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Abstract

We consider an optimal control problem described by a second order elliptic boundary value problem,
jointly nonlinear in the state and control, with control and state constraints, where the state constraints
and cost functionals involve also the state gradient. Since this problem may have no classical solutions,
it is also formulated in the relaxed form. The classical problem is discretized by using a finite element
method for state approximation, while the controls are approximated by elementwise constant, or
linear, or multilinear, controls. Various necessary conditions for optimality are given for the classical
and the relaxed problem, in the continuous and the discrete case. We then study the behavior in the
limit of discrete optimality, and of discrete extremality and admissibility. Next, we apply a penalized
gradient projection method to each discrete problem, and also a progressively refining version of this
method to the continuous classical problem. We prove that accumulation points of sequences generated
by the first method are extremal for the discrete problem, and that strong classical (resp. relaxed)
accumulation points of sequences of discrete controls generated by the second method are admissible
and weakly extremal classical (resp. relaxed) for the continuous classical (resp. relaxed) problem.
Finally, numerical examples are given.

Keywords. Optimal control, nonlinear elliptic systems, state constraints, discretization, finite elements,
discrete penalized gradient projection method, progressive refining.

1 Introduction

We consider an optimal control problem described by a second order elliptic
boundary value problem, which is jointly nonlinear in the state and control, with
control and state constraints, where the state constraints and cost functionals involve
also the gradient of the state. The problem is discretized by using a Galerkin finite
element method with continuous elementwise linear basis functions for state
approximation, while the controls are approximated by (not necessarily continuous)
elementwise constant, or linear, or multilinear, controls. Various necessary conditions
for optimality are given for the classical and the relaxed problem, in the continuous
and the discrete case. Under appropriate assumptions, we prove that strong

accumulation points in L* of sequences of optimal (resp. admissible and extremal)
discrete controls are optimal (resp. admissible and weakly extremal classical) for the
continuous classical problem, and that relaxed accumulation points of sequences of
optimal (resp. admissible and extremal) discrete controls are optimal (resp. admissible
and weakly extremal relaxed) for the continuous relaxed problem. We then apply a
penalized gradient projection method to each discrete problem, and also a
corresponding discrete method to the continuous classical problem, which
progressively refines the discretization during the iterations, thus reducing computing
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time and memory. We prove that accumulation points of sequences generated by the
first method are extremal for the discrete problem, and that strong classical (resp.
relaxed) accumulation points of sequences of discrete controls generated by the
second method are admissible and weakly extremal classical (resp. relaxed) for the
continuous classical (resp. relaxed) problem. Finally, numerical examples are given.
For approximation and optimization methods applied to distributed optimal control
problems, see e.g. [2], [5,6], [8-12], [16-18], and the references therein.

2. The continuous optimal control problems

Let Q be a bounded domain in R", with Lipschitz boundary I'. Consider the
nonlinear elliptic state equation
2.1)  Ay+ f(Xy(X),w(x))=0 in Q,
22) yx)=0 onT,
where A is the formal second order elliptic differential operator
d d
(23)  Ay=-) > (8/0%)[a;(X)dy/ox;]
i=1 i=l
The constraints on the control are W(X) eU in Q, where U is a compact subset of
R", the state constraints are

24) G, (w:= _[Q 0,,(X, Y(X), VY(X),Ww(X))dx=0, m=1,...,p,
(2.5) Gm(w)::Iggm(x,y(x),Vy(x),w(x))dxso, m=p+1,...,q,

and the cost functional is

(2:6)  Gy(W):= [ | 9y (% Y(X), VY(X), W())dx

The state equation will be interpreted in the following weak form

(2.7) yeV, and a(y,v)+ jg b(X, Y(X), W(X))V(X)dX = jg f (X, WO))V(X)AX, YV eV,
where a(-,-) is the usual bilinear form associated with A and defined on V xV

d
oy ov
2.8) a(y,v)= L (X)——dX.
(2.8)  a(y,v) %Lm)%&j
Defining the set of classical controls

29) W={w:x— W(X)| W measurable from Q to U} c L*(Q) c L(Q),

the continuous classical optimal control problem P is to minimize G, subject to
weW and to the above state constraints.

It is well known that such nonconvex optimal control problems may have no
classical solutions, but reformulated in the so-called relaxed form, they have a
solution in an extended space under weak assumptions. Next, we define the set of
relaxed controls (or Young measures; for the relevant theory, see [19], [15])

(2.10) R={r:Q—>M,U )| r weakly measurable} — L2 (Q,M (U)) = L' (Q,CU))*,

where M (U) (resp. M,(U)) is the set of Radon (resp. probability) measures on U .
The set R is endowed with the relative weak star topology, and R is convex,
metrizable and compact. If each classical control W(-) is identified with its associated

Dirac relaxed control r(-):=9,,,, then W may also be considered as a subset of R,

()



and W is thus dense in R. For a given ¢el'(Q;CU))=L(Q;CU)) (or
¢ € B(Q,U;R), where B(Q,U;R) is the set of Caratheodory functions in the sense of
Warga [19]) and r € L,(Q2,M (U)) (in particular, for r € R), we shall use the notation
2.11) p(X,r(X) = IU g(x, u)r (x)(du),

and @(X,r(x)) is thus linear (under convex combinations, for reR) in r. A
sequence (I,) convergesto I e R in R iff

(2.12) lim [ gO6r,(0)dx= [ d(x,r (),
for every ¢ € L'(Q;C(U)), or ¢ € B(Q,U;R), or ¢ C(QAxU).

We denote by || the Euclidean norm in R", by || . ||w the norm in L”(Q,R"),
by (-,-) and |||| the inner product and norm in L*(Q;R"), and by (-,-), and || |1 the

inner product and norm in the Sobolev space V = H;(Q). We can now formulate the

relaxed problem as follows. The relaxed state equation (in weak form) is given by
(2.13) yeV and a(y,v)+ J.Q f (X Y(X),r(x)v(x)dx=0, VveV,

the control constraint is r € R, and the relaxed functionals are

(2.14) G, (r)= IQ 9,,(X, Y(X), Vy(X),r(x))dx, m=0,...q.

The continuous relaxed optimal control Problem P is to minimize G,(r) subject to

the constraints
(2.15) reR, G, (r)=0, m=1,..,p, G, (r)<0, m=p+1L..,0q
In the sequel, we shall make some of the following assumptions.

Assumptions 2.1 The coefficients a; satisfy the ellipticity condition

d d
2.16) > a(0zz,>0,).%, Vz,z R, xeQ,
i=1

e
with a; >0, g; € L*(€2), which implies that
217 |a(y.v)|<a |y v

for some ¢, 20, a, > 0.
Assumptions 2.2 The functions f and f, are defined on QxRxU , measurable for

2
1°

soavv 2oV, vyvev,

fixed y,u, continuous for fixed X, and satisfy

(2.18) |F(x,0,u)[<¢y(x), V(Xu)eQxU,

where ¢, € L°(QQ), with s>2, s>n/2 (e.g. s=2, for n=1,2,3), and
(2.19) 0< f (X y,u)<g()m(y). V(X y,u)e QxRxU,

where 7, is an increasing function from [0,+o0) to [0,+), ¢ €L*(QQ) if the

functionals G, depend on Vy, and ¢, € L’(Q) otherwise.

