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Abstract

Although the spectral mapping property in general fails it is shown that a “spectral gap mapping

theorem”, which characterizes exponential dichotomy, holds for a general class of semilinear

hyperbolic systems of PDEs in a Banach space X of continuous functions. This resolves a key

problem on existence and smoothness of invariant manifolds for semilinear hyperbolic systems.
The system is of the following form: For 0 < x <land ¢t >0

u(t, x) u(t, x)
% v(t,x) | + K(z)a% v(t,x) | + H(z,u(t, z),v(t, z),w(t,z)) =0,
s, w(t, x) w(t, x)
dat ['U(ta 1) — Du(t, l)} = F(u(t> ), ’U(t, 9),

u(t,0) = Ewv(t,0),
u(0,2) = uo(x), v(0,2) =vo(x), w(0,z) = we(x),

where u(t,z) € R™, v(t,z) € R" and w(t,z) € R™, K(z) = diag (ki(2)),—; _,, is a diagonal
matrix of functions k; € C* ([0,1],R), k;(xz) > 0 for i = 1,...,n; and k;(z) < 0 for i = ny +
1,...n14+n9, ki =0fori=ny+ns+1,...,n1 +n2 +n3 =n, and D and F are matrices.

It is shown that weak solutions to (SH) form a smooth semiflow in X under natural con-
ditions on H and F'. For linearizations of (SH) estimates of spectra and resolvents in terms of
reduced diagonal and blockdiagonal systems are given. Using these estimates and the theory
[36, 42] of Kaashoek, Lunel and Latushkin a spectral gap mapping theorem for linearizations
of (SH) in the “small” Banach space X is proven: An open spectral gap of the generator is
mapped exponentially to an open spectral gap of the semigroup and vice versa. Hence, a phe-
nomenon like in the counterexample [62] of Renardy cannot appear for linearizations of (SH).
By giving a simple example it is noted that the spectral mapping property in general fails for
linearizations of (SH). The results here differ to the work [48] of Lopes, Neves and Ribeiro in
essential directions: First, the focus is on the “small” Banach space X (not LP spaces), which
is required for nonlinear problems like (SH). Second, degenerate and equal speed systems are
considered needed for applications to laser dynamics. Existence of smooth center manifolds for
(SH) is shown by applying the above results and general theory on persistence and smoothness
of invariant manifolds, obtained by Bates, Lu and Zeng [7, 8], in the Banach space X.

The results are applied to traveling wave models of semiconductor laser dynamics. For
such models mode approximations (ODE systems which approximately describe the dynamics
on center manifolds) are derived and justified. Global existence and smooth dependence of
nonautonomous traveling wave models with more general solutions, which possess jumps, are
considered, and mode approximations are derived for such nonautonomous models. In particular
the theory applies to stability and bifurcation analysis for Turing models with correlated random
walk [33, 31]. Moreover, the class (SH) includes neutral and retarded functional differential
equations.
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1 Introduction

This work has been motivated by the investigation of so called traveling wave
models, which have been used successfully in recent years to investigate the lon-
gitudinal dynamics of distributed feedback multisection semiconductor lasers, see
for example [3, 21, 47, 76, 60, 4, 59, 50, 57, 58, 56, 66, 39, 67, 68, 9, 54]. Such
lasers exhibit a very rich and complicated dynamics including bifurcations, self-
pulsations, hysteresis, excitability, frequency synchronization etc., and so do the
models also. One feature is their S! symmetry which implies the existence of rotat-
ing waves, also called on-states or relative equilibria of the laser. The properties
of such stationary states, their stability, domain of attraction and bifurcations,
are important from the applications viewpoint. Other objects of interest are high
frequency self pulsations branching from the rotating waves via a S! equivariant
Hopf bifurcation. Potential applications are high frequency signal generation and
clock recovery in optical networks.

A lot of such dynamical behavior is described numerically, see e.g. [4, 9, 66,
80, 54| and figure 1, but only a few of these results are mathematically rigorously
founded [50, 61, 65, 68, 69]. The reason is that for applying, for example, abstract
dynamical systems theory, one needs a smooth Fréchet differentiable semiflow,
existence and persistence of smooth invariant manifolds, that the linearized semi-
group exhibits a spectrum (of the generator) determined exponential dichotomy
or a spectral gap mapping property, etc. All these properties are in general well
understood for ordinary differential equations, semilinear parabolic equations [28§]
and functional differential equations [27], but not for semilinear hyperbolic systems
even in one space dimension. Some of these have been verified within the hierar-
chy of traveling wave models, a hyperbolic system of partial differential equations
(two coupled traveling wave equations describing the forward and backward prop-
agating complex amplitudes of the light) coupled to a spatially extended ordinary
differential equation (carrier rate equation), only in some exceptional cases. These
exceptional cases require that the partial differential equations must be linear and
are just nonlinearly coupled to ordinary differential equations, which one obtains
from the general model by a Galerkin projection of the carrier rate equation (av-
eraged densities) and neglecting of nonlinear terms in the PDE (due to nonlinear
gain compression). Averaging of carrier densities neglects an important physical
effect called longitudinal spacial hole burning [5, 16, 18, 19, 64].

The general traveling wave model, used in numerical simulations (e.g. by LDSL
tool [54]), is a quite complicated (degenerated) semilinear hyperbolic system in-
cluding discontinuous coefficients. The discontinuities are due to the heterostruc-
ture of the semiconductor laser device which is composed of several different laser
sections with significant different electrical and optical features. The question
arises if it is possible to state the above mathematical properties needed for a rig-
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Figure 1: A two parameter numerical bifurcation analysis of a four mode approx-
imation of the traveling wave model calculated with LDSL tool [54].

orous description of the dynamics in a suitable function space setting for general
semilinear hyperbolic systems in one space dimension that appear in many appli-
cations including the traveling wave model, see the examples section.

In this work I show that general semilinear hyperbolic systems of partial dif-
ferential equations in one space dimension can be viewed as smooth dynamical
systems in suitable function spaces of continuous functions. I prove a spectral gap
mapping theorem for these spaces which characterizes growth and exponential di-
chotomy in terms of the spectrum of the generator for the linearized system only.
I have added a simple example to note that the usual spectral mapping property
does not hold for hyperbolic systems, in general. But my spectral gap mapping
theorem is enough to prove the main theorems on linearized stability and exis-
tence of smooth exponentially attracting local center manifold for a general class
of semilinear hyperbolic systems in 1d.

The latter allows to reduce the local dynamics on a lower, often finite dimen-
sional (nonunique) attracting manifold. Thus one can theoretically justify reduced
models and bifurcations on such center manifolds by investigating only the spec-
trum of the generator (the equations) of the linearization. I apply the results to
the traveling wave model by calculating several center manifold reduced or mode



approximation equations. My Theorems are formulated for a large class of semi-
linear hyperbolic systems and apply to many other models (including neutral and
retarded functional differential equations, see section 3). I want to mention the
hyperbolic Turing model: It follows that the stability analysis, performed by T.
Hillen [31, 30] and W. Horstemke [33] in a purely linear context only, in fact implies
stability and the occurrence of bifurcations on center manifolds near the homoge-
neous steady state of the nonlinear system.

Section 2 gives an overview of hyperbolic systems and frequently used symbols.

In section 7 I introduce the general form of autonomous semilinear hyperbolic
systems. The systems can be degenerate and the generating functions of the non-
linear Nemytskij operators appearing in the PDE only need to depend measurably
on the space and smoothly with respect to the unknown variables without growth
conditions on the nonlinearities (hence the results will be local). In particular
spatial dependent coefficients in the nonlinear operator are allowed to be discon-
tinuous as it appears in the traveling wave model when written in compact form.
It turns out that smoothness assumptions of the nonlinearity with respect to the
space variable are not needed and in fact do not simplify the setting: Even if the
generating function is arbitrary smooth in all variables including space (or even if
it is a most simple constant coefficient linear operator) the Nemytskij operator will
not be compatible with boundary conditions of the system and hence map into a
larger function space that does not satisfy boundary conditions.

I prove that the solution map is Fréchet differentiable in the chosen space of
continuous functions (with derivative generated by the solutions of the formally
linearized system). Hence the equations generate a smooth semiflow. This smooth
well posedness goes back to my very first work in Project D8 of the DFG Research
Center MATHEON when [ started to analyse the (general) traveling wave model
with the aim to obtain mode reduced equations in the nonautonomous case when
the laser is subject to some external optical forcing or injection (see section 11).
During that time only mode reductions were known in the autonomous case. One
of my first results regarding the nonautonomous traveling wave equations are con-
tained in section 10 where I show that weak solutions depend smoothly on the data
in the L> sense. The weak solutions considered there may possess jumps, and dis-
continuous forcings appearing in the boundary conditions are allowed. Considering
such general solutions in L> space has several drawbacks. I only mention that the
solution map will not be measurable (in the sense of Bochner) with values in the
Banach space L*°. Hence, because my work focuses on the dynamics (invariant
manifolds) T have decided in all other chapters ? to consider continuous solutions,

2for the failure of Bochner measurability in L> see remark 7.4



which satisfy the boundary conditions pointwise. In C' space including boundary
conditions the solutions form a Cj (in time) and smooth (with respect to state
space) dynamical system or smooth semiflow.

In sections 7 and 10 the following technical difficulty appears: Nemytskij opera-
tors, mapping “large” function spaces (for example the LP spaces with 1 < p < 00)
into itself, are continuously differentiable if and only if they are affine, even if the
generating functions are arbitrarily smooth (see e.g. [40]). Hence one cannot ex-
pect that the weak solutions create a smooth dynamical system (smooth semiflow
or process) on such “large” spaces. On the other hand, there are at least three
reasons preventing a setting in “too small” function spaces: First, the elements
of “small” function spaces have to satisfy certain (homogeneous) boundary condi-
tions, but the Nemytskij operators usually do not respect boundary conditions and
therefore map into a larger space. Second, we deal with hyperbolic PDEs, which
do not possess a smoothing property, in general. And third, if the coefficients are
discontinuous, then the Nemytskij operators don’t take values in “small” function
spaces.

In sections 4 and 6 I discuss properties and estimates for spectra and resolvents
for linearized hyperbolic systems. One interesting phenomenon appearing with
linearized hyperbolic partial differential equations is that the spectral mapping
property must not hold. In section 5.2 I note a simple example of a 2 x 2 constant
coefficient linear hyperbolic system so that the spectral mapping property fails for
points in the essential spectrum of the diagonal system. However, my spectral gap
mapping Theorems 5.4, 6.7 and 6.16 for hyperbolic systems in the “small” Banach
space of continuous functions still yield exponential stability or dichotomy, which
finally implies the local existence of smooth center manifolds for the semilinear
problem. We note that there is a remarkable counterexample found by M. Renardy
[62], a lower order derivative perturbation of a two dimensional wave equation with
periodic boundary condition, where the failure of spectral mapping is much more
severe: There it happens that also the spectral gap mapping property (see Def. 5.2)
is violated, growth and spectral bound are different.

Hence one sees that it can happen for hyperbolic PDEs that just the knowledge
on the location of the spectrum extracted from the equations does not give the
expected information on exponential rates, stability or dichotomy of the linearized
system. One has to be extremely careful when one wants to understand stability
and bifurcations of hyperbolic PDEs by just looking at the location of the spectrum
of the equations (the generator) of the linearization.

I prove the spectral gap mapping Theorem 5.4 in section 5.3 by using my
resolvent estimates, which are obtained in sections 4.2 for nondegenerate and in
section 6.2 for more general degenerate hyperbolic systems (allowed to contain
identical speeds), see Lemmas 4.14 and 6.14, and checking the conditions of the

4



theory of Kaashoek, Lunel and Latushkin [36, 42], which is based on the Laplace
inversion formula for the resolvent and explained in section 5.1.

My results differ to the work [48] of Lopes, Neves and Ribeiro in essential di-
rections: First, I focus on a smaller Banach space X (not only L? space) which is
required to prove stability or the existence of smooth center manifolds for nonlinear
hyperbolic systems. Second, degenerate and equal speed systems are considered
(by using the more general concept of “blockdiagonal” reduction) needed for appli-
cations to laser dynamics. Third, the point of view is on the “concept” of spectral
gap mapping which replaces the usual notion of spectral mapping property (that
is violated for hyperbolic systems).

By considering applications to laser dynamics the following problem appeared:
A condition for the vanishing of couplings plays an important role for the resolvent
estimates under the presence of equal speed and cannot be removed by sticking to
the notion of reduced diagonal system (this condition was also important in the
theory [48]). This condition is violated for the traveling wave model (although
when written in complex form it seems that the model has different speed this is
not true because we must consider it as a real and not complex system of equa-
tions, the nonlinearities are of course only real differentiable, then the realified
and linearized system has to be complexified). Therefore, in section 6.1 I have
relaxed this assumption. The idea here is that in the presence of identical speed
coupling becomes important and hence one has to modify the notion of reduced
linear hyperbolic system which will not be diagonal anymore.

Hence, in “small” C space the solution maps of hyperbolic systems are not only
Fréchet differentiable, but a spectral gap mapping theorem holds for the linearized
system so that the space can be spectrally decomposed into invariant subspaces
with exponential rates given by the location of the spectrum. This allows to ap-
ply general results on invariant manifold theory, see the important work of P. W.
Bates, K. Lu and C. Zeng [8, 7], which I have summarized in section 8.1 (compare
also with the articles “Center Manifold Theory in Infinite Dimensions” by A. Van-
derbauwhede and G. Iooss in [75] and “Invariant Manifolds for Semilinear Partial
Differential Equations” by P. W. Bates and C. K. R. T. Jones in [6]). It follows
that center manifolds persist when one detects a spectral gap near the imaginary
axis for the equations (generator) of the linearized system in a neighbourhood of a
stationary state which can be easily done in practical applications (see section 4,
6.2). Therefore, as usual for ordinary differential equations, semilinear parabolic
equations and functional differential equations, by just locating the spectrum one
can perform a linearized stability analysis, have the existence of center manifolds,
calculate reduced equations on such manifolds. Here I could not use the results
of Lopes, Neves and Ribeiro for my applications to nonlinear problems mainly
because they excluded the case p = 0o, their results were in the context of large



LP spaces, 1 < p < oo, probably not having nonlinear problems in mind®. The
problem appearing again is that LP-space for 1 < p < oo is too large and does
not have the Algebra property (multiplication property with compatible norms).
Hence (nonlinear) Nemytskij operators are not Fréchet differentiable as a map of
LP, p < oo, into itself. In the limit p = co the Nemytskij operators become smooth
as a map from L™ to L* [24]. By using the variation of constants formula it follows
that the nonlinear problem is a small perturbation (in the L> or C space sense)
of the linear problem. This is needed in the proofs for the main Theorems on
linearized stability and existence of center manifolds (Theorems 7.26, 8.15, 11.1).

The results of sections 5 and 6.2 are needed to prove the spectrum determined
linearized stability Theorem 7.26 and the existence of smooth center manifolds in
section 8 (Theorem 8.15) and sections 9, 11. Since sections 5 and 6.2 yield the
spectrum determined stability of the linearized semigroup in C' space, and section 7
has shown that the solution map of the semilinear problem is continuously Fréchet
differentiable, Theorem 7.26 follows by a standard argument. To prove the latter
assertion on the existence of center manifolds using invariant manifold theory the
method is roughly speaking the following [8, 7]: Starting from an exponentially at-
tracting manifold (found by linearizing around a stationary state or setting a small
parameter in the traveling wave equation to zero) one uses a geometric persistence
argument based on Hadamard’s graph transform to show that this manifold per-
sists. For this persistence argument one needs to check certain exponential rates
along and “normal” to the manifold implying the so called normal hyperbolicity of
the invariant manifold. It is known that this normal hyperbolicity condition is not
only sufficient but also necessary for the manifold to persist [46]. For a stationary
state and the linear manifolds given by spectral projection normal hyperbolicity is
equivalent to exponential dichotomy or the presence of a spectral gap near a circle
of the linear semigroup, see Theorem 5.17. Moreover, for smoothness of the invari-
ant manifold one needs to estimate the size of the spectral gap of the semigroup.
However, the best one can do is detect a spectral gap only for the generator (the
equations) and not for the semigroup which cannot be calculated analytically, in
general. Here one applies my spectral gap mapping Theorems of sections 5 and
6.2, see the Theorems 5.4, 5.7, 5.5, 6.15 and 6.16, where I show that the presence of
a spectral gap of the equations/generator implies a exponentially related spectral
gap for the semigroup. Note again that here the usual spectral mapping property,
which fails for hyperbolic systems as explained in section 5.2, is not needed. In
the first part of section 8 I recall in detail the notion of normal hyperbolicity and

3in the work of [50, 65, 68, 69] it was possible to work in a large L? (with p = 2) space and
use the results of Lopes, Neves and Ribeiro [48] because the model equations had an exceptional
structure where the PDE was linear (neglecting for example nonlinear gain saturation effects)
and only nonlinearly coupled to an ODE



the required general persistence theorems for overflowing invariant manifolds for
semiflows in Banach spaces obtained in [8].

In section 9 I calculate a center manifold reduction for the autonomous general
traveling wave equation exploiting slow fast structure. In section 11 I show that it
is possible to perform the reduction also in the nonautonomous case. There I derive
new mode-reduced nonautonomous equations which approximate the flow on the
center manifold. These mode approximations extend the autonomous ones which
have been used recently for bifurcation analysis using the path following software
AUTO, see [66, 54]. The extension to the nonautonomous case is still explicit and
simple enough that now it is possible to perform a numerical bifurcation analysis
for applications when the laser is subject to external optical forcing (for example
locking of selfpulsations [59]). The basic idea here to perform the center manifold
reduction in the nonautonomous setting is to find a suitable boundary homoge-
nization, which preserves the slow fast structure of the traveling wave equations,
then make the system autonomous by adding a artificial time variable and prove
for the resulting skew product semiflow the existence of a center manifold, which
is similarly done as in section 9 for the nonautonomous model.

Finally, I have added an Appendix section 12. In subsection 12.1 T mention
the Fejér Laplace and Fourier inversion formulas which are frequently used in the
proof of Lemma 5.28 and Lemma 5.29 of section 5 where the growth rate for the
linear system is calculated. In subsection 12.2 I note a well known regularity result
for linear inhomogeneous evolution equations which is used in sections 7 and 10
and in the proof of Theorem 8.15.

In this work I have proposed to use C' space as the phase space for a geometric
dynamical systems approach in the context of semilinear hyperbolic system and I
give a brief philosophical discussion. Of course there is no universal rule for select-
ing a suitable function space and the question arises if one could select a different
setting allowing for a more simple or elegant treatment. From a mathematical
point of view one is driven to select the space in such a way that certain good
properties are available which are needed to prove the theorems one has in mind.
In my case I sought a space that, first, the solution map becomes Fréchet differen-
tiable, i.e. a space which is small enough but on the other hand large enough to
allow general nonlinear Nemytskij operators which must not be compatible with
boundary conditions, being the case in applications, and, second, the linearized
system has a a spectral gap mapping property (or spectrum determined exponen-
tial dichotomy), needed to prove the main Theorems on linearized stability and
existence of center manifolds, see Theorems 7.26, 8.15, 11.1. From this point of
view and by noticing the resemblance to the well developed geometric theory of
functional differential equations (see the examples in section 3.3), influenced by
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the work of Lunel and Hale [27], choosing C' space for hyperbolic systems in one
space dimension appears natural. I believe this choice to be close to optimal (even
for Nemytskij operators generated by arbitrary smooth functions) because I do not
put any compatibility restrictions to the Nemytskij operators with the boundary
conditions.

I want to note that in related works for hyperbolic equations I know of in the
literature the authors have considered very exceptional Nemytskij operators which
are compatible with the boundary conditions so that they map a small space into
itself: Renardy [61] and Haken/Renardy [26] considered not edge emitting, but
ring lasers. There the spatial domain is not an interval, but a circle, and the Ne-
mytskij operators map the “small” space of continuously differentiable functions
on the circle into itself. Similarly Illner/Reed [34] and Vanderbauwhede/Tooss [75,
Section 4, Example 3| considered exponential decay and center manifolds, respec-
tively, for semilinear hyperbolic initial boundary value problems (not related to
laser dynamics), where the nonlinearities are compatible with the boundary con-
ditions. Very recently R. Racke and E. M. Rivera [63] proved exponential stability
for a nonlinear wave equation with nondissipative damping. I roughly recall their
procedure to point to the crucial technical difficulties of boundary compatibility:
First they prove the exponential stability of the linearized system after bringing
it to a first order hyperbolic system (of the type (H), see section 4) and then es-
timating the spectral bound in terms of the damping coefficient by using a fixed
point argument. By applying the Gearhart, Herbst, Priiss, Greiner Theorem they
get exponential decay in the L? Hilbert space. By recursion they get exponential
decay in W*?2 space. Then they use the variation of constants formula to estimate
the solution of the nonlinear equation in terms of the linear semigroup. Here they
put a crucial assumption on the nonlinearity which guarantees that the nonlinear
operator appearing in the variation of constants formula is compatible with the
boundary data, so that they are allowed to put the H? norm under the integral
[63, page 24, equation (3.24)].

Throughout my work I do not put any compatibility restrictions on the Nemyt-
skij operator because this is usually required in applications unless one considers
exceptional cases only. As a consequence I work in a large but still small enough C'
space including boundary conditions. The fact that C' is only a Banach space and
not a Hilbert space has put some significant length in the proof of the exponential
dichotomy of the linear semigroup, the calculations in section 5.3 are due to this.

This work has been made possible by Project D8 of the DFG Research Center
MATHEON, ‘Mathematics for key technologies’ in Berlin, under supervision of L.
Recke. I want to thank him for giving me the opportunity to do research in the



interesting field of hyperbolic PDEs and dynamical systems, introducing me to
laser dynamics, reading my manuscripts several times and helping me to improve
the readability. I would like to thank him and J. Sieber for discussions and M.
Radziunas for providing LDSL tool and figures. I want to thank K. Lu for his
interest and comments. I also want to mention K. Schneider for support and
interest.

Berlin, January 2006,
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2 An overview of hyperbolic systems and fre-
quently used symbols

Let nq,ny,n3,n € N be natural numbers such that n = n; + ns + n3 > 0 (each n;
is allowed to vanish).

The symbol (SH) will denote the following class of (degenerate) semilinear
hyperbolic system with initial and boundary value conditions in normal form

(00} ¢ k@2 (e ) + e ot otra) —0
— | v(t,x + r)— | v(t,x + z,u(t,x),v(t,x), w(t,x)) =0,
ot w(t, ) Oz w(t, )

(SH) % [U(t, l) - Du(t7 l)] = F(u(t’ ')’ U(t’ ))’

u(t,0) = Ev(t,0),
L u(0, ) = up(z), v(0,2) = vo(z), w(0,z) = we(x).

Here z € ]0,1[, { > 0, and ¢t > 0. The unknowns u, v, w are vectors of the following
dimensions:

u(t,z) =(uy(t,x), ..., uy, (t,2)) € R™,
v(t,x) =(v1(t, ), ..., vn,(t,x)) € R™,
w(t, ) =(wi(t,x),..., w,(t,x)) € R™.

The symbol K(z) denotes a real square n X n matrix,
(2.1) K(x) = diag (ki(2))1<i<n,
where for z € [0, ]

ki(x) >0 fori=1,...,m
ki(x) <0 fori=mn;+1,...n1 + no,
ki=0 fori=ny+ns+1,....,n.

We need that the nonlinearity H is smooth with respect to w,v,w and depends
measurably on the space x € [0, ] satisfying a usual Carathéodory condition. The
possibly nonlocal operator F is supposed to be a smooth map from C([0,1], R")
into R™. The matrices £ and D are of appropriate dimension. Initial data is
denoted by wug, vy, wg. The precise assumptions will be listed later in the text
using Roman capital letters.

When formally linearizing (SH) we arrive to a degenerate linear hyperbolic
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system we denote with (DH)

(5 u(t, x) 5 u(t, x) u(t, x)
5% v(t, ) +K(x)a— v(t,z) | +C(x) | v(t,z) | =0,
¢ w(t, x) T \w(t, z) w(t, x)
PN L oa,1) — Dutt. 1) = Futt, ) + G,
u(t,0) = Ev(t,0),
L u(0,2) = up(z), v(0,2) = vo(x), w(0,z) = w(x).
Here C(z) = (c¢ij(x))1<ij<n Is a square n X n matrix and F and G are linear
operators.

If n3 = 0 we have a nondegenerate linear hyperbolic system we denote with

(H)
(0 (u(t,z) 0 [(u(t,z) u(t,z)\
ot (v(t,x)) + K(a:)a—x (v(t,x)) + () (v(t,x)) o
p [v(t,1) — Du(t,l)] = Fu(t,-) + Gu(t, ),

u(t,0) = Ev(t,0),
L u(0,2) = up(z), v(0,2) = vo(z), w(0,z) = we(x).

Corresponding to (DH) and (H) we consider different reduced systems which
we explain now:
If the system has different speed everywhere, that is

(2.2) forallz €[0,]] and 1 <i,j < ny + ny with i # j we have k;(z) # k;(z),

then the reduced system is by definition obtained by first deleting the nondiagonal
entries in C, then cancel the w equation (if it is present) and going over to static
boundary conditions u(t,0) = FEuv(t,0) and v(¢,l) = Du(t,l). We denote this

reduced system by (Hp):
0 (u(t,x) 0 (u(t,z) u(t,z)\
M) { o <v(t,:c)) T Ko@)z, (v(t,x)) + Col@) (v(t,x)) =0,
u(t,0) = Ev(t,0) and w(t,1) = Du(t,l).

where
C()(SL’) = diag(CH(x)? <+ Cnitng ny+ng (.T))
is the diagonal part of C'(x) and

(2.3) Ko(x) := diag(k1(x), ..., kn,in, (7)).
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(If ng = 0 then Ky = K)
Assume that C' satisfies the following property:

(2.4) ifi#j, 1<4,j <ny+neand k;(z) = k;(z) for some x € [0,]

then c¢;; vanishes on [0, [].

Under assumption (2.4) the spectral properties of the full system can still be de-
scribed in terms of the reduced diagonal system. Hence we define the reduced
system to be the diagonal system (Hy).

However, if (2.4) and (2.2) are violated then one can show that the diagonal
system (Hp) is a wrong choice for the reduced system, e.g. see the example [45,
Example 6.8, p.326] which shows that the difference of the semigroups of the
full system and the diagonal system is not compact anymore. Hence the essential
spectrum of the semigroup of the full system can not be detected by the semigroup
of the reduced diagonal system anymore. We will show in section 6.1 that if K is
of the form (2.5) (containing identical entries, so that (2.1)+(2.2) and (2.1)+(2.4)
are violated) one can still express the spectrum of both the generator and the
semigroup in terms of spectral properties of a reduced block diagonal system. We
now explain how we have to define the reduced block diagonal system:

Suppose

ki, 0 0 0 0 0 0 0
0 holyy O 0O 0 0 0 0
0o 0 . 0 0 0 0 0
o 0 0 ke, 0 0 0 0
(25) K=| 6 o o o kasrla,,, O 0 o |-
O 0 0 0 0 0 0
O 0 0 0 0 0 kapple,, O
O 0 0 0 0 0 0 01,

where d; € N, d; > 0, a e N, € N, Y0 | d; = ny, Zle doyi = no, Iy, denotes
the identity matrix in R%*% and k; satisfies (2.2) for 1 <1, j < a+ 3. Then write

C(x) = (Cij()1<; jcarpr Ciilw) € Cixd;

and define Cyy to be the block diagonal matrix containing the square matrices Cj;
on its diagonal

Cyo := blockdiag (Cii)1§i§a+ﬂ )

12



Then the reduced system, denoted again with the symbol (Hyg), is per definitionem

0 (u(t,x) 0 (u(t,x) u(t,z)\
ot (v(t,x)) + Ko(x)% (v(t,:c)) + Cuol() (v(t,:c)) =0,
u(t,0) = Ev(t,0), v(t,l) = Du(t,l),

u(0,x) = ug(x), v(0,z) = vo(x).

(Ho)

If K satisfies (2.5) but (2.2) is violated for 1 <i,j < a+ [, i # j, we need to
assume a condition analogous to (2.4):

Ifi#j, 1<i,j<a+pand k(z) = k;(z) for some x € [0,

then C;; vanishes on [0, [].

Remark 2.1 The reduced system in blockdiagonal form becomes diagonal if d; =
1, also the required assumptions on the coefficients become identical then. Hence the
reduced blockdiagonal is a analogous generalization of the reduced diagonal system.
This justifies that we use the same symbol (Hg) for different reduced systems. From
the context it will be clear which system we mean.

Remark 2.2 Systems with identical speed are not just of academic interest. Im-
portant examples from applications are traveling wave models for the dynamics of
semiconductor lasers. At a first glance (see the model equation (3.10)) it seems
that condition (2.2) is satisfied. But in fact it is not: The linearized system is
obtained in real space (since the nonlinearities are only real differentiable and not
analytic). By realifying the complex part of the equations one sees that the system
is of the above type containing identical speeds with (2.1)+(2.2) and (2.1)+(2.4)
violated. But the realified and linearized system is of the form (2.5)+(2.2) (with
dy = dy = 2). Hence the essential spectrum of the traveling wave model can not be
described by the diagonal system, but by the reduced system in block diagonal form.

13



o, o(A)
p: P(A)

set of natural numbers including zero
field of real R or complex C numbers
see (2.3)
real, imaginary part of a complex number
Image of a linear operator
identity operator or matrix (n° matrix size)
characteristic function to (Hp), see (4.7)
characteristic function (for (H) or (DH)), see Def. 4.2
see (4.6)
residual or continuous spectrum due to degeneracies, see (6.8)
see Proposition 4.3
right spectral bound of the reduced system (Hy):
Y+ :=sup{Re A | ho(A) = 0},
if (Hg) has empty spectrum then by definition v, := —o0
derivative symbol
length of the spatial interval [0, (]
Banach space of equivalence classes of measurable
functions f :]0,1[ — K" such that fol | f(2)]]P dz < oo
space of continuous functions on [0, {] with values in K"
Sobolev space of functions f € LP with f € LP.
X, = LP(]0,[[; K") x K™, 1 <p<oo
Phase space for (SH),
Y = {(u,v,w,d) € C([0,1]; K") x K" |

u(0) = Ev(0), d =v(l) — Du(l)}
(if ng = 0, then
Y = {(u,v,d) € C([0,1]; K™) x K" |

u(0) = Ev(0), d =v(l) — Du(l)})
stands for the space Y or X,, 1 <p < 0o, only in
sections 5.1 and 8.1 X denotes a general Banach space
denotes a closed densely defined operator in X corresponding
to the class of linear hyperbolic systems (H) or (DH),
only in section 5.1 A denotes an arbitrary
generator of a Cy semigroup on a general Banach space X
spectrum of A
p = C\ o, resolvent set of A
see (10.11)

2
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C, C.:={NeC||Re\| <1}

Cap Cop:={NeC|a<Rel <[}

Cop closure of Gy 5, i.e. Cop={) € C|a < Re < 5}
XT XT = C([O, T], Y)

II Projection in extended phase space by dropping

the “right sided boundary component”.

If (w,v,w) :]0,1] = K™ x K" x K™ and d € K",

then Il(u, v, w,d) := (u,v,w) or Il(u,v,d) := (u,v).
A right sided boundary operator,

if (u,v) :[0,1] — K™*"2,

then A(u,v) :=v(l) — Du(l).

S Fourier transform, (§ g) (w) := 5= [~ e™g(v)dv.
1) — [~ Integration by Cesaro means of order 1, see Def. 12.1.

BV([0, l],ijogide) Space of matrix valued functions of bounded variation.

3 Examples of semilinear hyperbolic systems

The semilinear hyperbolic systems of type (SH) studied in this work are very gen-
eral and appear in many different applications. A large subclass of equations
which can be considered as linear hyperbolic systems with nonlinear dynamic
boundary conditions are retarded and neutral functional differential equations,
see section 3.3, which are generalizations of ordinary differential equations with
delay.

The first two examples we give are two interesting semilinear hyperbolic sys-
tems for which the whole theory of this work applies immediately. The stability
and bifurcation scenarios of these two examples have been intensively studied in
the applied literature [9, 66, 80, 80, 35, 39, 56, 33, 31]. The first example is a gen-
eralization of the classical Turing model, where the diffusion process or Brownian
motion is replaced by a correlated random walk. This yields a more realistic model
for reacting moving particles, whose mean free path length is not small, which oc-
curs in mathematical biology. The second example is the traveling wave model for
the longitudinal dynamics of semiconductor lasers which we already mentioned in
the introduction.

According to chapter 6 of [45] hyperbolic systems often appear in counter-flow
heat exchanger processes, gas absorber processes, tubular reactor processes, con-
nected vibrating strings and many other applications. Other examples of linearized
hyperbolic system can be found in the work of Lopes, Neves and Ribeiro [48].

Closely related to first order hyperbolic systems are second order wave equa-
tions when brought to first order form, see e.g. (3.7) or [63] for another wave
equation.
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3.1 Turing model with correlated random walk

Reaction diffusion equations

(31> Owp = DOyyp + f(p)

model the interaction of particles in space, where p(t,x) = (p1(t,x), ..., pa(t,))
is a vector of densities of n types of particles. The reaction is described by the
ODE 0ip = f(p), where f = (f1,..., fn) : R® — R" is smooth. Spatial spread is
modeled by the diffusion equation, Brownian motion, d;p = DAwu. The diffusion
matrix D is diagonal with non negative diffusion coefficients d; > 0, 1 < 7 < n.
System (3.1) is based on the assumption that the particle number is large and the
mean free path length is small. A feature of (3.1) which is often criticized is that
the speed of the particles can be arbitrarily large. The reason of this pathology
is that for Brownian motion the direction of motion in successive time intervals
is uncorrelated. This model may be appropriate for chemical reactions, but when
modeling biological populations of microorganisms or bacteria, where the particle
radius becomes larger, the assumption of finite speed of the particles is more
realistic, see [33] and the references there. Hence other models of motion such as
correlated random walks, which can be considered as a generalization of Brownian
motion, are studied. Correlated random walks for species in one space dimension
yield hyperbolic systems. They have been studied by Kac [37], Goldstein [23] and
more recently by Hillen [31, 30] and Horsthemke [33] among many others. Kac
found an equivalence with the telegraph equation. One assumes that particles
with density p; have constant speed v; and constant turning rate ;. One splits
each particle density p; = u; + v; into particle densities u; for right and v; for left
moving particles. Then one arrives to the following reaction random walk system
[25, 31, 30, 33] on the interval |0, (|

1
(3.2) Opj + 73 0zty =p4j(v; — ug) + S fi(ur +vr, o+ )
1
Ovj — 70,05 =p(uj —vj) + éfj(ul + U1, Uy V).
If one introduces diagonal matrices I' := diag (y1,...,7,), M := diag (p1, - - -, fn)

and vectors of the state variables u := (uy,...,u,), v := (v1,...,v,) then one gets
the following compact notation for (3.2)

0 (u ' 0\ 9 (u M —-M\ (u L (flut+v))
(3.3) ot (v) + (0 —F) ox (v) + (—M M ) (v) 2 (f(u+v)) N
Neumann boundary conditions are

(3.4) u(t,0) = v(t,0), v(t, 1) = u(t, ).
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Other boundary conditions of Dirichlet, periodic or dynamic type are also used.
Introducing the variables p := u + v and ¢ := u — v (o describes the net particle
flow of each species) system (3.3) with (3.4) can be equivalently written

(3.5) Oup + T = f(p),
8250' -+ F@mp = —-2Mo

with boundary conditions
(3.6) o(t,0) =o(t,l) =0.

