
j=1
k . k .
where By=—Y an; Xej+ Y Tuj(Xej te )bt 4 Dy,
j=1 Jj=1
is a known F},-measurable random variable. The function n(z; 21, . . ., 2, b) is glob-

ally contractive with respect to x, since, due to the global Lipschitz condition (A1),

‘776(33?213- . .,Zk,b) - 772(53’217- . '7Zkab)| = |hl ﬁ&o (f(xatf) - f(j;tf))‘

1 1
<h Lz — % < =|lx — % Vhy<h<h'<_——
< h¢ Beo Lylx $|f2|w z| ¢ <h< S S he L
Thus, 7¢(-; 21, .-, 2k, ) has a globally unique fixed point = &(z1,...,2,b), and
o(Xo—1,...,X¢—g, Br) gives the unique solution X, of (3.5). Moreover, £ depends
Lipschitz-continuously on z1,...,z; and b since

|§Z(217 .. '7Zk7b) - 6@(217' . 72]€7b)|
= |7M(£f(zla . '7zkab); 21 '7Zk7b) - 772(52(213 .. '72k7b)7217 .. '72k7b)‘

K
< heLp Y Bejlzi — 2l + heBeoLglée(z, .o 2,0) — &e(Gry oy 2, D) + b — B

j=1
k
- 1 . - -
<h G LfZ|zj—Zj|+§|§g(zl,...,zk,b)—54(217...,zk7b)\+|b—b|
j=1
|£@(Zla"'7zk7b)_55(217"'agk75)|
k ~
< 3. _ — y
<2h f. Lf;% gl+2b =0, where fi. = max, G

Part 2 (Existence of finite second moments E|X;|?> < 00): Assume that E|X, ;| < oo
for j = 1,...,k. We compare X; = &(X¢—_1,...,X¢—k, Be) with the deterministic
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value X := &(0,...,0,0). Using the Lipschitz continuity of the implicit function &
we obtain
k
|X@ — XZO| = |fg(Xg_1, - ,Xg_k, B/) — 52(07 - 70, 0)| <2h ﬂ@,* Lf Z |Xg_j‘ -+ 2‘Bg‘7
=1
) J
IXellz, < 1Xe = XDy + I1X2M e <20 Bew Ly D 1 Xejll + 20 Bell o + X2 £,

Jj=1

It remains to show that || By||z, < oo, which follows from

k
ISPy (Koo teg) Tt
j=1
k k
1/2 it . .
<hy® > Ly X0 jllz, + 11> T (0, )Tt 1| 1, < 00

Jj=1 Jj=1

Part 3 (Stability inequality): We will follow the route of rewriting the k-step recur-
rence equation as a one-step recurrence equation in a higher dimensional space (see
e.g. [2][4, Chap.I11.4][8, Chap.8.2.1]).

For X, and X, being the solutions of (2.1) and (3.5), respectively, let the n-dimensional
vector E; be defined as the difference X;,—X,. We have with Ej, ..., Ej_1 € Ly(Q2,R™)
for ¢ =k,..., N, the recursion

k k k
E, = —Z agj Eo—j+ hy Zﬁz,j Afo; +ZAF€J Tte-ite—i+1 _ D,

j=1 =0 j=1

=:Ag¢f =: Ayt
where -
Afooj = F(Xe—jrte—j) = F(Xe—j te—j)
ATy :=Tpji(Xe—jite—j) = Tej(Xejite—y).
We rearrange this k-step recursion in the space Lo(£2,R™) to a one-step recursion in

Ly (92, RF*™). Together with the trivial identities Ey_1 = Fy_1, ... Ep_p11 = FEo_pi1
we obtain

E, —ognd - —ag il E,i_4 Agt Ayt -D,
Ey_4 I 0 Ey_o 0 0 0
: = oo : + : + : + :
B¢ gy I 0 Eo g 0 0 0
N X ,
=: & =: Ay =:Er—1 =: Ady =: AV, =: Dy

or, in compact form
Eo = Al 1+ AD+AV+Dy, L =k,...,N and &1 =(—Dk_1,—Dy_a,...,—Dp)",

where & € Ly(Q,RF*"), £ =k—1,...,N. The vector _; consists of the perturba-
tions to the initial values. We now trace back the recursion in &, to the initial vector
Er_1. For ¢ =k,..., N we have
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Ep = A1+ AD)+ AV, +D,y
=Ap(Ap—1&—2 + ADy_1 + AV +Dy_1) + A, + AT, + Dy
= ApAp_1Ev—_o + (A‘I’g + .AeA(I)g_l) + (A\I/g + .AZA\I/g_l) + (D( + .A[Dg_l)

14 {—k )4 {—k 14 {—k 4
= (H ;)& 1+Z( [T 4)a0ei+ > (TT A)avei+> (I 4)Des
=k i=0 j=f—i+1 i=0 j=f—i+1 i=0 j=l—i+1
(16 + 3 (TL )80+ 3 (TT4)aw + 3 (T 4)7.
=k i=k j=i+1 i=k j=i+1 i=k j=i+1

A crucial point for the subsequent calculations is to find a scalar product inducing
a matrix norm such that this norm of the matrix product Agy;--- A, for all £ and
1 > 0 is less than or equal to 1 (see e.g. [4, Chap.Ill.4,Lemma 4.4 and Chap.IIL.5,
Theorem 5.5].