Assumptions 2.3 The functions g,, are defined on QxR*"' xU, measurable for fixed
y,y',u, continuous for fixed X, and satisfy

(2.20) |9,(% Y, Y W) < Won(X)+ By Y
V(X Y,y u)e QxR xU with [y|<C",

2
s




where C'>C, v, e L'(Q), B,,>0.
Assumptions 2.4 The functions g,,,d,, ., are defined on QxR xU"', where U

is an open set containing the compact set U, measurable on Q for fixed

(y,y,u)e R*' xU", continuous on R*"'xU" for fixed xe Q, and Oiry> Oy Satisty
2(p-1)

(221) | 6 Y, YW 00+ By ]

(222) Gy (X% Y5 YL U)| S Yo () + B |Y!

(2.23) G (% ¥, YL U)| 93 (X) + By Y
V(X Y,y u)e QxR xU", with|y|<C",

b

9

where C'<C, y,. e '(Q), B,20, pe[l,0) if n=1or2, p<o:=

m =

2N itnss.
2

The following theorem follows directly form Theorem 3.1 in [3].

Theorem 2.1 Under Assumptions 2.1-2, for every relaxed control r € R, the state
equation has a unique solution y:=y, eV NC*(Q), for some a < (0,1). Moreover,

there exists constants C,C such that

2.24) |y, |,*|¥ . <C. |v]l. <C. forevery r eR.

ce

The following proposition is a simple generalization of Proposition 2.1 in [7],
and will be useful in the sequel. It can be proved by using the (possible) convergence

r* —r, the fact that a converging sequence in L° is dominated (in norm a.e. in Q,

and up to a subsequence) by a fixed function in L°, Holder’s inequality, Egorov’s
theorem, and Lebesgue’s dominated convergence theorem.

Proposition 2.1 For i =1,...,K, K>0, let § €[l,+x], o, €[0,5] if § <+, 0, :=0
1

: L1 Go
if § =+o0, with —+Z—S1,
-1 S

Qx(RM)* xU , measurable for every y,u fixed, continuous for every X fixed, and
satisfying

K

(225) [F(xy,w|<@00+ Y[ & (v
i=1

for every (X, y,u) € Qx(R") xU , with ||y, |<C, if § =+,

where  yi=(Y,..Yc), @el(Q), Yel™Q), &(y=|y|" if s<+=e,
fi(”yi”) =1 if §=+00. If (y) converges to Y, in L% (Q;R") strongly, i=1,..,K,

=0 if §=+00. Let F be a function defined on

with ”y,k” <C, (for k sufficiently large) if § =+, and (r*) converges to r in R,
then
(2.26) lim | FO6Y(0,r (0)dx= | F(x y(x), 1 (x)clx.

Theorem 2.2 Under Assumptions 2.1-3, the operator r Yy, (resp. W Y, ), from
R (resp. W with the relative topology of L*(Q;RR"), hence of L”(Q;R")) to V, and



to C,(Q), and the functionals r — G_(r) on R (resp. Wi G, (W) on W with the

same topologies) are continuous. If the relaxed problem has an admissible control (i.e.
satistying all the constraints), then it has a solution.
Proof. Let (w,) be a sequence that converges to w in W, with the relative topology

of L’(Q,R"). Since the corresponding sequence of states (Y, ) is bounded in V and
in CZ(Q), for some a € (0,1), and since the injection of CY(Q) into C,(Q) is
compact, there exists a subsequence (same notation) converging to some Yy in V
weakly and in C,(Q) strongly. Let any VeV be given. By the state equation
(2.27) a(y,,Vv) +L2 (X, Y (X), W (X))vdx = 0.
By the mean value theorem and since 7, is increasing, we have, for every y with
|y| < C (C defined in Theorem 2.1), and for some u(X) €[0,1]
(2.28) | (% y,uV| <|f(x,0,u)v|+| (X, y,u)v— f(x,0,u)V|

=[x, 0,u)v|+| , (% OO Y, W W] <[, (0] +[ (0] V]2, |0 YD V]

<|¢, 09| +[¢ ()M (C)C

Since ¢, el®, g el® or L”, veVcl’, and y, >y in L, we can apply

Proposition 2.1 to pass to the limit in the state equation for y, and find that y=y,,.
Next, we have

2
(229) a,|y"-y| <ay"-y.y"-y)

=—(f(y", W), y)-aly,y)-ay"-v.,y) >0,
since y, >y in V weakly and (f(y",w"),y")— (f(y,w),y) by Proposition 2.1,

which shows that y" — y in V strongly. The convergence of the original sequence
follows from the uniqueness of the limit. The continuity of the functionals G,, follows
then from Proposition 2.1. The proofs for r =y, and G, :R— R are similar. The

existence of an optimal relaxed control follows from the compactness of R and the
continuity of the functionals G,, (the set of admissible controls is a closed subset of

R).

Note that the classical problem may have no classical solution, and since
W c R, we generally have
(2.30) cg:= min Gy(r) < inf G,(w)=¢,,

constraints on constraints on W

where the equality holds, in particular, if there are no state constraints, as W is dense
in R. Since usually approximation methods slightly violate the state constraints,
approximating an optimal relaxed control by a relaxed or a classical control, hence the
possibly lower relaxed optimal cost C,, is not a drawback in practice (see [19], p.

259).

Lemma 2.1 Under Assumptions 2.1-4, dropping the index m in g,,G,, for
r,r'eR, the functional G, defined on R (resp. W, with U convex) is |-

differentiable at r (resp. w) for every integer |, i.e. for every | and any choice of |
controls I € R (resp. w eW), i =1,...,] , we have