Assume (p, o) are two times continuous differentiable. If one differentiates the first
equation of (3.5) with respect to ¢ and the second equation of (3.5) with respect
to x, eliminates the derivatives o,; and o,, then one gets the following reaction
telegraph system

(3.7) pie + (2M — Df(p))pr — T?poe — 2M f(p) = 0.

The Neumann boundary conditions (3.4) transform as follows. Because o(t,0) =0
and 0;0(t,0) = 0 one gets from the second equation of (3.5) that d,p(¢,0) = 0,
and similarly for x = [. Hence the transformed boundary conditions are

(3.8) Dup(t,0) = Dup(t,1) = 0.

More precisely the relation of solutions of (3.7) and (3.5) is as follows (see [30,
Satz 2.21-2.22]):

1) If (p, o) is a (classical) solution of (3.5) then p is a (weak) solution of (3.7).

n) If pis a (weak) solution of (3.7) then there exists a one parameter family (o.)cer
of functions so that (u,o0.) is a (classical) solution of (3.5).

we) If (p, ) solves (3.5) with Neumann boundary condition (3.6) then p is a (weak)
solution of (3.7) with boundary condition (3.8).

w) If p is a (weak) solution of (3.7) with (3.8) then there exists a function o such
that (p, o) is a (classical) solution of (3.5), (3.6) if and only if the following compat-
ibility condition for the initial data p(0, -) holds: fol(f(p((), z)) — p(0,z)) dx = 0.

Multiplying (3.7) by (2M)~! yields

(2M) " pu + (I = (2M) "' Df(p))pe — (2M) ™' T?py — f(p) = 0.

Hence, if one considers the formal limit
2
Yj, ij — 0o such that =L — dj,
214

then one obtains the reaction diffusion equation (3.1).

17



Hillen [31] studied the Turing instability for the two species reaction walk sys-
tem (3.2) and found that via the identification d; = ;’7]] the stability properties of
(3.2) are identical to those of the reaction diffusion system (3.1) if 2u1 > 9, f1(p),
where p denotes a homogeneous steady state, i.e. f(p) = 0. He also found that loss
of linearized stability, which does not appear for the reaction diffusion equation,
may occur when 244 > 0,, f1(p).

Horsthemke [33] criticizes that (3.2) is unsound because the rate of decrease of
particles of a given type must go to zero when the density of those particles tends
to zero. Instead of (3.2) he proposes to use the following hyperbolic system

(3.9) &uj+vﬁ%uj:uﬂuj—uﬁ%%bAU1+Uh-~,un+v@
—dj(uy + v, .. Uy + Un)uj

O — ;0,05 =p;(u; — vj) + %bj(“l + UL U+ Uy)
—dj(ug + vy, .. Uy +vn)Y;

with positive birth b6 > 0 and death d > 0 rates. Also the evolution equation
(3.9) preserves positivity, whereas with (3.2) positivity is not guaranteed. In [33]
Horsthemke performs a linearized stability analysis of (3.9) and finds different
results than [31].

3.2 Traveling wave model for semiconductor laser dynam-
ics

The traveling wave model used to describe the longitudinal dynamics of a DFB
multisection laser with m sections Sy, of length | S|, attached with a chosen physical
unit of length, 1 < k < m, is of the following form [3, 21, 47, 76, 60, 4, 50, 57, 58,
56, 66, 39, 67, 68, 9]:

( Ob(t,z) = vy <_£m$21((tt,’:f))) + L(z,n(t,z))(t, r)
+K(z,n(t,x),¥(t, x)),

(3.10)

T x m U¢
8tn(t, x) _ I( )jVI(JZ)(t, ) + Zk:l er:“S’k .

Xs;, () <\S—1k| fSk n(t,y) dy — n(t, :13))

=Rl n(t,2)) ~ vyrg (.0t ) 1 LR
TG L)) = VgrG T T ) @)l

\

Here y(t,z) and v(t,x) denote the slowly varying complex amplitudes of the
forward and backward traveling light wave at the spacial position = € ]0,[[ and
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time ¢ > 0, and n(t,z) is the carrier density at « and t. The linear operator L is

defined through

e B e R

where v,, denotes group velocity, x a coupling constant due to Bragg grating and
[ a field propagation constant which is modeled by the formula

Blzn) = —id(x)— iﬁthizzj(l') B Oz(237> L1 —;QHg(:E’n)

for x € Sy and n € R. There g(x,n) is the field gain function, § and (§y, are de-
tuning constants, I(z) is current injection, v describes internal absorption and oy
is the so called linewidth enhancement factor. For the field gain g one commonly
uses a linear or logarithmic model

d
k(@) (n = 1)
g(z,n) = { G log (2 ) for x € S, and n € R.

Ntr k

Here ny,.; denotes transparency carrier density and g{ differential gain of the k-th
section. Note that the logarithmic gain model has a singularity at n = 0 which
does not exist physically. Thus this model is not appropriate for n close to zero
(this is of importance when one derives apriori estimates for (3.10)).

The operator K (z,n,1) accounts for nonlinear gain and index compression

1 1
Kland) = wrgten) (5 =1)
o 1

. H
ﬂ%"?“ﬁm(1+a@wwf_0w

PN | [l
= o))
—i—e[(x)ia—varg(:c,n) I 5.
2 Lt er() |9l

The time evolution for the carriers is described by a spatially extended ODE in
(3.10). There I(z) denotes current injection at position x, Ip/(¢,z) current mod-
ulation, the sum describes current redistribution, R spontaneous recombination,
which is modeled as

R(z,n) = A(x)n + B(x)n® + C(x)n?,
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and the remaining terms account for stimulated emission. The symbol yg, ()
denotes the characteristic function for the interval Sy, i.e. xs,(z) = 1, if x € Sk,
and xg, () = 0 if z ¢ Sg. The initial and boundary conditions are

([ ¥(0,2) = (),
G0 = ool 0) 4 alt)
1(t, = T2 + «
(3.11) Galtil) = (0,1,
Uit o) = rig Wt oe—) + b (t ),
\ Vol mp—) = 1 113/’2(7 Tpt) + gt Tp—).

for x €]0,1[, t >0and k € N, 1 < k < m (see Figure 2). Here zy+ (zy—) denote

Y=

k-1k

/ T

ye
5

Y

I
<A
N

k

Figure 2: Boundary conditions at junction k=2 of a 3-section DFB laser

the trace at xy from the right (left). The symbols rg, r,,, r,:r_/ Lk r,jk/ ~ are complex

reflexion coefficients and «(t) is a optical injection term.

In the autonomous case, i.e. a = 0 and I); = 0, the equations (3.10) and (3.11)
can be written as a hyperbolic system in the form given by (SH) of (real) size 5m
on the space interval [0, 1] when we write the equations separately for each section
of the laser (see Figure):

u(t, ) = itz a) vi(t,r) = 1 (tze + 2 (01 — 29))
U (t,x) = Po(t,x - x1) U (t,x) = o (t,z0 +x (21 — 22))
wi(t,r) = n(t,z-x) wo(t,z) = n(t,r2+x (1 —22))

us(t,z) = Uy (t, 22+ (x5 — 12))
Um—1(t, ) = o (t, 20+ (13 — 22))
wy(t,z) = n(t,xo+ x (3 — 22))

Note that the operators of the original system (3.10), (3.11) of size 5 are generated
by spatially discontinuous functions, whereas the expanded system of size 5m is
composed of smooth functions only.
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All appearing parameters together with their ranges and physical units are listed
in table 1. Here L(-,n(t,-)) operates linearly on v (t,-), and K is nonlinear. The
reason for the use of this splitting is, as we will see next, that the nonlinearity in
 is small. Introducing dimensionless variables with suitable reference quantities
as follows 4

X ~ Vgr _. ¥
(3.12) T = m =, t— |§1\t =1,
n -1 7
n— =0, Y (Nya€) 2P =11,
ntr,l

where € > 0 is an arbitrary scaling parameter, and writing the nondimensional
parameters &, lp, 0, o, &, €a, G, by, A, B, C, I (see table 1) and the intervals
Sk = [rp_1, zk], T1 = 25:0 l,, 1 <k < m, our model equations become

(5t s —%Iﬁl(fi))) Fos oo ToE o
oY(t,z) = N + L(z,n(t,x t, 7
) = (Gt ) )+ EEAE 26
+K(2,1(1, %), ¢ (1, 7)),

t

om(t,x) = 1(Z)+ Iy(t, 7)
+ 300 bexs, (@) (i Js, 7(E,§) dy — n(t, ~)>
P O Sy N L]
L R('T7n(t7x)) € g<x7n I 1+EG(3~3)||1/;(£i')||27

(3.13)  L(Fm)dE ) = (ﬁ(j_ﬁ) “(21)) B(E,F) forz €10, am[,

B(#,7) = —i (5(@) v Sth) — @)+ _;O‘Hgl(:z»,ﬁ) for 7 € S,
i (o
(3.14) g(z,n) = ?k(::c)n(n n”’ln> ) for z € Sy and 72 € R,
G2t log (1)
~112
NP |
(315) K(l‘7n7w) Eg($)2g($, ) ~ Qw
1+ &(7) ||
~112
(0 .
1 ()i 57, 7) —
1+ &() Hz/;

4the author would like to thank M. Radziunas and J. Sieber for providing (3.12)
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(3.16) R(#,n) =

Table 1: In the table we list typical parameter ranges for active laser sections
together with their physical units and the formula describing the relation to the
original dimensional quantity which follows from the scaling (3.12), the last column
shows the order obtained. The author would like to thank M. Radziunas for
providing the parameters.

parameter typ. range phys. unit nondim. transform new range order
K 130 102m~1! & = r|S1] 3,25 o(1)
‘Sk| 250 10~ %m l == ‘Sk‘”Sl‘ ~1 O(l)
5 400 102m—! d := 6]51] 10 0(10)
Bin 40 Al
T 70 10 °A
Bind/|Sk] 11,2 103m~! Oth = (Benl/|Skl) [S1] ~2,8 o)
o 15 102m~1! 24 := a|S1| 0,75 o(1)
ag —4
Nr.k 1 10%4m 3 Rt ke /Ttr,1 ~1 o)
eql 1,5 10=2Im3 éc = eqlenir, 1, 5¢ O(e)
g 10 10~212 ¢ = gdne 1|51 2,5 o(1)
Ug 6 10-2%ym?
e 1,6 10~ As
Vi 150 10~ Bm?
sk 2,5 QO=V/A
Vgr 0,8 10°m/s
UL /(eVirs k) 10~2 10MTs— T by == [S1|UE/(eVirs kvgr) | 3,125-1073 | O(1073)
A 3 10851 A= AlSi|/vgr 9,375-10~% | O(1073)
B 1 10~ 16m3s—1 B := B|S1|nir,1/vgr 3,125-107% | O(10~%)
] 1 10~40m0s1 C = |S1|n2, | /vgr 3,125-10~% | O(10~%)
I/(eV) 0,292 10345~ Im =3 I:=|S1]1/(eVvgrnir1) 9,115-1072 | O(1072)

~ We see that the variable n is two orders of magnitudes slower than ¢. Since
I, A, B,C, b, are all of order O(1072) we can use a scaling ¢ ~ 1072 and rewrite
the equations, omitting the tildes, in the following form:

owr) = (i) 4 Lt )i, o)

(3.17) +eK(x,n(t,x),Y(t, z))

Om(t,z) = eF (t,z,n(t x), ¥t x)),
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where

F(t,z,n(t,x),v(t,x)) = I(t,x)+ Z brxs, () (fskn(t, y)dy — n(t, z))
—R(z,n(t,z))

(o, nt,z) — D]

L+ e(z) [ (t, o) [*

We have used a slight abuse of notation by having written I (¢, x), by and R(z, n(t, z))
instead of I(t,x)/e, by/e and R(z,n(t,x))/e. Note that F' only contains terms of
order O(1). In the following we will ignore the dependence of I, by, R, on the
fixed chosen scaling € ~ 1072 and treat € as a sufficient small variable perturbation
parameter.

Remark 3.1 The careful reader would notice that here I have excluded polarization equations in
the traveling wave equations which have been added in recent years visible in several publications
already (although the model with polarization can be treated without difficulties and falls under my
general setting for semilinear hyperbolic systems). The reason for this decision is that I consider
the equations including polarization unsound because the carrier densities can not guaranteed to be
positive anymore. In fact it is not difficult to construct initial data such that the densities become
negative due to the added polarization term appearing in the carrier rate equation. Nevertheless,
I have learned that it has benefits from the practical numerical point of view because it stabilizes
modes.

3.3 Neutral and retarded functional differential equations
/ linear hyperbolic systems with dynamic boundary
conditions

Next we show that general functional differential equations are linear hyperbolic
systems with nonlinear dynamic boundary conditions.

Let ny = n3 = 0 and np = n > 0. Put K(z) = —1I,, where [,, denotes the
identity matrix of IK". Instead of the interval [0,!] we chose the interval [—r,0].
Then (SH) becomes for ¢t > 0 and —r <z <0

(3.18) %v(t,x} = ((%v(t,x)
(3.19) %v(t,O) = F(v(t,")).

Define y : [—r,0[ — R"™ by y(t) := v(t,0) for ¢t € ]0,0[ and y(t) := v(0,¢) for
—r <t <0. From (3.18) it follows that v(t,x) = y(t+x) fort > 0 and —r < x < 0.
Substituting into (3.19) we get

(3.20) Cy(t) = Fly(t+ ),
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where F' : C([-r,0],R") — R". Equation (3.20) is the usual retarded functional
differential equation (see [27]).

L, O

Let ny = ng, and n3 = 0. Put K(z) = (0 7

[0, 1] choose [—%,0] then (SH) reads

). Let £ = I,,. Instead of

(3.21) au(t, xr) = —%u(t, x)
(3.22) %v(t,x) = %v(t,x}
(3.23) %(v(t, 0) — Du(t,0)) = F(v(t,-),ul(t,-))

o) = o)

Define y : [—r,6[ — R™ by y(t) := v(t,0) for t € )0, [, y(t) := v(0,¢) for —f <t <
0 and y(t) := u(0, —r — t) for —r <t < —7. From (3.22) we get v(t,2) = y(t + z)
for t > 0 and —5 < 2 < 0 and from (3.21) u(t,r) = y(t — 2 —r) for t > 0 and
—5 < x < 0. Substituting into (3.23) we get

d

(3.24) -

(y(t) = Dy(t —r)) = Fy(t +-),y(t —- — 1)),
where F : C([-%,0],R™)?> — R™. Rewrite (3.24) with G : C([-r,0], R™) — R™
and obtain the neutral functional differential equation

d

7 (w(t) = Dy(t = 1)) = G(y(t +)).

We mention the mixed initial boundary value problem originating from a model
for electronic circuit dynamics studied by Brayton and Miranker [12] which belongs
to the class of linear hyperbolic systems with nonlinear boundary conditions.

3.4 Boltzmann systems

Discrete velocity models of the Boltzmann equations are of considerable interest in
the kinetic theory of gases. There has been a lot of work on their mathematical and
mechanical aspects. We refer to the review article [52] which contains a huge list
of references until 1985. In one space dimension such models belong to the general
class of semilinear hyperbolic systems treated in this work. The simplest discrete
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velocity approximation to the Boltzmann equation is the so called Carleman model:

1
(3.25) — (Qpu + Opu) =v* — u?,

b
V2

One can consider z in some interval, x € [0, ], with boundary

S

(O — Oyv) =u? — v*.

u(t,0) =rov(t,0), wu(t,l) =mrwv(tl) fort>0
and initial conditions
u(0,2) = ug(x) v(0,2) = vo(z).

Here u(t,z) € Ry and v(t,z) € R, are the mass densities of particles with speeds
plus and minus one. The boundary conditions mean that the number of particles
hitting the wall with one speed is equal to rg or r; times the number leaving the
wall with the other speed.

The Carleman model belongs to the class of Boltzmann systems [17]:

Definition 3.2 The system of equations

BT +Ui6—:c = Z Biujug, 1 <i<mn,
1<j,k<n
is called an n-th order Boltzmann system with velocity states v = (vy,...,v,) and

collision form B = (B',..., B"), provided the matrices B® = (B;k) satisfy the
folloy;z'ngl; Bllz’s symmetric, By, > 0, 1 < j,k <n, j#1i, k#1i, and B} <0 for
j=1iork=i.
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4 Nondegenerate linear hyperbolic systems

4.1 Basic properties

We consider the class of nondegenerate hyperbolic systems (H) for = € ]0,![ and

t>0
9 (u(t,z) 0 [(u(t,z) u(t,z)\
ot (v(t,:c)) + K(x)a—x (v(t,x)) + () (v(t,x)) =90,
(H) p [v(t,1) — Du(t,l)] = Fu(t,-) + Gu(t,-),
u(t,0) = Ev(t,0),
where

(HI) K(z) = diag (ki(x));—, _, is a diagonal n x n matrix of functions k; €
C' ([0,1],R) which satisfy k;(z) > 0 for i = 1,...n; and kj(z) < 0 for j =
ni+1,...n (z €0,1]).

(HII) C(x) (¢ij(%)); =1, IS @ n X n matrix with diagonal elements c¢; €
L>(]0,{[,C), i = 1,...,n, and nondiagonal elements ¢;; € BV ([0,1],C), i,j =
1,...,n with i # j.

(HIII) If ¢ # j and k;(x) = k;j(x) for some x € [0,!] then ¢;; vanishes completely
on |0, [.

(HIV) u(t,z) = (w1 (t, ), ..., un, (t,2)) € C™ and v(t, z) = (v1(t, ), ..., v, (¢, z)) €
Ccr

(HV) D € C"»*™  E € €™ and

8

F:C(o,]],€") = C™, G:C([0,]],€") — C™

are linear continuous operators.

Remark 4.1 In this section we do not need assumption (HIII), but it will be
required in sections 4.2 and 5.3. In section 6.1 we will relax condition (HIII).

System (H) can be written as an abstract evolution equation

d
Ew(t) = Aw(t)
in the complex space
(4.1) X, = LP(]0,1[;C") x C™

for 1 < p < oo, where w = (u,v,d) and A is a closed operator

A:D(A)C X, — X,
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Alu,v,d) = <—K(m)8% Cj) — C(z) (Z) . Fu+ Gv) ,

on the dense domain
D(A) = {(u,v,d) € X, |(u,v) € WHP(]0,1[; C"),
w(0) = Bv(0), d = v(l) — Du(z>}.

It is not difficult to verify that A generates a Cy semigroup in Y, see Proposi-
tion 7.18. In special cases, for example if

Fu= Fyu(l) and Gv = Gyv(l),

where Fy € C™*™ and Go € C"*"2 are matrices, it is not difficult to see that A
is the generator of a Cjy semigroup e in X, for 1 < p < oo, see Proposition 7.20,
the paper [48] or the book [45, Theorem 6.2, p. 312] for a detailed proof. Spectral
properties of the semigroup in the space X, 1 < p < 0o, have been studied in [48].
Hence the space

Y = {(u,v,d) € C([0,1]; C") x € | u(0) = Ev(0), d = v(l) — Du(l)},

where C([0,1]; C™) is equipped with the sup-norm, is an A-admissible invariant
subspace in the sense of [49, chapter 4.5]. This means that eA'Y C Y for ¢ > 0 and
the restriction of e to Y is a Cjy semigroup in the stronger Y-norm. The generator
of the restriction to Y is the operator Ay : D(Ay) CY — Y, Ayw := Aw for
w € D(Ajy) with domain

D(Ay) ={(u,v,d) € WH([0,1];€") x €™ |
u(0) = Ev(0), d = v(l) — Du(l) and A(u, v, d) € y}.
Together with (H) we consider the reduced system (Hy)
0 (u(t,z) 0 (u(t,z) u(t,z)\
M) { o <v(t,:c)) TR g, (v(t,x)) +Col) (v(t,x)) =0,
u(t,0) = Ev(t,0) and w(t,1) = Du(t,l).

where Cy(x) = diag(cii(x),. .., cpn(z)) is the diagonal part of C(z). A common
choice of phase space for (Hy) is L?(]0,1[,C"), 1 < p < oo, and it can be written
as an abstract equation with an infinitesimal generator Ay of a Cy semigroup in
an obvious way. It has the Ay admissible invariant subspace

(4.2) Yo := {(u,v) € C([0,1]; C") | u(0) = Ev(0), v(l) = Du(l)}.
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In the following we put either
(4.3) X=X, forpeflioo] or X=Y

and consider A : D(A) — X as a closed densely defined operator in the Banach
space X.
Let T'(z,y, A) denote the fundamental matrix satisfying

(4.4) %T(:p,y, N = —K(x)"" (M +CO(2))T(x,y,\) forxz,y €0,

T(y,y,A) = 1 foryel0,l].
Let Ty be the fundamental matrix (corresponding to the reduced system)

(4.5) %To(x,y,)\) — K@) (M + Col2) Ty(a,y, A) for 2,y € [0.1],

T0<y7y>)\> =1 fOI'yE[O,l].

A formula for (4.5) is

To(z,y, \) = exp (— f; K=1(2) (A + Cy(2)) dz) .

Let 0(A) := {A € C| A — Ais not invertible} denote the spectrum of A and
0p(A) == {X € C | Jyepa)vroAv = Av} denote the point spectrum. We will
see that the spectrum does not depend on the choice (4.3) of the Banach space X
and hence we will just refer to the spectrum of (H).

Further let I € C"*"2 denote the identity matrix and ¢;, §;f := f((), the delta
function at [. We put

(4.6) H(\) := (=ADd, — F,\16, — G)T(-,0,\) (?) (e Cm*m2) .

Definition 4.2 The function

h(\) :=det H()\)
is called the characteristic function to (H).
Further we put
(4.7) ho(X) :=det Ho(N),

Ho(N\) :=(=Ddy, I6;)To(+, 0, \) (?) (€ Cmxm)

and call hy the characteristic function to (Hp).
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Proposition 4.3 We have
(4.8) 0(A) =0,(A) ={Ae C|h(\)=0}.
For \ € o(A) the eigenspace is
Eig(A,\) = {T(-,O, A) (?) vo | vo € Ker H(/\)} :

In particular, the geometric multiplicity of X\ is less than or equal to ns.

Similarly for (Hy) we have
o(Ag) = 0,(Ag) ={A € C| ho(X) =0}.
For A € 0(Ay)

Eig(Ag, \) = {TO(-,O, N (?) vo | v € Ker HO(A)} .

For any X such that h(\) # 0 the resolvent R(\, A) = (A — A)™" is given by

f u(x)
R (o) |@={ o .
b v(l) — Du(l)
where

(1) = 7o (§) mmsosan + [ 16w g (1) a

v 0

(4.9)

and B(A) : X — C™ denotes

BN(f, 9,b) == b+ (A\D3, + F,G — \I5;) / Ty, VK (y) " @E?Z;) dy.

0
In particular, R(A\, A) : X — X is compact for A ¢ o(A).

For any \ such that ho(\) # 0 the resolvent R(\, Ag) = (M — Ag)~" is given
by

w10 a0 (1) =100 (7) w0y w0

/0. To(,y, MK (y)™ <£E‘z§) dy,

where

W) A= (D0 [ Tl VK GEIZ;) dy.
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Proof: We have A € 0,(A) iff there exists vy € C"2, vy # 0, such that

(u) (x) = T(x,0,\) (?) v and (=AD& — F, A8 — Q) (Z) _o.

v
This is equivalent to H(\) having a nontrivial kernel or h(\) = 0. Hence
o,(A)={Ae C|h(\)=0}.

The resolvent equation R(\, A)(f, g,b) = (u,v,d) for (u,v,d) € D(A) and (f, g,b) €

X is equivalent to
0 (u uw\ (f
. () L+ 0) () - (g)

(=ADS, — F, M6, — G) (g) —b.

And this in turn, since (u,v,d) € D(A), is equivalent to

(2)er-rion (B [ i (v

b= (—AD& — F, \[§, — G) (Z) .

If A\ ¢ 0,(A), by inserting the first equation into the second one, we get that
the resolvent equation has a unique solution and v(0) = H(A)~'8(\)(f,g,b). This
shows (4.9) and that o,(A) = o(A).

We note that A\ — A is a compact perturbation of an isomorphism and hence
a Fredholm operator of index zero. Indeed:

Denote K,(z) := diag (k;(z)),_,
For r € R consider the equation

u Kl u
(4.12) rlv] + Ko (v) =
d

Cand K,(7) := diag (ki(r));_,, 11

Q) =

where @ € LP([0,1];€™), & € LP([0,1]; €"*) and d € C"* are given and the unknown
is (u,v,d) € D(A). Here p € [1, 0], i.e. the case p = oo is included. This equation
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has a solution (u,v,d) € D(A) iff there exists vy € C"* such that

(5@ = et E G ()

(4.13) + Jo exp(—r [T K1 (2) dz) K~ (y) (
d = r(=D,I)§ (2)

It is unique iff vy is unique. Rewriting (4.13) we have

<

) (v) dy,

\

(4.14) r (exp(—fr fol K;Y(z)dz) — Dexp(—r fol K (2) dz)E) Vo
7 l T _ U
= A (=D frexo(or 7K G K ) (5 )
By (HI) we have lim,_, re~"Jo Ka' ()42 — () and lim, Hre*”fol k@) 2| = o for
t = ny +1,...,n. Therefore for sufficiently large » > 0 the matrix in the left

side of equation (4.14) is invertible. Hence for large r the operator defined on
the left hand side of (4.12) is an isomorphism from D(A) onto LP([0, ], C") x C™
(p € [1,00]). Since for (u,v,d) € D(A)

u u o (u u u
MN—-A) [v]=|r|v]|+ Ko <v) +{A=7)v ]+ ¢ (v)
d d 0 d —Fu—Gu

and the imbedding W*'*([0,1],C") — LF([0,1],C") is compact for p € [1,00]. [

Since ho(A) is a finite exponential polynomial of the form >  a,e’* with
b, € R and a,, € C we have the following

Proposition 4.4 The zeros of hg are located in a strip, i.e. there exist v9,71 € R
such that A € C with ho(X) = 0 implies A € C,, -,

It is important to know the dimension of the spectral projection associated to an
eigenvalue of A. For example, when studying the dynamics on a center manifold
the knowledge of that dimension is essential. In [43] it has been shown that
the dimension of the range of the spectral projection corresponding to a single
characteristic root \g is equal to the multiplicity of the spectral point Ay as root of
the characteristic equation h(\) = 0. More precisely the following theorem from
[43, Theorem, p.343] holds:
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Theorem 4.5 If Ay is a root of h(\) of multiplicity m, then we have
1) X, = Ker(Agl — A)™ @ Im(Ngl — A)™,
n) Ker(A\gl — A)" = m(X,), where

S R(\, A)dA

=T .
and 6 > 0 is chosen such that o(A) N{z € C| |z — o] <} = { o},

ur) the dimension of Ker(Agl — A)™ is m.

4.2 Estimates for spectra and resolvents

In general the fundamental system 7' to (4.4) can not be calculated explicitely.
And even in the case of constant coefficients it will be a complicated expression.
In the following we will give a series expression for T in powers of A7L.

Denote the nondiagonal part of C' by

Define for £k > 1

(4.15)  Tp(x,y,\) = —/\To(x,y,)\)/ To(y, 2, VK1 (2)C1(2)Te_1(2,y, \) dz.
y
Each Ty, k > 1, satisfies the initial value problem

(4.16) L ey 0) = —K (@) (M + Cof)) el 3, N

dx
_)\K71<x)cl (‘T)kalclju v, )‘>7
Ti(z,xz,\) = 0,

and can be calculated recursively in terms of integrals of elementary functions. We
will see that the series

(4.17) D A FTi(w,y,A)
k=0

converges in W1 for sufficiently large |JmA|. Therefore (4.17) is a representation
of the fundamental Matrix 7" to (4.4). However, we already note here that the
explicit expressions for T}, k > 2, are not bounded for A chosen from any stripe
C,. Indeed we will see in the following that the expressions Ty, k > 2, contain
some power terms \* with ¢ up to the lower integer part of k/2 which will be due
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to successive failures in partial integration in the formula (4.15). After reordering
terms for any finite K € IN we will obtain an explicit representation of the form

T(x,y, A ZA “Fiu(w,y,A) + O ),

for A in a stripe C, and sufficiently large |JmA|, where each F}, is of order 1 with
respect to A on stripes C, (by this we mean that for any given r > 0 there exists
¢ > 0 such that ||Fj.(z,y, \)|| < cfor A € C,., z,y € [0,1]).

To see this we calculate the first two steps T7 and 1. Put

fO(xa Y, /\) = To(.I’, Y, )‘)(yél)a cee 7y(()n))t

with the arbitrary but fixed initial data y(()i) € C, 1 <i<n. Define
fuim <X [ Dol 2 VKRG sl d
y
for £ > 1. Then the i-th component (1 <i < n) of fj is

(2)<x Y, A) = exp (_ f; )\]ngl )exp< f k u)cgi(u) du >yo)7

fki)(x,y,/\) = —)exp <_fr)\k:.’ )exp( f kit () e (u )
1§<:n / exp THu) + ig((jj)) du) 21((2 FO (2, ) dz.
T#i

If we choose y(gl) =0, forl=1,...,n, where §;; =1if [ = j and 6;; =0 for [ # j
denotes Kronecker’s symbol, then flil) is the entry in the ¢-th row and j-th column
of Ty. By assumptions (HII) and (HIII) we can perform partial integration and
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get rid of the A factor appearing in the recursion formula for f,gi):
@ (2, y,\) = — exp (— f; (M (w) + k7 (w)ei(u)) du)

(4.18) Z /x A (]g;l(z) — k;1<z)) exp (fyz A (/{;;%u) — k;l(u)) du)

1<i<n

14
cu(z) eXp(fyZ (k7 (w)eii(u) — k7 (u)eu(u)) du) W 4,
Fi(2) ) k() o

_rzocey(u)
cu(z) eXp( y Fi(u) d“)

B ) T -1
= Z Yo {—exp <— fy Ak (u) d”) ki(z) ki'(z) — k()

7

Note that for partial integration we used that in the sum for [ # ¢ in the formula
for fl(i) the leading A-exponential of fél) is ey M () du, However, now fl(i) not
only contains 2(n — 1) terms with A-exponential e~ Iy M dn By also (n—1)
terms of the form e~ Js M @) w1 <l<n,l # 4. Therefore, in the next step for
f2 we will not be able to get rid of all A terms by partial integration as in the first
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step:

130y ) = = exp (= M ) de) exo (= [T et du) 37 A
1<l2,l1<n
lo#i,l1#£l2

[ (- s ) s

ox zo ((cii(u)  cyiy (u) u
p <fy <<k (;) klz(u))) d ) e (Iyzg)\ (ki () — ki, () du)

22 (1.1 -1 Ci2(22) Cly 1(y)
exp (7 (57 (weu) = i (w)ers(w) du) 25 [ )
1

) - k) /y Cew (S A (ki () = hy () )

lo

z1 [ Ciy1, () cyy1y (u)
d | ¢y, (21) P (fy (’522(“) B ’511(“)> du) le] }dZ2

dzy \ k(1) kit (21) = k(=)

l2

Partial integration is not possible for the terms in the sum corresponding to Iy = 4.
Therefore we are forced to keep (n — 1) terms containing A factors:

D(z,y,A) = — Aexp <— fﬂﬁ Ak (u) du) exp (_ yx o) du)

Z / Czlg 22 Clzz 2’2) 1 d
- — 2
1<la<n i(22) ki (22) k121(22) — k' (22)
laF#i

+ terms of order 1

However, in the next third step for these (n—1) terms containing a A factor partial
integration can be done, so that in the third step there will be no A? factors, only
A or 1 factors. Factors with A? in the multisums will first appear in the fourth
step. Thus, generally for m € IN, terms containing \™ factors appear for the first
time in the (2m)-th recursion step. Besides these A" terms there only appear
terms, which are bounded for A € C,, where the bound depends on r, C' and K
only. Thus, if we reorder the summands in the partial sums Y 7 A~ fkl)(:p, Y, \)
after partial integration - when possible - we see that there will be contributions
for terms of type A™™ only up to the (2m)-th recursion step. Since the number of
terms in the m-th recursion step can not (3(n — 1))™ after partial integration and
reordering we arrive at a series > o A"\ gi(x, y, \) where each g;(x,y, \) is of order
1 for A € C, and the rough estimate

e, 5, )| <1300 = DO < (2300 - 1O
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where C' is some constant depending only on K,C' and r, is valid. Thus, if 7 > 0
is given, then for all A € C, and Jm(\) sufficiently large we see that the series

Soo Mg, y, A)| is dominated by a convergent geometric series. We have
proven the following

Lemma 4.6 There exists a sequence Fy(z,y, ) of matrices, which has the follow-
ing properties:

1) Each Fy can be calculated from T, forn =1,...,2k. We have Fy = Ty and F;
1s the matrix with the i-th diagonal element, 1 <11 < n,

(419)  (Fuley )y = exp (= f7 Mk ) ) exp (— 7 502 )
Y e(2)
1;71/?/ me(z> dz,
v
where
Cim(2) 1
pim(2) == () ) = k() ze [0, 1<l,m<n,l#m,

and the i-th row and j-th column, 1 <1i,7 <mn, i # j,

(Fi(2,9,\),; = — exp (— Sy Ak (w) d“) (
(4.20) +exp (— Sy Ak () d”) xp (‘ by E d”) Pialy)
+ exp <_ S N () du) exp <—
/j exp <f;)\ (ki (u) — kM (w)) d )
exp (17 (4 - 4 au)
{pz‘j(z) (Z((j)) B Zj—((zz))) det dpij(z)} '

w) For r >0 there exists a constant ¢ > 0 such that

S

| Fe(z,y, N)|| <& for A€ C, andz,y € [0,]] andk =1,2,....

w) Forr > 0 there exists d > 0 such that for A € C, with |Jm(\)| > d the series
St g A FFi(z,y, A) converges absolutely (in L>([0,1] x [0,1],C™*™)) to T'(z,y, \).
For r > 0 there exist ¢,d > 0 such that for A\ € C, and |ImA| > d we have

1 1

36



From (4.16) and Lemma 4.6, u2), we have

Remark 4.7 For r > 0 there exists d > 0 such that for A\ € C, with |Jm(\)| > d
the series > pe g NFF(+,y, \) converges in WH([0,1],C™") to T(-,y,\) fory €
[0,1].

Let Tr denote trace and Ad the adjugate of a square matrix, i.e. Ad(M) =
(bij)1<ij<n, where bj; = (—1)"" det(Mj;) and Mj; is the matrix after deletion of
the j-th row and ¢-th column of M.