In [2] it is shown in detail for constant matrices A; = A, that this is possible if
the eigenvalues of the Frobenius matrix A lie inside the unit circle of the complex
plane and are simple if their modulus is equal to 1. Assumption (A4) implies that
this property holds true for each A;. The eigenvalues of the companion matrix 4
of the constant step-size formula are the roots of the characteristic polynomial p
(3.4) and due to the assumption that Dahlquist’s root condition is satisfied they
have the required property. Then there exists a non-singular matrix C with a block-
structure like A such that ||[C71AC||2 < 1, where || - ||2 denotes the spectral matrix
norm that is induced by the Euclidian vector norm in R¥*™. And, by continuity,
we have [|C7'A;C|2 < 1 which implies that [|C™1A;- - As—;Cll2 < 1 for all £ and
i=k—1,...,0 if ky,..., ke are sufficiently close to 1.

We can thus choose a scalar product for X, € R*¥*™ as

(X, D)= (CTIX,CTIY)2

and then have | - |, as the induced vector norm on R**™ and || - ||, as the induced
matrix norm with || A« Ag—ill« = |[C7 Ap -+ - A—iCl|]2 < 1. We also have

(X, V), =xTcTcty=x"c*y with C*=C""C" = (¢jjIn)ij=1,...k-
Due to the norm equivalence there are constants c¢*, ¢, > 0 such that

X3 <c|X]2 and X2 <elX[Z, VX e RV,

where | X[5 =30, ) plol, | Xle = maxj—y, . |a:]\ for X = («7,... 2T,
For the special vectors X = (z7,0,...,0)” and yf( ,0,...,0)T with &,y € RFxn

and z,y € R", one has (X, V). = ¢i;(z,9)2 = 27y, where ¢}, is given by the
matrix C*.
We now apply |.|2 to estimate || and, later, E|&/|2. We start with

|8e|§§4{(ﬁAj)Ek_1|3+li:(ﬁAj)A¢ili Zé:(ﬁflj)A\I’if—Hzg:( .Aj)Di\f }
j=k i=k j=i+1 i=k j=i+1 i=k j=i+1
1) 2) 3) 1)
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For the term labelled 1) we have |(H§=k Aj)Ek—1]? < |E—1]?, and thus
¢
E| ( H Aj)gk71|2 < E\Sk,lﬁ . (A1)
j=k

For the term labelled 2) we have

0 14 0
|Z(HAJ)A@|2 (6—k+1) Z\(HA)AQ) 2 < NZ|A<I>| 70112|A¢ 2
i=k jJ=i+1 i=k jJ=i+1

‘ IS)
’ﬂ

h22| @Amz haTCleIZﬂjAﬂ—jIQ

i=k ;=0 i=k j=0

¢ k
al
=3 Z |hi Zﬁjﬁfi—j\z

¢ k
<haTc (k+1) ZZW,J Afij*<haTc (k+1) L3 2253] |Ei_;|?
i=k j

i=k j=0
¢ k
=haT cj(k+1) Z{ﬁio‘Ei‘Q + BB + Zﬁz‘%ﬂEi—jP}
—k jf2
k
<haTcj (k+1) L} {550|E£|2 Br—1,0Br—1]?) "‘Z{ i 1O+ﬂi2,1)|Ei*1|2+Zﬂi2,j Ei;}}
i=k j=
¢ k
<haT ey (b+1) LB 1B + Y {8200 1Bl + 3 82, |Bisy?}}
i=k j=1
<haTc, (k+1) L? {,3€0|E[|2+Zcﬁ|51 12}
i=k
-1
<haTcj (h+1) L{e 82 (612 +Co e Y 161},
i=k—1
where Cg = 2 - max;—o,... ki=k,..N Bi; and h- N < a T. Hence,
¢ ¢ -1
E| ( [T A4)a02 <h K Ty (h+1) 13 {8 BIEE +Cs e Y BIES ).
i=k j=i+l i=k—1

(A.2)
We will now treat the term labelled 3). For that purpose we introduce the notation
AV, = ((AT;,;—jIt-iti=i+)T 0, ... 0)T. Using this we can write

) k k
AV, = ((AW)T, 0,..., O)T = (( Z Arj»i—j Itiij’tiijJrl)Tﬂ 0,..., O)T = Z A\Ijj,i—j
j=1 j=1
and

|Z( Aj)A‘I’zﬁ = |z€:(ﬁAj>Xk:A‘1’m—jlf-

i=k j=i+1 i=k j=i+1 Jj=1

Every AW, ;_;is F3,_,,,-measurable and E(AW;;_;|F;, ) = 0. We can now reorder
the last term above such that we have a sum of terms where each term contains all
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multiple Wiener integrals over just one subinterval. The expectation of products of
terms from different subintervals vanishes, hence we obtain