(2.31) G(r +Z|:gi(ri -1)-G(r)= le DG(r,r, —r1)eg +0(Z|:|gi ),

(resp. G(w+ ZI:E‘ (W —=w))-G(w) = i DG(W, W —W)g; + O(ZI:|5i |) ),

with DG(r, 1 —r):= jﬂ H(X,y,VY,z I (X)—r(x))dXx,
(resp. DG(wW,w —w) = _[Q H, (X, Y, VY, Z,W)(W (X) —W(X))dX ),
where the Hamiltonian is defined by
(2.32) HX Yy, Y, zZu)=-zf(y,x,u)+9(Xx,y,y"u),
and the adjoint state z:=z €V satisfies the linear adjoint equation
(2.33) a(v,2)+(f,(¥,1)ZV) = (9,(Y, VY, 1), V) +(9, (¥, VY, 1), VV),
(resp. a(v,2)+(f,(y,W)zV)=(g,(y,Vy,W),V) +(9,.(V,Vy,W),VV) ),
vveV, with y=Y, (resp. y=Y,,).
In particular, the directional derivative of the functional G defined on R (resp. W,

with U convex) is given by

(2.34) DG(r.F—r)= lim 20+ =) =G

a—0" o

- Lz H (X, y(X), VY(X), 2(X), T '(X) 1 (X)) dX,
(resp. DG(r,W—w) = lim S0 FW=W) =G(W)

a—0" o

= IQ H., (X, Y(X), VY(X), Z(X), W(X)(W(X) — W(X))dX ).
Moreover, the operator I — z., from R to V (resp. W z,,, from W to V), and the
functional (r,7)+— DG(r,T —r), on RxR (resp. (W, W) — DG(r,w—w), on WxW),
are continuous.
Proof. We shall prove the | -differentiability for classical controls only; we could also

prove the Fréchet differentiability in this case, but the proof will be thus similar to the
proof for relaxed ones. We first remark that, by our assumptions and since the

injection V c L” is continuous, the functional
(2.35) vi=>(9,(Y,VY,W),v)+(g,.(Y, VY, W), VV)
belongs to the dual V* of V, and f (y,w)e L’(Q), 2<s<o, f (y,w)>0. Hence

the linear adjoint equation has a unique solution zeV , for every weW , by the Lax-
Milgram theorem (if S=o0 ), or by Lemma 3.2 in [3] (if S<o,no y' in g). Now let

|
weW,weW, & e(0,1),i=1..1, e=(g,..,&), with |g| :=Z|gi|S1, and set
i=1

|
(2'36) Wg ::W+ZSI(VVI_W)’ é‘VVI ::VVI_WB y.: yW’ yg = yWé.’ 55y:: yg_y

i=1
From the state equation, we have
(2.37) a3y, v)+(fy,,w,)—f(y,w),v)
= a(5y57v)+(f(ygﬂwg)_ f(yan)aV)+(f(yan)_ f(yaW)aV)ZO-



Using the mean value theorem, we see that Jy, satisfies the linear equation

|

(2.38) a(Sy,,V)+(f (y+udy,)dY,. V) == (& f,(Y, W+ udW,)6W,v), VveV,
i=1

where the functions

_ |
(2.39) a=f,(y+wusy,) (withaz0), f:= —Zgi f,(Y, W+ uowW,)ow ,
i=1

belong to L”(Q) (or L’) and L*(Q), respectively, by our assumptions. It then follows
from Lemma 3.2 in [3] that
(2.40) ||o,yl|, + |5V, < c|| f_”Ls <c'lel.
Now, by our assumptions, the functional on the open subset Y x L*(Q,R?)xW' of
L (Q)x L2 (Q,R%)x L (Q,RY)
(2.41) O(y,y,\w):= IQ g(x,y, y',wydx,
where
(242) Y= {¢ € L°°(Q)| l8]. < c'} , W'= {w el"(Q)|y:Q->U }
has the Fréchet derivative defined by
(2.43) @D'(X Y, Y, W)(JY,dY',0W)
= J.Q[gy(xa ya y'5 W)5y+ gy'(xa ya y'a W)5y'+ gu(xa ya yva W)5W]dx .

This can be shown under our assumptions by using the mean value theorem in max-
form, the Cauchy-Schwartz inequality, and Proposition 2.1. Using then the above
estimate on J,Y, we have

(2.44) o

L HIVEY

+

é‘é‘y )5

|
25i5Wi
i=1

)=0(e

hence
(2.45) G(w,)—-G(wW)=[_g,(y,Vy, W), ydx+ [ 9,.(y,Vy, W)V, ydx

|
+Ze [ 9.0y, Vy, wyswdx+o(le])
Similarly, the state equation, for v:= z, yields by linearization
|
(2.46) a8,y 2)+(f,(Y,W)8,y,2)+ D & (f,(y, W)W, 2) +0(|s]) = 0.
i=l

On the other hand, the adjoint equation, for v:i=0Y, , yields

(2.47) a(s,y,2)+(f,(y,w)z,6,y) =(9,(Y,W),5,Y) +(9,(Y,W),V3,y).

Gathering the above results, we obtain
|

(2.48) G(w,)-G(w) = é‘iJ-Q[—qu(yaW)Jr 9. (¥, VY, w)low dx+o(|¢))

= Zgi IQ H,, (X, Y(X), VY(X), Z(X), W(X))ow dx + o(|&]).

Finally, the continuity of the operator Wi z, is proved by using the continuity of

Wk Y, , from W to L”, the compact injection V < L?, and Proposition 2.1. The
continuity of the functional (w,W)r—> DG(r,w—-w) follows from the above
continuities. The continuity proofs for relaxed controls are similar.



The following theorem states various continuous necessary conditions for
optimality.

Theorem 2.3 Under Assumptions 2.1-4, if r e R (resp. weW, with U convex) is
optimal for Problem P or P (resp. Problem P), then r (resp. w) is strongly
extremal relaxed (resp. weakly extremal classical), i.e. there exist multipliers 4, e R,

m=0,...,q, with
q

(249) 4,>0, 4,20, m=p+1,..,q, 2|/1m|=1,
m=0

such that

q
(2.50) > 2,DG,(r,F-r)>0, VFeR,
m=0

(2.51) 4,G,(r)=0, m=p+1,..,q (relaxed transversality conditions).
(resp.

q
(2.52) > 2,DG (W, W-w)>0, VWeW,

m=0
(2.53) 4,G,(w)=0, m=p+1,.,q (classical transversality conditions) ).
The global condition (2.50) is equivalent to the strong relaxed pointwise minimum
principle
(2.54) H(X y(X), VY(X), Z(X), 1 (X)) = min H (X, y(X), Vy(X), 2(X), 1), a.e.in €,

where the complete Hamiltonian and adjoint H,z are defined with g replaced by

q
Z/lmgm. If U is convex, then this principle implies the weak relaxed pointwise

m=0
minimum principle
(2.53) H,(%y.Zr()r(x) =min H, (X, y, Zr (x))¢(x.r(x), a.c.in Q

where the minimum is taken over the set B(Q,U;U) of Caratheodory functions (see
[18]), which in turn implies the global weak relaxed condition
(2.56) '[Q H,(X, Y, Z,r(X)[¢(Xr(x))—r(x)]Jdx=>0, V¢eB(Q,U;U).
A control r satisfying this condition and the above transversality conditions is called
weakly extremal relaxed. The global condition (2.52) is equivalent to the weak
classical pointwise minimum principle
(2.57) H, (% y(X), VY(X), Z(X), W)W(X) = min H, (X, Y(X), VY(X), Z(X), MX)),

a.e.in Q.
Proof. The functionals G,, m=0,...,q, defined on R (resp. W) are continuous
(Theorem 2.1) and, by Lemma 2.2, (p+1)-differentiable (cost and p equality state
constraints) at r (resp. W). The global condition (1) (resp. (ii1)) and the transversality
conditions (ii) (resp. (iv)) follow then from the general multiplier theorem V.2.3 (resp.
V.3.2) in [19] (G,, depends here on the control only, since Yy, or Y, is unique for

every I or W). The equivalence of the global and pointwise conditions is standard, in
both cases (see e.g. [19]) since U is closed (it has a dense denumerable subset). Now,
the strong relaxed pointwise minimum principle can be written, for a.a. XeQ, X

fixed



(2.58) [ H(Ur(dw<H(), vueU.