Then Lemma 4.6, ), and Jacobi’s Formula for the derivative Ddet of the
determinant of a matrix,

(Ddet) (B)H = Tr(Ad(B) H),
where B, H are matrices, imply the following Lemma:

Lemma 4.8 For r > 0 there exist ¢,d > 0 such that for A € C, and |JmA| > d
we have

HFI(A) — Hy(\) — %Hl()\)H < c#,
where

H(\) == \"1H()N),

(421)  H(\) = —(F,G)To(-,0,\) @) — (Do, —18)Fy(-,0, ) (?) ,

(42) ) o)~ T A H )| < ¢4
where
(4.23) h(X) == det H()),
and
H\) ™' — Hy\) ™ + %HO()\)‘lHl()\)HO()\)‘l < c#.

By definition \"A(\) = h()). Therefore
o(A)\ {0} = {A € C | h(N) = 0}.

It is important to note that for A € C, the matrices Ho(\) and Hi()\) are
bounded (the bound depending on 7). Therefore (4.22) roughly states that for
|JmA| — oo the eigenvalues of (H) are close to the eigenvalues of the reduced
system (Hgp), which will be stated in Lemma 4.12.

We need the following Lemma (see [13, Lemma 2.2])
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Lemma 4.9 Let f be an exponential polynomial of the form
(4.24) FO) = ae’ (N\a; €C, b €R).
j=1

Let Z ={\ € C| f(\) =0} denote the zero set of f. For all 6 >0, o, € R with
a < B and M > 0 there exists a constant m = m(d, «, 3, M) > 0 such that for all
A € C, which satisfy dist(\, Z) > 9, a < ReX < B and |JmA| > M, we have

[f(N)] > m(0,a, 8, M).
As a consequence of Lemma 4.9 (see also [10, Corollary 1, p. 145]) one has

Remark 4.10 Let f be an exponential polynomial of the form (4.24) and let o, B €
R, o < 3, be such that f(X) # 0 for a« < ReX < 3. Then forany0 < < (f—a)/2
)\EC,oc—i—(Slgg%e)\SB—é [f(V]>0.

Remark 4.11 [t can be shown that the multiplicities of zeros of an exponential

polynomial (or more general a sine type function) is uniformly upper bounded [1,
Proposition 11.1.28, p.61].

If (Hp) has nonempty spectrum we define
v- = inf {Re | ho(A) = 0} and 7, := sup {Re\ | hy(\) =0} .

From Proposition 4.4 «_ and ~, are finite. If (Hy) has empty spectrum then we
put by definition v, := —oco and v_ := oc.

For A € C and € > 0 let B.(\) :== {z € C | |z — A| < €} denote the ball around
A with radius e.

Lemma 4.12 For each vy > 7, there exist only finitely many eigenvalues A of (H)
that satisfy Re X > ..

Proof: Let v > 7v,. Denote
o4 :={X € C| \is an eigenvalue of (H) with e\ > v, }.

Suppose the set o, was infinite. Because (H) generates a Cy semigroup in the
space Y, see Proposition 7.18, it follows that there exists an w > 7, so that
o C C,, . Because the characteristic function h(X) of (H) is analytic it follows
that the infinitely many eigenvalues of o, must accumulate at infinity within the
closed stripe C,, ,,. Because v > ~, it follows from Remark 4.10 that

inf  |ho(N)] > 0,

A€C7+,w
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where hy is the characteristic function to (Hy) defined in (4.7). Therefore (4.22)
implies that for sufficiently large d > 0

inf{|h(\)| | X € C,, o, |JmA| > d} > 0.

Hence if we choose d > 0 sufficiently large we get a contradiction to the fact that
there exist infinitely many A € C,, ., with |[JmA| > d and h(X) = A7"h(A) = 0.
Hence o is finite. OJ

Lemma 4.13 Suppose (Hy) has nonempty spectrum. Then the following hold:

1) For each § > 0 there are only finitely many zeros \ of h which satisfy Re\ <
Y- — 0 orRe\ > vy + 0.

w) For e > 0 there exists d > 0 such that

(A n{rec|[ImA >dtc | B\
ho(A\)=0

) Suppose p = infy 2y, no(a)=ho(r2)=0 [A1 — A2| > 0. Then for each n < & there
exists d > 0 such that for each Ny € C with ho(Ao) = 0 and |IJmNg| > d there exists
A € B,(A\o) with h(X\) = 0. Both h and hy have the same number of zeros in each
B, (Xo). In particular, if (Hy) only possesses algebraically simple eigenvalues, then
the eigenvalues A € B, (X\o) of (H) are unique and algebraically simple.

Proof: Because hg is an exponential polynomial (Hg) has infinitely many eigenval-
ues. Let 0 > 0 be arbitrary and fixed. For 6 € [0, 1] consider the family of operators
corresponding to a perturbation from the diagonal operator with C' = C| to the
nondiagonal one with C' = Cy 4+ C}

Ag(u,v,d) = (—K(x)a% (Z‘) — (Colz) + 0C (2)) (Z‘) . OFu() +0Gv(-)) .

Let h?(\) denote the corresponding characteristic function. Put h?(\) := =h? ().

Note that h° = h. According to Lemma 4.9 outside of balls of radius g around

each of the zeros of hg in the strip C,__s,, s the function |h| has an infimum
m > 0. From (4.22) in Lemma 4.8 there exist ¢,d > 0 such that

(4.25) B0) — ho(V)| < e

for A € C,__5.,+s with |[Jm(X)| > d. Therefore for
A€ C‘/—*57“/++5 \ Uho(Ao):OB()‘Ov 5/2>
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with |Jm()\)| sufficiently large it follows from (4.25) that [A?(\)| > m/2 > 0. And
this holds true uniformly in 6 € [0, 1]. Starting from 6 = 0 this shows that, as long
as we increase 6 up to 1 all but finitely many zeros of h?(\) must stay in a §/2-ball
of an zero of ho(\). By the continuity of a finite system of zeros with respect to the
perturbation parameter 6 [38] it follows that {A € C | ReA < ~y_ -} U{N € C |
ReA > 7, + 0} contains only finitely many eigenvalues. The remaining assertions
follow by applying Lemma 4.9 and Rouchés Theorem. U

In the following let IT denote the projection of X onto L?([0, ], C™) or C([0, ], C™)
by dropping the boundary component C"2.
From the Lemmas 4.6 and 4.8 we get the following explicit approximation of the
resolvent (4.9)

Lemma 4.14 Suppose there exist « € R, d,¢ > 0 such that for X € C with
|Re\ — a| < & one has |ho(N\)| > €. Then there exist constants ¢,d > 0 such that
for all X € C with |ReX — | < and |ImA| > d we have X € p(A) and

! .
A b (=D, 1)3, <Z‘) |

where

(4.26) Cj) —R(\, Ay) (ﬁ )

w5 (o (4) + 0 (1) ra 9] + v ()

+32EO(f.9.0)

and each of the operators R(\, Ao), Ri(N), Ra(N), R3(N), Ry(N) and E(N) is
bounded by c. Here R(\, Ag) denotes the resolvent of the reduced operator defined
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in (4.10), By has been defined in (4.11) and the remaining terms are as follows:
m) (1) = Fi0 () 50007 9)
R0 (1) = =103 (1) o) ) o) 80 . )

f
R (0] =100 (5) s 001,00,

m) (1) = [ Aeonre (10 a

B0 = b+ (D, -1) [ Rl VEG) (gggg) dy

+5.6) [ Dtk (1)

9(y)

Remark 4.15 Suppose ho(\) # 0 for all X € C within the stripe |Re\ —a| < r,
with some o € R and r > 0. Because hg is an exponential polynomial of the form
(4.24) Remark 4.10 implies that for 6 <r

inf  |ho(\)] > 0.
AEC,|Red—a<6

Hence the assumption of our previous Lemma s satisfied.

Remark 4.16 Consider the problem with static boundary conditions
0 (u(t,z) 0 (u(t,z) u(t,z)\
o (w,x)) T R@)5 <v<t,x> OO yit,2)) =

u(t,0) = Ev(t,0) and wv(t, 1) = Du(t,l)

(Hy)

for x € 10,1] and t > 0. The phase space for (Hy) we consider are X; =
LP([0,1],€C") or Xy = C([0,1],C") as for (Hy). Let T{ : X1 — X; denote the
Co semigroup for (Hy) and T' : X — X the semigroup corresponding to (H) with
F =0 and G = 0 in the extended phase space X, or Y. Then fort > 0 we have
T (u,v,0) = (T{(u,v),0). The resolvent formula for (Hy) is identical to that of
(Hy) in (4.10) with Ty simply replaced by T and Hy replaced by H with F = 0
and G = 0. We define the characteristic function for (Hy) to be h which we have
defined in (4.23) for (H). If Ay denotes the generator for (Hy) and A the generator
for problem (H) with F' =0 and G =0 then
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Example 4.17 As a first example we consider a simple linear model for the pul-
sation of distributed feedback (DFB) semiconductor lasers: Fort > 0 and x € ]0,]

O (t,2) = vg, (=01 (t, ) + B(2)1(t, ) + K1 (2)a(t, 7))
(427) aﬂ/}Q(ta .T) = Ugr (8:21/}2(157 .T) + 5(37)1?2(157 SL’) + 52(37)1?1 (tv SL’))
P1(t,0) = roa(t,0) ot 1) = rig(t,1)

Recall from section 3.2 that ¢¥; and vy denote the slowly varying complexr ampli-
tudes of the forward and backward traveling waves of the electric field, | > 0 s
the length of the laser, k1 and Ko are complex coupling coefficients, vy, is the con-
stant group velocity, B is a propagation constant and ro, r; are complex reflection
coefficients at the left and right facet of the laser. The semiconductor laser is com-
posed of several (typically two or three) different laser sections. Hence the spatially
dependent coefficients k1(x), k() and B(x) possess several discontinuities at the
Junctions of each laser section. For k1 = ko = 0 (4.27) describes the so called
Fabry Perot laser which corresponds to the reduced system (Hy) to (4.27). The
characteristic equation for the reduced system is

1 l
ho(\) = 3 log(ror)vg-l ™" + ll/o B(x) du.

The eigenvalues of the Fabry Perot laser (zeros of hg) are

1 l
\ = 3 log(ror)l vy, + l_1/ B(x)dx +2miz (2 € Z).
0

In dimensionless variables vy, | and 3 become of order one, see section 3.2. Ac-
cording to condition (HII) we require that

g e L>(0,I[,C) and ky,ke € BV([0,l],C).

According to Remark 4.16 system (4.27) can be considered as a special case for (H),
where the right boundary condition ¥o(t,1) = rp1(t,1) is replaced by Oy (1 (t,1) —
rp1(t,1)) =0 (F =0 and G = 0). Because the boundary conditions are static,
(4.27) can be considered as an abstract evolution equation in LP(]0,1[,C?), 1 <
p < oo, or C([0,1],C?). Let f()\) denote the characteristic equation to (4.27) and
h(\) be the characteristic equation when (4.27) is written in the augmented form
(H). According to Lemma 4.12 the eigenvalues of (4.27) lie in a strip. Since
h(\) = f(X) Lemma 4.8 yields for sufficiently large A

PO = ho(N)] < <.

In Figure 3 we have calculated the spectrum of (4.27) using LDSL tool [53, 55, 79]
under physical realistic parameter constellations.
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Eigenvalues of H(N)
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Figure 3: Spectrum of the traveling wave operator (4.27) calculated using LDSL.
Here the horizontal axis corresponds to the imaginary axis and the vertical axis to
the real axis. Two modes are close to the imaginary axis.
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Example 4.18 Consider the Carleman model (3.25). For d € R (3.25) has the
homogenous equilibrium state u = v = d. We study the linearization of (3.25) in
this equilibrium

(4.28) L (Opu + Opu) =2dv — 2du,

-5

ﬁ (Opv — Oyv) =2du — 2dv.

Then after straightforward calculations we get the following expression for the char-
acteristic function h:

N (l ,\(,\+4\/§d)) —exp (71\ /A(A+4\/§d))
VAO+4v/2d) '

Here y/ X\ + 4v/2d) denotes one of the complex square roots of M\ + 4v/2d). It
does not matter which one chooses because the expression for h is not affected when

one changes the sign of v/ (A + 4v/2d). The zeros ofiz are given by the set

o:{—Q\/ﬁd(li—@) |z€Z}U{O}.

The characteristic function hg of the reduced system is ho(\) = exp (I(A + 2v/2d)) —

exp (—l()\ + 2\/§d)). The spectrum oo of the reduced system which is asymptoti-
cally close to o according to (4.22) is

00:{—2\/§d+z§z\zEZ}.

Here we have v, = v_ = —2/2d The spectrum o is shown in figure 4. Since the
root A =0 is of order one Theorem 4.5 implies that the eigenvalue O has algebraic
multiplicity one. Moreover we have that

sup Re\ < 0.
Aeo\{0}
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Figure 4: The Carleman spectrum for d = 0.5 and [ =1
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5 Exponential dichotomy / spectral gap map-
ping

In Lemma 4.12 we have seen that the closed, densely defined linear operator A
corresponding to (H) always has a spectral gap near 7., that is for v > v, there
exists n > 0 so that

{AeCly—n<Red <7} Cp(4),

and there exist only finitely many eigenvalues (of finite algebraic multiplicity) A
with

(5.1) Rel > 7.

For such ~ let m; denote the spectral projection of A corresponding to the finite
system of eigenvalues satisfying (5.1) and denote 79 := I — 7;. Recall that due to
operational calculus the projections satisfy Wf = 1, 7r§ = My, MMy = mom = 0,
mD(A) C D(A) and mAr = Amz, v € D(A), i = 1,2. This means that the
chosen function space X decomposes into X = X; @ Xs, where X; = m(X) is
finite dimensional and X, = m(X), the spaces X; and X, are invariant under
A and the semigroup et of (H), i.e. A(D(A)N X;) C Xy, eMX; C X; and
A(D(A)NXy) C Xy, eM Xy C Xy, If A; denotes the restriction of A on D(A)N X,
i = 1,2, then it is easy to see that A; is a closed, densely defined operator in X,
that generates a Cy semigroup of bounded operators on X; (by the Hille Yosida
theorem), and the semigroup e** decomposes into et = e1tr) 4 eA2im,.

Now the important question arises what information the location of the spec-
trum o(A) gives about the asymptotic behaviour of the solutions. In other words:
How does the spectrum of A, which is estimated in Lemma 4.12 and can be easily
calculated numerically from the zeros of h in a finite region of the complex plane,
relate to the spectrum of the semigroup e. For example, if

sup {ReA | h(A) =0} <0
one would want to conclude that
sup{|A| | A € o(e?)} <1 (t>0)

which yields exponential stability (by Proposition 5.11), i.e. there exist constants
M >0 and a < 0 so that

HeAtH < Me* for t>0.
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Moreover, one needs to relate a spectral gap for A (exponentially) to a spectral gap
of e, so that one gets two exponential rates according to the location of the gap
for decay or growth on X; and X5. This is of basic importance for existence and
smoothness of invariant manifolds, using a persistence theorem (see section 8.1),
where the presence of a spectral gap for e (also called normal hyperbolicity) is
required. For this one usually applies a spectral mapping property:

Definition 5.1 (Spectral mapping property) The semigroup et has the spec-
tral mapping property if fort > 0

(SMP) o)\ {0} = 7t
But we note, that we only need a spectral gap mapping property:

Definition 5.2 (Spectral gap mapping property) The semigroup et has the
spectral gap mapping property if fort >0 and a < b

(SGM) Cap C p(A) & Pt C ple).

Obviously (SMP) implies (SGM), but the converse is, as we will see, false for (H)
(see section 5.2). Although in applications for invariant manifolds (SMP) is usually
known, it does not hold in general for unbounded generators of Cy semigroups. It
is known that a strongly continuous semigroup has (SMP) if it belongs to one of
the following classes of semigroups [20, 41]:

1) eventually norm continuous semigroups,

1)  eventually compact semigroups,

ut)  eventually differentiable semigroups,

w) analytic semigroups (parabolic equations),

v)  uniformly continuous semigroups.

A main difficulty we are dealing with is that the hyperbolic system (H) is only
Cy and does not posses one of the regularizing properties 2)-v) unless one restricts
to trivial cases. Hence for (H) it is not obvious how the spectrum of A is related to
the spectrum of e, In fact we will see in section 5.2 by giving a simple example
that (SMP) is violated for (H), in general. Moreover, a remarkable counterexample
found by M. Renardy [62, 41, 45], a lower order derivative perturbation of a two
dimensional wave equation with periodic boundary condition, namely the system

Ut = Ugq + Uyyy + eiyum7 (SL’, y) € R27
w(@+2m,y) = u(z,y), ulz,y+2m) =u(,y),

is known, where the spectrum consists only of eigenvalues on the imaginary axis
but the growth bound (see Def. 5.9) is greater or equal to 3. In other words in two
space dimensions both (SGM) and (SMP) fail.
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It is well known that the failure of the spectral mapping property is com-
pletely determined by the continuous spectrum, see [49, Theorem 2.4, Theorem
2.5, p.46-47]. Hence in the counterexample of Renardy, and also in section 5.2, the
semigroup has nonempty continuous spectrum which is not exponentially related
to the spectrum of its generator (it contains point spectrum only).

This shows that one has to be extremely careful when one investigates the
asymptotic behaviour of hyperbolic PDEs. Just the location of the spectrum does
not give the sought information, in general.

Hence it is important to investigate the relation of the spectrum of A and e?!
for the hyperbolic system (H). A result into this direction has been obtained by
Neves, Ribeiro and Lopes [48] in the context of L? spaces with 1 < p < oo. Their
main result [48, Theorem A] is that for the semigroups e and e in the space X,
(see (4.1)) with 1 < p < oo, where Ay is the generator of the reduced system (Hy),
the difference et — et : X, — X is compact (here ¢! is trivially extended from
LP to X, by setting the boundary d = 0). This implies from a well known fact
that the essential spectral radii of e’ and e4°* must coincide. By showing that

the essential spectral radius of e?! is equal to e+* they conclude ([48, Theorem

BJ)

Theorem 5.3 1) For any v > vy the set o(A) N{\ | Re\ >~} is finite,

n) If |z| > e+t then z belongs to the spectrum of et if and only if = = e for
some X € g(A),

w) If v > v4 and there is no solution of h(\) = 0 satisfying Re(\) = v then
[T ()2l x, < ce™, t > 0.

Our main result in this section, which is more general than Theorem 5.3, is the

following Theorem:

Theorem 5.4 (Spectral gap mapping theorem) Let a < b, a,b € R, X =
X, forp € [1,00[ or X =Y. Then fort >0 (SGM) holds for (H):

Cap C p(A) if and only if {N€ C|e™ < |\ <} C p(e™).

It will become obvious (see section 5.3) that Theorem 5.4 is equivalent to the
following Theorem on exponential dichotomy (see Def. 5.14 for the notion of («a, 3)
exponential dichotomy):

Theorem 5.5 (Exponential dichotomy) Let o < 3, o, 5 € R. System (H) is
(o, B) exponentially dichotomous in the spaces Y and X,, p € [1,00[, if and only
if there exists & > 0 so that h(\) # 0 for A € C with o —§ < ReA < B+ 0. In this

case the exponential rates are independent on p > 1.
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As an immediate consequece of Theorem 5.4 we get

Corollary 5.6 Growth bound and spectral bound of (H) coincide:
w(A) = s(A).

As another special consequence we get the following improvement of Theorem 5.3
(we will see that in 2) the constant ¢ is independent on p and the exponential
rate also holds in L> or Y.)

Theorem 5.7 Let X = X, forp € [1,00] or X =Y. Let v > 74 be such that
h(y +1is) # 0, s € R. Let m be the spectral projection according to the finite
eigenvalues A with Re\ > =, my := I — m and A; be the restriction of A to the
invariant subspace m;(X), i = 1,2. For all v > v and vy < 72 < 7 such that
{ANeC |7 <Rel <y} Cp(A) there exist constants ¢y > 0 and ¢y > 0, which
are independent on the choice of X (i.e. independent on p > 1), so that fort >0

< cieM and < cpe?t,

(5.2)

He_AltHE(m(X)) HGAQtHL(m(X))

In particular we have: If |z| > e+t then z belongs to the spectrum of et if and
only if z = e for some \ € o(A).

As we have already pointed out in the introduction of this work our main The-
orems 5.4 and 5.5 are obtained not only in the spaces X, (L?) (1 < p < o0), but
in the smaller space Y with the stronger sup norm, which is needed for nonlinear
problems. Semilinear hyperbolic systems of class (SH) do not form a smooth semi-
flow in L? or X, for 1 < p < oo, but in the smaller admissible subspace Y equipped
with the sup norm. The reason being that nonlinear Nemytskij operators are not
differentiable from the large LP space into itself. Because it is possible to expand
the Nemytskij operator as a map from the “small” space Y into L*°, we will be
able to make conclusions on the asymptotic behaviour for the nonlinear system
by locating spectral properties of the generator of the linearized system only. In
sections 7-8 our main results Theorems 5.4 and 5.5 for the smaller space Y will be
the basis to prove linearized stability and the existence of smooth center manifolds
at equilibria for semilinear hyperbolic systems when the usual assumptions on the
location of the spectrum of the generator for the linearization are known.

We prove Theorems 5.4 and 5.5 by using the theory of Kaashoek, Lunel and
Latushkin [36, 42] together with the resolvent estimates (4.26). First we introduce
some basic notions and propositions and recall the general results of Kaashoek,
Lunel and Latushkin in section 5.1. Then we note in section 5.2 a simple examples
which shows that (SMP) is not true for (H) and prove the main Theorems 5.4 and
5.5 in section 5.3.
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5.1 General abstract theory: Growth rate, spectral gap,
characterization of exponential dichotomy in terms of
the resolvent (results of Kaashoek, Lunel and Latushkin)

In this section A will denote the infinitesimal generator of a Cjy semigroup et =
T'(t) of bounded linear operators on a Banach space X.

We have the following spectral inclusion theorem [41, Theorem 2.6, p.25]
Theorem 5.8 (Spectral inclusion) Fort >0
6to(A) C U(eAt).
Definition 5.9 The growth bound w(A), also denoted w(e™t), is defined through

w(A) = inf{w € R | there ezists a positive number M = M (w)

such that HeAtH < Met fort > O}.
Definition 5.10 The spectral bound s(A), also denoted s(e!t), is defined by
s(A) :=sup{Rez|ze€a(A)}.

By Gelfand’s theorem for the spectral radius one has the following [73, Proposition
1.2.2]

Proposition 5.11 For all ty > 0 one has

At At
(A) = lgt#  Jim log |||}
0 o0
Atol

Herer (eAtO) denotes the spectral radius of e
Remark 5.12 [t follows from Theorem 5.8 and Proposition 5.11 that
s(A) <w(A).

The counterexample of Renardy [62] shows that s(A) must not equal w(A) for
hyperbolic PDEs.
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Definition 5.13 We say that the Cy semigroup T(t) has an («, ) gap, where
a,f € R and o < B, if there exists a continuous projection P : X — X so that
for allt > 0 one has PT(t) = T(t)P, i.e. there exists a direct sum decomposition
X=X10Xy, Xo=P(X), X;={—-P)X), of T(t) closed invariant subspaces,
such that for the restrictions

Tf = T(t)‘xl and T2t = T(75)|X2

the following pmpertz'es hold
1) w(TY) <

) (Th)so e:ctends to a Cy group (T%);er on Xa so that w((Ty ")i0) < —5.

The next definition is a variant of Def. 5.13 using the generator: Let A be the
generator of a Cy semigroup in X. Suppose there exists a (bounded) projection
P : X — X such that PD(A) C D(A) and PAx = APz for x € D(A). This
means that A is completely reduced by P, ie. X = X; @ X5, where X, = P(X)
and X, = (I — P)(X), A maps D(A) N X; into X; and D(A) N X, into Xs, and
A = A(I = P) + AyP, where A; = Ajx,, Ay = Ajx,, D(A)) = D(A) N X,
D(As) = D(A) N Xy, D(A) = D(A;) & D(Ay). From the Hille Yosida theorem it

follows that A; and A, are generators of Cy semigroups on X; and X, respectively.

Definition 5.14 We say A is («, 3) exponentially dichotomous, where o, 3 € R
and o < 3, if — Ay is the generator of a Cy semigroup (i.e. et extends to a group)

and
Z) w(Al) <a,

n) w(—A) < —p.

Remark 5.15 In the literature a semigroup T'(t) is called hyperbolic if it has a
(0,0)-gap. A generator A is said to be exponentially dichotomous if it is (0,0)
exponentially dichotomous, see [36].

Remark 5.16 The projections P in Def. 5.13 and Def. 5.1/ are unique and there-
fore they coincide. They are called the separating projections for A.

Indeed, Remark 5.16 is readily verified:

Proof: Let P and P be projections, Q := [ — P, CZ:: I - P, satisfying the
conditions of Def. 5.13 or Def. 5.14, i.e. X = X10X, = X;1® X5, where Xy = P(X),
X, = P(X), X, = Q(X) X, = Q(X) are all invariant under e?* and both

T: = eéﬁ and Tt = e‘ X extend to groups on X, and X, respectively, where

W((Ty izo0) < =B, w(T3 iz0) < —F and w((T)iz0) < @, w((T})i=0) < . Thus
there exists a constant K > 0 such that

|T1Qx| < Ke ||Qall,

2PxH > K left | Px]| ,
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|7y Pz|| < Ke " || Pz forzx € X, t >0,

and the same relations hold for T, T¢, P, Q instead of T{, T3, P and Q. This
implies X; = X;. Indeed, suppose there would exist x € X7 \ X7, i.e. Pz =0 but
Px # 0. This yields the contradiction

Ke|lal| > |[Tia

| = le*a]| = |T2Pr+ T~ Py = (| T2Ps]| ~ 75— P

> K1 ||Px| — Ke® ||(I — P)z|| for t sufficiently large.

To verify Xy = X, suppose there existed = € X, \ X, i.e. Qr # 0 and Qz = 0.
Since e is invertible on X, and X5 we can define

(e*Ath) =Tyte — Ty Pz fort >0,

which satisfies e’ (e7Qz) = Qu and |e~"Qz|| < 2Ke (||| + ||Pz|). But
(e7Qz) € Xi (from PQz = Pe (e~ 'Qx) = eMP (e 4Qz) = T3P (e 'Qx)
the assumption P (e Ath) # 0 would imply the contradiction 0 < HP ( AtQ:p) H <
| 75| 1PQz| = 0 ) and therefore letting t — oo in

|Qall = | Tie " Qa]| < Ke* e 4'Qal| < 2K2e@" (]| + || Pz
yields a contradiction. O

We have the following observation

Theorem 5.17 Let o, € R, a < 3. Then the following statements are equiva-
lent:
1) A is («, B) exponentially dichotomous,
u) e has a (o, B)-gap,
w) for all t > 0 the set G(t) := {\ € C | e < |\ < €'} is contained in the
resolvent set of et
w) there exists tg > 0 so that {\ € C | e < |\ < €%} is contained in the
resolvent set of e/t
If one of the conditions 1) —w) holds true, then the splitting projection P is given
by the Riesz projection

1 A —1
(5.3) (I —P)=— (2 —e™) " dz,

2 |z|=r

where r € [, e].
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Proof: 1) < u) is plain.
n) = w): By Proposition 5.11 we have r(T?) = sup {|z| | z € o(T})} = 1) <
e and r(Ty ) = () which yields

1 ~
inf {|z] | z € o(T3)} = o) = ) 5 Pt
2

Because P completely reduces e! we have o(ett) = o(T}) U o(T%) which implies
21).
w) = u) Put Q = ;- fy (21 — eAtO)f1 dz, where 7 is a simple closed loop in G(ty),

and P=1—( . Then forz € X andt >0

1 _
— /eAt (z[ — eAtO) "rdz = eM*Qu.

271 .

1 _
Qe = —/ (z[ — eAtO) Yoty dy =

271 .

Thus X; = Q(X) and X, = P(X) are e invariant and r(77°) < e if Q # 0
and r((Ty°)7Y) < e P if P # 0, where T} := eéﬁl and T¢ = eéﬁ From Proposi-

.
. logr(TltO) _ IOgT((TQtO)7

tion 5.11 we get w((T})i0) = =212 < v and w((Ty H)is0) = logr((1;)71) -0, if

to to
(T%)4>0 extends to a Cy group on Xy: For 6 € [0, 1] we put T, 7 := (Tfo)f1 Thot=0,
Then Ty %oT8% = 7T, %% — J ie. TS is invertible. Thus for each n € N and
6 € [0,1] the linear map T3 is invertible which implies that T% extends to a
group on Xs. 0

Since the semigroup e”? is usually unknown in applications it is an important
question how to characterize the (o, 3) gap condition on e in terms of the known
generator A only. If

(5.4) {AeC|a<ReA < B} Cp(A),

and (SMP) is known, then Theorem 5.17 implies that A is («, 3) exponentially
dichotomous. If (SMP) is not known and if X is a Hilbert space then the Gearhart-
Herbst theorem implies that A is (a, 3) exponentially dichotomous if and only if
(5.4) holds and the resolvent of A is bounded on the stripe {\ € C | a < ReA < 5},
If X is not a Hilbert space then the boundedness of the resolvent is necessary but
not sufficient to guarantee that e’ has an (a, 3)-gap [41, Example 2.22]. The
theory of Kaashoek, Lunel and Latushkin gives necessary and sufficient conditions
on the resolvent of A which characterize the (a, 3)-gap. The basic idea is to use
the Laplace inversion formula to characterize the growth rate of the semigroup in
terms of the resolvent. For this recall that the resolvent is given by the Laplace
transform of the semigroup [49]:
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Theorem 5.18 Let M > 0 and w € R be such that HeAtH < Me“t. Then
R\ A) = / e MeAl dt for Rel > w.
0

By inverting the Laplace transform one has the following (see [49, Lemma 7.1] and
[49, Corollary 7.5])

Theorem 5.19 Suppose |e|| < Me*. Let p > max(0,w(A)). If z € D(A?),
then
1 p+ico

(5.5) ey = e R(s, A)x ds.

270 J pino

The Laplace inversion formula (5.5) still holds for all x € X if one replaces the

integral by weaker integration using Cesaro means of order 1 (see Def. 12.1):

Theorem 5.20 /29, Theorem 11.6.2, p. 350] For each x € X, t > 0 and p >
max(0,w(A))

1 p+ico
(5.6) ey = —,(C’,l)—/ e R(s, A)x ds
2mi p—ico
1 . T (i)t ) 4
= — lim ePTIR(p+iv, A)x (1 — — | dv.
T T—00 _r T

Remark 5.21 The representation formulas (5.6) and (5.5) are valid for p > w(A)
even if w(A) <0 (apply Theorem 5.20 to ol + A for a > 0 sufficiently large).

We next state the main result of [36, 0.2 Theorem]. For this we need to explain
some notations first. The symbol S denotes the Schwartz space of rapidly decreas-
ing functions equipped with the family of seminorms sup, .y 2% @ (2)|, k,q € N,
that makes S a locally convex topological Hausdorff space. Let &* denote the
topological dual of S and (-,-) the dual pairing on §* x S, i.e. for s* € §* and
p €8 (s*,p) = s*(¢). The space S* is called the space of tempered distributions.
Any polynomially bounded equivalence class of measurable functions f : R — C
can be identified uniquely with an element in 8* by (f,¢) = [ f(v)¢(v) dv. Let
§ denote the Fourier transform on the Schwartz space,

1 L
(F9) (w) = %/ e g(v)dry for geS,

which is continuous and bijective from S onto S with inverse

o0

(S_lg) (1) :/ e “g(w) dw.

—00
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t

Theorem 5.22 The semigroup et is hyperbolic if and only if

1) There exists an w > 0 such that {\ € C | |Re\| <w} C p(A),
u) sup [[R(A A)|| < oo,

[Rel|<w

) (C, 1) — / R(p +iv, A)x dv ezists for eachx € X and |p| < w,

w) For each |p| < w there exists a constant K, > 0 such that for all
x € X, x* € X*, the functionr(-,p,z,z*) : R — C, defined by
r(v,p,x,x*) = 2" R(p +iv, A)x,
satisfies
61 10Cpna)e)s] < K el 1[5l for alle €.

Since r(+, p,x,z*) is bounded it can be identified with a tempered distribution in
S*. The Fourier transform on S&* is defined as the adjoint of the Fourier transform
$: S — S of Schwartz functions and denoted with the same symbol §. Since S is
dense and (L')* ~ L* (5.7) means that the Fourier transform §r(-, p,x, z*) of r
in the sense of distributions can be identified with a bounded measurable function
and the inequality

(5-8) 187( ps 2, 27)| oo < B [l]] |27

holds (from the inversion formula (5.6) it follows that t — Fr(-, p,x,x*)(t) is
continuous).

Theorem 5.22 is a consequence of the following characterization of the growth
bound [36, 2.1 Theorem]:

Theorem 5.23 The growth bound w(A) is the infimum of the real numbers p
satisfying the following conditions:

1)o(A) C{X € C | Re) < p},

u) sup [|[R(X, A)|| < oo,

ReA>p
1) (C, 1) — / R(p +iv, A)z dv ezists for each x € X

w)for eachx € X, x* € X*,
the functionr(-, p,z,x*) : R — C, defined by
r(v,p,z,x%) = 2" R(p + iv, A)z,
satisfies

|<T('v Py L, I*)a 90>$*

< Kyl =[5 ¢l gy for all o €.
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Remark 5.24 Conditions 1) —w) imply (see [36, 2.53. Lemma]) the representation
formula (5.6) for the semigroup. Therefore

1 I
e PleAly = 2—(0, 1) — / e R(p +iv, A)z dv.
T

Hence w) and (5.8) imply (it is not difficult to see that the Fourier transform in
the (C,1) sense coincides with the Fourier transform on S8*)
e etal[ = sup  [@r(,pm,27) ()] < Kyl
z*eX* ||lz*||=1
Thus w) yields the growth bound
e < Ry

Remark 5.25 Latushkin and Shvydkoy have shown recently [42, Theorem 2.7] that
the integrability condition 1) is a consequence of w). Thus 1) can be dropped.

Next we give a characterization of («, (3) exponential dichotomy which is slightly
more general than Theorem 5.22. The proof is basically the same as for Theo-
rem 5.22.

Theorem 5.26 A is («, 3) exponentially dichotomous, o < (3, if and only if there
exists an 6 > 0 such that

1) p(A) D Cass s,
u) sup  [[R(A A)|| < oo,

AeCh_5,8+5

w)  (C,1) — / R(p +iv, A)x dv ezists for eachx € X anda —§ < p < 4+,

[e.e]

w) For each oo — § < p < B+ 6 there exists a constant K, > 0 such that
forallx € X, x* € X*, the functionr(-,p,z,x*) : R — C, defined by
r(v,p,x,x*) = 2" R(p +iv, A)x,
satisfies

rpa?). sl < Ky ol o [0 gy for all o € 5.
5.2 Failure of the spectral mapping property for hyper-

bolic systems

In this section we give a simple example which shows that (H) does in general not
possess the spectral mapping property

(SMP) o(e)\ {0} =@t for t>0.
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However, recall that we have shown in Theorem 5.4 that (H) has a spectral gap
mapping property,

(SGM) C,p C p(A) < ePatt C p(e).