]E|zg:(ﬁAj>A\I/if - E|Z(HA)ZMJ“ i

i=k j=i+1 i=k j=i+1
4
~5(1] 4)
j=k+2
#(T1 4)aws (11 4)
j=k+2 j=k+1

4 E‘AZ_Qk—HA\I/k,k_l =+ AZ_2]€+2A\I/]€_17]€_1 .+ AZ_kA‘I/l,k—lﬁ

+E[APAT, o + APAT o+ AFTIAT 2

0
IE|( Aj)A‘I’z,e—z + (HA]'>A‘I/1,4—2|§
j=t+1 j=¢
+E|< A7) A2
j=0+1
£ k l k
k ZE|A\IIJ,Z*J|2 =k CTI ZZE|AF]7%7J ]ti*j’ti”*l 2
i=k j=1 i=k j=1
¢ k
> EJ|AT i |2 Bt 2
i=k j=1
14 k L
<hkc L} D D E|E_ ;7 < hkefy L ¢ ) &2
i=k j=1 1=k

Thus, for the term labelled 3), we obtain

4 4 -1
S ( I1 Aj)mi\i <hke, Lie Y IER (A.3)

i=k j=i+1 i=k—1

We will, for a shorter notation, deal with the term labelled 4), i. e. the perturbations
D, in D;, after obtaining an intermediate result. Using (A.1), (A.2) and (A.3) and
setting Lo :=a Lff (k+1)c;; Ter 33 and L= Lfc (k+1) ey T e + L&k ciy c,
we have now arrived at

-1
E|&,[? <4{E|Sk PHhLEEP+hL Y EIE |2+E|ZA‘ iD; |*}, 0=k, .. N.
i=k—1 i=k

If necessary we choose a bound h° on the step-size such that 4-h-Lg < % holds for all
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h < hY and conclude that

-1 14 £
Elel? < 8{Ele2+h L Y EBlEL+EY (] 4)Dil2)
J

i=k—1 i=k j=i+1

L L -1
:8E|€k_1|f+8E|Z<HAj>Di|f+8hL 3 EES

i=k j=i+1l i=k—1
L L

§8]E|€k,1|f+8E|Z(HAJ->DZ-|2+8L— Z E|&|2.
i=k j=it+1 i=k—1

We now apply Gronwalls Lemma with a; :=0, £ =1,...,k —2 and ay := E|&|?, { =
k—1,..., N, and obtain the intermediate result

¢ ¢
2 & 2 2 G .
s EIE[? < S{E|5k_1|* +EY (H Aj)pi\*}, § = 8exp(8LaT) . (A.4)
i=k j=i+1

It remains to deal with the term labelled 4), i. e. the perturbations D; in D;. We
decompose D;, and, analogously, D; into

E

Di=Ri+8=Ri+> Sjijn, Di=R;+8; = R+ZSJ”+1,

Jj=1 Jj=1
where Sj;_jy1 is Fy,_,,,-measurable with E(S;;_j1|F,_ ;) = 0 for i = k,...,N
and j = 1,...,]{}. Then ]E<Ae18jl,i1,./4528j27i2>* = 0 for iy 7é 12, and by similar

computations as above we obtain

By ( I A;)Dif? = E| S ( I A7) (R + fjsj,i-j+1>|i

i=k Jj=it1 i=k j=it+1
4 4 4 4 k
<2E| Y ([T A)Ril2+2 E|Z(HAJ)ZSN jl?
i=k j=i+1 i=k j=i+1
0 P4 k
§2(€—k+1 (HA)R|2+21<: ZZm(H §)Siicsal?
Jj=i+1 i=k j=1 J
V4
<2 (TTZ i|§+kZZE|Sj,i—j+l|3)
i=k i=k j=1
14 aT k
= Z (7 E|R |2 + kZEl‘S‘j,i*jJrlE)'
i=k j=1

Inserting this into the intermediate result (A.4) we obtain

.....

7j=1

and thus  max [E|F|?
t=k—1,...,N

k

. a?T? kaT
< *S{* E|E,% + 2 c* ( E|R,|? + 22 S0 2)}
< c"Sqen,_max  E|E[*+2cf) max |Rel* + Z 1Sj,0—j41]
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Taking the square root yields the final estimate

kk{lﬁéﬁ_’NllE@HLg

k
P al kaT
< Vesy Ve max (B, +2ehy | max | SelReln, + | E 1H5j75*j+1“%2
p

k
IRl | Vo 18502,
N h vh ’

<SS max || E¢||L, + ma
€=0,....k—1 =k, ...

which completes the proof. 0
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