Let ¢ € B(Q,U;U) be any Caratheodory function. Since U is convex here, we have
(2.59) _[U Hur(du)<Hu+e&(¢(u)—u)), YueU, Vee[0,1],

hence

(2.60) [ H(Wr(du) < [ H(u+s(gu)-uw)r(du).

By the Mean Value Theorem and the uniform continuity of H in u

(2.61) OSI H(u+g(¢(u)—u))—H(u)r(du)
u &

= [ Hu(u+ au(u)(@(w) - up(@(u) - ur(du) (0< p(u)<1)
= |, HoW(@(w - wr(du) + a(s),

where a(g) > 0 as € > 0, hence

(2.62) .[U H, (U)(¢(u) —wr(du) = H',(r)(¢(r)—1) 20,

for every ¢ € B(Q,U;U), a.e. in Q, which is the weak relaxed minimum principle.

By integration, we get the global weak relaxed condition
(2.63) _[Q H,(r(g(r)—r)ydxdt>0, V¢eB(Q,U;U).

Remark. In the absence of equality state constraints, it can be shown that if the
optimal control w is regular, i.e. there exists W'e W such that
(2.64) G, (w)+DG,,(w,w'-w)<0, m=p+l,..q,

(Sater condition), then A, # 0 for any multipliers as in Theorem 2.3.

3 Discretizations and behavior in the limit

We suppose in Sections 3 and 4 that Q is a polyhedron (for simplicity). For each
integer N>0, let {Ei”}iN:: be an admissible regular partition of Q into elements (e.g.
d -simplices), with h"=max,[diam(E")] >0 as n—ow. Let V"<V be the
subspace of functions that are continuous on Q and linear (or multilinear) on each
element E". The set of discrete controls W" cW is defined as the subset of (not
necessarily continuous) controls W' that are (optionally) constant, or linear, or
multilinear, on each element E", and (optionally) such that ”VW””Oo <L, with L

independent of n (this reduces to a finite number of linear constraints on the
coefficients defining W"). We endow W" with the Euclidean topology.

Remark. If Q has an appropriately piecewise C' boundary I', one can approximate
' by a polyhedral one I'", with domain Q", up to o(h"); the results of this section

still hold in this case, with slight modifications in the definitions of V",W" and in the

proof of Lemma 3.2 (interpolation inside Q" and zero values on T'").

The following assumptions are stronger than Assumptions 2.2-4.



Assumptions 3.1 The functions f,f ,f, (resp 0,,0,,9m 09y ) are defined on

QxRxU" (resp. on QxR xU"), with U'>U open, measurable for fixed y,u
(resp. Y, Y',u), continuous for fixed X, and satisfy

G [fooyuw|<c+y .

3.2) 0<f,(xy,u<cd+[y ),

3.3) [f.ocyu|<ca+]y),
V(X Y, u)e QxRxU",

(G4 gk Yy w|<cd+|y +|y'2),
20p-1)

(33) |96y W <c [y +]y| # ),

(3.6 [gn (6 Y.yL0)|<C A+ ]y +]y],
)

B
G |G Y YL W < (1+]y]2 +]y!
V(X Y, Yy, u)e QxR™ xU ",

where ¢ 20, pe[l,o) if n=1or2, p<o:=

2n2 if n>3. Note that each of the

above inequalities is also satisfied if it holds for some G >0 and p €[], p).

For a given discrete control W' eW", the discrete state y":=Yy" eV" is the

solution of the discrete state equation

(3.8) a(y",vH+(f(y",w",v")=0, Wvv'eV".

The following theorem can be proved by using the techniques in [13] (via Brouwer’s
fixed point theorem), under our coercivity, monotonicity and continuity assumptions.

Theorem 3.1 Under Assumptions 2.1 and 3.1 (on f, f ), for every control W" eW",

the discrete state equation has a unique solution y" eV".

The discrete state equation, which is a nonlinear system, can be solved by
iterative methods. The discrete functionals, defined on W", are given by
(3.9 Grr") =] gn(y",Vy" . W)dx, m=0,...q

The discrete control constraint is W' e W" and the discrete state constraints are either
of the two following ones

(3.10) Case (a) [GR(W")|<zp, m=1,...p,

(3.11) Case(b) G,(W')=¢., m=1,...,p,

and

(3.12) Gi(wh<en, er >0, m=p+1,..,0,

where the feasibility perturbations ¢, are chosen numbers converging to zero, to be
defined later. The discrete relaxed optimal control Problem P! (resp. R') is to

10



minimize G (W") subject to W' eW" and the above state constraints, Case (a) (resp.

Case (b)).
The proof of the following theorem parallels that of Theorem 2.1, noting that
all norms are equivalent in the finite dimensional space V".

Theorem 3.2 Under Assumptions 2.1 and 3.1 (on f, f ), the operator W' - y", from
W" to V", are continuous. Under assumptions 2.1 and 3.1 (on f, fy, g,), the
functionals w" — GJ(W"), on W", are continuous, and for every n, if Problem P,

or R, is feasible, then it has a solution.

The proofs of the following lemma and theorem also parallel the continuous
case.

Lemma 3.1 Under Assumptions 2.1 and 3.1, dropping m in the functionals, G" is | -
differentiable for every |, and its directional derivative is given for w",W" e W" by

(3.13) DG"(W., W —w") =] H,(6y", Vy", 2", W)W —w")dx

where the discrete adjoint state z":=z"w €V" satisfies the linear discrete adjoint

equation

(3.14) a(Z" V") +(Z"f,(y", w"),v") = (g, (y", Vy",w"),v") + (g, (Y", Vy", W), V"),
vW'eV", where y"i=Yy"w.

Moreover, the operator W' z", from W" to V", and the functional

W', W") = DG" (W', W' —w"), on W"xW", are continuous.

Theorem 3.3 Under Assumptions 2.1 and 3.1, if W' e W" is optimal for Problem R,
then W' is weakly discrete extremal classical (or discrete extremal), i.e. there exist
Z

q
multipliers An R, m=0,..,q, with 47>0, A7>0, m=p+1L..,q, > |[A/=1,
m=0

such that

q

(3.15) ZAQDG;(V\/’,W“—V\P):IQH”(y“,Vy”,z”,W—V\/’)dxzo, YW eW",
m=0

(3.16) ANG, (W)—&")=0, m=p+1,..,q,

q
where H" and Z" are defined with g replaced by Zﬂ;gm. The global condition

m=0

(3.17) is equivalent to the strong discrete classical el ementwise minimum principle
(3.18) Ln HS(y”,Vy“,z“,W“)V\/“dx=miUnJ.En HM(y", vy", 2", whudx, i=1,..,N".