In particular (SGM) implies that growth and spectral bound (see Def. 5.9-5.10)
coincide. In comparison, the counterexample [62] by Renardy shows that (SGM)
fails for hyperbolic PDEs in two space dimensions.

Consider the following system of size two in the Banach space X = C([0,1], C?)
or X = L*([0,1],€%), 1 <p<oo: Fort>0andz € [0,1]

o L2Can) = (0 a) (i),
u(0) = rov(0),
(1) = ru(l),

4

where

(5.9) 0#rery #1, c¢#0.

We calculate the characteristic function of (E). Let T be the associated funda-
mental solution (see (4.4)) of (E). A formula for 7" is

67)‘(337?/) £ 67)‘(337?/) — eA(mfy)
T(JZ‘, Y, )‘> = ( 0 2 ( eMz—y) ) ’

Hence a formula for the characteristic function h(\) is

h(A) = (=r, DT(1,0,)) (”’10)

= ho(A) — ek (e”\ — e’\) ,

2\
where
ho()\) = —7“07“167)\ + 6)\.
For k € Z let
|
A % +ionk

be the eigenvalues of the reduced system (Hy),
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Due to (5.9)

~ 1 Y A T 1—7"07“1
h\) = —c—— E o pM) — . L
() D (e ") O ( Vo )3&0

and hence
(5.10) A € p(A) forall k € Z.
Lemma 4.13 implies that there exists a sequence (zj)gen With

h(zx) =0 and l};rgo|zk — | =0.
By spectral inclusion (Theorem 5.8)
e € a(e?).
Because limy_. e = /ror; and the spectrum of e is closed it follows that

Vror: = e € o(e?)
although (5.10) holds. Hence (SMP) fails for (E).

A different way (without applying Lemma 4.13) to see the failure of (SMP) for
(E) is to calculate the resolvent R(\, A) = (A — A)~! of (E) in order to see that

(5.11) R(A\x, A) is unbounded.

A formula for the resolvent is

RO\, A) G) (x) = T(:pOA)( )

For k € Z let
fk(«r) — 67i27rk33.
We have
I fillx =1 for keZ.
Put

(z:) = R(\, A) (Jg“) .
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A formula for vy, is

z

k() = —(ror1)?

i2mkax 2 1 ! ¥
e A — (ror)2 dy.
cl—rory Jo

Hence we see that

2 1
e[ |1 — 7o

IR A2y 2 lvellx = Al

1

/ (7”07”1)% dy’ H(Toﬁ)a Hx k=200,
0

This proves (5.11) and implies that

Vror: = M € o(e?)
by using the following well known Proposition (see for example [73]):

Proposition 5.27 If u, = A +i%% € p(A) for k € Z and R(ux, A) is unbounded,
then eM € o(e?).

To see Proposition 5.27 we note an elementary formula which relates R(\, A) and
R(eM, et): Tt is easy to see that for t > 0 and z € X

(5.12) /t e*rds € D(A) and A (/t et ds) — ety — 1.

0 0
If we apply formula (5.12) to the semigroup e MT'(t) generated by A — \ we get

(M — A) /t A eMspds = (M — ez forz e X,

0
Hence we have
/t A=A ds (N — Az = (M — ez for z € D(A).

0
If eM € p(e?’) then (by spectral inclusion Theorem 5.8), A € p(A) and we get
(5.13) R(eM, e /t AN=9eds ds = R(X, A).

0

From (5.13) we see: If eM € p(e) then the sequence R(uy, A) is bounded.
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5.3 Proof of the spectral gap mapping / exponential di-
chotomy theorem for hyperbolic systems

In this section we prove Theorem 5.5 by showing that the conditions of Theo-
rem 5.26 are fulfilled under the assumptions of Theorem 5.5. Hence we assume the
following:

(A): @ < and 6 > 0 are such that h(X) # 0 for A € Cy_sp+s-

Under this assumption we have to show that the conditions of Theorem 5.26 are
fulfilled when X is the Banach space X =Y and X = X,,, and A is the generator
corresponding to system (H).

From (A) it follows that

ho()\) 7£ 0 for Me Caf(;’ng(;.

Indeed, if there existed A\g € Cy—s g+ With hg(Ag) = 0 then hg would have infinitely
many zeros A with Se A = Re \g. From this we would conclude similar as we deed
for Lemmas 4.8 and 4.13 that h had a zero in Cy—55+5.

Relation (4.8) directly implies condition z) of Theorem 5.26. By possibly mak-
ing ¢ smaller and applying Remark 4.10 we can assume without loss of generality

(5.14) a75<gile£<ﬁ+5 |ho(A)] > 0.

Then Lemma 4.14 implies condition 22) of Theorem 5.26. The remaining condition
we have to check is w), it implies condition 222) by the results of Latushkin and
Shvydkoy [42]. In the rest of this chapter we will verify condition ). This will
finish the proof of Theorem 5.5 (all calculations will not depend on p > 1). Before
we start we show how Theorem 5.7 follows from Theorem 5.5 and how one sees
the equivalence of Theorem 5.4 and Theorem 5.5:

We prove Theorem 5.7: If v, 71 and 7, are chosen as in Theorem 5.7, then
by Lemma 4.12 there exist § > 0 so that C,,_5,,+5 C p(A). Hence Theorems 5.5
yields (72, 71) dichotomy. Let 7; denote the separating projection and 7y := I — 7.

By Theorem 5.17

1
Ty = —— I —e*) .
™ 211 ‘Z‘:e«/Qt(z c ) :

We have that et

|71 (

so that for t > 0

x) extends to a group and there exist constants co > 0 and ¢; > 0

A(—t)
€l (

A < Cle“/l(*t)_

He%(ﬂ”ﬁ(@(;g» < e and’

’E(frl(X))
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We have to show that 71 = 7, where

™ = /(z[ — A tdz,
B

is the spectral projection accorting to the finite eigenvalues with Re A > ~ ([ is

a closed rectifiable simple loop around these finite eigenvalues in the half plane

Mez > 71): Indeed, for z € X

m™r = 7T1<77'1.T+7?2.T)

= /;3<Z[ — A)E(X) dz Tx + /g<Z[ — A)Eé(X) dz Tox
Iz (x)yT1 @ + Oz, (x) T2

= 7?11‘.

Let z € C, |z| > e+, belong to the spectrum of e*. Choose 71, 7o and 7 so
that v, < o <y <m < logtﬁ. We have either z € o(e) or z € o(e??!). By

Theorems 5.5 and Theorem 5.17
o(e®) c{zeC]|z] < e}

Hence z € o(e?t!). Because the spectral mapping theorem holds for the bounded
operator A; there exists A € o0(A;) C o(A) so that z = M. If 2 = €M for some
A € o(A) then by Theorem 5.8 z € o(et). O

The equivalence of Theorem 5.4 and Theorem 5.5 can be seen as follows: As-
sume Theorem 5.5 holds. Let a < b and C,;, C p(A). Then for any a < 3 that
satisfy a < o« < 8 < b we have that A is («, ) exponentially dichotomous. By
Theorem 5.17 we get that {\ € C | e < |\ < €%} C p(e?). This shows that
INeC e < |\ <) Cpled) If{INe C|e® < |\ < e} C ple?) then by
Theorem 5.8 it follows that C,;, C p(A). Conversely suppose Theorem 5.4 holds.
Let a < (3, a, 8 € R and suppose there exists § > 0 so that C,_55:5 C p(A).
Then by Theorem 5.4

IAeC|et <N < fre el < |\ <P c plett).

Theorem 5.17 implies that A is («, #) exponentially dichotomous. Finally, if A is
(o, B) exponentially dichotomous then from Theorem 5.17 it follows that

dist ({A € € [ ™ < |A| < ™}, 0(e™)) > 0.

Hence Theorem 5.8 implies that there exists 0 > 0 so that C,—_sg+5 C p(A). O
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Now we return back to the proof of Theorem 5.5. We assume (A), (5.14) and
p € la— 9,5+ 6[. We will show that condition ¢v) holds:

Since it will be used frequently, we denote with 7;;(p +iv), 1 < 7,5 < n, the
i-th row and j-th column of the matrix

(?) HiY(p+iv)(D, —1I).

Since Hy *(p +iv) = ho(p+w) ———Ad Ho(p +iv), and both ho(p + iv) and the elements

of Ad Hy(p + iv) are exponential polynomials, where ho(p + iv) is bounded away
from zero by (5.14), it follows from the 1/f theorem of Bochner, Wiener, Pitt and
Cameron [11, 78, 51, 14] that the elements of H, ' belong to the algebra

A={f|flx)=2", ane®" a, € C,b, € R, Y " |an| < oo}

of absolutely convergent exponential series. This implies that the Fourier trans-
forms of the entries of H; ' are of the form Y °° a,d_,, where >°  |a,| < oo
and 0_;, denotes the delta distribution at —b,. In other words the transform is a
measure of countable Dirac masses on R with bounded variation. Further we put

b= (hj)j=1,.., =(f,g9) and

!
Ini(v) = /0 exp ( wf k! dz) exp (— fyl pz:jgz()z) dz) k() hin(y) dy

forvre Rand 1 <m,j <n.
For (f,9,0) € X, 2" € X*, v € R define the scalar matrix function

TO(V Ps (f g? 7 —<l‘ ( p+ZV7AO)(f7g)7(_D7[) R(p+ZV7AO)(f7g))>

To prepare the proofs we recall that by Riesz’s representation theorem the dual
space C* of C' = C([0,1], C") is isometrically isomorphic to the space of countable
additive C" valued Radon measures on the Borel sigma algebra % on [0,!] with
the finite total variation norm. That is for * € C* there exists a Radon measure
a=(ag,...,a,) B — C" such that for p = (¢1,...,¢,) € C([0,1]; C")

<"L‘*790> :Z/ (pjdaj'
The dual of LP(]0,1]; C") is L%([0,(];C™), where ¢ € |1,00] satisfies %+i =1L
for z* € (LP([0,1]; ©™))* there exists a unique f € L%([0,(];C™) such that for
@ € LP([0,1]; C™) we have

(2", 0) = /[ s

where A denotes Lebesque’s measure on R.
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Lemma 5.28 Suppose (A), (5.14) and p € |a — 6,3+ d[. Then there exists k > 0
such that for x = (f,g,0) € X, z* € X*,

(5.15) Slro(-, px,2")] € L¥(R) and |[S[ro(, p, 2, 2°)| 1o < £ 1(f, 9, 0)lIx 27| -

Proof: First assume X =Y, so (f,g) € C([0,1]; C"). Corresponding to z* € X*

there exist bounded Radon measures a;, 1 < i < n, on [0,l] and z1,...,2,, € C
such that
n2
(V P fg7 y L ZTOJ v, p, fg7 aj)+Zf0j<y7p7(f7g70)7xj)7
j=1
where for j =1,...,n

!
i (. 9.00,05) = [ B9 (ot iv, A0)(£.g) doy
0
and for j =1,...,n9
foj(ya P, (f7 g, O)a ZE]‘) =Ty ((_Dv ])5lR(p + iyv AO)(f7 g))j .

Here RY)(p+iv, Ag)(f, g) denotes the j-th component, 1 < j < n, of the resolvent
R(p+iv, Ao)(f, g) and ((—D, )i R(p + v, Ag)(f, g)); denotes the j-th component,
1 < j <y, of the C" vector (—D, I)R(p+iv, Ao)(f,9)-

We show (5.15) for ro; (we omit 7o; because it is even simpler). For j =1,...,n
we have from (4.10)

0j = (Z ij(P+iV)7“0jm> + 7050,

m=1

where form =1,...,n

Tojm = /0 exp (— [ (p+iv 4 cj;(r) k; 1 (r) dr) doy(y) - Lm(v)

and

Fojo = /0 l ( /0 Cexp (= [Y (p i+ gy (r) k() dr) K (2) g (2) dz) do(y).
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By Fubini’s Theorem, the Fejer Laplace inversion Theorem, Lebesgue’s dominated
convergence and the change of variables x = le k. 1(r) dr we have

2 (€= [ )y
/0 l (_ -/ e i (= (0 ) (1) du)
[aen-]

1
= 1
5 C
exp < Oy L?“(r d'r’) daj(y)
1
= C1

1
()
J(T’
. Yi.—1 fék;ﬂl(r)dr —ivx
%( —/ exp (w (w—fo k; (r)dr))/ e
0

k
1)
B (2(x exp( f(x “L(r)(p + Coum (T ))dr) dxdy>
exp (= fo k5 (r)(p + ¢5(r)) dr) doy(y)

l 00 00
=sgn(k;) <%(C, 1)—/ exp (iv (w — [ kj_l(r) dr)) / e~ (x) dx du)
k:

o0
[e o]
[e.e]

—00 —00

) j H(r )(p+ cj(r ))dr) do(y)

[l RO s - B ) ) do

where
{ if x €0 fo - fo SHr)dr, 0]
elsewhere ’
{(@) = X(@)h (32 exp( Sy Bk (r) (o + (1)) dr) (iR — €),

1 /-
(@) =3 (Cla+) + ).
Since ¢ has compact support we have proven
(5.16) §rojm € L with compact support and (5.15) holds for rgjy,.

Hence form=1,...,n

S (rojm = Tim(p + %)) = Frojm * § (Tjm(p +i-)) € L™
and || (rojm - Tjm(p + 1) g < (I87T0jmll oo 8Tjm (0 + i)l g »

where ||F7jm(p +i-)|ly,, denotes the total variation of the measure §7;,(p +1-) on

R.
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Suppose X = X,. Then h = (f,g) € L?(]0,1]; C™). Since C([0,]; C") is dense in
LP([0,1];C™) (1 < p < o0) we can choose a sequence (h;);en in C([0,1]; C™) which
converges in LP to h. Then the above calculation is valid for h; instead of h. The
integration with respect to the bounded measure do; is replaced with Lebesgue
integration with respect to some LY density corresponding to x* € (LP)" ~ L9,
where ¢ € |1,00], ¢* + p~! = 1, is the conjugated exponent to p. By Holder’s
inequality (5.16) holds uniformly in i. Since 7gjm (ki) — 7ojm(h) in S* (even in
L>) we have §rojm(h) = im; oo s+ FT0jm (). Since §rojm(h;) is bounded in L,
by weak-* compactness of L after possibly passing to a subsequence, we see that
Srojm(h) € L and (5.16) holds for the limit also.

In the following we will assume X = Y, the case X = X, follows similarly as
just explained.

Using the change of variable x = fo j ) dr we have

(C 1) / €inT0j0(V)dV

xp (— Jy k51 (r) (p+ ¢j;(r)) dr) (%(C,l)—/ exp (iv(w — [ k;'(r)dr))

—00

l

exp (iv [y ki (r)dr) exp ([ k' (r)(p + cj(r)) dr) Z] ((2 dz du) da;(y)

No\@c\“ﬂ

exp (— fy k1 (r)(p + ¢j5(r)) dr)
<L(C, 1)— /OO exp (iv(w — [ k;j_l(r) dr)) /OO e~ (x, y) da du) da;(y)

2w —00 —00

= eXP( fo j r)(p+cj;(r)) ) (w_fo j dr)d(l]()

[e=]

where {(w,y) = (=1)"Dx, () exp (f;"”) K7L () (p + c35(r) dr ) hy(=(2)), s(5) = 0
if 1 <j<n,s (]) =1if ng + 1 < j <mn, xy is the characteristic set function

to [0, _foy ]g]fl(r fo j r)dr,0] and ((z,y) := (g(x—i—,y) + 5(:5—,3/)).
Thus we have

§rojo € L™ with compact support and (5.15) holds for rgjo.
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We continue verifying condition ) of Theorem 5.26 using estimate (4.26).
Note that (4.26) is valid on stripes if |Jm )| is sufficiently large. But we need an
estimate of type (4.26) on the whole stripe C,_s34s. Such is easily obtained: let
—s < o — 0. Then for A € C,_5 345 we have

where

(5.17) (g) —R(\, Ao) (g )

+Ais Rl(A)(g)jLRQ(A)(g)JFRg(A) g +R4(A)(£)

I

1+ N2
and &, Ry, R, Rs, R, are bounded for \ € Co—sp+s-

Hence define the scalar 'matrix elements’ corresponding to the nondiagonal
terms of (5.17). Put

(. p, (f,9:0),2%) = <:c*, (Rl(p+iu) <£) (=D, )0 Ri(p + iv) ( ))>
:L’*,(RQ(p—l-iV) <f) (=D, 1)0,Ra(p +iv) (
(

(v, p, (f,9,0),2%) =0

TZ(”? p? (f? g7 0)7 x*> :P+31+ZV

( )
f f
r3(v.p. (£9.0).0) =< R(p+ iv) (g (=D, D Rs(p + i) §)> ,
( )

:L’*,(R4(p+iu) <£) (=D, 1)0,Ry(p +iv) ( )

Lemma 5.29 Suppose (A), (5.14), p € la — 6,6+ [ and s € R, s > —a + 0.
Then there ezists k > 0 such that for (f,g,b) € X and z* € X*

(5.18) [ri( (f,9,0),2")] € LZ(R), [|377[ . < K II(f,9,0)llx lz*]l (i = 1,2,4),
8lrs(, (f,9,0),27)] € LZ(R), 873 oo < w(1(F9,0)lIx 27 -
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Proof: Let RZ@ denote the j-th component of R;, 1 < 7 < n, 1 < i < 4

Corresponding to z* € X* there exist bounded Radon measures a;, 1 <1 < n, on
[0,1] and z1,...,x,, € C such that

n

ri(wp, (f,9.0),2%) =Y ri(v.p, (£.9,0),05) + > _ 7w, p, (f.9,0), 7)),
j=1

J=1

where

s 1 : j . f
T1j<’/7ﬂ, (f,9,0), ) i:m/o jo)(ererW) (g) doy,

1 f
~3A 0 2) = _D [ 5 R ) : j -
Tl](”?ﬂ?(fhg? )wrj) p+5—|—’lV (( ) )l 1<p+8+ZV) <g))] Zj
We verify (5.18) for r{;, the expression 7j; will be omitted because it is treated in
the same manner. By definition of Ry (see Lemma 4.14) we have

1
e 5 R0, doy o+ i) )

1<p,m<n

(5.19) 7%,

J

1 .
T ptstiv < Y Timlp i), ps (f,9,0), a5)

1<m<n

3
+ Z ZTpm(p+iV)T1jpmq(V7p7 (fvg70)7aj)>7

1<p,m<n ¢=1
P#J

where (see the expressions (4.19) and (4.20) for F})

l
rsm = = e (i fo ) du)exp (= f7 (25282 au)
> / C”’ 2) dz day(x) - Tum(v),

1<o<n
ofj
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and for p # j

T1jpm1 ‘=

exp (—iv fi k() du) exp (= [ 5 du)
Pip(@) daj(x) - Lym (v),
T1jpm2 1= /Ol exp (—iv [y k; ' (u) du) exp( s %d@
0io(0) da (&) - Ln (1),
T1jpm3 1= /Ol exp (—iv [y k' (u) du) exp( s %du)
/0 exp (iv [ (k5! (u) = Kyt () du)
exp (7 (k" () — by () + 5220 — ) )
{onte) (25 = 2250} o dpy () daa) - T,

We calculate the Fourier Transform of 7yj,m3. For x,z € [0,l] we have by the
Fejér Fourier inversion theorem (Corollary 12.3) and the change of variable w =

Jy b (2) d=
1 o . z 1 z (71 —1
%(C, 1) —/ exp (iv (w— [f; k, ' (u)du+ [ (kj (u) =k, (u)) du))

|
|
/H\ O\N

L (V) dv )
=0 (C 1) — / exp (iv (w— [ k, ' (v)du+ [7 (kj_l(u) — kY (u)) du))

fo m (z)dz
/ ¥ exp ( fyl(w) w}:mi&(z) dz) P (y(w)) dw dv

(C 1) — / exp (iv (w— [ k, " (u)du+ [ (kj_l(u) — kM (u)) du))
/OO e_i”wf(w) dw dv

=C(w = Jo Byt (w) du+ [7 (k5 () = K, (w))
where

¢ R €,¢(w) = (Cw) + ()

N | —

is compactly supported,
s(m l Cmm (%
Clw) i= (=10 x(w) exp (= [, Hea dz) huly(w)),
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X is the characteristic function of the interval [0, fol ko t(2) fo —H(z)dz, 0]
and s(m) :=0, if 1 <m < ny, s(m) ::1,ifn1+1§m§n

Therefore by Fubini and Lebesgue’s dominated convergence using Remark 12.4
for passing to the limit we have

1 <
%<C,1>—/ ell/wrljpm?;(]/?p? (f:g70)7aj)dy

= /Ol exp < fo P‘f];;pi()u du) /0”5 exp <f; <p(/€]_1(u) — k;;l(u)) + % 2,,,(;)) dU)
Clw = Jo k() dut [7 (k5 () = Ky ()

o) (2 ) )L )
1o (5~ 5

Because the measure dpj, is bounded this shows the existence of a constant s such
that

(5.20) ST1jpms € L7 with compact support and
187 1pmsll e < 5 lleg |l 1(f5 9, 0)]x -

The Fourier transforms of the simpler expressions 71jm, 71jpm1 and rij,m2 can be
calculated analogously. We get the same estimate (5.20).

To verify (5.18) for r{; we see from (5.19), since F(7jm(p +4-)) is a bounded
measure, that we only have to show that the Fourier transform of is in
L'(R). For this let

1
p+s+i-

e, 0<r<o
o) = {

0 , —co<x<0
Then (F'n) (w) = [7_ e ™n(x) dzx = . Hence Corollary 12.3 implies
1 o 1 e, 0<zr<o
O [erpae= b =0
T 0 T 0 , —co<x <0

From this it follows easily that

1 < 1
—(C,1) — / et ————dw =
27 . p+s+iw

“lts)r <2 < o0
7'1‘:0 Y
, —oo<x <0

O~ O

which is in L'(R).
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Next we calculate the Fourier transform of rj. Recall that in the expansion for the
fundamental solution 7" through our recursion we arrived in the first step to the
matrix F; with nondiagonal entries (i # j)

(5:21)  (Fiw,y, )y, = = Aexp (= [ Mk ) du) exp (= [ 50 du)
/ exp ()\ f;(kl_l(u) — k‘j_l(u)) du)
y
z (ciu(u)  cji(u) (Z)
exp (fm (ki(u) kfj( ) du) 5i(2) dz.
After partial integration we got expression (4.20). A formula for the diagonal

entries of Fis given by (4.19) which we got in the second recursion step. Therefore
we have

p+iv z": :
- . T4mj(y7 ;07 (fvg70)7am)+
p+s+w el
m#£j

D Fhum (0, (f:9:0), )+

m=1

TZ(V7 p7 (f7g70>’x*) -

1
p+s+iv

fi (V7 P (fvgvo)a (wj)1§j§n2) ’

where for 1 <m,j <n, m # j,

Timj = / / eXp p—i—w)k )exp( J(” )
k;

B ()b () / exp (= [*(p + iv) (K (u) — k' (u)) du)

Y

¢ (emm(u) _ i) Cmj (Z)

and for j=1,...,n

Ty = / / eXp “(p+ iv)k; (u) ) exp ( fx ck“(;‘) du)

> [ C;i”(ﬁ) pus () d= k7 () (y) dy doy ().
Z

Again 75 (v, p, (f,9,0), (j)1<j<n,) Is very similar to its preceding terms in the sum
and we do not consider it. As for ;o the transform of 74,4 1s in L™ with compact
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support and estimate (5.20) holds for 73,
Using the change of variable r(z, z) := — f ( k:J_l(u)) du we can write for
m # j (recall the definition of p,,,; in Lemma 4. 6)

s = / [ o (g5 ) o (-7 i)
7zl/T‘C<y,x 7”) drdydam( )
k’j(?/) /—oo
where

Clyr) = e exp (= [, (g — ) du) pug (=00, 2)x(y, . 7)

and x(y, z, ) is the characteristic function of the interval

[— J7 (ki () — k() du, o} U [0, — [k () — k() ]

Therefore for m # j

(C 1) — / ei”“"r’jmj(y) dv =

[ o (-5 ot ) 56 = 71570 aonte

where ((y,z,r) := (C(y,x,rJr) + f(y,x,r—))/Z. Hence

S§Tiam; € L™ with compact support for 1 <m,j < n.

Considering the Fourier transform of rj it follows from (4.21), (4.19), (5.21) and
the previous arguments that the transform of

S(p+iv) = — (?) Hy(p+iv) " Hy(p +iv)Ho(p +iv) (D, 1)

is a bounded measure. Since

1 l

!
T;—i/ T(](ZL’,O,p—i-ZV)S(p—i—ZV)/
0

B p+s+iv i To(l,y, VK (y)™! <£E‘z§) dy do(x)

it follows as above that there exists a constant x such that (5.18) is satisfied for
1= 2.
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Finally we look at 75: We write

T;(Vv Ps (f,g,b),fb*) :m (Tgl(yv Ps (f?gvb>aa) +’I"§2(I/, Ps (f7g)7a>>

+ fg(y’ Py (f7 g, b)a (xj)lﬁjﬁm)?

where
T = /Ol To(z,0, p+iv) (?) Ho(p+iv)™!
<b+ (D, —1I) /Ol Ry, NVE(y) ™ (%;) dy) da(z),

- (E -
r39 = [ To(x,0,p+iv) ([) Hy(p+iv)™*
0

~

(.6) [ Ty VK@) (ﬁg;) dy do()

and 75 is similar to its preceding terms. We see that 73, is composed of terms
similar to the ones we have already treated. The term r3, differs slightly from the
previous terms since it contains the ny xn; matrix of measures (F, G). However, the
arguments above still work (only an additional integral with a bounded measure
from (F,G) appears and one uses Fubini once more, the (C,1)-Fourier transform
is taken in the first inner integrals as we did above). Thus one shows similarly
that

1 > ivw,.S 00
%(C,l) —/ e ri,(v)dv € L

and (5.18) holds for ¢ = 3. 0

—00

6 Systems containing identical speed and degen-
eracies

In section 6.1 we extend the previous results obtained for nondegenerate hyperbolic
systems to nondgenerate systems containing identical speed where condition (HIII)

of section 4 can be violated. We allow the occurence of identical entries (speeds)
in the matrix K with possibly full coupling C.
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6.1 Nondegenerate linear hyperbolic systems with full cou-
pling containing identical speed

In analogy with the previous sections we will keep the same notation. This will
cause no confusion because all assumptions and estimates are analogous to sec-
tion 4.

We consider the following class of nondegenerate hyperbolic systems containing
identical speeds: For z € ]0,/[ and ¢t > 0

0 (u(t,x) 0 (u(t,x) u(t,z)\
o (v<t,x>) T R@5; (w,x)) +o) (v(t,:@) =0
(H) % [v(t,1) — Du(t,l)] = Fu(t,-) + Gu(t,-),

u(t,0) = Ev(t,0),

where
(HI) K is a diagonal n x n matrix of the form

ky1q, 0 0 0 0 0 0
kolyy O 0 0 0 0
0 0 e 0 0 0 0
K= 0 0 0 kg 0 0 0 ,
0 0 0 0 kol O 0
0 0 0 0 0 . 0
0 0 0 0 0 0 ksl

where d; e N, d; >0, a e N, e N, Y% | d; = ny, Zle doyi = ng, Iy, denotes
the identity matrix in R%*% and k; € C* ([0, (], R) satisfy for z € [0,]]

ki(x) > Ofori=1,...,a,
ki(x) < Oforj=a+1,...a+p.

(HIT) C(2) = (Cij (1)) 1<; jcasg € €™ with Cy(x) € C4*% and

Ci € L®(]0,I[,C%%), i=1,....,a+p,
Ci; € BV([0,],C%*%), ij=1,...,a+ 8 withi# j.

(HIII) Either

kl('r) % k]('x) for 1 < ] < Oé+ﬂ,?:7éj,l’ € [07l]7
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or, if i # j and k;(z) = k;(z) for some x € [0,{], then C;; vanishes completely on
[0, 1].

(HIV) same as in section 4

(HV) same as in section 4

Let Cyp to be the block diagonal matrix containing the square matrices Cj;

(61) CbO = blockdlag (Cii)lﬁiﬁoz-i-ﬂ .
The reduced system is per definitionem

0 (ul(t,x) 0 (u(t,x) u(t, x)

_ ) K . Y bl —

(Ho) ot (v(t,x)) + (x)&z: <v(t,x) + Cho(2) v(t, ) 0,
0 u(t,0) = Ev(t,0), v(t, 1) = Du(t,l),

u(0,z) = up(x), v(0,z) = vo(x).
Let A and A, denote the closed, densely defined operator corresponding to (H)
and (Hp), respectively. Then A generates a Cj semigroup in X, 1 < p < oo, and
Y and Ay generates a Cj semigroup in LP([0,[],C") or Yy (defined in (4.2)). Let

T be the fundamental matrix satisfying formula (4.4) and Tj be the fundamental
system satisfying

(6.2) %To(x,y, A\ = —K Ya) (M + Cy()) Ty(z,y, ) forx,y € [0,1],

TO(y7y7 /\) = I for ye [Oa l]
Because (6.2) here is not in diagonal, but only in blockdiagonal form we do not

have an explicit formula for Ty. But we have the following

Proposition 6.1 For 1 < i < a+ 3 there exist F; depending only on Cy and
K, F; : [0,1]? — C%*4 Fy(-,y) € WL>([0,1], C%*%) for y € [0,1], so that for
F = (blockdiag F}), ;<5 we have

(6.3) To(z,y,\) = exp (—)\ /y K1) dz) F(z,y).

Moreover for x >y > z we have Fi(z, z) = Fi(z,y)Fi(y, z).

Proof: Define F; to be the solution to
d

Fiw,y) = =k (@)Cu(@) (e, y),  Fily,y) = a.

From (6.1) and (HI) it follows that K, Cy and exp (—A J, K7 (z) dz) commute.
And this shows that the right hand side of (6.3) solves (4.5). O
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Proposition 6.2 Proposition 4.3 holds literally.

Let hg denote the characteristic function to (Hg) defined literally as in formula
(4.7) (but where Tj is the fundamental system to the blockdiagonal system (6.2)
of this section of course). Again hg is an exponential polynomial. Let h denote
the characteristic function to (H) defined as in Definition 4.2.

Using our definition of the reduced blockdiagonal system (Hg) we will see in the
remaining of this section that spectra and resolvents can be estimated as in sec-
tion 4.2. The resulting expressions will be still explicit enough so that the growth
rate of the semigroup can be calculated as we did in 5.3.

Define
Ci(x) := C(x) — Cyo(z) and Ty as in (4.15) and (4.16).

We will check again that )., A *T (2,9, \) converges in W1 for sufficiently
large |JmA|. After reordering terms we will obtain for any finite k € IN an explicit
representation of the form

T(x,y, A ZA FFu(x,y, M) + O(A ),

for A in a stripe C, and sufficiently large |JmA|, where each F}, is of order 1 with
respect to A on stripes C, (by this we mean that for any given r > 0 there exists
¢ > 0 such that ||Fi(z,y,\)|| < cfor A € C,, x,y € [0,1]).

To see this we calculate the first two steps T7 and 1. Put
folw, g, 2) = To(w, y, N ws ™)
with the arbitrary but fixed initial data y(()i) € C%, 1 <i<a+p. Define
fr=—A /ﬂ»‘ To(z, 2, VK1 (2)C1(2) fe_1(2,y, A) dz for k > 1.
y
Then according to Proposition 6.1 the i-th component, 1 <i < a + (§ of f is

7@y A) = e (= M w) du) Fir,y)u

f,gi)(x,y,)\) = —\exp (— fx )\kr_l (u) du) Fi(z,y)
Z / exp )\f k7t (u) ) 3 (y ,z)iu(i? W (2,y,\) dz.
1<l<a+ﬁ v
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By assumptions (HII) and (HIIT) we can perform partial integration and get rid
of the A\ factor appearing in the recursion formula for f,gz):

1@y, ) = = exp (<A J k! (w) du) Fi(a,y)

(6.4) Z /x A (k;z_l(z) — kjl_l(z)) exp (fyz A (kjl_l(u) — kjl_l(u)) du)
1<i<ats v
Cu(z) Fi(z,v) o
ki(2) k7Y (z) — ki(2)7°

)

S Ci() Fi(z,y)
= Y {—exp (—/\ Jy k() d“) ki(x) k7 (x) — k7' (2)

1<i<a+p
I

Fi(y, 2)

x 1 Cu(:g) 1
+ exXp (- fy )\ki (u) du) Fl(l‘, y) [ k:z(y) k;l(y) _ k[l(y)

e (5270 ) )

d [, Cu(z)  F(zvy) (0
e (Fz(y,Z) ki(2) k;.*l(z) — k:ll(z)) dz] }yo .

7

Note that for partial integration we used that in the sum for [ # 7 in the formula for
fli) the leading A-exponential of fo(l) i ey M) du However, now fl(l) not only
contains 2(a+ [ — 1) terms with A-exponential e~ Jy AR B also (a+5—-1)
terms of the form e~ Jy M @) du 1 <] <a+0,1+#i. Therefore, in the next step
for fy we will not be able to get rid of all A terms by partial integration as in the
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first step:

fz(i)(x,y, A) = —exp ( /\f k! du) Fi(z,y) Z A

1<ip,li<a+p3
loFi,l1#£l2

/x{_exp (fyzz A (k7 () — k() du) Fi(y, ) Cﬁgi;gf(l;i?)

Fh(ZQa y) +exp ()\ fyzz (k‘;l(u) — kil(u)) du) F’i(ya 22)

l2

F () — by ()
C ( ) Cl2l1(y) 1
k() Y TG B =)

o [ o (0 0 1) )

d Cii(z1)  Fy(21,9) ()
< F 2l 1 d D dzy.
* ( 2T ) e )

Partial integration is not possible for the terms in the sum corresponding to Iy = 4.
Therefore we are forced to keep (a+ [ — 1) terms containing A factors:

£ (2, y,0) = — Aexp ( ATk dU> Fi(z,y)

Z / uQ (22)Clyi(22) Fi(29,9) dzy -y

1<la<a+3 Z2 kl? 22) kl21(22) - kz_l(ZQ)
laF#i
+ terms of order 1

However, in the next third step for these (aw + 3 — 1) terms containing a A factor
partial integration can be done, so that in the third step there will be no \? factors,
only )\ or 1 factors. Factors with A? in the multisums will first appear in the fourth
step. Thus, generally for m € IN, terms containing A™ factors appear for the first
time in the (2m)-th recursion step. Besides these A™ terms there only appear
terms, which are bounded for A € C,, where the bound depends on r, C' and K
only. After reordering terms we have proven the following

Lemma 6.3 There exists a sequence Fy(x,y, \) of matrices, which has the follow-

ing properties:

1) Each Fy, can be calculated from T, forn =1,...,2k. We have Fy =Ty and F;
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1s the matrix with the i-th blockdiagonal element, 1 <1 < o+ 3,

(6.5) (Fi(x,y,N)),;; = —exp ( /\f k du) Fi(x,y)
> / ol Fi(z,y) dz,
liz;;n
where
pim(2) = (’ZTES) e i P z€ 0,1, 1<l,m<n,l#m,

and the i-th blockrow and j-th blockcolumn, 1 < 1,5 <mn, i # j,

(Fu(w,y, V) = = exp (= [ 57 (w) du) pis(2) Fia,y)

(6.6) + exp (—)\ ka: u) ) (z,9)pi; (y
+exp( )\f k: (u) du)
/:exp<f A (ki () — ))du)

diz (Fi(y, 2)pa(2)Fi(2,y)) dz.

w) Forr >0 there exists a constant ¢ > 0 such that
| Fe(z,y, || < & for A€ C, andz,y € [0,]] andk =1,2,....
wr) Forr > 0 there exists d > 0 such that for A € C, with |Jm(\)| > d the series

Sl g A FFi(z,y, \) converges absolutely (in L>([0,1] x [0,1],C™*™)) to T'(z,y, \).
For r > 0 there exist ¢,d > 0 such that for A\ € C, and |ImA| > d we have

1 1
R R s

As a consequence we have:

Lemma 6.4 Lemma 4.8 holds literally.