Let W" be the set of elementwise constant discrete controls. Clearly,

W" cW?" in all cases. The following control approximation result (i) (resp. (ii)) is
proved similarly to the corresponding result in [8] (resp. [13]).

Proposition 3.2 (i) For every r € R, there exists a sequence (W' eW") of discrete
classical controls, considered as relaxed ones, that converges to r in R.

11



(ii) For every weW , there exists a sequence (W' € W") of discrete classical controls,

considered as relaxed ones, that converges to W in L* strongly.
The following key lemma gives consistency results.

Lemma 3.2 We suppose that Assumptions 2.1 and 3.1 are satisfied and drop m in the
functionals.
(i) If the sequence (W'eW") converges to reR in R (resp. to weW in L’

strongly), then y"—vy (resp. y" —>VY,) in V strongly, G"(W")— G(r) (resp.
G"W")—>G(w)), and 2" >z (resp. 2" —>z,) in L’(Q) strongly (and in V
strongly, if the functionals do not depend on Vy).

(ii) If the sequences (W' eW") and (W' eW") converge to w and W, respectively,
in W, then

(3.19) DG (W', —W") —> DG(W, W—W).

Proof. (i) Suppose that W' — r in R. From the discrete state equation, we have
(3.20) a(y", y")+(f(y",w')—=(f(0,w"),y"=0) =—(f(0,w"),y"),

and since f is increasing in y
2 n n
32D a |y <aty".y")<|(fO.w),y" y|<cly

which shows that the sequence (y") is bounded in V . By Alaoglu’s theorem, there
exists a subsequence (same notation) that converges weakly in V to some yeV, and

n

<cC

2

<[ f@0.wh

S 1

since the injection of V in L”(Q) is compact (see Ref. 20), we can suppose that
y" >y in L”(Q) strongly. For any given ve C,(Q), let (V" €V") be the sequence
of interpolates of v at the vertices of the partition of Q. This sequence converges to
v in C)(Q) (hence in V) strongly. We have

(3.22) a(y",vH)+(f(y",w",v")=0.

Since W'—r in R and y"—> vy in V strongly, hence in L7(Q) strongly, by
Proposition 2.1 and our assumptions, we can pass to the limit in this equation and find
(3.23) a(y,V)+(F(y,),V) =0,

which holds also for every veV c L®, as C}(Q) is dense in V. Therefore y=y, .

The convergence in L”(Q) strongly of the initial sequence follows then from the
uniqueness of the limit. Next, we have

(3249 o,y -y <ay"-y.y" -y = (- F(y W)y -a(y.y) -ay" - ¥.y).

By Proposition 2.1 and the above convergences of (y"), the last expression converges

to zero; hence y" —y in V strongly. The convergence G"(W")— G(r) follows

from the above convergences and the same proposition. From the adjoint equation, we
have

(3.25) a,
<[(g,(y".vy", 2".1"), 2"

2(p-1

)

n

C<a(Z, ) +(f,(y. "2, 2)

(9,(y",Vy",z",r",vz"

z

+

_ »
<(c,(1+ pl+|Vy” z" 2+|Vyn z"

)s

y" )

)+ (G (1+

yn
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2(p-1) P

y" r )" +c'5(1+|yn 2 +||Vy” )
which shows that (z") is bounded in V . The continuity of r = z from R to L*(Q)
is then shown similarly to that of r > Y, , using also that continuity and Proposition
2.1. If the functionals do not depend on VY, then the continuity r — z from R to V

Z"| <c||Z"

z

30'4(1+| . +||Vy” :

LP

L2 1 1

is proved similarly to the continuity of r =y, from R to V. The above proofs are

similar if W' — w in L* strongly.
(i1) The convergence here follows from (i) and Proposition 2.1.

Remark. Suppose that W' — w in L strongly and that Assumptions 2.1, 2.2 (instead
of 3.1) are satisfied. Under the strong assumptions of [4], it can be shown that

Y'n =Y, uniformly as n—co, for m fixed. On the other hand, y , — Y, also
uniformly by Theorem 2.2. Therefore, under all these assumptions, y', — VY,

uniformly as n—oo. Similar remarks hold for the convergence of the functionals,
adjoints and functional derivatives.

We suppose in the sequel that the considered continuous Problem P or P is
feasible. The following (theoretical, in the presence of state constraints) theorem
addresses the behavior in the limit of optimal discrete controls.

Theorem 3.4 In the presence of state constraints, we suppose that the sequences (&)
in the discrete state constraints (Case (a)) converge to zero as N — o« and satisfy
(326) [GpW")|<en, m=1...p, GMW)<e&n, 20, m=p+l..q,

for every n, where (W'eW"c R) is a sequence converging in R (resp in L
strongly) to an optimal control ¥ € R (resp. WeW ) of Problem P (resp. P), which
always exists (resp. if it exists). For each n, let W" be optimal for Problem P,'. Then
every strong relaxed (resp. classical) accumulation point of (W"), which always exists

(resp. if it exists), is optimal for Problem P (resp. P).
Proof. Note that our assumption implies that the discrete problems are feasible for

every n. Let (W") be a subsequence (same notation) that converges to some r € R

(resp. weW). Since W" is optimal, hence admissible, and W" is admissible, for
Problem P, we have

(327) GI(W)<G(W), |GhwW)|<en, m=1..p. GhW)<ep, m=p+l.q

Passing to the limit and using Lemma 3.2, we obtain that r (resp. W) is optimal for

Problem P (resp. P). If there are no state constraints, by taking a sequence
converging to some optimal control, we also obtain that the limit control is optimal.

Next, we study the behavior in the limit of extremal discrete controls.
Consider the discrete problems R'. We shall construct sequences of perturbations

(&n) that converge to zero and such that the discrete problem is feasible for every n.

Let W' be any solution of the following auxiliary minimization problem without state
constraints

13



(3.28) c":= ﬁ%{;[GQ(W)]z + D [max(0,G(w")I*},

m=p+1
and set
(3.29) & =G'(W"), m=1,.,p, & =max(0,G (W), m=p+1..,0
Let Ve R (resp. VeW) be an admissible control for Problem P (resp. P), and
(W' eW") a sequence converging to ¥V in R (resp. in L* strongly), by Proposition
3.1. We then have
(3.30) %EE[G;(W)]Z =[G, (W] =0, m=1,.,p,

(3.31) Lini[max(O,G;(\Tv” N =[max(0,G_(V))’=0, m=p+1,..,0q,

n
m

which imply a fortiori that c" — 0, hence &" — 0, m=1,...,q. Then clearly Problem

R’ is feasible for every n, for these &;. We suppose in the sequel that the
perturbations &, are chosen as in the above minimum feasibility procedure. Note that
in practice we usually have ¢" =0, for sufficiently large n, due to sufficient discrete
controllability, in which case the perturbations &, vanish, i.e. the discrete problem

with zero perturbations is feasible. Also, see [11] for a study on how the perturbations
&y can be practically chosen to be zero, if there are only inequality state constraints.