If (Hp) has nonempty spectrum we define again
v— = inf {Re | ho(A) = 0} and 7, := sup {JReX | ho(A) = 0}.

Lemma 6.5 Lemmas 4.12 and 4.13 hold literally.
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Lemma 6.6 Lemma 4.14 holds literally. (in the definition of R; one has to use
To and Fy of this section of course)

By proceeding as in section 5.3 we prove

Theorem 6.7 Theorems 5.4, 5.5 and 5.7 hold literally.

6.2 Degenerate linear hyperbolic systems

In this section we will extend previous results obtained only for nondegenerate hy-
perbolic systems to degenerate systems. We will express spectra and resolvents for
degenerate systems in terms of the nondegenerate system we have already studied.

The degenerate system is of the form

( P u(t, x) 5 u(t, x) u(t, x)
% v(t,z) | + K(z )% v(t,z) | +C(x) | v(t,z) | =0,
(DH) . w(t, ) w(t, ) w(t, )
p [v(t,1) — Du(t,1)] = Fu(t, )+ Gu(t, ),
( u(t,0) = Ev(t,0),

where z € ]0,[[ and ¢t > 0. We put the following assumptions on (DH):

(DHI) K is a diagonal matrix of the form

ki, 0 0 0 0 0 0 0
0 kolyy O 0O 0 0 0 0
0 0 . 0 0 0 0 0
oo 00 ki, 0 0 0 0
o 0 0 0 kepls., O 0 0o |’
0 0 0 0 0 - 0 0
0 0 0 0 0 0 kapple,, O
0 0 0 0 0 0 0 0- I,

where d; € N, d; >0, a € N, 3 € N, I, denotes the identity matrix in R%*4:

a B
§ d; = nq, E dotvi = Na.
i=1 i=1

We assume

@eC%mﬂ,),1<i<a+@
ki(z) >0 fori=1,.
kij(x) <0 forj_a—i—l a+f.
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(DHII) C(x) is a n x n matrix of the form

with

di Xd;
Ca c Cm+n2><n1+n2’ Ca — (Cij)1§i7j§a+ﬁ7 Cij c (D X J .

Denote

oy = Kt .
(CU>1§2‘,j§oz+ﬂ o Gl

We assume

C; € L% ([0,[],®di><di), 1=1,...,n1+no

Ci; € BV ([0,1,C%*%), ij=1,...,n1+ng, i # ]
Cs € L=([0,1],Cmtnalxna),

C, € C([0,1],Crax(mtn2)y

Cs € C([0,1],Crsms),

Cy; € BV ([0,1],C%*%) | for i+ j.

(DHIII) If i # 5, 1 <14,j < ny+ng, and k;(x) = k;j(x) for some = € [0, ] then both
C;; and Cj; vanish completely on [0, ).

(DHIV) u(t, z) = (u1(t,x), ..., up, (t,x)) € C" and v(t,x) = (v1(t, ), ..., v, (L, 2)) €
C™ and w(t,x) = (w1 (t, ), ..., wy,(t,z)) € C".

(DHV) D € Cm*™, E € C"*™ and

F:C(0,1],Cc™) — C™, G:C([0,1]],C™) — C™
are linear continuous operators.

Write (DH) as an abstract evolution equation

d

2 =4 (2= (u,v,w,d)),

in the complex spaces X, or Y with the closed densely defined operator A : D(A) C
X —-X

u
A(u,v,w,d) = —(K(x)§+0(x)> v|; Fu+Gul,
¥ w

D(A) ={ze€ X | Az € X, u(0) = Ev(0), d=v(l) — Du(l)},
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where X denotes X, or Y. It is not difficult to see that A generates a Cj semigroup
in Y, see Proposition 7.18, and X, for p € [1, 00[ and special choices of F' and G,
see Proposition 7.20, [45, Theorem 6.2, p. 312] or [48].

Then for given (f, g, h,b) € X the resolvent equation

(M — A)(u,v,w,d) = (f,g,h,b), (u,v,w,d) € D(A)

reads
5 u(:p) . f(:E)
()\[erng + Ko(7) 57 + Ca(x)) v(x)) + Cs()w(z) = (g(l‘))
(6.7 (o + G ule) + Ca) (U0)) =
A(w(l) —Du(l)) — Fu—Gv = b

The spectrum may not only consist of point spectrum, but also continuous or
residual spectrum, depending on the choice of the underlying Banach space (con-
tinuous spectrum when X = X,,, p € [1, 00| and residual spectrum when X =Y).
Let

(6.8) Yi:={AeC|3xe€|0,]]:det(N,, + Cs(x)) =0}.

Then ¥ is compact consisting of a finite union of closed curves. If A ¢ ¥ then (6.7)
is equivalently written as:

(Mo + Ko + Co — C5J(N)C,) <7{j) = (ch ) — CsJ(M\)h

w o= J\) (—C7 (:f) + h)
A(w(l) — Du(l)) — Fu—Gv = b,

(6.9)

with
JN)(x) := (M, + Cs(x)) "

As in Proposition 4.3 it follows that the operator

0 N U
(610) (U, 7}7 d) — ()\[nlJrnQ _'_ KO Ox + Ccv CﬁJ()\)C,Y) <U)
Ad — Fu— Gu

is an index 0 Fredholm operator from

{(u,v,d) € W([0,1], €™ x €™ | u(0) = Ev(0), d = v(l) — Du(l)}
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into LP([0,1],C™*"2) x €™ for p € [1,00].

In particular, if A € o(A)\ (X Uo,(A)) then (6.10) is injective and hence bijective,
so that (6.9) has a unique solution, i.e. A € p(A). Hence o(A) \ ¥ only contains
pointspectrum

g(A)\ X C o,(A).
Let T'(x,y,\) denote the fundamental system to

610 2 (M) = 10 O+ Cule) — TN ) (1),

Define h(\) and H()) as in Def. 4.2 and (4.6) °:
h(X) :=det H(\),

H(A) :=(=ADg; — F, M,,,6 — G)T(-,0, ) <[E> '

Then
oc(A)\X={reC|h(N =0}

and o(A) \ X is discrete since h()) is analytic. We have

( f u(x)
roA) [T @ = | o |,
b A(u,v)
o (1) = reon () HO 00000
+ o Ty, NOf, g,k A y) dy,
w o= J(\) <—cy (5)+h)

\

o(f,9.m ) = Kt | (P12 = Catw) T nt)|
and B(A) : X — C" denotes

BN (f,g,h,b) :==b+ (ADS + F,G — \,,,0;) /0- T(-,y,\)0(y) dy.

We want to express the characteristic functions and resolvents for (DH) in
terms of the nondegenerate system (H) and in powers of A~ for A on stripes C,

Sthe reader will not be confused that by analogy we use the same symbols h, H and T, as we
did for the nondegenerate system (H) in section 4

82



with sufficiently large imaginary part. For this let T denote the fundamental sys-
tem corresponding to the nondegenerate problem (H), i.e. Ty is the fundamental
system of the initial value problem

% (:}ng) = =Ko () My + Cal(@)) (Z‘Eg) ,

According to Lemma 6.3 (or 4.6) we have that for » > 0 there exist ¢,d > 0 such
that for A € C, and |[JmA| > d we have

1

(6.13) ' TN

1
TH($,y,)\)—To($,y,/\) XFl("L‘ y7/\)H

where Ty and F} are bounded for A € C, and only depend on the nondegenerate
system (obtained by deleting w).

Because we only require a expansion of T up to order A=2 we will instead of T
estimate the fundamental solution to

(6.14) % <Z‘8) — — Ky () My ny + Calz) = X' Ca(x)C, () <2‘8) .

Denote the fundamental solution to (6.14) by 7. Because for |A| > ||Cs||

o0

0= 3= 50 ()

=0

it follows from Grownwall’s inequality that 7 is a A~2 perturbation of 7" for A in
a neighbourhood of oo.

Define

To(x,y,A) = Tg(z,y,\)

To(my,\) = /TH(:cz)\) H(2)Ca(2)Co(2) T (29, \) dz - for k > 1.
)

Then
T(z ii (x =Ty(x /\)+1Tx ii (x
y7 s K yv H\Z, Y, \ 1 ?/7 £ K ya
for || sufficiently large. Hence we only have to estimate 77,
Ty ) = [ Tale, 2 VK (CHC () iy, d
y
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From (6.13) it follows that

%jjl(l’,y, )\) - %Tg(l’,y,)\) /yvx T0<y72 )‘> ( )Cﬁ< )C’Y<Z)TO<Z’y’)\> dz+0 (;2) .

By Proposition 6.1 we have

To(x,y, A —exp< /K ) F(z,y),

where F' = blockdiag (Fi); ;<o 4 and for 1 <i < a+ 0 F; 1 [0,1]> — C%*% only
depends on the reduced blockdiagonal nondegenerate system obtained from (DH)
after canceling w.

Proposition 6.8
/ To(y, 2 N g (2)C()Cy (2)To (2,9, A) d=
Y

:/yxblockdiag( i(y,2)C(2) Fi(2,9)hisigarp dz + O (i\)

Proof: For 1 <1i,j < a+ [ we have
(To(y. 2, MKy ' (2)Ca(2)Cy (2)To(2, 9, M),

—exp (A / (k) — k() du) Fily, 2)Cii(2) Fy (2, y).

If we integrate this equation from y to x then for i # j we can perform partial
integration by assumptions (DHII) and (DHIII). We get for i # j

/z/C (To(y, 2 MKy (2)Cs(2)Cy (2)To (2,9, A)),; dz = O (X) .

Hence we have proven the following

Lemma 6.9 Let T(x,y,\) denote the fundamental system to (6.11). Forr > 0
there exist constants ¢,d > 0 such that for X € C with |ReA| < r and |JmA| > d

we have | .
HT(ZL‘,y, /\) - TO(xvyv )‘) - Xﬁl(xvya )‘)H < CW
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Fy is the matriz with the i-th blockdiagonal element, 1 <1 < a+ (3,
(Al 0) = (File.y,\),
+ exp (—)\ N kit (u) du) Fy(z,y) /m Fi(y, 2)Cii(2)Fy(z,7) dz,
Yy
and for the i-th blockrow and j-th blockcolumn, 1 <i,j < a+ 3,1 # 7,
(Aw.w.m), =Ry,
Remark 6.10 The expansion differs from the nondegenerate case only in an ad-

ditional term on the (block)diagonal of Fy.

Lemma 6.11 Lemma 4.8 holds true literally if we replace Fy with F\.

We have the following two Lemmas which are proved similar as Lemmas 4.12 and
4.13

Lemma 6.12 For each v > 74 there exist only finitely many eigenvalues A of
(DH) in the complement of ¥ that satisfy Re X > .

Lemma 6.13 Suppose (Hg) has nonempty spectrum. Then the following hold:

1) For each 6 > 0 there are only finitely many eigenvalues of (DH) in the comple-
ment of ¥ which satisfy ReX < ~v_ —§ or Re\ > v, + 6.

w) For e > 0 there exists d > 0 such that

sDH) N{xeC||omA >d}c ] B
ho(A)=0

) Suppose p = infy 2y, no(a)=ho(r2)=0 [A1 — A2| > 0. Then for each n < & there
exists d > 0 such that for each Ny € C with ho(Ao) = 0 and |ImNg| > d there exists
A € B,(A\o) which is an eigenvalue of (DH), i.e. h(X\) = 0. Both h and hy have
the same number of zeros in each B,(X\o). In particular, if (Ho) only possesses
algebraically simple eigenvalues, then the eigenvalues A € B,(X\o) of (DH) are
unique and algebraically simple.

Let 3
AFl = F1 — Fl.

Let H fH) be defined as in the formula (4.21), and let H I(DH) be defined as in formula
(4.21) but using F} instead of F;. Denote

AH, = HPY — .
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Formulas for AF} and AH; are

AFy(x,y,)) = blockdiag| exp (—A Jy k7t (u) du)

Ry | " Fy. 9)Cu(2)Fi(2.) dz) |

1<i<a+p

AH, = —(D,—I)AFi(I,0,)) (?) .

Lemma 6.14 Let

! /
RZZ g Z:R()\, Ao) (g) +

b
(o (2)mon (0) o0 g i )

denote the resolvent approximation for the nondegenerate hyperbolic system which
we obtain from (DH) by deleting terms including w (formulas for Ry, ..., Ry are
given below (4.26)). Suppose there exist h € R, §, A,e > 0 such that for A € C
with |ReX—h| < ¢ and |ImA| > A the inequality |ho(N)| > € and the relation A ¢ X
hold. Then there exist constants ¢,d > 0 such that for all A € C with [ReA—h| < ¢
and |JmA| > d we have X € p(A) and

f U
(6.15) ROA) | 7= +%5(A)(f,g,h,b),
b A(u,v)
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n % <_TO<., 0,\) (?) Ho(A) "' AH (M) Ho(A) ' Bo(A)(f. 9)

l
=100 (7 ) Ho)0.=0) [ Tt N ) Catuh()

+ar .0 () B 500

_/O.TO(-,y, N K1 (y) ' Ca(y)h(y) dy

+To(-,0,A) (?) Ho(\) YD, 1) /Ol AF (L y, VK (y) ™ (%;) dy

+ [rcamir (1) )

w =3 (=C,RO\ A0)(f,9) + 1)

and the error term £ is bounded by c,

IEM N £ex) < e
Proof: By Lemma 6.9 and Remark 6.10 we have

1 1 1
T =T —F —AF, — .
0—|—)\ 1—|—)\ 1+O<)\2)

From this we get (Lemma 6.11)

lH(A) = Hy(A\) + %Hl()\) - %AHIO‘) + O <%> ;
1

MHN)™Y = Hy\) ™ — %HO()\)‘lHl(/\)HO()\)‘l — XHO(A)—lAﬂl(A)HO(A)—l

+0 (%) .

After we plug these into (6.12) we get the stated estimate for the resolvent of (DH).
O

Using the resolvent approximation of Lemma 6.14 it is not difficult to verify con-
dition ) of Theorem 5.26 for the additional i terms appearing above in the
expansion for the nondegenerate system) (as done in section 5.3). Thus we have
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Theorem 6.15 (Exponential dichotomy for (DH)) Let a« < 3, a,8 € R.
System (DH) is (o, 3) exponentially dichotomous in the spaces Y and X,, p €
[1,00[, if and only if there exists 6 > 0 so that

h(A) #0 and AN¢ X

for X € C with a — § < Re\ < B+ 0. In this case the exponential rates are
independent on p > 1.

Theorem 6.16 (Spectral gap mapping Theorem for (DH)) Theorem 5.4 holds
for (DH).

7 Semilinear hyperbolic systems: Fréchet differ-
entiability of the solution map and stability by
linearization

In this section we define weak solutions, show local existence and uniqueness and
regularity for the class of semilinear hyperbolic systems (SH). We show that (SH)
generates a smooth semiflow in the phase space Y and prove the stability Theo-
rem 7.26.

We consider the class of semilinear hyperbolic systems

( U(t,l‘) 8 (tvl‘)
— | v(t, ) +K(I)8_:E ((t,:p)) + H(z,u(t,x),v(t,z), w(t,z)) =0,
w(t, x
5 [0(6:1) = Du(t, D] = Fu(t, ), v(¢, ),

u(t,0) = Ev(t,0),
L u(0,2) = uo(x), v(0,2) = vo(@), w(0,7) = wo(),

for x € 10,1 and ¢ > 0 with the following assumptions:

(SHI) K(z) = diag (ki(x)),_,__, is a diagonal n x n matrix of functions k; €
C1([0,1],R) which satisfy k;(x) > 0 for i = 1,...,n; and k;(z) < 0 for i =
ni+1,...n1+ny (x €[0,1]) and k; =0 for i =ny +ns+1,...,n1 +ny +ng = n.
(SHII) H :]0,I[ x R® — R" is a C* Carathéodory function, k > 1 (see Def. 10.11).
The last ng components H,, : |0,{[x R" — R"™ of H satisfy H,(-,z) € C([0,1],R"3)
for z € R". We denote with H,, the first n; + no, components of H, i.e. H =
(Huzn Hw)
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(SHII) F : C([0,1], R™*™2) — R"™ is C* and has bounded and uniformly con-
tinuous derivatives on bounded sets (for each b > 0 and € > 0 there exists § > 0
so that [[0FF(ui,v) — 0FF(us,v2)|| < € for (ug,v1), (ug,v2) € C([0,1), R™F2),
[(u1, v1) = (uz,v2)|| <6, [[(ur, v1)l| < D).

(SHIV) u(t,z) = (ui(t,x), ..., un, (t,x)) € R™, v(t,z) = (vi(t, z),..., v (t,x)) €
R™ and w(t, x) = (wi(t, ), ..., wy,(t,z)) € R™

(SHV) D € R™*™ E € R >

Let $: C([0,1],R") — L>=([0,1], R"),
H(u,v,w)(x) := H(x,u(x),v(zr),w(x)), aa. zecl0,l,

denote the superposition operator generated by H. We denote the (u,v) and w
component of ) with $,, and §,,, respectively.

Remark 7.1 By (SHII) the superposition operator $ maps L>=([0,1],R") C*-
smoothly into itself and has locally bounded derivatives [24]. In particular $) is
locally Lipschitz from L*([0,1],R™) into itself, i.e. for b > 0 there exists L > 0
so that for z; = (uy,vy,wy) € L®([0,1], R™) and zy = (ug,ve,ws) € L>([0,1],R")
with ||21]| 0 < b and ||22]| ;00 < b one has ||9(z1) — H(22)|l ;0 < L |21 — 22| ;- By

(SHIIT) also F is locally Lipschitz from its domain into R"2.

Let T'(t) denote the semigroup to

( u(t, x) u(t, x)
0 0
— | v(t,z) | + K(x)=— | v(t,z) | =0,
" \wit,z) % \wit,2)

(7.1)
pr [v(t,1) — Du(t, )] =0,

u(t,0) = Ev(t,0),
L u(0,2) = up(z), v(0,2) =vo(z), w(0,z) = we(x).

System (7.1) can be written as an abstract evolution equation

d
() = Aoz(t) (2 = (u,0,w,d)),

in the space X, or Y with the closed densely defined operator

u
(7.2) Ag:D(Ag) C X = X, Ap(u,v,w,d):= | —K(x) v]; 0],

9
On
(7.3) D(Ap) :={(u,v,w,d) € X |Ap(u,v,w,d) € X,

u(0) = Ev(0), d = A(u,v)},
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where X denotes X, or Y.
By integrating along characteristics one can derive an explicit formula for the
semigroup T'(t). We do not need such a formula, we only need the following

Proposition 7.2 The semigroup T'(t) is strongly continuous on the spaces X, for
1 <p<oo,Y and D(Ay) (but not on X, see Remark 7.4 and [44]). For T >0
there exists ¢ > 0 such that for (ug,ve, wo) € L>([0,1],R") and dy € R™ we have

||T(t)(u0,v0,w0, dO)HXoo S & ”(U'O)'UOa Wo, dO)HXoo fO’f’ 0 S t S T.

In particular Proposition 7.2 states that T'(t) is a semigroup of bounded op-
erators on X, (which is not Cjy, even not Bochner measurable according to Re-
mark 7.4). Our choice of phase space for (SH) will be Y. For T > 0 denote

(7.4) X = C([0,T],Y).

Definition 7.3 Let T > 0. The triplet (u,v,w, A(u,v)) € Xr is called a weak (or
mild) solution of (SH) up to T for the initial data (ug, vo, wo, Alug,vg)) € Y if for
all t € [0,T]

(u(t), v(t), w(t), Alu(t), v(t))) = G(u,v,w, Au, v))(t),
where

Ug
Vo
Wo

A(UQ, UQ)

(7.5) + /0 T (”%‘fﬁﬁfﬁ?’s?ﬁ(s”) ds.

We need to add a remark and explain in which sense the integral in (7.5) has to
be understood:

G(u,v,w, A(u,v))(t) :=T(t)

Remark 7.4 It does not make sense to define the Bochner integral

[re=n (R o

in the space X because the integrand s — T(t — s) <_~6(}?((jz;;}(jz;%(8))> will

not be measurable in the sense of Bochner in X .
Indeed, consider a real valued step function on [0,1] which has a jump (shock) at
é. Then translation of this function is not measurable on a time interval with values
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into the Banach space L>([0,1],R) because the image is not separable with respect
to the strong L™ norm °. Now the Nemytskij operator § will not be compatible
with the boundary conditions (even if the generating function is arbitrary smooth
with respect to all variables or linear with constant coefficients, in general), so that
shocks will travel along the characteristics due to incompatibilities at the boundary
when the translation semigroup T(t — s) is applied.

Hence the integrand will not be measurable in X, so the integral in (7.5) can
not be defined in X. But it is well defined in the Banach space X, for1 < p < oo:
Because T' is a strongly continuous semigroup on X, for 1 < p < oo it follows that
the integrand is measurable with values in the larger space X,. Moreover, we are
allowed to estimate the X, norm of the integral: Let f : [0,T] — X, be measurable
and bounded. Then s — T(t — s)f(s) is measurable on [0,t] with values in X,
1 <p < oo, and we have

(7.6) ’

/otT(t ma)fle) s <e / @, s

where ¢ does not depend on 1 < p < co. By letting p — oo (and using Lebesgue’s
convergence theorem) we get

(7.7) /o T(t—s)f(s)ds

= / 1£(3)]l. ds.

In this work we will do such L™ estimates many times without any comments even
though the integrand will not be measurable with values in the Banach space L> (or
X ). In section 10 we will consider even weaker solutions where it will happen that
| will not be measurable on [0,t] with values in L*>([0,1]), but f will be measurable
on the time space product space [0,t] x [0,1], f € L*>([0,t] x [0,]). For almost all
s € [0,1] we have that f(s,-) € L>([0,1]) and it follows that s — [|f(s,")|| Lo (o)
is measurable (because the map is obtained as a limit for p — 0o of the measurable
map s = || f(s, )| 2o o,y ) Again the integral fot T(t—s)f(s)ds will be well defined
in LP, p < oo and we are allowed to perform norm estimates as (7.6), (7.7).

Theorem 7.5 Weak solutions of (SH) are unique.
Proof: The proof is standard and uses Gronwall’s Lemma: Let

2 = (uy, v, wy, Aug,v1)), 22 = (ug, v, W, A(ug, v2)) € Xp

Sthe author would like to thank Prof. A. Mielke for pointing to this technical difficulty
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be solutions of (SH). By Remark 7.1 and Proposition 7.2 there exist constants
¢>0and L > 0 so that for t € [0, T

|21 — Zz||y

t — 5 _53(161(3),1)1(8),11}1 5)) ‘I’ﬁ(UQ(S),UQ(S)
/0 T(t ) ( F(u1 8),711( )) — F(U,Q(S)’UQ( ))
S/tc

( s
‘ (Yn(ul(S), vi(s), wlgsg - ?Euz(S), va(s), w2(8)))
<cL /Ot 21 — 2]y ds.

<

(

,w2(5))> ds

ds

Koo

Xoo

F(uy(s),vi(s us(s), va($))

Gronwall’s inequality yields

(21 — 2)(®)|ly =0 fort € [0, 7).

Proposition 7.6 Suppose
p € C([0,T],L=(]0,1[,R™*"2) x C([0,1],R™) x R").

Then .
/ T(-—s)p(s)ds € C([0,T],Y).

0
Proof: Denote X, := L*°(]0,I[, R™*2) x C([0,], R") x R™. By mollification
there exists a sequence p, € C'([0,T], Xooc) such that p;, converges uniformly to
pin C([0,T], Xsoc). Let D(Ap) be as in (7.3) with X = X, for a fixed 1 < p < o0.
Since pr € C'([0,T7], X,) it follows from Proposition 12.6 that

| 7= s)nts) s € €(0.7). D),
0
The domain D(Ay) is continuously embedded in

{(@,0,,d) € C([0,1], R™*"2) x LP([0,1], R™) x R™ |
@(0) = Eo(0), d = (1) — Da(l)}.
Moreover, the third component of p lies in C([0,], R™) and the semigroup acts
trivially on the third component. Therefore

/' T(- = $)pu(s) ds € C([0,T], V).

0
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For t € [0,T]

| [ =900 = sy s

Hence it follows that

<T S?P 1T(s )HL(XOO) lp— pkHC([O,T],Xoo)
Xoo s€l0

<cllp— pk||c([o,T],Xooc) ’

/-T(- —s)p(s)ds € C([0,T],Y).

0

As an immediate consequence we have:

Corollary 7.7 If (ug, v, wo, A(ug,v0)) € Y and (u,v, w, A(u,v)) € Xr, then

Ug

_ vo (e gy [TR(uls), v(s) w(s))
7(-) A<w0 | +/0T( )( Fu(s), v(3)) )d e C([0,T],Y).

The following Proposition is a direct consequence of Definition 7.3 and Corol-
lary 7.7:

Proposition 7.8 If (u,v,w, A(u,v)) € Xr is a weak solution to (SH), then

A(u,v) € CH([0,T]),R™) and %A(u,v)(t) = F(u(t),v(t)).

Proposition 7.9 Let z = (u,v, w, A(u,v)) € Xr be a weak solution of (SH) with
initial data z(0) = (ug, vo, wo, Aug, vo)) € Y. Suppose

(UO, ’Uo) € Wl’oo(]O, l[ s RnlJrnQ).
Then for all p € 1, 00|

(u, v, w, Alu,v)) €C([0, T], WP (J0,1[, R 2) x C([0,1], R"™) x R™)
(7.8) N C*([0,T], L*(J0, 1], R™*"2) x C(]0,1], R™) x R"™)

and (SH) holds in a classical sense.
Proof: Let h >0 and 0 <t <t+ h <T. We have
2(t+h) —z(t) =(T'(h) — I)T(t)z(0)
[ (A sl |
0

F(u(h—i—s) v(h+s))— F(u(s),v(s))
(7.9) +/ T(t+h— ( “ . wl()"’;))) ds.
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By (SHII), (SHIII) and Proposition 7.2 there exists ¢ > 0 so that
lz(¢ + ) = 2Oy <I(T(h) = DT ()2(0)]x,, + ch

+ C/o |2(s + h) — z(s)]|y ds.

Moreover we have

h
(7.10) (T(h) — D)T(t)2(0) = /0 T(s)T(t)(Apz(0)) ds.

And because Apz(0) € X, by our assumption on the initial data we have (the
constant ¢ will differ from each line)

I(T'(h) = DT (#)z(0)] x,, < ch.
Hence .
|z(t+h) —2(t)]ly < ch+ c/ |z(s + h) — 2(5)]ly ds.
Gronwall’s Lemma implies 0
=t + ) — 2(8)lly < he.

Hence w : [0,7] — Y is Lipschitz continuous. This shows that

—ﬁ((u,v,w)()) . N
(FWwW” 10.T) = X € X,
is Lipschitz continuous. Because X, is reflexive for 1 < p < oo it follows that
_f)((uav7w)())) 1,00
e W>=(10,T], X
(Ftr 0 (0,71, %)

and Proposition 12.6 yields the assertion. U

Remark 7.10 Suppose F : C([0,1], R™*"2) — R" satisfies a LP Lipschitz con-
dition for a fized p € ]1,00[ on bounded subsets of C([0,1], R"*"2) i.e. for any
bounded subset B of C([0,1],R™*"2) there exists a constant L > 0 so that for
(ur,v1), (ug,v2) € B the relation

[F (w1, v1) — Fug, v2) || < L [[(ur, v1) = (w2, v2)| 1o o)
holds. If

(Uo,’lJ()) € Wl’p(]o,l[,Rnl+n2),

then (7.8) holds.
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Proof: The proof is similar to Proposition 7.9. Indeed, the generating function of
the Nemytskij operator ) is locally Lipschitz with respect to the unknown variables
(uniformly for almost all 2 € ]0, ([, see the Definition 10.11 of C'* Carathéodory
function), which implies - since z is bounded with values in X, - that there exists
a constant ¢ so that

(7.11) 195w, v, w)(h +5)) = H((u, v, w)(s))
< cl(u, v, w)(h+ ) = (u, v, w)(s)[ 1 -

Since F' satisfies a L” Lipschitz condition, we get from (7.9) and (7.10) using the
assumption on z(0) that

[zt +h) = 2()l x, <[(T(h) = DT X)2(0)] x, + ch
+ C/o [2(h +s) = 2(s)| x, ds
<ch + c/ot [2(s + h) = ()| x, ds.

Gronwall yields that z : [0,7] — X, is Lipschitz.

And (7.11) implies that <_5]37(((ulé7)v7;(j)()>>) : [0,7] — X, is Lipschitz. From the

reflexivity of X, it follows that <_? ((UI?U?;U))()))) e Wt([0,T], X,) and we ap-

ply Proposition 12.6 again. U

Theorem 7.11 (local existence) For any (ug, vy, wo, A(ug, vo)) € Y there exists
a 6 > 0, depending only on ||(uo, vo, wo, A(ug, vo))|ly, such that (SH) has a weak
solution up to §.

Proof: Corollary 7.7 shows that G maps Xr into itself. Let 0 < § < 1. Define the
closed subspace of X (see (7.4))

Bs ::{(u,v,w,A(u,v)) € Xs | fort € [0, ]
[(u(t), v(t), w(t), Alu(t), v(t)) = T(t)(uo, vo, wo, A(uo, vo))[ly < 1}-

By Remark 7.1 there exists L > 0, depending only on ||(ug, vo, wo, A(ug, v0)) ||y
such that if zq, zo € Bs then

(7.12) 1G(20) (1) = G(22)(D)]ly < OL |21 = 22l -
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Moreover, since $) and F' are locally bounded it follows from the definition of B
that there exists a bound M > 0, depending only on ||(uo,vo, wo, A(ug, vo))|ly
such that

(7.13) 1G(2)(t) — T'(t)(uo, vo, wo, A(ug, vo))|ly
a9 Y
- ‘ / Tt =9 (F<u<s>,v<s>)) .
<Mé for ¢t € [0, 4] .

Therefore (7.12) and (7.13) imply that for sufficiently small 6 > 0 the operator G
maps Bs into itself and becomes a contraction. By Banachs contraction mapping
theorem G has a fixed point in Bs C AXj. O

For zp € Y let w = w(zg) € ]0, 00| denote the maximal time up to which the
solution exists, i.e.

(7.14) w(zp) := sup{t € R | there exists a weak solution up to t with z(0) = zo}.
We have the following consequence of Theorem 7.11

Corollary 7.12 For any zy € Y either

1) w(zp) = 00

or

1) w(z) < 0o and limyyy(.) [|2(2)|ly = oo, where z : [0,w(20)[ — Y denotes the
weak solution with z(0) = 2.

Proof: Suppose w(zp) < oo and the assertion limy(sy) [|2(t)|ly, = oo was false.
Then there would exist a sequence (t,)neny in R, 0 < ¢, < w(zp), converging
to w(zp), such that ||z(¢,)]|,, were bounded. Since in Theorem 7.11 § > 0 only
depended on the norm of the initial data we would find a 6 > 0 and construct a
solution z : [0, w(zo) + 5} — Y with 2(0) = 2, contradicting definition (7.14) (here

we have used that the concatenation of two solutions is a solution which follows
directly from Def. 7.3). O

oo

Theorem 7.13 Let z € X be a weak solution of (SH) up to T'. Then there exists
a neighborhood U of z(0) in'Y such that for all yo € U there is a weak solution
y € Xr of (SH) up to T satisfying y(0) = yq.

There exists a constant ¢ > 0 such that for all yo € U

12(2) = y(@)lly < cl2(0) = olly -
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Proof: Proceed similar as in the proof of [71, Theorem 11.15, p. 117]. O

For a given solution z = (u, v, w, A(u,v)) of (SH) we consider the z-linearized
equation of (SH)

(5 ur(t, x) P ur(t, x)
— vt x) | + K(x)— | vp(t, x)
U \wp(t, z) 0T\ (t, )

ur(t, )
B O ey

% [UL(tv l) - DuL(t7 l)] = <8F<u<t’ ')a U(t’ ))’ (uL(tv ')7 UL(tv )))7
ur(t,0) = Ev(t,0),

L un(0,2) = hy(x), vi(0,2) = hy(x), wp(0,2) = hy(2).

Definition 7.14 Let z = (u,v,w, A(u,v)) € Xr be a given weak solution of (SH).
The quadruplet z;, = (ur,vp, wr, A(ur,vy)) € Xp is called a weak (or mild) so-
lution of (LH) to the initial data z1,(0) = (hu, hyy b, A(hy, hy)) € Y iff for all
te€0,T]

z1(t) = Gr(z, z0) (1),

where
hu
6o )0 =T(0) | )
A(hu, hy)
e (=09 (( v, w)(), (unls) vis) wi())Y
+/0T(t )< (OF (ul(s), 0(s)), (u(5), v2(5))) )d'

(0% denotes the total derivative of the Nemytskij operator $ : L>°(]0,[,R") —
Le=(]0,2[, R™))

Theorem 7.15 Let T' > 0. For any weak solution z = (u,v,w, A(u,v)) € Xr
of (SH) and (hy, hy, hy, A(hy, hy)) € Y there exists a unique weak solution zj =
(up,vp,wr, Alur,vr)) € X of the corresponding linearized problem (LH). There
is a constant ¢ > 0, depending only on ||z|| ., such that

1z (®)lly < el (s o, oy A(bs, o)) |y

Proof: First we note that by Proposition 7.6 we have that the operator G (z,-)
maps Xr into itself. We have to show that z;, = G (z, z) has a unique solution
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zr, € Xp. As in Theorem 7.11 one shows local existence, i.e. that a unique solution
exists in X for 0 > 0 sufficiently small. Then we need an a-priori estimate to show
that ¢ can be chosen arbitrary large (6 = T): By assumptions (SHII) and (SHIII)
the derivatives 0$) and OF are bounded on bounded subsets. Hence it follows from
the variation of constants formula in Definition 7.14 that there exists a constant
c depending on ||z| . such that |z (t)[ly < cllzL(0)]ly + f(chzL(s)HY ds. Gron-
wall’s inequality implies ||z (¢)|ly < ¢l|zL(0)]]y e. O

Suppose there exists a weak solution Z € X7 of (SH) up to T. Then according
to Theorem 7.13 there exists an open neighborhood U of 2(0) in Y so that for any
zp € U there exists a unique solution z € X7 with 2(0) = zy. Define the solution
map

(7.15) StU =Y, SYz):==z(t) (te€l0,T]).