Theorem 3.5 For each n, let W' be admissible and extremal for Problem R)'. Then
(i) Every strong accumulation point of the sequence (W") in L*(Q) (if it exists) is
admissible and weakly extremal classical for Problem P.

(ii) Suppose that ”an <L for every V' eW", with L independent of n, in the

o0

definition of W". Then every accumulation point of (W") in R is admissible and

weakly extremal relaxed for Problem P.
Proof. (i) Suppose that some subsequence (W") (same notation) converges to some

weW in L*(Q) strongly. For each n, let A", m=0,..,q be multipliers as in

i

q
Theorem 3.2. Since Z =1, the sequences (4,) are bounded, and by extracting a
m=0

subsequence, we can suppose that A, —>A., m=0,..,9q. By Lemma 3.2 and

Proposition 2.1, we then obtain, for any given WeW and W' — W (Proposition 3.1)

(3.32) Zq:/lmDGm(W,V_v—W) = %LI?OZQZAQDG;(VW,VV” -w") >0,

(3.33) Z:Gm(w) = limﬂ;[G{;(vv”)j_;;] =0, m=p+1..,0Q,

(3.34) G, (w)= %L@O[G;(m/‘)—g;] =0, m=1L..p,

(3.35) G, (w)= %E[G;(W)—g;] <0, m=p+l..,q,

where clearly 4,>0, A >0, m=p+1,..,q, Zq:|zm|=1, which show that w is
m=0

admissible and extremal for Problem P.
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Zd

q
(ii) Since R is compact and Z =1,let (W"), (41), m=0,...,q, be subsequences
m=0

such that W' —>r in R and A7 —>A,, m=0,..,q, and consider the discrete

optimality condition in global form, which can be written
(3.36) jg H(x, y", 2", W")(W' —w")dxdt > 0, for every W' eW",

q

where H",Z" are defined with g:= Z/in'lgm . Define the elementwise constant vector
m=0

functions

(3.37) X"(X):=barycenter of E", for xeE", i=1,..,M,

(3.38) W'(x)=w'(X"(x)), for xeE", i=1..,M.
Clearly, X"—X— 0 uniformly on Q, and by our assumption on W" and the mean

value theorem, |W" —V\/”” <Lh"— 0. For every function ¢ e C(QxU;U), we then

have

(339) [ HI(6Y, 2, WHIH(K", W) - w"']olx
= [ HIOCY", 2 W)[p(¢, W) — W]k
[ HI Y, 2 W) — g(x, W]k > 0.

Using the above convergences, Lemma 3.2, the uniform continuity of ¢, and

Proposition 2.1 (|¢(..)| <c since ¢(..) €U ), we can pass to the limit and obtain
(3.40) IQ H. (X Y, Z r (X)[A(X, 1 (X)) — 1 (x)]dX
= |, Ha 00y 210000 u) —wr @duydx > 0, Vg e CQxU;3U),

q
where H,z are defined with g::Z/Imgm, and with multipliers A, as in the

m=0
continuous optimality conditions (see (i)). Now let ¢eB(Q,U:U) be any
Caratheodory function, or equivalently, ¢ € L'(Q,C(U;U)) (see [19]), and let (4, ) be
a sequence in C(Q;C(U;U))=C(QxU;U) converging to ¢ in L'(Q,CU;U))
strongly. By Egorof’s theorem, we can suppose that ¢, — ¢ a.e. in Q, with values in
C(@U;U), hence a.e. in QxU, with values in U . Replacing ¢ by ¢, in the above

inequality and using Lebesgue’s dominated convergence theorem, we can pass to the
limit as kK — oo and obtain the global weak relaxed condition. Finally, we can pass to
the limit as N — o in the transversality conditions and the state constraints similarly

to (i). Therefore, r is weakly extremal relaxed and admissible for Problem P .

4 Discrete penalized gradient projection methods

Let (M), m=1,..,q, be positive increasing sequences such that M| —> o as
| - oo, and define the penalized discrete functionals
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4.1) G"wW"):= Gg(m/”)+{zp:|\/|,'n[e;(mf‘)]2+ Zq: M| [max(0, G} (W)} /2.

m=p+l

Let >0, b'',c'e(0,1), and let (B'), (£,) be positive sequences, with (')
decreasing and converging to zero, and ¢, <1. The algorithm described below
contains two options. In the case of the progressively refining version, we suppose
that each element E""' is a subset of some element E". In this case, we have
W" c W™, and thus a control W' e W" may be considered also as belonging to W',

hence the computation of states, adjoints and cost derivatives for this control, but with
the possibly finer discretization n+1, makes sense. (In this version, and if Q is not

polyhedral, one has to modify slightly near the boundary the control W', at the end of

Step 3, before going to Step 2, and if the discretization has been refined). The discrete
relaxed penalized gradient projection methods are described by the following
Algorithm.

Algorithm
Sep 1. Set k=0, | :=1, choose a value of n and an initial control W' eW".

Sep 2. Find V' eW" such that

n ni ni 2
(42) &:=DG"W v —w)+ T —wl|
= min[DG" W'.v" —w)+ T w1
and set d, := DG" (W', v —w").
Sep 3. If |d[< B, set W' =, V" =V, d':=d,, € =g, | :=1+1, [n:=n+1],

and go to Step 2.
Sep 4. (Armijo step search) Find the lowest integer value SeZ, say S, such that

a(s)=c"” ¢, €(0,1] and a(S) satisfies the inequality

43) G (W' +a((V ~W') -G (W) <a(s)b'd,,

and then set , = a(S).

Sep 5. Set W, =W +o, (V) —W'), k=k+1, and go to Step 2.

In the above Algorithm, we consider two versions:
Version A. n=n+1 is skipped in Step 3: n is a constant integer chosen in Step 1, i.e.

we choose a fixed discretization, and replace the discrete functionals G by the

perturbed ones G” = G" —&" | in which case the method is applied to Problem R".

Version B. n=n+1 is not skipped in Step 3: we have a progressively refining discrete
method, i.e. Nn— o (see proof of Theorem 4.1 below), in which case we can take
n=1 in Step 1, hence n=1 in the Algorithm.