For z9p € U and h = (hy, hy, hy, A(hy, hy)) € Y define the linearized solution
operator

(7.16) Shz): Y =Y, Sh(zo)h:=2zr(t) (te€l0,T)),

where z;, € X denotes the solution of the, along the given solution z(t) = S*(zg)
of (SH), linearized system (LH) with initial data h.

Theorem 7.16 For eacht € [0,T] the map S : U — Y is C* smooth. Moreover,
05*(20) = Sh(20).

Proof: For z = (u, v, w, A(u,v)) € Xr and initial data zo = (ug, vo, wo, A(ug, vo)) €
Y the operator G(z) has been defined in Definition 7.3. To emphasize the depen-
dence on zy we write G(z, z9). Define the operator F

(F(2,20)) (1) = (G(2, 20)) (1) = 2(1).

By Corollary 7.7 for each zy € Y the operator G(-, z9) maps Xr into itself. Thus
F : Xr x Y — Xp. By assumption for each zo € U the equation F(z,z) =0,z €
Xr, has a unique solution z = y(zp).
It follows from (SHII), (SHIII) and the definition of G (see (7.5)) that G is C*
from XT x Y into XT and that we have for hj = (huj, hvj7 hwju A(h,uj, hvj)) S XT7
1<j<k tel0,T]

G
(717) (@(2, Zo)hl e hj) (t)

[ 1t (PGP D Ol D,
0 P F(u(s),v(s)) (hui(s), hoi(s))1<i<;
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Indeed, for 7 = 1 we have

G(z + m)(t) = G(2)(t)

oy (090, 0)($) (B (5), (), ()
AT“ >< OF (u(s), v(5)) (hu (5), hus (5)) )d
o [ (09000, w) () (aa(9), R (), B ()
—/0 T(t )[ ( 8F(u(s),v(s)) hul(s),hv1(8) )

N (—ﬁ(u(s) + hu1(s),v(8) + hyi(s), w
Fu(s) + hyi(s),v(s) + hy1(s)) — F(u(s),v(s)

25)’ wl(s)))] df ds

Therefore by the uniform continuity of the derivative stated in conditions (SHII)
and (SHIII) we have

-1
11|

G(z+hi) —G(2)

Iy 1y

o (090, 0)($) (B (5), (), ()
AT( >( OF (u(5), 0(8)) (haa(5), hun () )d

By induction one obtains (7.17) for 1 < j < k.

It follows from a generalization of Banachs fixed point theorem that %—f is an
isomorphism from Xp onto itself. Indeed, assume w € A7 is given. Then for
h = (hy, hy, by, A(hy, hy)) € Xr the equation %—f(z, 20)h = w is equivalent to
Ph = h, where P : Xp — Xr,

(Ph) (t):/o T(t - s) (“%( w, v, w)(s))(h h”’hw)(s)) ds — ().

There exists a constant M > 0, depending only on T, $, F, 2z, so that for hy, hy € Xr

XT

[Py (t) = Pha(t)]ly < Mt|[hy = hally, -

Proceeding with P2 = PoP we get [|(P2h)(t) — (P2ha)(t)|ly < 22 |[Ay — hal| .
By induction

A , MT)
Pt =Pl < 0 s ol
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Thus for ¢ sufficiently large P is a contraction on Xp.
From the implicit function theorem it follows that v is a C* smooth map from U
into Xp. Hence S*: U — Y is C¥.

From (7.5) and (7.17) it follows that 0S5 is the solution to (LH) in the sense
of Definition 7.14. O

Remark 7.17 The map S*: U — Xp,u — Su is C* smooth.
Suppose H and F are linear. i.e.
Hypo(z,u,v,w) = Cup(z) (u,v,w)", Hy(x, u,v,w) = Cy(z) (u, v, w)",

where -! denotes transpose, C,,, € L>([0,], K" +m2xn) ¢, e C([0,1], K™*") and
F € £(C(]0,1], K™*"2) K"2). Then the weak solutions exist for all ¢ > 0. We

denote the corresponding linear semigroup by 77(t). Further denote C' := (g“”)

Proposition 7.18 Ti(t) : Y — Y is a Cy semigroup in Y with infinitesimal
generator Ay : D(A;) = Y,

A (u,v,w,d) = ((—K(2)0, — C(2)) (u(z), v(z), w(z))"; F(u,v)),
(7.18) D(Ay) = {(u,v,w,d) € Y n WH([0,1], K™ "2) x C([0,], K") x K" |
Ay (u,v,w,d) € Y}

Proof: By our definition of weak solutions to (SH) in the space X7 we have that
T; is a strongly continuous semigroup on Y. We verify that A; is its infinitesimal
generator:

Let (u(s),v(s), w(s), A(u(s),v(s))) = Ti(s)(uo, vo, wo, A(ug, vo)). Then we have

oo gt (3)
dy dy
P -e0 (0
+E/O T(h—s) ds
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Since T'(t) is a Cy semigroup on X, for 1 < p < oo (recall the definition of 7" and
Apin (7.1), (7.2), (7.3)) we have the following convergence in X,

- u(s) - u(h — s)
—/0 T(h—s) —C) | vls) ds :—/0 T(s) —C() | v(h =) ds

h w(s) h w(h — s)
F(u(s),v(s)) F(u(h —s),v(h—s
Ug
X, | =C) | v
(7.20) 0 ) w‘;
F(UQ, UQ)
Hence, if yo = (uo, vo, wo, dp) € Y and the limit
. Ty(h) -1
b ————"¥0 = Ay e Y

exists in Y C X, then it follows from (7.19) and (7.20) that the limit limy, |, T(hh)_IyO

exists in X,,. Therefore, (ug,vg) € WHP([0, ], K™*"2) and

Ug
—C() | v

Aoyo = Aryo — ) w?) € X
F(Uo, U())

This shows yo belongs to the right hand side of equation (7.18).
Conversely suppose o belongs to the right hand side of (7.18). If we plug

h
(T(h) - I)(UO, Vo, Wo, do)t = / T(S>AO<U07 Vo, Wo, do)t
0

into (7.19) we get

(7.21)
Ug Ug u(h —s)
Ti(h) =1 | vy —h_1/hT( ) —K()0; | vo | —C() (v(hs) J
h we | 0 5 wo w(h — s) 5
dy F(u(h —s),v(h—s))

We have to show that the right hand side of (7.21) converges in Y for h | 0 to

Ug Ug Ug

A Vo L —K()&B Vo — C() Vo

! Wo o Wo Wo
d() F(Uo, UO)



(Note that the integrand in (7.21) belongs to X, and not to Y, this would be true
even if C' and C,, would have constant coeflicients, in general. Also T'(¢) is not Cj
on X, but on X,,.)

Uo U
Ti(h) =1 | v i | Yo
—A
h wo { wo
do do
u(h — s) — ug
=p! hT(s) Cl) | vl =s)—w ds
0 w(h —s) —wp
F(u(h —s),v(h—s)) — F(ug,vo)
Uo Ug
h
+ht / T(s)A, ZJ(; — A Z‘; ds
0
do do

=I+1I.

The first term I tends to zero in Y for h | 0 because (u,v,w, A(u,v)) € Xp. And
I1 goes to zero because A;(ug, v, wo,dy) € Y and T is a Cp semigroup on Y. O

Remark 7.19 The question arises if the semigroup Ty (t) on'Y can be extended to
a Cy semigroup on the larger space X, forp € [1,00[ or a semigroup on Xo (which
will not be Cy). For many cases, see Proposition 7.20 and Remark 7.21 this is not
difficult to verify. The space Y then can be considered as an admissible subspace
in the sense of [49, p.122, Definition. 5.3]. On these larger spaces the functions
do not have to satisfy the boundary conditions pointwise and hence it makes sense
to write the variation of constants formula z(t) = T1(t)z(0) +f0t Ti(t—s)r(z(s)) ds
where r is a Nemytskij operator which is not compatible with boundary conditions
and hence maps out of the space Y. This will face us when we will discuss the
existence of center manifolds for equilibria, where we expand the Nemytskij operator
at the equilibrium state (T} will correspond to the linear part and r the remainder
containing terms of order two).

A detailed proof of the next Proposition by using the Lumer-Phillips theorem
(and an equivalent weighted norm on X,) can be found in [45, Theorem 6.2, p.312]

Proposition 7.20 Suppose

F(U,U) = F0u<l) -+ Gov(l) with FO c K™*™ gnd GO c Knexnz
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Then Ty can be extended to a Cy semigroup on X,, p € [1,00][, with infinitesimal
generator

Ai(u,v,w,d) = ((—K(2)0, — C(2)) (u(z), v(z), w(z)); F(u,v)),

D(A;) = {(u,v,w,d) € WHP([0,1], K™*"2) x LP([0,1], K™) x K" |
u(0) = Ev(0), d = A(u,v)}.

Remark 7.21 Proposition 7.20 can be seen directly by solving the equation for
C = 0. One can verify Proposition 7.20 for more general choices of F' including
“delays”.

Definition 7.22 We calla € Y a stationary or equilibrium solution of (SH) if the
constant function z(t) := a is a weak solution of (SH) in the sense of Definition 7.3.

Proposition 7.23 A state a = (ay, ay, Gy, Alay, a,)) € Y is an equilibrium solu-
tion if and only if there exists p € [1,00[ so that (ay,a,) € WP([0,1], R""2) and
both KO, (ay, @y, @)t + H(ay, ay, ay) = 0 and F(ay,a,) = 0 vanish. In this case
(auv CLv) S ﬂl§p<oo Wl,p([()? l]? Rn1+n2)'

Proof: If a is an equilibrium, then the constant solution z(t) := a is differen-
tiable with values in X, for 1 < p < oco. Because z satisfies the variation of
constants formula (7.5), and T is a Cy semigroup on X, for 1 < p < oo, and
=9y, Ay, ay)
F(ay,ay,)
Proposition 12.6 that ¢ — T'(t)a is differentiable into X, for 1 < p < co. Hence
a is in the domain of the generator Ay of the semigroup 7'(t) : X, — X, which
means (a,, a,) € WHP([0, 1], R"+"2). O

the constant map s +— ( ) is differentiable into X, it follows from

Definition 7.24 Let a € Y be an equilibrium of (SH). Then a is called (expo-
nentially) stable if there exists a neighborhood U of a in'Y and constants ¢ > 0,
B >0, such that if z is a mild solution of (SH) with 2(0) € U then z exists for all
t >0 and

2(t) — ally < ce |12(0) — ally fort >0,

Definition 7.25 Let a = (ay, ay, Gy, Alay, ay)) be an equilibrium of (SH). Define
the linearized operator A, in'Y :

U
:}L A, | v
(7.22) w0 = w ,
A(u,v) OF (ay, ay) (z)



A, ==K ()0, — 09(ay, ay, ay).

Theorem 7.26 Let a = (ay, ay, Gy, A(ay, ay)) be an equilibrium of (SH) such that
there exists o > 0 with the property that the spectrum of U, lies in the left half-
space ReA < —a. Suppose that (the complexification of) A, belongs to the class
(DH), satisfying the conditions (DHI) — (DHIIL). Then a is a stable equilibrium
of (SH) in the sense of Def. 7.24.

Proof: Theorem 6.16 and Proposition 5.11 imply that the solution operator S,
for the linearization (LH) in a satisfies [[Sz(t)| ) < ce 7" for some ¢ > 0 and
v €10, a[. With this and Theorem 7.16 the proof is in the line with the proof of
[71, Theorem 11.22, p.121-122]. O

Remark 7.27 In all applications we have encountered linearization A, belongs to
the class (DH) and satisfies conditions (DHI) — (DHIII).

8 Smooth center manifolds for semilinear hyper-
bolic systems

In this section we will show that near an nonhyperbolic equilibrium of (SH) there
exists a smooth C* center manifold which is exponentially attracting with respect
to the C norm in the phase space Y. For this and later applications to model
reduction of the traveling wave model and Hopf bifurcation of rotating waves into
modulated waves (selfpulsations of the laser) we will need the persistence results of
P. Bates, K. Lu and C. Zeng [8] for overflowing manifolds in the context of a smooth
semiflow on a Banach space. First we summarize the required main results of [§]
in section 8.1 without proofs and then we show the existence of center manifolds
for semilinear hyperbolic systems in 8.2.

8.1 Persistence of overflowing manifolds for semiflows in
Banach spaces (theory of P. W. Bates, K. Lu, C. Zeng)

Let X be a Banach space and T € C'(X, X) a map. Suppose M is a C! Banach
manifold without boundary and v : M — X is an C'! immersion from M into X,
i.e. 1 is C! and locally injective (so M is allowed to penetrate itself).

For a subset S C X and a > 0 put B(S,a) := {z € X | d(z,5) < a}. For each
mg € M let B.(myg,a) denote the connected component of 1)~ (B(1)(myg), a)) which
contains my.
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Definition 8.1 The manifold M is said to be overflowing with respect to the map
T if the following conditions hold:
1) There exist an open subset My C M and a homeomorphism u : M — M such
that

w(m) =T (W(u(m))) forallm e M.

u) There exists an v > 0 such that for any my € My the set (B.(mo, 1)) is closed
in X.

Condition ¢) means that the image of ¥(M;) under T" covers ¢(M), condition )
roughly says that the distance from (M) to the boundary of (M) is at least r.

The overflowing manifold is required to be normally hyperbolic. More precisely
assume the following:

(H1) For each m € M there is a decomposition
X=X, ®X;,
of closed subspaces with X7, being transversal to 0¢(m)(T,,, M), i.e.
X =op(m)(T,,M) @ X,
(here T,, M denotes the tangent space of M at m). Furthermore, for any m; € M
IS, OT((mo)) : X5, — X5,

is an isomorphism, where mo = u(m;) € M; and II¢, is the projection onto X¢
with kernel X% . There exists A € ]0, 1] such that

81 |, 07w m)x,

’ < Amin {1,m (anlaT(z/J(mo))‘X%) } .

Here II;, := I —II{, and
(8.2)

m (H;“aT(w(mo))%O) = inf {||T18,, 0T (¥ (mo))a|| | 2° € X, [|l2°]| = 1}
denotes the minimum norm of II7, 9T (¢(mo)),xs, -

Condition (H1) means that ¢(M) is exponentially stable and that 0T contracts
along the normal direction and does so more strongly than it does along the tan-
gential direction. Hypothesis (H1) differs slightly from the standard definition of
normal hyperbolicity, see for example [32], where X¢ is usually required to be
equal to the tangent space of (M) which is invariant under 9T. Here X¢, is only
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required to be an approximation of the tangent space of ¥)(M), see the forthcoming
condition (H3).

In order to establish tubular neighbourhoods with a uniform size the following
assumption is needed:

(H2) For any mg € M, my,my € Be(mo,7), m1 # ma,

12, = TI5,, || < Ll (ma) — v(ms)|
and

HdJ(ml) —(ma) — Hfm(w(ml) - ¢(m2))H

(8.3) Fo0ma) — w(ma)] = e

where L, €, are constants that satisfy 1 < L < @ and ¢; < 1.

This means that the projection IIf, is Lipschitz in m and that M does not “twist”
too much.

Moreover, the following uniformity assumptions on 7', II¢, and II7 are needed
(note that M is not required to be locally compact)

(H3) 2) There exists a constant B > 0 such that ||IIS| < B and ||II3,|| < B
for all m € M.
1) There exist a constant o > 0 and for any m € M a A, € L(X¢,, X?) with

[Amll < o, Op(m) (T M) = (I + Apm) X7,
ut) For any n > 0 there exists € > 0 such that for any x;,25 € B(W(M),€),

|21 — 22| <,

10T (z1) — T (z2)|| < .

w) There exist constants a > 0 and By > 0 such that (m(-) denotes the minimum
norm (8.2))

m <Hfm@T(¢(mo))\ano) >a and  ||0Tipwon.m| < B
for my € M, mg = u(my) € M.
Condition #2) implies that X¢, is an approximation of the tangent space (I+A,,)X¢,

of 1»(M) at ¥(m) with an error bounded by p. The following main Theorem 8.6
states the persistence of the overflowing manifold if X¢ is a good approximation
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of the tangent bundle of ¢)(M). The following conditions for po have been shown

to be sufficient: Denote
(1 + e1)po

(I —e)(1 = po)

M1 =
Then pq satisfies

(1—N)? (1—-X?a a
65250 min{1, —}.
i

min{1,a*} and u1<TBl 5

(8.4) Mo <

If X¢ is equal to the tangent bundle of (M) then py = 0 and (8.4) is of course
satisfied automatically.

The following fourth hypothesis is needed for proving the C''-closeness of the per-
turbed manifold to the original manifold from which it follows that condition #)
in (H3) also holds for the perturbed manifold. This is needed for obtaining higher
order smoothness of the perturbed manifold stated in Corollary 8.9. For this we
need the following straightforward Lemma which is contained in [7, Lemma 4.1,
p.20]:

Lemma 8.2 Ifm : X — X, i = 1,2, are two continuous linear projections from
X into itself that satisfy |11 — mo|| < 1 < V2 — 1, then Tijmyx 8 an isomorphism
from mo X onto m X and To|m x 1S AN isomorphism from m X onto moX. Moreover
we have

1 1
I < —
( 2‘7”X) H “1-—n

Hﬂ-1|7r2X > )

}7T2|WIXHS1+77 and H(Wumx)il

We recall the following standard estimate which is easy to verify

Lemma 83 If A :V — W, B:V — W are bounded linear maps from the
Banach space V into the Banach space W, A is invertible and | A — B|| < |[A~Y|| ™",
then B 1is invertible and

Ay
= A4 B]

1B~ =

Proof: Let I : V — V be the identity operator. Then we have
|l —A"'B||=[[A"(A-B)|| <||A7"|I14- B| < 1.

Hence a standard argument using Neumann series implies that A™'B =T — (I —
A~1B) is invertible with

1 1
< < :
== ATB| T 1 [[ATH][A - B

o
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Because A~!'B and A are invertible it follows that B is invertible and we have

e A7
1p 1 1| < H .
) =< 1—[|A-Y|A - B|

|57 = [(amm) ™ a

U
From (H2), since Lr < v/2 — 1, and Lemma 8.2 we have that for mq € M and

m € B.(my,r) the projection IIf, is an isomorphism from X, to Xy, with

-1

(8.5) > 1 - ||, =105, | -

Let mg € M, m € B.(mg,r) and K € L(X{,,X?). Then define for sufficiently
small || K||
-1

We(K, mg) := (15, (I + K))x,)

and

W (K, mo) := 1T, (I + K)W.(K,mg) € L(XE, , X2, ).

mo?
Since
e, K || < |mg, — 15, || 1K)

it follows from Lemma 8.3 and (8.5) that W.(K, mg) and W (K, mg) are well de-
fined, when

(8.6) K| < |15, — 1, ||~ —

From (H2) a sufficient condition for (8.6) is || K| < v/2.
By definition of W (K, mg) one sees that W (K,my) is just the representation of
the subspace (I + K)(X},) in the coordinate system X, @ X,

m07
(I + K)XE = (I +W(K,mg)) X, .

We are now able to define condition

(H4) For any n > 0 there exists § > 0 such that for any mo € M; and m €
Be(mq,r) N~ (B(1h(mo), )

W (A, 1m10) = Ay [| < 7.

Remark 8.4 By definition (I + Ap)(XG,) is the tangent space of (M) at m so
that W (A,,, mg) is the representation of the tangent space at m with respect to the
coordinate system X\ @ X, .

It can be shown (see [8, Lemma 3.6, Lemma 3.7, Lemma 4.1]) that for any mg € M
there is a local coordinate representation f : {z¢ € X7 | ||| < 6} — X
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(6 > 0 sufficiently small), i.e. for m sufficiently close to mqy and x. sufficiently
small

b(m) = ¢(mo) + z° + f(2).

Since Of (x°) = W (A, mo) and W (A, mo) = Ay hypothesis (H4) is equivalent
to assuming that Of is uniformly continuous in some sense.
If 1 can be extended to an immersion on a compact manifold, i.e. there exists

a compact manifold My with M C My and an immersion ¢y : My — X so that
Yoy =, then (H4) holds.

In order to state the main result of [8] precisely we briefly explain the “tubular
neighbourhoods” of ¥(M) used in the construction of the perturbed manifold.

Definition 8.5 For each mg € M and € > 0 define
N(mg,€) :={¢(m) +2° | m € B.(my,7), 2° € X, ||2°]| <€},

N(M,€) := UpgerrN(my, €).

It can be shown (see Lemma 3.4 and Lemma 3.5 in [8]) that there exists g > 0
(depending only on 7, €1, B, L) such that for 0 < € < ¢, the set N(my, €) is open in
X. Thus N(M,e€) is an open tubular neighbourhood containing (M.

Now we can state the main theorems on persistence and smoothness of overflow-
ing manifolds (which is a slightly more detailed summary of Theorem A, Proposi-
tion 4.8 and Theorem B in [8]):

Theorem 8.6 Suppose M is an overflowing invariant manifold for the map T
and (H1) — (H3) together with (8.4) are satisfied. Then there exist constants €*
and o(€), which depend only on the constants given in (H1) — (H3), such that if

e <€ and T € CY(X,X) satisfies HT - T’ < o, then there exists a

CH(B(yp(M1),r))

CY immersion hg : M — X such that ho(M) is an overflowing manifold within
N(M,€) and (H1), (H2) and conditions 1),u),w) in (H3) hold for T and ho(M)
with possibly larger €1, B, By, L, X\ and smaller a and r. Under the C° norms
for hg and T, ho is Lipschitz with respect to T. If the spectral gap condition (8.7)
in Theorem 8.8 holds for 1»(M) then it also holds for ho(M) with possibly larger
A< 1.

If (H4) holds for (M) then hg is close to ) in the C* topology, i.e. for o — 0 we
have || — hollgippy — 0. In particular (H3) is satisfied for ho(M) when (H4) is
true for p(M).

Moreover, there exists a constant § > 0, depending only on € and the constants of
(H1) — (H3) such that for any mo € M and x5 € X3, (€) one has the following
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characterization of hy: The relation 1(mg)+x§ = ho(mo) holds if and only if there
exists a sequence
(Mg, 27)ien  withm; € M, z; € X, , ||7j]| < e forie N,
such that
m; € Be (u(m—y,r) N~ (B(¥(u(mi-1)),9))
and

T (1h(ms) + x))=v(mi—1) + i, fori=1,2,....

Remark 8.7 If ¢ is an embedding (i.e. injective) and (8.3) holds for my,mq €
=Y B((mg),r)) (m1 and my are not chosen only from the connected component
in contrast to condition (H2)) then hg is an embedding.

If T is C* with uniformly bounded i-th order derivatives, pg is chosen smaller
than in (8.4) and a higher order spectral gap condition holds, then the following
theorem states that a C'' overflowing manifold is automatically C*.

Theorem 8.8 Suppose T € C*(X,X) and M is an overflowing invariant mani-
fold for T and (H1) — (H3) hold. Assume there exist constants By > 1 and d > 0
such that ||0°T (z)|| < By for x € B(y(M,),d) and 1 <i < k. Furthermore let

(8.7) HanlaT(w(mO))\ano ) <A <m (H;laT(w(mo))m%))i

formy € M, mg =u(my) € My, i =1,2,....k and some A €]0,1]. If

(1—MNa (1-XN?2%a* (1-)N)?a?
BB,k +al-*)’ 16B?B2 ' 16B2B?

then (M) is C*. When T € C*Y(X, X), then ¢)(M) is also C*1.

(8.8) o < min{

Corollary 8.9 Under the assumptions of Theorem 8.8 it follows for hy in Theo-
rem 8.6 that hy € C* (hg € C™1) if condition (H4) is satisfied.

Finally, we state the persistence for semiflows. Let T, T* € C/([0, 00] x X, X) be a
semiflow, i.e.

T =1, T =T'oT% fort,s>0.
A semiflow T is called C* smooth if T* € C*(X, X) for all t > 0. The following
hypothesis is required

(H5) For all n > 0 there exists ¢ > 0 such that for all z € B(¢)(M),r) and
t € [0,¢] we have

THx) — x” <.

Then we have the following
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Theorem 8.10 Let T, T be C* semiflows so that condition (H5) is satisfied for T .
Suppose to > 0 is such that (M) is overflowing invariant with respect to the map
T' and (H1) — (H3) together with (8.4) hold for T™. Let ¢* and o(€), € < €* be the

< o. Let
3 CHBE(M)r)
ho be the immersion for T*™. Then, for any m € M there exists t; > 0 such that
T*(ho(m)) € ho(M) for all t € [0,t,].
If v : ]—00,0] — N(M,e) is a trajectory that satisfies T2y (—t) = y(—t + A) for
t,A >0, A<t, then v(—t) € ho(M) for all t > 0.

constants from Theorem 8.6. Further, assume ‘Tto — Tt

Remark 8.11 If T,T are C* semiflows and the conditions of Theorem 8.8 to-
gether with (H4) are satisfied for T, then ho(M) is a C* smooth invariant man-
ifold for T when o is sufficiently small.

Remark 8.12 [t can be shown that t; only depends on the size of ro which satisfies
{z¢ € X0, | 2% < 2} © Pn((Be(m, 7))

Here P,, denotes the map from X to X&, that is given by P, (x) = 1I¢ (z — ¥ (m)).
Note that P,, o1 is a diffeomorphism from B.(m,r) to its image, which is an open
subset of X6, [8, Lemma 3.4].

Remark 8.13 (Uniqueness) Suppose the conditions of Theorem 8.6 are satis-
fied. It should be stated that the perturbed manifold ho(M) is unique. From the
proofs in [8] this uniqueness is obvious within the category of certain Lipschitz
graphs (T') contained in the tubular neighbourhood N (M, e€), where € < €*. How-
ever, it is desirable to state the uniqueness within the larger class of continuous
manifolds in N(M,e), i.e. for C°(M, X, ¢€) :={h € C°(M,X) | h(m) — (m) €
X3, (€) form € M}. From a correspondence with Chongchun Zeng the following
statement follows from [8, Lemma 4.5]:

Suppose

1) hy € C°(M, X ¢€)

u) hi(M) is overflowing invariant with respect to T, i.e. there exists a homeomor-
phism uy : M — uy (M) such that T(hy(uy(m))) = hy(m) for m € M and there
exists r1 > 0 such that for any my € uy (M), ¥(B.(mo, 1)) is closed in X .

w) For any mg € M, my = uy(mg) € Be(u(mg),r) N~ B(v(u(myg)),d) (here
0 =¢€/(2n) and p satisfies (3.13), (4.1)-(4.3) in [8]).

Then hl = ho.

To see this take hy as the h in [8, Lemma 4.5] and x5 = hi(mg) — ¥(my),
my = uy(mg), 5 = hi(my) — ¥(mq). Then it follows from [8, Lemma 4.5] that
|h1 — hol| < Ay ||h1 — hol| where Ay < 1, i.e. hy = hy.
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8.2 Center manifolds for semilinear hyperbolic systems

Let a € Y be an equilibrium of (SH). Suppose that the (complexification of the)
linearization 2, defined in (7.22), belongs to (DH) and satisfies (DHI) — (DHIII).
Moreover suppose for the spectral set 3, defined in (6.8),

sup{Re A | XA € ¥} <0,

and v, < 0 for the reduced system (Hp). Assume that the spectrum o of 2, is on
the left side of the imaginary axis,

o C{X € C|Rel <0},
and that a is nonhyperbolic, i.e.
E.:=0cNiR # (.

Then FE. is finite and only contains eigenvalues of finite algebraic multiplicities and
we have a spectral gap: There exists a 6 > 0 so that

(D_(s,(s No = EC.
The critical set of eigenvalues E, is of the form
E.={\, A A Ak

Let
T.(t): Y =Y

denote the Cy semigroup generated by 2,, see Proposition 7.18. As in (7.15) and
(7.16) let S* denote the solution map and Sk(a) = 9S*(a) its linearization in the
equilibrium a. We have

To(t) = Si(a).

Define the spectral projection
(8.9) T 1= / M =) " dN, m=1d —m,.
vy

where 7 is a simple positive oriented loop in C_s;5 around E,. Let Xf , X& and
Y€ denote the complexifications of the (real) spaces X,, X, and Y. Since the
resolvent in (8.9) is analytic in A with values in the space of bounded linear maps
on X;j, XE and Y©, the projections 7, and 7, are well defined on X;J, XC and
Y€. We have that 7. maps XE continuously into the n. dimensional subspace

X :=Imn. C D(Aa),
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where D = D(2,) is the domain of 2,. We have I = 7. + 7, .7y = msm. = 0,
7D C D, n,DCD,A(DNX,.) C X, A, (DN X;) C X, Denote

X :=Imm,.
The linear spaces XC and X¢ decompose the space
Yo =X%gqX°

(Y© denotes the complexification of Y') into the direct sum of two closed linear
subspaces which are invariant with respect to the complexification of the linearized
semigroup S%(a). Both X¢ and XC are invariant under complex conjugation.
Hence it follows that

X, =X’NY and X,:=XfNnY

decompose the real space Y
Y =X,8 X,

in, with respect to the a-linearized flow S%(a), invariant closed subspaces.
The spectral gap mapping Theorem 6.15 implies that there exist constants
a > 0 and ¢ > 0 such that

52(a)|xs

Hence there exists 0 < A < 1 so that for sufficiently large t > 0

<ce ™ (t>0).
L(X)

(8.10) )

Stix. o < Amin {1,inf{||Spz|| | z. € X, ||lzc|| = 1}}.

Because the operator (9, F') will map out of the space Y (the Nemytskij op-
erator §) is not restricted to be compatible with the boundary conditions), we
will need that the semigroup 7T, can be extended to a larger space in order to be
able to write the variation of constants formula. Hence we assume that 7, can be
extended to the space X,,, see Proposition 7.20 and Remark 7.21.

Moreover we require that F' can be truncated in the following sense: Let

(8.11) F(a, +u,a, +v) = F(ay,a,) + 0F (ay, a,)(u,v) + rr(u, v)

with 7p(u,v) = o(||(u,v)||,,). We suppose that for any truncation parameter § > 0
there exists a C* smooth map rps : C([0,1], R™*"2) — R"™ having the following
properties:

1) Trs(u,v) = rp(u,v) for (u,v) € C([0,1], R™™2) with ||(u,v)| <o

u) there exists a positive function § = §(8) with limg;o 8(8) = 0 so that

(8.12) 7ps(u, v)|| o, < 6(0)8 and  ||0rps(u,v)| < (5)
for all (u,v) € C([0,1], R™*"2),

oo

[

113



Example 8.14 Let z;, € [0,]], 1 < k < m, and F}, : Rm*t2 — R™ pe C*.
Suppose F' is of the form F(u,0) = Y ", Fi(u(xy), 0(xy)). Then F has the above
truncation property.

Indeed, we have rp(u,v) = > 7" ri(u(zy),v(zg)), where

re(u(ee),v(zr)) = Filau(zr) +ulz), ao(er) +v(ze)) — Fraw(@r), av(zr))
—OF(au(2r), av () (u(zr), v(r)).
Then rps(u,v) = Y o re(u(ay), v(zg))xs(w(zy), v(zg)) does it, where xs(-) =

X (071 and x : Rm™™ — R is a C™ cut off function so that x(x) = 1 for
lz|| <1, x(x) =0 for ||z|| > 2 and 0 < x(z) <1 for x € R™*"2.

Theorem 8.15 (Existence of C* smooth center manifolds) Letk > 1. There
exists an open neighbourhood Q of zero in'Y and a graph v € C*(QN X., X,) such
that

2) 7(0) =0, 9v(0) = 0;
1) the manifold
W={a+x.+v(z:) | z. € QN X}

is locally invariant for (SH), i.e. fort > 0 we have S'(W)NQ C W;
w) if z:]—00,0] = a+Q is a solution of (SH) then z(t) € W fort € |—00,0].
w) Forp € [1,00] we have

QN X,) C XN (WHP(0,1,R™F™) x C([0,1], R™) x R™),
W cyn(Wh(o,I[,R") x C([0,1],R™) x R™) .

If 2 :]0,6] = W (6 > 0) is a solution of (SH) then
z € C*([0,4],Y).

The flow on W 1is given by the ordinary differential equation

%xc - QlafL‘c + f(xc)a

where f: X, — X, is C* smooth, f(0) =0 and df(0) = 0.
Proof: Let z(t) be a weak solution with
2(0) € Wh=(]o,1[,R™™2) x C([0,1], R") x R"

close (in the sense of the space Y) to a = (ay, @y, Gy, Alay, ay)).
We expand 9 in (a,, a,, a,,) and F' in (a,, a,) and denote the remainders r and rp,
respectively: We write (8.11) and for Z € L*°([0, ], R")

H((au, @y, aw) + 2) = H(ay, Ay, a) + 0H(ay, Gy, ay)z — 7(Z),
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where r(2) = o(||Z|| ;) (here 0$) € L(L>([0,1],R™)) denotes the Fréchet derivative
of 9). Put
x(t) 1= (Tu, Toy Ty ATy, ) (1) := 2(t) — a.

Then
(8.13) d (t) =A,z(t) + (T(xu(t),xv(t),xw(t))) .

dat” re(ra(t), z,(1))

By assumption T,(¢) can be extended to a C semigroup on X, with some p €
[1,00[. Hence we can write

(8.14) 2(t) =T, (t)z(0) +/0 Tyt — s) (r(xu(S),xv(S),:cw(S))) ds.

re(2u(s), o(s))

Note that (7(zy(s), 2,(s), 24(8)), Tr(zu(s), ,(s))) is in X \ Y, in general.
Define
Teo:=m.x and xg = TX.

Then we have by projecting (8.14) or (8.13)

(8.15) { z.(t) = Ta(? ic(o) + o Tu(t — s)re(ze(s), z(s)) ds,

Te(Tey s) 1= Tl (e + T5),  7Ts(Te, ) 1= T (e + 24),

= — T(.Tcu _'_xswxcv _'_xsvwrcw +xsw)
F(xe + 14) 1= ( o (T b o T+ ) ) .

or, equivalently,

Dy (t) = Ay o(t) + re((t), 24(1)),
(8.16) { %st(t) = A, z5(t) + rs(ze(t), z5(t)).

Denote the restriction of 2(, to X, as
Ac = Qla‘xc.

The projections z. and x, form a smooth semiflow in X. x X,. For z. and x, close
to zero (8.16) is a small C'' perturbation of the linear flow T,(¢) which has the
invariant linear center manifold X, x {0}. Inequality (8.10) means that the center
is normally hyperbolic.

In the following we will modify the linear flow e4<* on X, ~ X, x {0} and make

it overflowing at the border of an ellipsoid. This will be our starting overflowing
normally hyperbolic center manifold. Then, after modifying (8.15) on X, outside
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a small neighbourhood of zero we will see that this modified system will be a small
smooth C! perturbation of the modified linear flow. Thus we see that the assump-
tions of Theorem 8.10 and Remark 8.11 (see (H1) — (H5) and (8.7)) are satisfied,
so that we obtain the existence of a C* invariant smooth center manifold for the
modified system. Since the modified system coincides locally near zero with the
original one (8.15) this will prove existence of a local C* invariant smooth center
manifold for (SH) near the equilibrium a as stated in our theorem.