The progressively refining version has the advantage of reducing computing
time and memory, and also of avoiding the computation of minimum feasibility

perturbations &, (see Section 3). It is justified by the fact that finer discretizations

become progressively more efficient as the iterate gets closer to an extremal control,
while coarser ones in the early iterations have not much influence on the final results.
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If >0, we have a penalized strict gradient projection method, in which case
one can easily see by “completing the square” that Step 2 amounts to finding, for each
i =1,...,M , the projection V] of the function in L*(E")

(44) ug =wg =1/ )H(Ye . VY 2w,
onto the convex subset of L’(E") of constant, or linear, or multilinear, functions v,

with values in U, which reduces to the minimization of a quadratic function of the

nl
i

yield a good rate of convergence. If y =0, the above Algorithm is a penalized
conditional gradient method, and Step 2 reduces similarly to the minimization of a
linear function, for each i. On the other hand, by the definition of the directional
derivative and since b'e (0,1), clearly the Armijo step ¢, in Step 4 can be found for

coefficients of the control v'". The parameter y is chosen here experimentally to

every K.
A (continuous classical or relaxed, or discrete) extremal (or weakly extremal)
control is called abnormal if there exist multipliers as in the corresponding optimality

conditions, with 4, =0 (or 4, =0). A control is admissible and abnormal extremal in
very exceptional, degenerate, situations (see [19]).

With w" defined in Step 3, define the sequences of multipliers
45 A'=M!GWwW"), m=1L..p, A" :=M! max(0,G’(W")), m=p+1,..q.

Theorem 4.1 (i) In Version B, if (W") is a subsequence of the sequence generated by
the Algorithm in Step 3 that converges to some WeW in L’ strongly, as | — oo
(hence n— o). If the sequences (4 ) are bounded, then W is admissible and weakly
extremal classical for Problem P.

(ii) Suppose that ”an <L for every V' eW", with L independent of n, in the

0

definition of W". In Version B, let (W") be a subsequence, considered as a sequence
in R, of the sequence generated by the Algorithm in Step 3 that converges to some r
in the compact set R, as | — o (hence n— ). If the sequences (A ) are bounded,
then r is admissible and weakly extremal relaxed for Problem P .

(iii) In Version A, let (W"), n fixed, be a subsequence of the sequence generated by
the Algorithm in Step 3 that converges to some W' eW" as | — 0. If the sequences
(AY) are bounded, then W" is admissible and extremal for Problem P".

(iv) In any of the three convergence cases (i), (ii) (with the additional assumption), or
(iii), suppose that the (discrete R or continuous) limit problem has no admissible,

abnormal extremal, controls. If the limit control is admissible, then the sequences of
multipliers are bounded, and this control is extremal for the limit problem as above.

Proof. We shall first show that | — oo in the Algorithm. Suppose, on the contrary,
that |, hence n (in both Versions A, B), remains constant after a finite number of
iterations in k, and so we drop here the indices |, n. Let us show that then d, - 0.

Since W" is compact, let (W), Vi)« be subsequences of the sequences
generated in Steps 2 and 5 such that w, > W, v, >V, in W", as k—> o, keK.
Clearly, by Step 2, d, <g <0 for every k, hence
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. ~ ~ ~ ~ ~112
(4.6) e= lim = DG(W,V—W)+(y/2) V- <0,
47) di= lim d =DGWV-W)< lim g =e<0.

k-, keK
Suppose that d <0. The function ®(a):=G(W+a(v—w)) is continuous on [0,1].
Since the directional derivative DG(W,v—w) is linear w.rt. v—-w, @ is
differentiable on (0,1) and has derivative
(4.8) D'(a)=DG(W+a(v—w),v—w).
Using the mean value theorem, we have, for each « € (0,1]
(4.9)  G(w +a(V, —W,)) —G(W,) = aDG(W, +a (Vi = W), Vie =W, ),
for some '€ (0,) . Therefore, for o €[0,1], by Lemma 3
(4.10) G(w, +a(v, —W,))-G(w,) =a(d +¢,,),
where g, >0 as K> o, keK, and ¢ > 0". Now, we have d, =d +7,, where
n.—0as k—>ow, keK, and since be (0,1)
(4.11) d+¢g,<b(d+n)=b'd,
for  €[0,&], for some & >0,and k>k, ke K. Hence
(4.12) G(W, +a(v, —wW,))—-G(w, ) <ab'd,,
for a €[0,a], for some & >0, and k> k, ke K. It follows from the choice of the
Armijo step a, in Step 4 that ¢, > ¢z, for k>k , ke K. Hence
(4.13) G(W,,) — G(W) = G(W, + & (Ve —W)) — G(W, )

<gb'd <cab'd <cab'd/2,
for k>k, ke K. It follows that G(w,) — —o as k— o, ke K. This contradicts
the fact that G(w, ) > G(W) as k> o, ke K, by Lemma 3.1. Therefore, we must
have d=e=0, and d, >0, e — 0, for the whole sequences, since the limit 0 is
unique. But Step 3 then implies that | — oo, which is a contradiction. Therefore,
| — oo. This shows also that N — o in Version B.
(i) Let (W") be a subsequence (same notation) of the sequence generated by the
Algorithm in Step 3 that converges to some WeW in L’ strongly as |,n— oo.
Suppose that the sequences (A") are bounded and (up to subsequences) that
AN — A . By Lemma 3.2, we have

nl

(4.14) 0=lim :;lm = imGLW") =G, (W), m=1,..,p,

|
m

nl

(4.15) 0= Ilim% = Ilim[rnax(O, G (W"))]=max(0,G,(w)), m=p+1,..,0q,

which show that w is admissible. Now let any VeW and, by Proposition 1, let
(V" eW") be a sequence of elementwise constant discrete controls that converges to

¥V in L* strongly. Set A" =1, for every n,|, and let (1)) be subsequences such that
AN — A . By Step 2, we have

g
(4.16) ZAQ'DG;;(W“',V”—w“')+(y/2)jg

m=0

2
\7“—vv”'| dx>¢€,
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where A" :=1. Since |d'|£ S' — 0 by Step 3, we have also € — 0. By Lemma 3.2,
we can pass to the limit as |,n — oo in the above inequality and obtain
q
~ ~ 2 ~

(4.17) mz_o/lmDGm(w,v—W)+(y/2)jﬂ|V—W| dx>0, VieW,
Replacing V by w+ u(V—-w), with xe(0,1], dividing by x, and then taking the
limitas u — 0", we get

q
(4.18) > 4,DG, (W,V-W)>0, VVeW.

m=0

By construction of the lr:', we clearly have A,=1, 4,20, m=p+1l,..,q,
q

q
Z|/1m| :=C2>1, and we can suppose that Zo|ﬂm| =1, by dividing the above inequality

m=0

by c. On the other hand, if G, (w)<0, for some index me[p+1,q], then for

sufficiently large | we have GI'(W")<0 and A =0, hence A4 =0, ie. the
transversality conditions hold. Therefore, w is also weakly extremal classical.