Let ¢ > 0 be a small parameter. Then A.+ ol has only eigenvalues with real
part equal to o > 0 and it follows from Jordans normal form theorem that one
can find an overflowing invariant ellipsoid £ for the flow e(4<toDt This ellipsoid is
independent on ¢ because the Jordan basis does not depend on o. According to £
let e : X, — R be a C*° bump function with the property that e(x) = 1 for each
r€0E, 0<e(r) <1forxe X, ande(r) =0 for all z € X, with dist(z,08) > ,
where

r = dist(0&, {0}).
Consider the small perturbation of the flow e<! given by

d

(8.17) =

xc(t) = (Ac + O'G(xc(t))l)xc(t)

and denote the corresponding flow by S!. For each o > 0 the flow S? is identical
to et within a small neighbourhood of 0 in X, (whose size depends on t) and it
has the invariant overflowing manifold & for ¢ > 0.

Next we verify that for sufficiently small o > 0 the manifold € x {0} C X, x X
is normally hyperbolic with respect to the flow

wat) = Mt (0) + [ eAUoe(a(s))a(s) ds,
(8.18) {xs@): Ay

We have to check (8.1) and (8.7). For this we need to verify that there exist
A <1 and ¢ > 0 such that for all m € £

(8.19) A min {l,inf{Hasz(m)xcH | z. € X, ||zc|| = 1}} > ||Ta(t)||£(xs)
and forall 1 <3<k

(8.20) A (inf{||0SE(m)z.|| | zc € Xe, |ze| = 1})" > 1 Ta@®)l 2x,) -

By (8.10) we have that there exist @ > 0 and C' > 0 such that

(8.21) ITa(t)l gy < Ce® fort > 0.
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Now 9S%L(m)z. solves

(8.22) Lyt) = (A.+ o) y(1

with initial condition y(0) = z., where D(t) := Si(m)de(SL(m)) + e(St(m))I. If y
is a solution then y satisfies the variation of constants formula

t
y(t) = Ay (1) + / A=) D(s)y(s) ds.

to

Let D be a bound for sup, g || D(s)|| for all m € £. Then for all € > 0 there exists
a constant M (e) so that

ly@)l < M(e)e ! [ly(to)]| +

/ o M(€)e D |ly(s)| ds

to

Multiplying with el yields

Je==ly(o)]| < M@ atta)+ | | oda( D fy(s)]

to

Gronwall’s inequality implies
e~ Aol ly(@)]| < M(e) y(to) || e P10

or
()] < M(e) ||ly(to)]| elctoMODt=tol

In other words, if T'(¢, ¢y) denotes the fundamental solution to (8.22), then we have
IT(t, to)l| < M(e)eltorIDItol,
Thus for z. € X, with ||z.|| = 1 we get from
L= el < 170, )N IT(t 0)zcll < M(e)e! M IPN|T (¢, 0)zc]| (¢ >0)
the estimate

1084 (m)e| = | T(t, 0)el] >~ (HoM@ODE (4> ).

M (e)

Now choose € < a and ¢ so small that € + oM (e)D < «. Then it follows that for
each A < 1 condition (8.19) holds if ¢ is chosen sufficiently large. If € and o are
chosen so that i (e + oM (€)DD) < a for 1 < ¢ < k, then condition (8.20) is also

117



satisfied for t sufficiently large.

We have seen that £ is an overflowing invariant normally hyperbolic manifold
for (8.18) if o > 0 is taken sufficiently small and ¢ > 0 sufficiently large. In a small
neighbourhood close to zero (8.15) is, roughly speaking, a small perturbation of
(8.18). Let S* denote the flow of (8.15) and U* the flow generated by (8.18). We
will modify (8.15) outside a small §-neighbourhood of 0 and close to the boarder 0
of the ellipsoid £. Thus we will construct a perturbed semiflow P of U in such a
way that for any given neighbourhood B (which contains a tubular neighbourhood
of the with respect to U" overflowing, normally hyperbolic invariant manifold &),
and any given 1 > 0 and ¢; > 0 there exists §y > 0 such that for 0 < § < dy the
relations

(8.23) HPt—UtHl<77for0§t§t1 and
(8.24) | Pt =U"||, <nfor0<t<t
hold. Here

|1P* = U]y := sup || () — U (=)

and
| P = U, = sup | P!(z) — U' ()] + Sup 0P (z) — 0U*(z)|| -

Then Theorem 8.10 implies that £ persists uniquely for the perturbed semiflow
P*. Since P! coincides in a small neighbourhood of 0 with the original unmodified
flow (8.15) this will prove the existence of local center-manifolds.

Let rps be a truncation of rp as explained before Example 8.14. As in Exam-
ple 8.14 we truncate the remainder r of §: Let y : R® — R be a C* cut off
function such that y(z) =1 for [|z|| < 1, x(z) = 0 for ||z|| > 2 and 0 < x(x) <1
for € R™. Put xs(-) := x (67%). Define the truncated remainder r;

(8.25) rs(2)(z) == r(x, Z(z))xs(Z(x)).
Due to this type of truncation we have
rs(2) = (2) for [|Z poo o, mm) <0
and
(8.26) rs(2)|| < 8(8)8, ||0rs(2)|| < 6(6) for all Z € L™

with some positive function § satisfying limgo 6(5) = 0.
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Define P! to be the flow generated by the following modification of (8.15)

Te(t) = 6’“ +f eAc(t ? [T 5(Te(8), T5(s)) + oe(Te(s))Te(s)] ds,
20 { 02 Ty« TTat = 5)ras(7e(9), 24(s) ds,
Tes(Tey Ts) = Tels(Te + Ts),  Ts6(Te, ) = TeTs(Te + T4),

Fs(o + ) = 75 (Tew + Tous Tev + Tov, Tew + Tow)
s\ e s) - TF(S(.TCU + Tgyy, Tew + xsw) .

Choose d; > 0 so small that ||z||,, < d; implies ||z||,, < 5. Then for 6 < d; the
flow of (8.27) coincides with (8.15) locally within a subset of the ball By C Y
(depending on t). Subtracting (8.27) and (8.18) we get

Te(t) —welt) = fy e res(Te(s), To(s))+
( ( (3))[ Te(s) = e(xe(s))ze(s))] ds,
x )

Tcé( c(8),Ts(s)
(( ( c(s )) —e(xc(5))) Te(s) + e(ze(s)) (we(s) — Te(s)))] ds,
To(t) — wy(t fo — 8)rss(Te(s), T5(s)) ds,

From (8.26) and (8.12) it follows that

Hz

||T65($C,ZE8)||OO < ~(5)57 ||T55(:Ec,$s)|| < 5(5)5
|07 s (e, "ES)Hﬁ(Y,Y) <0(9), |Orss(ze, zs)ll, (ViXoo) = 6(9).
If A, denotes a Lipschitz constant for the bump function e, B, is a bound for e, B,

is a bound for supg< <, [|Z(s)[| and supg<,<, [|7(s)|| (depending only on ¢; and

B) and

D = sup} (HeAce (X.) + ||Ta(€)||£(Xoo)> ’

0€(0,t1
then for 0 <t <t

|7e(t) = we(B)lly < DL@E)d+ fgoD(AcBe + Be) |[Te(s) — we(s)]| ds,
1Z:(t) — 25Oy < Dt13(8)s.

Gronwall yields
(8.28) [Ze(t) — e(t)]ly < Dt6(5)eePBeBetBIt for 0 <t < t5.

Thus there exists dy > 0 such that for all 0 < § < Jy condition (8.24) is satisfied.
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By taking the norm of

0Zo(t) — Oz.(t)

= fot A=) 0r 5(T.(5), Ts(s
+o [) e [de(F(s
+e(Z.(5))0%.(s) — e(x.

= fgeAC(t*S)ﬁra;(jc(s),i s
+o [y et=[(De(@o(s
+0e(zc(s)) (07c(s)(Te(s) — @
+ (e(els)) — elwels))) O.(s) + e(ae(s)

01 ) 8%( )
= [Tt — 8)0rs(Z.(s), 74(5)) (0F.(s) + 0ay(s)) ds.

we get for 0 < ¢ < t; because of (8.28)

10Z(t) — O (1 )HL YXC)

< Dt2ES(S) + oD [)[l10e(Fo(s)) = de(we(s))|| |0c(s)] |F(5)]]
+1|0e(ze(s)) | (10c(s)]| [|Ze(s) — ze()I + |02c(s) — Oxe(s)]| |ze(s)])
+lle(@e(s)) = e(we(s))[ 0Te(s)I + lle(ze(s))[ 0Tc(s) — Oxe(s)|] ds

O (s) — aﬂfc( )] ds

< DH2BS(8) + 0D [J[(EeB. + B.) [07c(s) — Oz (s)| +
E(AB:.+ Ee + Ac) [|2c(s) — ze(s)][] ds
< Dt12E5(5) +oD*2E (AB +E, +A ) 5(5)5 oD(AeBotBe)ty

+ Jo oD (E.B. + B,)||07.(s) — 0z.(s)]| ds

and

1025(t) = 0z ()| £y, x,) < Dt12E5(5).

Here E is a bound for supgc,<,, ||07c(s)|| and supg <, [[0%,(s)|| which only de-
pends on B and t1, E, is a bound for ||de]|, and A is a Lipschitz constant for de.
Gronwall implies that dy > 0 can be chosen sufficiently small such that (8.23) holds
for 0 < 6 < do.

Next we prove 2):

The relation v(0) = 0 is plain from the construction of the center manifold because
0 is a fixed point of (8.27) for any § > 0.

Since 7 : £ — X, is invariant unter the flow P* we have

(8.29) (&) = 7 P'(xe + y(2e)) with &= m P (e +7(z))
for all z. € £ and ¢t > 0 such that £ € €. Deriving (8.29) at z. = 0 yields
(8.30) Ov(0) 0P (0)(I + 0v(0)) = 7, 0P (0)(I + 9v(0)).
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Here I : X, — X.x X, denotes simple inclusion. Because dP*(0) = (eAct, Ta(t)ws)
we have m.0P'(0)07(0) = 0 and 7w,0P*(0) = T,(t)ms. Multiplying (8.30) from the
right with (7, dP'(0)1)"" = e~ yields

07(0) = T, (t)m,0y(0)e .
Letting t — oo equation (8.21) implies
0v(0) = 0.

Note that (8.29) makes sense for arbitrary large ¢t for x. in a neighbourhood of
zero (whose size depends on t). Therefore (8.30) holds for all £ > 0.

Statement u2) follows from the final sentence of Theorem 8.10.

Finally we prove w). Let 20 € QN X.. Let z : [0,8] — Y be a local trajectory
with 2(0) = a + 22 + y(22). Then z(t) = a + z.(t) + x4(t), where z4(t) = v(z.(1)).
Because v € C*(Q N X,, X,) and x, = 7(x,.) it follows from (8.15) that x.(t) is
the solution of an ODE in the unknown z. with a C* smooth vectorfield. Hence
z € C*([0,4],Y) and

(PRl e e

Since 7' is a Cj semigroup on X, Proposition 12.6 yields

(-8 .
/OT(t )( Pl )d e ([0, 6], X,)

for 1 < p < co. Hence T'(-)z(0) € C*([0, 6], X,,) which implies
2(0) € Wh(J0,1[, R™*"2) x LP(]0,I[,R™) x R".
Hence v(2%) = 2(0) —a — 2% € WP(]0,1[, R™*"2) x Lr(]0,1[,R"3) x R"2, O

Remark 8.16 (Nonuniqueness) Center manifolds are not unique (not even in
a sufficiently small neighbourhood of the equilibirium). This does not contradict
the uniqueness stated in Remark 8.13. In the proof of Theorem 8.15 we have
obtained a local center manifold which coincides with a unique center manifold
in a neigbourhood (size &) of the origin of equation (8.27). We have obtained
this unique manifold after modifying the nonlinearities H and F outside such a
netghbourhood. Many different persisting manifolds can coezist each depending
uniquely on the type of modification one has performed, see [70, 74].
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Remark 8.17 (Center manifolds including parameters / bifurcations)
Suppose H and F depend on a parameter X € R, i.e. H :]0,1[x (]R" X Rd) — R"”
is a C* Caratheodory function and F : C([0,1], R"™™2) x RY — R"™ is C* with
bounded and uniformly continuous derivatives on bounded subsets. We explain how
one obtains a center manifold depending smoothly on \. Write

ﬁ((u7v7w>7>\) = ﬁ((auﬁ a'U7a'UJ)7O>
+8(u,v,w)f)((aua Ay, aw)u O)(U T Qy, UV — Ay, W — aw)

+8)\~6(a'u7 Ay, Ay, 0))‘ - T(U T Qo UV — Ay, W — Ay, )‘)7

F(u,v,\) = F(au, y,0) 4+ 0w F(au, @y, 0)(u — ay, v — ay)
+ONF (@, @y, )N+ 7R (U — ay, v — Gy, A),

where r and rr are of second order in all variables. Then (8.14) becomes

! =0 (ay, Gy, A, )N + 7 (24(8), T,(8), Tw(S), )
z(t) = Ta(t)x(0)+/0 To(t—s) ( O F sy, OV + 15 (20 (3), Tol(5), A) ) ds.

and (8.15) changes to

(831) { xC(t) - Ta<t> SL’C<O) + foz Ta<t - 5) (rc<xc<3)> xs<3), )\) + Oé)\) dS,
xs(t) = T,(t) z5(0) + fo T,(t — s) (rs(w.(5), w5(5), A) + BX) ds,

Te(Tey gy A) 1= Tl (e + X5, N), Ts(Te, Tsy N) 1= T (20 + x5, ), @ :=7C, B :=7(,

= . T(SECU T Ty, Ty + Tsyy Tew _'_xswa)\) L —8,\5§(au,av,aw,())
Flactes A) = < TP(Teuw + Tsus Ty + sy, A) ) 6= ( NF(ay,a,,0) -
Let Ay denote the restriction of 2, to Xs. Since 0 ¢ o(Ay) the operator Ag is an
isomorphism from its domain of definition (equipped with the graph norm) onto
X,. A further transformation of the form &, = x, + A71B)\ makes 3 = 0, i.e.
(8.31) can be written as

Or. = Acxe+ a+To(Te, Ty, N)
(8.32) I = 0
Oty = A s+ fs(xc, T, )\),

where Tops(Te, Ts, N) = Tess(e, Ts — A7 BN, N), Te and 75 are of second order in all
variables. Following the above proof we get that (8.32) has a local center manifold
of the form M = {(z¢, \,y(xe, A)) | (e, A) € Q}, where Q is a neighbourhood
of 0 in X. x R and ~v(0,0) = 0, 9,,7(0,0) = 0, 9\7(0,0) = 0 and for each
k > 1 one can choose Q sufficiently small such that v : Q — X, is of class C*.
The manifold M contains all sufficiently small bounded time reversible solutions
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(for example equilibria and periodic solutions). The intersection of M with the
planes X = const are invariant under the flow of (8.32). On such intersections
the equation is given by the ODE

Ore = Acxe + aX + f(z, N),

where f(xz, \) is of second order in both variables.

If 0 ¢ o(A,), which occurs e.g. for Hopf bifurcations, then we can solve
— KO, (ay, ay, ay) — $H(ay, ay, @y, A) =0 and F(a,,a,, \) =0 for

a = (ay, Gy, G, Alay, ay)) = a*(X) € Y n ([0, 1], R™*2) x C([0,1], R™) x R".
We then translate a*(\) to the origin,

2(t) = 2(t) — a* (M),
and get the following equation for x

au(A) + 2u(t)

au(A) + 2u(t)
ay(A) + 2y (t)
d B —Ko, | a,(A\) +x,(t) | — 9
@x@) = aw(\) + 70 (t) aw(A) ;\“Iw(t)
F(ay(\) + zy(t), ay(X) + 2, (1), A)
i)\ = 0.
dt

There are two ways to proceed then: We can expand — K0, (a,(N\) + 2y, ay(N) +
Ty Qy(A) + ) — D(ay(AN) + 2y, ay(A) + Ty, ay(N) + Ty, A) inzy = 0,2, = 0,2, =
0, A = 0 (similarly for F') and arrive at an equation which has the same form as
(8.32), but with a = 0, and get the existence of a smooth center manifold M as
above in X, and X, coordinates.

Another possibility is to expand around a*(\) for X\ near zero and use \ depen-
dent coordinates: Denote

x @A) x

u v )\ u

—KO0: | Zo | = Ofupuw)D Z <(A)) o

ANz = Ty b Loy

A
) F(au(N), ap(X), ) xu>

Ty

24(0) =, ). Then we have

(8.33) %x(t} — AN (t) + (), )
%A _
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with
7(0,A) = 0, Ow,v,w)T(0,A) = 0 for X in a neighbourhood of zero,

and
a(u,v7w7)\)7“(0, 0) = 0.

For X\ in a sufficiently small neighbourhood of zero let w.(\) denote the spectral
projection for the critical eigenvalues of A(N\) near the imaginary axis, ws(\) =
Id—m.(A), X.(A) :=ReIm7.(N), Xs(A) :=Relmm,(N), X = X.(0), Xs; = X,(0).
Let B.(\) : X, — X.(A) and Bs(\) : Xg — X(A) be smooth linear bases. By using
the coordinates

T = B (N1 (Nz, 4 := Bs(\) ' (\)x

(me(X\) leaves real space invariant, because m.(\)x = m.(\)T) (8.33) recasts as

(8.34) Sat) = BIOVA) BN ae(t) +
B TN (BoN)zet) + By(W)ay (1), )
%%(t) = BIYOAN)By(N)s(t) +
B P (BuNae() + By(V)a,(£), A
d
—A = 0.
dt

The linear part

(3.35) Calt) = B OVANBVr()
Sot) = BIOVANB N0
d
EA = 0.

has the invariant manifold xs = 0, which is normally hyperbolic due to the presence
of the spectral gap and the mapping Theorem 6.15 (we have to linearize the flow
generated by (8.35) with respect to all variables x., x5 and \ in xs = 0; the A
derivatives do not cause any difficulties). For x., xs and X\ near zero (8.34) is
a small C* perturbation of (8.35). By modifying the equations we can obtain an
overflowing manifold. Then it follows from Theorem 8.10 that locally this manifold
persists: There exists a smooth graph v : X, x R — X, and a 6 > 0 so that
zs = Y(xe, N), ||| < 8, |IM] < 6, is a C*¥ smooth invariant center manifold for
(8.34). On the center manifold the equations are governed by the following ODE

Jre(t) = B AN Be(Me(t) + f(ae(t). ).
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where f(ze, ) = BZYA)me(A)r(Be(N)xe + Bs(A\)y(2e, X), N) is of second order.
Suppose d = 1 and a pair of complex conjugated eigenvalues Ay = A;(\), Ag =
Ao(A) = A1 (A) crosses the imaginary azis at X\ = 0, the remaining spectrum being

separated to the left with a spectral gap. Then we can choose a basis B.(\) so that

BB = (3 () ety )

Remark 8.18 By taking higher derivatives of (8.29) in x. = 0 one can prove the
following: Suppose

ajﬁ(a'uaa'vaa’w) J 1
Ws( D F(ay, a) 22 =0 forze X.and2 <j<k.

Then we have '
’v(0)=0 forl<j<k.

9 Center manifold / model reduction for the au-
tonomous traveling wave model

In section 3.2 we have seen that the traveling wave model has a slow fast structure.
The carriers n are two orders of magnitude slower than the optical field ¢. In this
section we consider the autonomous case when o = 0 which we will generalize later
to the nonautonomous case o # 0. Hence, here we consider the static boundary
conditions for the optical field 1):

@/)1(0) = To%(o)a %(l) = T‘l@/)l(l)-

The slow-fast structure is expressed in (3.17) within the small variable e. For better
readability we rewrite (3.17) in the following operator form: For fixed carriers n(-)
denote the linear differential operator of the ¢ equation in (3.17) with 20(n),

A:=An) = (Ao+ L(z,n(z))) v(t, x),
9.1 aw e (000)

where L is given in dimensionless form by (3.13). Then (3.17) can be written as:

dap(t) = A(n()(t) + eRn(t), v(1))
(9:2) {atnu) = (L n(t), v(1)).

Here R is a Nemytskij operator generated by the nonlinear function K defined
in (3.15) and the operator § is composed of Nemytskij operators and a nonlocal
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term as in the definition of F' below (3.17). Without the nonlocal term (9.2)
falls under the setting for degenerate semilinear hyperbolic systems introduced in
section 7 after expanding the system size to obtain completely smooth operators
as explained in section 3.2. So we obtain a smooth semiflow in a function space
setting of systems of continuous functions including boundary conditions. For
a more compact (and equivalent) formulation here we prefer not to expand the
system size and consider (9.2) as a smooth semiflow in the space W x Cp, where

W = {1 = (Y1,1h) € C([0,1],C?) | 11(0) = ro1ha(0), v2(1) = reir (1)}

and Cp denotes the space of section wise uniformly continuous functions exactly
as we have done in section 10. We denote the smooth semiflow by the symbol T*,
t > 0.

We have seen that the spectrum of 2(n) always possesses a gap at v, where
v+ denotes the supremum of the real part of the spectrum of the reduced diagonal
operator. That is for a > 7, the set o(A) N{\ € C| Re A > a} is finite. Under
physical realistic parameters 7, < 0 is always satisfied and there are only a few
critical modes (typically one to four) which are close to the imaginary axis. We
have seen in section 4.2 that this splitting of the eigenvalues holds for a (probably
small) open neighbourhood U for n because all but finitely many eigenvalues can
be controlled (see Lemmas 4.8 and 4.13) and the remaining finite eigenvalues must
depend continuously on n. Therefore, since € > 0 is small one expects that the 1
dynamics is appropriately described by those few leading finite critical eigenvalues.
If U is sufficiently small then one has a uniform spectral gap of the generator
2A(n). According to this spectral splitting we get uniform exponential dichotomy
for n € U by Theorem 5.5.

If we assume that U is a starshaped neighbourhood U C Cp (for example
choose U to be a small ball), then one can choose bases corresponding to the
spectral splitting for n € U in the space WV so that the bases depend smoothly on
n € Cp. More precisely, there exist smooth maps

B:U— LCYLP) and €:U — L(Y,LP),

where Y C L? is a closed codimension ¢ subspace of L?, LP = Im®B(n) ® Im&(n),
ImB(n) = ImP(n), P(n) = fﬂ{ (AT —A(n)) " dX, PA = AP,Q(n) = T — P(n),
Im€(n) = ImQ(n), v denoting a positively oriented path in the resolvent set of 2 in
a neighbourhood of iR enclosing the finite critical eigenvalues uniformly for n € U.
Here £ denotes the space of bounded linear operators, Im denotes the image of
a linear operator, J denotes the identity operator in LP. Let )}y := Y N W and
&)y denote the restriction of € to Wy, Cw(n)(y) = €(n)(y) for y € Y. We
have €y € C* (U, L (D, W)). We are interested in solutions with n(t) € U for
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0 <t < oo (for example (relative) periodic solutions bifurcating from (relative)
equilibria). Using the n-dependent coordinate transformation

(V,n) — (ze,z5,m), 1V =B(n)x.+ Cy(n)xs

the transformed smooth semiflow S* € C* (C? x )y x U) in the phase space C? x
yW X Z/{,

B(T, (1, n)) "' B(n) T} (¥, n)
(9-3) S (@e, w,m) = | Ew(Tr (v, n) 71N T, n) |
T, (¢, n)

where T IZ € W denotes the 1-component and T € Cp the n-component of the
flow T", is described by the following set of equations:

([ Oize(t) = Acn)ze+ €Bo(n, 1., x4)

Oxs(t) = Us(n)zs + €By(n, xe, x4)
om(t) = eg(t,n,B(n)x.+ €(n)x,),

I‘C(O) = X0,
15(0) = zs0,
n(0) = no,
L o = B(no)re + €(no)ws0,
where
A(n) = (Bn)) " An)B(n),
As(n) = Ql(n)f1 A(n)C(n),

&.(n, e, 5) = (%(n))_1 (n)R(n, B(n)z. + €(n)zy)
(n)§(t,n,B(n)x. + &(n)xy)) x.

0€(n)F(t,n,B(n)x. + €(n)xy)) s,

&(n, xe, xs) = ((’:(n))flﬂ
—(€(n)™

—(€(n) " Q(n) (9€(n)(t,n, B(n)z. + E(n ) )) Ts.
The above set of equations can be understood as follows: If vy € W12(]0,1[, C?)
then x, € C*([0, 0o[, C7), z, € C'([0, 0], V) and n € C*(]0, co[, L=(]0, L[, R)) and

(9.4) holds in a classical sense. For e = 0 S* has the (not locally compact) invariant
Banach-manifold

IMj :=C% x {0} xU C C? x Yy x Cp.
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Theorem 5.5 implies that the semigroup generated by 2(n) on )y decays expo-
nentially in the C' topology, this decay is uniform for n € U and faster than the
decay of the exponential e®(™* This means that the manifold IMj is normally hy-
perbolic. Hence it persists smoothly in our chosen function space C? x )}y x Cp >~
W x C'p as a nonlinear smooth manifold IM, for sufficiently small 0 < € < ¢y and
can be represented as a C* smooth graph

v Clx U x )0, e[ — Iw-

(In order to prove the persistence we would modify the flows to obtain an over-
flowing manifold and apply invariant manifold theory similarly as we did in The-
orem 8.6. We omit the details.)

Therefore the flow on IM, in the coordinates C? x U is given by the equations

(9.5) om(t) = €§(t,n,B(n)x. + €(n)y(xe n,e)).

{ Oxe(t) = Ae(n)x.+ B (n,ze, y(xe,n,€))

Here the operators on the right hand side are C*-smooth inn € U, z. € C?, e € R
and we have arrived to a Banach ODE. In (9.5) the nonlinearities can be expanded
in terms of powers of €. In a first order approximation, dropping the O(e?) terms,
the unknown graph v disappears, the resulting equation is called mode approx-
imation. We will calculate the first order approximation on the center manifold
in more detail for the more general nonlinear and nonautonomous traveling wave
model in section 11.

Mode approximations have been first derived formally by physicists [3], the
first rigorous derivation in the context of Laser equations modeled by ODEs has
been obtained in [72] (by using persistence theory of invariant manifolds for ODEs
[22, 32]) and then was extended to a special linear autonomous traveling wave
model in [65, 66] by using a L? phase space and the spectral theory of Lopes, Neves,
Ribeiro [48] which works for L2, This was only possible because of the exceptional
structure of the model in [65, 66] that the PDE was linear and only nonlinearly
coupled to an ODE (this simplified model in particular neglects relevant effects
such as spacial hole burning or nonlinear gain and index compression). For this
special model the mild solutions generate a smooth semiflow in a L? space (plus
some finite dimensional components for the nonlinear carrier rate ODEs) which
will not be the case for nonlinear hyperbolic systems such as the general traveling
wave model.
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10 Nonautonomous traveling wave models

10.1 Assumptions and results

The system we consider is of the following form:

at,lvz)(tvl‘) = (—8$¢1(t,x),8x¢2(t,x))+G(m,@/z(t,x),n(t,x))
on(t,z) = I(t,z)+ H (x,¢(t,z),n(t, z))

£ bexs, () Qé n(t0)dy =t ")

(10.1)

with the inhomogeneous, dynamic boundary conditions

Ui(t,0) = rowa(t, 0) + aft)
<102) {w2<t7l> = rlw1<t7l>

and the initial values

(10.3) Y(0,2) =°(x), n(0,z) =n"(z).

The function n is real valued, 1 = (11, 1) is C* valued. They depend on the time
t € R and space variable z € [0,1]. The interval [0,1] = U™, S} is divided into m
subsectional intervals Sy := |zg_1, x|, Tp—1 < zg, k = 1,...,m. By xs, we denote
the characteristic function of Sy, that is xg, (z) := 1 for x € Sy, xs,(z) :=0if x ¢
Sk. The symbol fsk:: mkfmkil s, denotes the integral average on the subinterval
S). The nonlinearities G : |0,{[ x C* x R — C? and H :]0,I[ X C* x R — R are
differentiable with respect to the phase variables (¢, n), but only measurable and
bounded with respect to the spacial variable x € [0,{]. We now list the general
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assumptions required:

(I) The functions G and H are C*-Carathéodory functions
(see Definition 10.11) on ]0,![ from €C* x R into C* and R, respectively.
(11) There exist constants 0 < 11 < 15 and ¢, ¢9, dq, dy > 0 such that for all
¢ € C* and a.a. x €]0, [ the relations
H(z,¢,n) > —cn, if n < vy,
H(z,¢,n) < —con, if n > vy,
H(z,,n) + diRe (G(z,¢,n),¢) < —ds (n+ |¢[*) foralln € R
hold.
(III)  For every compact K C R there exists M > 0 such that for all
n € K,y € C?and a.a x € |0, we have
|G, o m)]| < M (]| +1).
(IV) 1€ L>(0,T[x]0,I[,R),I(t,x) >0 for a.a. (t,x) €]0,T] x ]0,1].
(V) a€ L>*(0,T[;C).
(VI) ro, 1 € C, |7’0| <1, "I‘l| <1
(VII)  n°e L>=(]0,I[;R), n°(xz) > 0 for a.a. x €]0,1[, ¥° € L>(]0,I[; C?).
(VIII) by € R,bpy >0 for 1 <k <m.
Remark 10.1 Comparing with the results in [35] I have added two new conditions.
Condition (1) roughly is a smoothness assumption of the nonlinearities with respect
to the unknown state variables (but not the space variable) which is needed to
prove the smooth dependence on the initial data. The third relation in condition
(IT) implies the apriori estimate (10.8) which allows to treat the nonlocal term
appearing in the carrier rate equation. When the nonlocal term vanishes, as in
[85, 50], this condition can be dropped.

We assume that 7" > 0 is arbitrarily chosen but fixed. The abbreviation "a.a.”
stands for "almost all” in the sense of Lebesgue’s measure, $Re denotes the real
part of a complex number, (-,-) the canonical scalar product in C? and ||-|| its
corresponding norm.

Definition 10.2 A pair (¢,n) € L= (]0,T[ x ]0,[; C* x R) is a weak solution to
(10.1), (10.2), (10.3) if

/ <1/1 x),p :c)>dx

(10.4) - / { / [ws B )(@) — (5, 2) Brpn) (@)

+{G(z,9(s,7),n(s, x)), p(2)) ] dz + a(s)p1(0) }ds

130



for all t € [0,T] and all o € W12 (]0,1[,C?) with ps(0) = Top1(0) and ¢1(l) =
Tipa(l) and if

(10.5)  n(t,z) = no(x)—i-/o{[(s,x)—l—H(x,w(s,a:),n(s,x))

+ ; beXs, () [7{;11(8, y) dy —n(s, w)} }ds

for allt € [0,T] and a.a. x € ]0,1].

Theorem 10.3 (Existence, Uniqueness and smooth Dependence) Assume
(I) = (VIII). There ezists a unique weak solution (,n) to (10.1), (10.2), (10.3).
Moreover, the map

(0,10, I, a) € L= (]0,1[; € x R) x L (0, T x ]0,1[,R) x L> (]0,T[; C)
— (¢,n) € L (]0,T[ x ]0,[; C* x R)

is C*_smooth.

We denote the closed subspace in L>°(]0, [, R) of section-wise uniformly
continuous functions

(10.6)
Cp = {n € L=(]0,{[;R) | njs, uniformly continuous for k =1,2,...,m}.

Theorem 10.4 (Solution Regularity I) Assume (I) — (VIII). Let (1, n) be the
weak solution. Then the following holds:

) Y e C([0,T];L%(]0,1[;C*)), n e WH(10,T[; L= (]0,1[; R)) .

) Fort € [0,T] denote {(t) := [} (s) ds.
Then for all t € [0, T] we have ¥(t) € W2 (]0,1[; C?) and

D1(8)(0) = rogha(t)(0) + /0 a(s)ds, da(1)(1) = rhi (£)(1).

w) Let o € W2 (]0,T[;C), ¢ € WH2(]0,1[; C*) and suppose

(10.7) ¥1(0) = roy3(0) + a(0), U5(1) = r ().
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Then
b€ C (10, T W (0,1[;€2)) N € (0,73 22 (0,1[; €%))
and (10.1), (10.2) hold for t € [0,T] in the classical sense.
11 € C([0,7); L0, T[; R)) then n € C1([0,T); L=(0,I[; R)).
w) Suppose Y° € C ([0,1];C?), a € C([0,T];C) and (10.7). Then
¢ e C([0,T] % [0,1];C%) and (10.2) is satisfied pointwise.

Further assume n® € Cp, (t) € Cp fora.a.t€[0,T] and
(IX) H (-,4,n) € Cp for allp € C* and n € R.
Thenn € C([0,T];Cp). If I € C([O,T];Cp), then n € C*([0,T]; Cp).

Theorem 10.5 (A priori estimates) Suppose (I) — (VIII). Let (¢¥,n) denote
the weak solution.

For allt € [0,T]
(10.8)
!

1
d
/nmme%gwwm;sM+mw{/nO
0 0

where
) 2dy _ dy 2
= dy, — = e oo LI o | -
c mln{ 2 dl }7 K ¢ (2(1 _ ‘T0|2) Ha”L + H ”L )

Moreover, for all t € [0,T] and a.a. © € ]0,(]
(10.9) min {n’(z), v } e~ @t < p(t x) < N 4 max {n°(z) — N,0} e,

d
(@) + [, — 0 f e,

where
N = max{y2,02 <HIHLOO—|— max <b_’“) ~max{,u7/l (s d;c—i-—HQ/JOH 2})}
1<k<m \ | S| 0 L
and
b:= max (br.) -

If the data ¢° and o are W12-smooth, then Theorem 10.4, 222), states that the weak
solution ¢ will be W12-smooth with respect to the spacial variable z. Of course,
under assumptions of piecewise smoothness for the data entering the equation for
n, this smoothness of ¢ carries over to n via the coupling of ¢ and n in (10.1).
Theorem 10.6 states this precisely. Let

(10.10) Wp? = {ne L*(0,I;R) | ns, € W2 (SuR) k=1,2,...,m}

denote the Hilbert space of piecewise W2 functions.
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Theorem 10.6 (Solution Regularity II, piecewise smoothness of n) Suppose
(I) — (VIII) and
(X)  Higxexr € CH (e x C* xR;R)  for 1 <k <m.
(XI)  For all compact K C R there exists A > 0 such that
|0H (z,%,n1) — OH (z,1,n9)|| < Alny — no| forx € Sk, ¥ € C, ny,ny € K.
(XII)  There ezists a constant T > 0 such that for all compact K C R there ezists
R > 0 with

O H (1, n)7 + 0, H (z,, n)i* + Oy H (2,1, n)z/;ﬁ

<R <1 + |A] + Hw” + ]wH 7| + Hw

2 2
—TNn

forallz e Sy, 1<k<m,9peC® e nekK andn € R.

If a € W'2(]0,T[;C), ° € W'2(]0,1[;C?), (10.7) is satisfied, n® € W5* and
e C([0,T); 113’2), then

n e CY([0,T); Wp™).
In (XI) the OH denotes the total derivative of H with respect to all variables

(x,1,n). We note that all assumptions (I) — (XII) are fulfilled in applications, see
Section 3.2.