(ii) Let (W") be a subsequence (same notation), considered as a sequence in R, of
the sequence generated in Step 3, that converges to some reR as |,n—>o. The
admissibility of r is shown similarly to (i). Suppose that the sequences (A) are

bounded and (up to subsequences) that A" — A_. Now, by Steps 2 and 3 we have, for
every V" e W"

(4.19) DG"(W",¥" —wW")+(y/2) \7f‘—\/v“'||2

p q
=DGy(W", V" —W")+ D ANDGL (W' V" —w') + D AT DG(W!, 0" —w)

m=1 m=p+1

+(y/2)
= jQ HY (%, y™, 2", W) (0" —w™ )dxdt + (7 /2) jg

\7”—\Tv”'|2

\7“—\/\/“'|2dxdt2e',

q
where H",z" are defined with g:= Z AN g . By an argument similar to the proof of

m=0

Theorem 3.5 (ii), and since € — 0 by Step 3, we obtain here
(4.20) [ H, (%Y, ZFOO[H(x () =1 ()]
+(}//2)_[Q[¢(X, r(x))—r(x)J’dx>0, forevery ¢ B(Q,U;U),

q

where H,z are defined with g:= Zﬂ,mgm , and with the A_ as in the continuous
m=0

optimality conditions (see (1)). Replacing ¢ by u+ u(¢—u), with x €(0,1], dividing

by u, and then taking the limit as ¢ — 0", we obtain the global weak relaxed

condition

(4.21) _[Q H, (X Y, Z T (X))[@(X,r (X)) —r(x)Jdx >0, for every ¢ € B(Q,U;U).

Finally, the transversality conditions are shown as in (i). Therefore, r is also weakly

extremal relaxed.
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(iii) The admissibility of the limit control W" is proved as in (i). Passing here to the
limit in the inequality resulting from Step 2, as | > o, for n fixed, and using
Theorem 3.2, we obtain, similarly to (i)

q _ q
(422) D 2,DGh(W' V"-w")=> 2 DGI(W",v"-w") >0, Wv"eW",
m=0 m=0

and the discrete transversality conditions
(4.23) G (W) = A[GH(W) 7] =0, m=p+1,..q,
with multipliers A, as in the discrete optimality conditions.

(iv) In either of the two above convergence cases, suppose that the limit control is
admissible and that the limit problem has no admissible, abnormal extremal, controls.
Suppose that the multipliers are not all bounded. Then, dividing the corresponding
inequality resulting from Step 2 by the greatest multiplier norm and passing to the
limit for a subsequence, we see that we obtain an optimality inequality where the first
multiplier is zero, and that the limit control is abnormal extremal, a contradiction.
Therefore, the sequences of multipliers are bounded, and by (i), (ii) or (iii), this limit
control is extremal as above.

One can easily see that Theorem 4.1 remains valid if we replace d, by € in
Step 4 of the Algorithm. In practice, by choosing moderately growing sequences
(M) and a sequence (/') relatively fast converging to zero, the resulting sequences

of multipliers (A) are often kept bounded. We can choose a fixed ¢, :=¢ €(0,1] in

Step 4; a usually faster and adaptive procedure is to set ¢, =1, and then {, =¢, |,

for k>1.

When directly applied to nonconvex optimal control problems whose solutions
are non-classical relaxed controls, the above methods generating classical controls
often yield poor convergence (highly oscillating optimal controls). If U is convex,
one can then reformulate the problem in Gamkrelidze relaxed form (which is
equivalent to the Young measure formulation), using convex combinations of Dirac
controls, involving a finite (usually small) number of classical controls. The above
methods can then be applied to this extended classical control problem, resulting in
better results, since the problem is thus partially convexified in some sense (for details
on this approach, see [12]). If U is not convex, one can use methods generating
relaxed controls for solving such highly nonconvex problems (see [10]).

5 Numerical examples
Let Q:=(0,1)> and consider the following examples.

Example 1. Define the reference controls and state
.1 UX)=%xX%, V(X):=1=-XxX, Y(X):=8%X(1-X)1=X).
Consider the following optimal control problem, with state equation
(5.2) —-Ay+Vy'/3+(1+u-0))y
—y* /3=y -16x(1=X)+ %, (1=%)]-(v-V) =0, in Q,
(53) y(x)=0 onT,
control constraints (U(X), V(X)) eU :=U, :=[0,1]*, xe Q, and cost functional
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(5.4) G,(U,v):=0.5 jg[(y— V) +|[Vy - V[ +u-0)* +(v-v)*]dx

Clearly, the optimal controls are U and V, the optimal state is Y, and the optimal

cost is zero. The gradient projection method (without penalties) was first applied to
this problem using triangular elements, which are half squares of edge size h=1/80,
and triangle-wise linear discrete controls, with y=0.5, Armijo parameters

b'=c'=0.5, and constant initial controls u; =v; =0.5. After 15 iterations, we
obtained the results
(5.5) G)(u,v)=2.963-10", d =-7.786-10",

& =5.064-10", 7, =3.052-10",
where ¢, (resp. 77,) is the discrete max error for the state (resp. controls) at the
vertices of the triangles (resp. midpoints of the triangle edges). Since ¢, ~ O(h*) and

the optimal controls are smooth, the corresponding control L -error is also ~ O(h?).

The computed controls are practically identical to the exact optimal ones and are not
shown. Using then trianglewise constant discrete controls, we obtained results of
similar accuracy for the cost, state, and control errors (taken here at the barycenters of

the triangles), but the control L* -error is now ~ O(h).

Example 2. With the same state equation, cost and parameters as in Example 1,
triangle-wise linear discrete controls, but with the constraint set replaced by the
strictly active one U :=U, :=[0,0.6]x[0.4,1], we obtained after 15 iterations the
results

(5.6) G, W) =2.631766265263325-10", d, =-3.526-10",

and the controls shown in Figures 1 and 2.

Example 3. With the same state equation and cost and parameters as in Example 2,
trianglewise linear discrete controls, but with U :=U,:=[0,0.7]x[0.3,1] and the

additional state constraint
(5.7)  G(U,V)= jQ(y— 0.22)dx =0,

and applying the penalized gradient projection method, we obtained after 63 iterations
in K the results

(5.8) Gl(u',v')=2.441208146866664-10", G(U!,v')=4.451-10",

d, =-2.262-107"
The controls obtained are shown in Figures 3 and 4, and the state in Figure 5. Note
that the continuous relaxed problem here is feasible, as G,(u,,V,)~—-0.014<0,

G (u/, V) ~0.002 >0, where (u,,V,) (resp. (U.,V,)) is the initial (resp. last) control
pair in Example 2 (note that U, c U, ), and the function
(5.9 #(D) =G (AU, V) + 1= DU W)

is continuous on [0,1].

Finally, the progressively refining version of the algorithm was also applied to
the above problems, with successive step sizes h=1/20, 1/40, 1/80, in three equal
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periods, and yielded results of similar accuracy, but required here less than half the
computing time.

Figure 1. Example 2: Last control u

Figure 2. Example 2: Last control v

Figure 3. Example 3: Last control u
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Figure 4. Example 3: Last control v
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Figure 5. Example (c): Last state y
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