Define the phase space

(10.11)  P:={v € C((0,1,C?) [ ¢1(0) = r0¢2(0), o (1) = rthr (1)} x Cp.
The following Theorems 10.7-10.8 are a direct consequence of Theorems 10.3-10.5:

Theorem 10.7 (C*-Semiflow property) Suppose (I) — (IX).

In the autonomous case, that is o = 0 and I = 0, the weak solutions generate
a smooth semiflow in the function space B. The operator S : P — B, defined
through

S (0%, n%) = (¥(t),n(t))

fort > 0 and (¥°,n°) € B, where (¢¥(t),n(t)) denotes the weak solution corre-
sponding to the initial values (1%, n°), has the following properties

) (t,1,n) — SH(,n) is continuous from [0, 00[xP into P,
) SEB — P is CF smooth,

m) St =5"05% t,seR, t,s>0,
) S is the identity operator on ‘P.
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Finally consider the nonautonomous case: assume « € C(R;C) and I € L*(R; Cp).
Let G € C(R; x C,;C([0,1],€?%)) be such that G satisfies the inhomogeneous
boundary condition G(t,n)1(0) = roG(t,n)2(0)+a(t) and G(t, n)a(l) = rG(t, n)1 (1)
for t > 0. For t > s define X (,s, (v, n%) := ((t — s),n(t — s)), where (1, n)
is the weak solution in the sense of Definition 10.2 to the initial data 1° n° and
a(s+-). Then X (t,s, (¢° n?)), s <t, can be interpreted as the weak solution at
time t + s corresponding to the initial condition (s, z) = ¥°(x), n(s,z) = n°(x)
for a.a. x €]0,1[ at time s. Define the operator Y (¢, s) : g — B, through

Y (t,s) (q/;o, no) =X (t, s, (1/10 + G(s, no),no))

- (G(t, M,X (f,s, wg +G(s.n), no))))

for t > s and (% n%) € P (I1,,X denotes the n-component of X). The operator
Y'(t,s) maps ‘B into itself, hence the function G homogenizes the boundary condi-
tion (10.2). From the definition of Y one verifies that Y has the process property
stated in Theorem 10.8.

Suppose that for ¢t > 0 the map

n € C, — G(t,n) € C([0,1],C?) is C* smooth.

Theorem 10.8 The operatorY (t, s) is a C* smooth two parameter nonautonomous
process satisfying

1) fort>s the map p € P Y(t,s,p) €P is C* smooth,
u) the map (t,s,p) — Y(t,s,p) is continuous
from {(t,s) € R*| s <t} x P into B,
w) Y (s,s,-) is the identity operator on B,
w)  fort > s >r the process property Y (t,s,Y (s,r,p)) = Y (t,r,p) holds.

Example 10.9 In applications one has to choose an appropriate homogenization
G. We give two examples of choices of G:
. _o [alt
(i) ot my(a) = 5= (1))
(i1) For each n € C, G(t,n) solves

0,G(t,n) = A(n)G(t,n),

Gi(t,n)jg=0 = 710G2(t,n)jz=0 + (t),
Go(t,n) o= = 1G1(t,n)1p=

with suitable initial data.

The simple choice (i) has been used by Sandstede and Peterhof in [50]. Choice (ii)
is used in section 11 to perform a center manifold reduction for the traveling wave
equation with optical injection.
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The process Y can be equivalently written as a skew product semiflow Z¢ on the
trivial Banach bundle 8 x [0, co] if one defines for (p,8) € P x [0, oo

ZMp,0) = (Y(0+t,0,p),0+1t), peB, (0,t>0).

We extend Z* onto the Banach space P, := P x R by setting

Z" (p,0) ,0>0
Z'p,0) = (IL,Z"% (p,0),60+t) ,0<0,0+t>0
(p,0+1) 0 <0,0+t<0.

Then we can state the following

Theorem 10.10 If o € C*([0,00[,R) and G(t,n) is of class C* in both variables
(t,n), then the operator Z* is a C* smooth semiflow on P..

In assumption (I) we require that both G and H are C*-Carathéodory functions,
which we define next.

Definition 10.11 (C*-Carathéodory functions) Let V, W be finite dimensional
vector spaces and k € N. A function S :|0,{[x V — W, S = S(x,v), x € ]0,1],
v €V, is called a C* Carathéodory function iff S satisfies the following three con-
ditions:

1) Fora.a. x €0l S(x,) € CK(V; W) and S(-,v) is measurable for allv €V .
wu)  For all compact K C 'V there ezists a constant M > 0 such that

Haiggﬁ,v) <M for0<i<k, allve K and a.a. z € ]0,1].

w)  For all compact K CV and € > 0 there exists a 0 > 0 such that for
all vy € K, vy € V with ||[v; — vq]| < 0 and a.a. x € )0, we have

ok S(zv1)  0FS(z,v2)
ovk vk

< €.

10.2 Variation of constants formula and proofs for the trun-
cated problem

Let S :]0,1[ x V — W be a C* Carathéodory function. Denote the corresponding
superposition operator

(10.12) & : M(]0,I[; V) — M(]0,I[; W), &(v)(x) :== S(x,v(x)), a.a.x € 0,1,

where M(]0,1[; V') denotes the linear space of measurable functions defined al-
most everywhere on |0, [ with values in V. We need the following easy to prove
differentiability property of &.
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Proposition 10.12 (see [24]) The superposition operator & maps L*>(]0,1[;V)
C*-smoothly into L>°(]0,1[; W).

In the following we will frequently make use of the superposition operators
6 € C*(L>(J0,1[; €* x R), L*(]0,1[; C?))
$ € CHL>(0,1[;C* x R), L*(]0,I[; R))
generated by G and H through (10.12). Also the following operators
B e L(L>(0,l[;R)), T € L>(0,T[, L>(]0,I[; R))

will appear which are defined through

Sk
J(t)(x) = I(t,x)forx €]0,I[.

B(n)(z) = Z bixs, () G[n(y) dy — n(t, x)) for a.a. x €0,

Here L(L>(]0,[; R)) denotes the space of bounded linear mappings of L>(]0,{[; R)
into itself.

For establishing the variation of constants formula for our notion of weak solu-
tion we first need some definitions:

Forn € R let
L2(]0,00[,C) := {f 10, 00[— C | f measurable /000 |f(z)2(1 + 2*)"dx < oo}

denote the Hilbert space of complex valued weighted square integrable functions
on |0, oo with weight (1+z?)" with respect to the Lebesque measure on |0, oo[. We

denote its scalar product by (f, g)rz := Iy f(@)g(x)(1 + 2?)"dx. Let W,»* denote
the corresponding Sobolev space of functions f € L%(]O, oo[, €) with distributional
derivative in L?(]0, o[, C). Define the extended space

(10.13) X := L*(]0,1[; €*) x L*(]0,1[; R) x L}(]0, 00]; C)

with some fixed n < —0.5. This choice of n guarantees that L*(]0,oc0[; C) is
continuously embedded in L7 (]0, oc[; C). Put

T.(t) (w?,wg,no,a) = (wl(t),d@(t),no,na) ,
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where 1ya(z) := a(t 4+ x) denotes the left translation of a by ¢ and 1,1, are given

by

._ Y (x —t) , fora.a.zelt,l]
hiltiz) = { Tolwg(t —z)+a(t—z) , fora.a. x €0t
(10.14)
o W(a+t) , for a.a.z €]0,1—t]
Valtz) = { rlipg(m —x—t) , foraa xel]l—tl.

Extend T.(t),t € [0,1] to the whole positive axis [0,00] by defining for ¢ > [
inductively T.(t) := T.(t — 1)T.(I). Then it is easy to verify that T.(-) is a Cy
semigroup of bounded operators in X, with infinitesimal generator

A, = diag(—0x, 0, 0, 0y)
having the domain
D(Ae) = {(¢,n,a) € WH2(J0,1[; €*) x L*(]0,I[; R) x W,*(]0, 0[; C) |

¥1(0) = roth2(0) + a(0), 12 (1) = rip1 (1) }.
Set
T(t) (wo) = HwTe(t)(d}Oa 07 O)

for t > 0 and ¢ € L*(]0, ([, C?), where I, is the projection onto the first variable
Y. Then T'(t) is a Cy semigroup of contractions in L?(]0, [, C?) with infinitesimal
generator

A = diag(—0x, k)
and domain
D(A) = {9 e W2(]0,1[; C*) | 1(0) = r012(0), 1ha(l) = rgpa (1) } .

Let [],, denote the projection of X, onto L*(]0,![;C* x R) by dropping the
trivial last component. Then the following Lemma holds

Lemma 10.13 The pair (¢, n) is a weak solution to (10.1), (10.2), (10.3) iff (¢, n)
satisfies the variation of constants formula

(10-15) (ﬁ§§§)=(£{)Te<t> ” */( (54 B 4 5 <s>,n<s>>)d5

{Q
G
=
N
=
=z

«

for allt € 10,T).
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Proof: Straightforward calculations yield that the adjoint A* of A, is the closed
densely defined operator

Az, 0) = (Oathr, —0sti2, 0,—(1 + 2%) "D, (alz) - (1+ %)) = (47,0, A7)
with the domain
D) = {(@wn,0) € WH(0,1;€2) x L2(0, 1 R) x W,2(J0,00[5€) |
02(0) = Ter (0), ¥ (1) = Tiea(1), a(0) = ¥1(0) .

We trivially extend « on the whole axis [0, oo[ by setting a to zero on [T, co[. Then
define a € C([0, 00; L([0, 00[; €)), a(t) := 1, t € [0, 00[. By definition (¢),n) is a
weak solution iff (1, n) € L (J0,T[ x ]0,1[; C*> x R) and for all (¢,0, p,) € D(A?)
the equation

(W(t) = Yo, )12 + (alt) — a(0), a) 2

n

- [ (005). Az 2 + (B(5).n(3)), )15 + 1 (5)a(D) ) ds

p—0

+ [ (@) + )bz |

t

— tig{ [ (1060 A2 + B0 + s ) Ay ) s

p—0 0

= [ (O Aieh + O 0060, 2 + (). Az ) s

holds and (10.5) is satisfied for n. Here

T
ane) = [ myfe — )y, mo(s) =" @y e By
denotes the mollification of o with parameter p > 0 with respect to some mollifier
mo € C*(R), mg > 0, supp mo C By, ffooo mo(y)dy = 1. It was used above in
order to perform partial integration. For the first equality one should note that
for o € L}, o, € W,»? and lim, o ap(2) (1 +2*)" = 0. The above calculations
together with [2] proves: (1, n) is a weak solution iff (10.15) holds for ¢t € [0, T]. O

We now define the truncated problem to (10.1)-(10.3):

Definition 10.14 Let § €]0,00[ be arbitrary. Let TY : R — R be a C*> function
with T?(n) =n for |n| < 67 and TP (n) = 26~ n|~tn for |n] > 26=1. Similarly let
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TS : €2 — €2 be C* with TS (v) = v for ||v]| < 671 and T¢(v) = 26~ ||v]| " v for
|lv]| > 2071 Define the truncated nonlinearities

G6 : ]Ovl[ X ®2 xR — Cza Gé(l‘awan) = G(vag(w)aTlé(n))a

H?:10,[[x C*’ xR — R, H(z,¢,n):= H(z, T (), TS (n)).

Then G°, H? are C*-smooth Carathéodory functions generating the smooth super-
position operators &°, H°. The truncated problem reads:

O0(t ) = (=0:0(t,7), 008(t, 7)) + G (w, 4 (¢, 2), n (¢, )
onl(t,x) = I(t,x)+ H(z,¢°(t,x),n°(t,z))

Y b, (@) @[ WL, y) dy — i, x>)

(10.16)

with the same boundary conditions and initial values:

(10.17) YI(t,0) = rovs(t, 0) + alt), ¥yt 1) = nyi(t,1)

(10.18) $9(0,2) = ¥°(z), n°(0,2) = n%(a).
Weak solutions to (10.16)-(10.18) are defined analogously to Def. 10.2.

Remark 10.15 After truncation G° and H® satisfy condition ) of Definition 10.11
globally. In particular G° and H® become globally Lipschitz uniformly with respect
to x € )0,1], that is for each 6 > 0 there exists a constant A such that for all
Wy, Y9 € CQ, niy,ne € R and a.a. x G]O,l[

|G (2, 1, 1) — GO (a, 4o, ma) ||+ [HO (2,401, ) — HP (0,402, 10)
< A(|ltr — ¥l + |01 — na).

The superposition operators &° and H° become globally Lipschitz from LP(]0,1[; C? x
R) into L*(]0,1[; C*) and L*(]0,1[;R), respectively, for any p € [1,00].

Lemma 10.16 For each 6 > 0 the Theorems 10.3 and 10.4 hold for the weak
solution (v°,n’) to the truncated problem (10.16)-(10.18)

Proof: Denote the weak solution space
X:=L>(]0,T[x]0,I[;C* xR).
Extend it to
X=X x L>=(0,1[;C* x R) x L>=(J0,T[;C) x L>*(]0, T[x]0,I[; R)
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by attaching the corresponding spaces of the initial data ¥°, n° and the dynamic
data o, I. Both X and X, are equipped with the corresponding L*° norms. Define
the operator § : X, — X,

(0

) — o [
5100 = <”(t>)_wn> o)

I

t &°(¥(s), n(s))
/OTe(t—S) ()+%n(8)4655(¢(8)7n(5)) dS}-

For fixed 9°, n°, o, I denote §o : X — X,

So(w,n)(t) = (¥(t), n(t)) — (F(,n, 0" n", a, 1))(2).

By Lemma 10.13 the truncated problem (10.16)-(10.18) has a unique weak solution
(¢°,n°) corresponding to the data 1% n°, «, I iff F, has a unique fixed point in
X. By Remark 10.15 &° and $° are globally Lipschitz from L* (]0,1[;C? x R)
into L> (]0,1[,C?) and L* (]0,![, R), respectively, with some Lipschitz constant A
depending on the truncation parameter . Thus from the explicit formula (10.14)
for the semigroup T,(t) it follows by induction that for [ € IN, (¢, n,), (¥, 1p) € X

AT)

H&é(wmna) _Sé(wbanb)Hx = ||(77Z)a7na) (¢b7nb)||%'

Hence, for [ sufficiently large §} is a contraction in the Banach space X. By a
generalization of Banachs fixed point theorem F, has a unique fixed point (¢°, n?)
in X. This proves the existence and uniqueness part of Theorem 10.3.

From the assumptions that G, H are C* Caratheédory functions (Definition 10.11)
and Proposition 10.12 we get that § maps X. C*-smoothly into X. The existence
and uniqueness of the weak solutions just proved is equivalent to saying that for
any ¥°, n° a, I there exists a unique (¢,n) € X such that F(u, n,¥° n° a, I) = 0.
The partial derivative of § with respect to (i, n) operating on v = (vy,v,) € X
satisfies the formula

=)

< (8S (¥, ’¢0’"0’a71)(vw,vn)> (t

ETORD) )
(08°(1(s),n(s))
H/ (t —s) | Boa(s) + 09 (1(s),

,n(s))) v(s)
(W(s),n
(¥,n) 0

(s)v(s) | ds.
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Again it follows by Banachs fixed point theorem that for any w € X there exists a
unique v € X such that

(98° (1(s),n(s))) v(s)
H/ (t— ) %vn()m@é(w(s),n(s))v(s) ds+w(t) (te0,T)).

(1,n)

Banachs open mapping theorem implies that 0y ,)§ is an isomorphism from X
onto X. Hence Theorem 10.3 is a consequence of the implicit function theorem.

Statement 1) of Theorem 10.4 follows directly from Definition 10.2 and the varia-
tion of constants formula.

We now prove u2): As in the proof of Lemma 10.13 trivially extend « to the
whole [0, o[ by setting « almost everywhere to zero on [T, oo and define

a € C(]0,00[; L;(]0,00[; €)), a(s)(z) := Tsa(x),

for s > 0 and a.a. € ]0,00[, where 74 denotes the left translation of « again.
Integrating the variation of constants formula (10.15) with respect to time yields

/Ot ZfEi? ds:/otn@) :ﬁs ds

o & ((r), n(r))
4 / / Tus — ) [ 30) + Bn(r) + 99((r),n(r) | drds (¢ € [0,7]).
0 0 0

From this formula and the uniform continuity (¢, p) — T.(t)p of the C semigroup
T, one easily proves that the limit

. Te(h) -1 [
i 1= /0 (), n(s), a(s))ds

hlO

exists in X, (see (10.13)) for each t € [0, T]. This is equivalent to

[ @s)n(s).ats)is € D)
or statement 2).

Now assume o € W'2(]0, T[; C), ¥° € W'%(]0,I[; C?) and (10.7). Extend « to
the whole ]0, oo[ such that the extension lies in W,*(]0, 0co[; C). Then (¢°,n, a)

141



belongs to ®(A.). Since X, is reflexive it follows from Proposition 4.3.9 in [15]
that
(v, n, 7 ) € C([0,T); D(A,)) N CH([0,T); X.),

which proves ).

We prove Theorem 10.4, ). Choose sequences Y € W12(]0,1[; C?), a; €
Wh2(]0,T[;C), i € N, which satisfy the boundary condition %!, (0) = r9?,(0) +
a;(0) and ¥9,(1) = ribY, (1), and have the property that ¢ — ¢° in L>(]0,1[; C?)
and o; — a in L®(]0,T[;C). By Theorem 10.4 m) v; € C([0,T] x [0,1]; C?),
and by Theorem 10.3 the solution sequences (1;,n) converge to (¢,n) in X. Thus
¥ € C([0,T] x [0,1]; C?)) and 1 satisfies (10.2) pointwise in [0, 7']. By assumption
(IX) on H the superposition operator $° keep the space Cp invariant. The t)-part
of the fixed point (¢, n) of the operator ¢ is uniformly continuous on [0, 7] x [0, I].
Since n° € Op and the part n can be obtained by a fixed point iteration in the
space C([0,T]; Cp) alone, keeping 1 unchanged, we obtain that n € C([0,T]; Cp).
The relation n € C*([0, T}, Cp) follows directly from (10.5) if I € C([0,T);Cp). O

Remark 10.17 (Lipschitz dependence of solutions with respect to L?) Because of
Remark 10.15 Gronwall’s Lemma applied to (10.15) easily shows that there exists
a constant C' = C(0,T) such that

(wvn) - (wvﬁ) <

H HC([O,T];LQ(}O,I[;CQ xR)

([t - o)

P Py

where (1, n) and (1, 7) denote the weak solution with initial data (¢¥°,n°, «) and

(1;0, n?, &) , respectively.

10.3 A priori estimates

We will use the following elementary inequality:

Proposition 10.18 Let u : [0,b] — R be absolutely continuous and u* € R.
Suppose there are constants ri,ro > 0 such that u'(t) < —ru(t) + ro for a.a.
t € 10,b] with u(t) > u*. Then u(t) < u+ max{u(0) — @,0}e " fort € [0,b] with

U = max { 2, u*
T1
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Proof: Define h: R — R, h(z) := (max {x — @,0})*. Set f(t) := h(u(t)). Then f

is absolutely continuous and

F1(0) = K () (1) < —H (ut))m (u<t> - —) < —on f(1)

1

for a.a. t € [0,b]. Therefore f(t) < e 2*f(0) for ¢t € [0,b] and taking the square
root yields the inequality. O

Lemma 10.19 Let (¢°,n%) be the weak solution to the truncated problem (10.16),
(10.17), (10.18). There exists o > 0 such that for all 0 < 6 < &y estimate (10.8)
holds for t € [0,T] and the bounds (10.9) are satisfied for t € [0,T] and a.a.
x €]0,1[. Moreover, there ezists a constant B not depending on 6 > 0 such that

[ #)|| .. <B  forallt €[0,T].

Proof: Let ¢y € [0, 7] be arbitrary and assume first that f.n’ n (t,y)dy > 0 for all
te0,tp]and all 1 <k <m. Let ke N, 1 <k <m. SupposeO<5<y11 Then
for a.a. x € Sy assumptions (II), (IV), (VIH) imply that for a.a. t € [0, ty] which
satisfy n’(t, ) < vy the inequality

holds. Put
<
h<t7 .T) = min {n(s(t,.??),yl} and Tk(”) = { 1l ,n<n .
Then for a.a. x € Sy and a.a. t € [0, ty]

T (n‘s(t, :L‘)) %n‘s(t, x)
(—c1 — by) T (n5(t, z)) n°(t, x)
(—c1 — by) h(t, x).

d
e
a6

AVARLY,

Therefore for a.a. x € Sy, and all t € [0, ¢(]

(10.19) no(t,z) > h(t,z) > h(0,2)e () = min {n°(z),n} e~ (etblt (> ),
Now we show that f (t,y)dy > 0 for all t € [0,7] and all 1 < k < m. Assume
the contrary. Then there exists a k € N, 1 <k < m, such that

(10.20) to := sup {t € [0,T] | {n’(s,y)dy > 0 for s € [O,t]} <T.

Sk
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By (10.19) we have n’(ty, z) > 0 for a.a. x € ]0, [ and by (10.20) fs Uto,y) dy =
0. Therefore n’(tg,z) = 0 for a.a * € S;,. Hence, by continuity, there exists
0 < e < T —tg such that for all t € [tg,to+e€[ and a.a. x € Sy we have n°(t,z) < v;.
Thus from the assumptions (II) and (IV), definition of H° and due to the choice
§ < vyt we have for a.a t € [tg, to + €]

d
. n’(t,y)dy = ][S

This ylelds fsg‘s(t, y)dy > fsg‘s(to, y) dy-e1(t=%) = ( for ¢ € [ty, o + €| which con-
tradicts the choice of ¢y from which there exist infinitely many points s € |tg, tg + €]
with f (s,y)dy <0 accumulatlng in ¢y. This proves (10.19) for all ¢ € [0, 7] and
the lower bound for n? in (10.9).

(I(t,y) + H(y, v*(t, ), n(t,y))) dy > —c; ][ n®(t, y)dy.

& Sk

Now define

Ts :=sup {t € [0,T] | Hz/;‘s(s) <6 'and Hn‘s(s) <6 ' for s €0,]}.

I [P

Suppose § > 0 is sufficiently small such that T5 > 0. Assume a € W12(]0, T[; C)
and vy € WH2(]0,I[; C?) together with (10.7). Denote

I !
h(t) ::/0 n‘s(t,x)dx+%/o H@Z)‘S(t,x)Hz dx.
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From (I), (II), (VI) and Theorem 10.4 u2), proved for the truncated problem in
Lemma (10.16), it follows by partial integration that for a.a t € [0, T}]

d
prild)

l -
— d, Re / [—@@Z)f(t,x)w‘f(t,x)+8x¢g(t,x)¢§(t,x)] dr
1
# [ [0+ 0,0, 00,2)

+dyRe (G, 0 (t, ), n (x)),w(t,x»]dx

IA

d
5 (1@ + [l 0 + [0 - [vie.0))

+/Oll(t,x) do — ds (/0 w8 (t,2) da:+/0 o) )

(P = 1) (. 00 + [ (0)? + 2o [5(1, 0) )
(Il = 1) [ D) + LT e = e ()

LI o

d
= 2(1—71\7“&2) lallZoe + LIl oo — ¢ - (1)
Therefore the d-independent estimate (10.8) for (¢5,n5) and ¢t € [0, Ts] follows
from Proposition 10.18. Because of Remark 10.17 this remains valid by density
if 0 € L°(0,T[;€) \ W20, T[:€) or vy € L=(0,1[;€) \ W2(0,1[;€?). By
Definition 10.2 n°(-,z) is absolutely continuous on [0, 7] for a.a = €]0,1[. From
assumption (II) it follows that for a.a t € [0, Ts] with n’(t, x) > vy the inequality

IA

IN

e+ dimax (22 el ) = - B0
2 L pER 2 L

1<k<m

1
Gt (ta) < s o (o )i [+ G o0 - aan'e. 0

holds. Proposition 10.18 yields the d-independent upper bound for n® and ¢ €
[0, Ts] in (10.9).

From the explicit formula (10.14) we have the following decay rates for the semi-
groups 1" and T,: For t > 0

0

(10.21) M, T.(t) | n° < Doe " |[¢?
(0%

-1
[ T2 = [rorl) ™ o]l oo

LOO
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lrore| ™" 1o #0 — (2D M og |ror| ,rory # 0

€ ;Torr = 0 (2071 ,rorp =0
Let My be a constant in assumption (III) for K = [0, N + ||n°|| ~]. From (10.21),
(10.15), (10.9) and (III) we get for ¢ € [0, Ts]

where Dy := { and v := {

PP t
@), < M) | n +/ |T(t = 8)& (¢ (s),n°(5))]| ;o ds
a)ll. 7°
< Dge™ HQ/JOHLOO +2(1 = [rore)) ™! el oo

+M0T+/O My ||4°(s)]| . ds.

Gronwall’s Lemma yields the existence of a constant B independent on ¢ > 0 such
that ||¢°(t)||,. < B for t € [0,Ts].

Moreover, since assumption (II1) is valid also for the truncated nonlinearity G and
n® is continuous from [0, 7] to L* by choosing a possibly larger M corresponding
to a larger set K than above we can find a constant B independent of § > 0 such
that for each § > 0 there exists a neighbourhood Us of Ty so that H’(/}(S(t)HLOO <B

for t € [0, T5] U Us. This proves that Ts = T if § is chosen sufficiently small. dJ

We have shown that for sufficiently small 6 > 0 the weak solutions of the
truncated problem coincide with the original weak solutions of the nontruncated
problem. Hence the proof of Theorems 10.3-10.5 is complete. We are left with the
proofs of Theorem 10.6 and 10.10.

Proof:[of Theorem 10.10] From the assumption that o and G are of class C* it
follows that the map

W’ PP+ G(0,n")
n | € P n® e L>=(]0,1[,C* x R) x L>=(]0,T[,C)
0 ald+-)

is C*. Hence Theorems 10.3 and 10.4 imply that

¢0
| € P X(0+1,0, <¢0 * %9’”0))) e C([0,1],€%) x Cp
0

is C*. This shows that for t > 0 the map (p,0) € P. — Y (0 +t,0,p) € P is of
class C*. Hence Z* is a C* smooth semiflow on .. OJ
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Proof:[of Theorem 10.6] Let (1), n) be the weak solution. From the differentiability
assumption (X) on H the map w — $(¢(s), w) is well defined from W5 into itself
for s € [0, 7] since ¢ € C([0,T], W?). Furthermore condition (XI) implies that
this map is Lipschitz on bounded subsets of W5* uniformly in s € [0, T] By
truncation we can make it globally Lipschitz: for 7 > 0 let T;, I/V1 2 W be
globally Lipschitz with T, (w) = w, if lwl|y12 < 7~ LT (w) =20 tw ||w|| 12, if

Hw||W11),2 > 211, Define the following truncated operators

9,(p,w) == H(p, T, (w)) for p € W2 and w € WH*.

Then for all p € Wh? the map w — $,(p, w) is globally Lipschitz in W};z where
the Lipschitz constant depends only on 1 and ||p|| 1.

Define § : C([0, T, Wé’Q) — C([0,T7, W}r),z)’

(Fm) (t) :==n" + /0 (3(s) +Bm(s) + 9, (¥(s),m(s))) ds (t €[0,1]).

Then § has a unique fixed point n, in C([0,T], Wp?) by a generalization of Ba-
nachs fixed point theorem since sufficient high iterates of § become contractive.
In particular n, € C([0, T], W5?).

Set T, = sup {t € 0.7] | llmg(8) e <" for 0< s < t} By (XII) and the
Hélder-Young inequalities we have for all ¢ € [0,T})]
1
8t§ Haxnn(t)|’i2(sk)

= i Op (I(t,z) — beny(t, x) + H(x,(t, x),n,(t, x))) Opny(t, z) dz

IA

|0, 1 (t, £)0yny(t, )| do + OpH (x,(t, x),ny,(t, 2))0pn,(t, x)
Sk Sk

+0yH (2, (t, x),n,(t, 2))0,0(t, £) 0y (t, )
+O H (2,(t, ), n,y(t, 7)) (8$nn(t,x))2> dx

IA

3 5)

o 101 (B)II72(s,,) — T 10 ()] 725,

+Ro (Il sy) + 100m0(8) 1135, + 10 (D] 25, 190Dl o,
1000 22(s,)

3 3 3R2

2 s 0000+ Rt + 210+ (58 1) b0,

27 te[o T)

~75 105y (D)7 -

IN
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Hence (see Prop. 10.18) we get the following 7 independent bound

3 Rol 3R
9 2 0 0
I0mOlsy < 5 S0 10Ol + 7+ G
3R 1
(321 s ol

s€[0,T7]

which is valid for ¢ € [0,T;,).

Since the a priori estimates of Theorem 10.5 must hold for n, as long as ¢t € [0, T,

we see that T, = T" and n,, = n if 7 is chosen sufficiently small. U

11 Center manifold / model reduction for the
traveling wave equation in the nonautonomous
case

We now perform the center manifold reduction for (3.17) in the case of nonau-
tonomous boundary conditions, o # 0 in (3.11). Assume a € C* ([0, 00[;C) and
there exists

G € O™ ([0,00[ x L= (0, 1[, R); € ([0,)5C7))
which satisfies for all n € L> (]0,[,R)

aG(tLn) = AMG(t,n),
G1 (t, n)‘x:(] = TQGQ (t, n)‘x:(] —+ Oé(t),
G2 <t7 n>|$:l = T[Gl <t7 n>|$:l'

Let Z' be the smooth skew product semiflow on . defined in section 10.1. Then
Z' is generated by the equations

Op(t) = An(t) + €| R (n(t),¢(t) + G(s,n(t)))

(11.1) —0,G(s, ()5, n(t), v (1))]
On(t) = € (s,n(t),¥(t) +G(s,n(t)))
s = 1,
with boundary condition
IP(O) - wo - G(07 n0>7
n(0) = nf,
s(0) = 0,
PYi(t,0) = rohe(t,0),
1/}2@7 l) = 7”1%(’% l)



Here R (§) denotes the Nemytskij operator generated by the functions K (F) in
(3.17). Note that the boundary conditions are homogeneous and time independent
now, the nonautonomous time dependence now appear through the variable s in
the terms G(s,n(t)) and 0,G(s,n(t)) in both equations for i) and n. Under a
spectral gap assumption for 2(n) we can locally make a change of coordinates,

¢ = B(n)z. + C(n)zs,

as we have done in section 9 and arrive at the following set of equations (compare

it with (9.4))

p

Ore = Uc(n)z.+ €B.(s,n,x., T5)
Oxs = WUs(n)zs + eBgs(s,n, z, )
%n = i@(s,n,%(n)xchQ:(n)xs+G’(s,n))
z.(0) = B(n®)'P(n°) (¥° - G(0,n")),
z5(0) = €(n°)71Q(n°) (¥° - G(0,n")),
n(0) = n°,
[ s(0) = 9,
where
A(n) = (B(n))™ An)B(n),
A(n) = (€(n))"" An)e(n),
&.(s,n, Te, T5) (%(n))_l‘B(n)@(s,n,xc,xs),
G, (5,0, T, xs) = (€(n)) " Qn)B(s,n, x., x),
and

&(s,n,x.,z5) = R(n,B(n)z.+ &€(n)zs + G(s,n))
— (0%B(n)3(5,m, B(n)z, + C(n)z, + Gl5,m))) e
— (0€(n)F (5, n, B(n). + €(n)as + G(s,n))) 7,
—0,G(s,1n)§(s,n,B(n)r. + €(n)x, + G(s,n)).
Theorem 5.5 implies that for ¢ = 0 the smooth semiflow Z! in the Banach Space

C? x Yy x Cp X R has the (non locally compact) normally hyperbolic invariant
Banach-manifold

IMp:=C4x {0} xU xR CC¥x Yy xCp x R.

Therefore, as in the autonomous case, we have the following:
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Theorem 11.1 The manifold IMy persists as a nonlinear smooth manifold 1M,
for sufficiently small 0 < € < €y and can be represented as a C* smooth graph
s = y(xeym, S, €),

v:CTxU xR x]0, e[ — V.

The flow on IM, s given by the equations

Or. = U(n)ze+ B, (s,n,x0 (S, Te,n,€))
on = €§(s,n,B(n)r. + €(n)y(s,zc,n,€) + G(s,n))
&gs = 1.

Rewriting the equations without the time substitute variable s we arrive to the
following C*-smooth ordinary nonautonomous differential equation in the Banach
space C? x U:

(112) { atxc = QlC(”’)'TC + 666 (tan,:(:ca’}/(t,l‘c,n, E))

on = €e§(t,n,Bn)x.+ En)y(t,xen,€) + G(t,n)).

Since 7y is smooth and (¢, z.,n,0) = 0 we have (¢, z.,n, €) = €¥y(t, z., n, €), where
7 is smooth. Next we expand (11.2) in powers of €. According to the Table in
Section 3.2, (3.17) and (3.15) the generator of the Nemytskij operator £ is

N s o1
Kem ) = —Fal@golem) o e (o) oI

~Lg(x,n)

e’
+ €1 ()i 5

where ¢ is given in (3.14) and ég(x) = = egl'ny1 ~ 1,5 (and similarly €;(z))
is of order 1. In the following we frequently use the expansion

[
L+ eea() I

éc(z)

= [[¢II* + O(e).

Then

K, ,6) = ~ea(@)39(e,m) 91 + @()iSge, n) 0] +O(e)

Therefore we can expand the terms of &, as follows:

2

€ (B(n) ™ PR, B(m)a. + E(n) (20 m.€) + G(t,m)
‘ () [0 g () [B () + Gt m) P (Bl + Gt )]

—€(B(n))” B(n) [Ea(dlg(»n(’)) IB(n)z. + G(t,n)|* (B(n)z. + Gt n))]
+e(B(n) ' P
+0(é),
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(n) [0B(n)F(t,n, B(n)z. + E(n)y(t, z,n,€) + G(t,n))z
(m)[0BM(E, 7, 20)| +O(e2),

I
[
A M
2 2
s 2
Ll
B B

bt n,x.) :=I(t ZkaSk G[ y)dy —n(- ))
- R('a”(')) — g(-n(-)) |B(n)z. + G(t,n)|*,

—€(B(n))” P(n) (0(n)F(t, n, B(n)z. + €(n)y(t, zc,n, €) + G(t, n)))
Y(t, ze,m,€) = O(€?),

—€e(Bn)) " P(n)0,G(t,n)F(t,n,B(n)x. + €(n)y(t, zo,n, €) + G(t,n))
= —€e(B(n) " P(n)0.G(t, n)h(t,n, z.) + O(?).

Suppose A(n) has ¢ critical eigenvalues Ay, ..., A, near iR of algebraic multiplicity
one for n € U. Then, see Proposition 4.3, each eigenvector is a scalar multiple of

() =708 () 1=

where T'(z,y, A, n) denotes the fundamental system to the nonautonomous ODE

()0 - (™ i) ()

Note that if n is a piecewise constant function - for example obtained after a
Galerkin projection using Steklov average step functions - then there is an explicit
expression for T and b; in terms of elementary functions. A natural choice for

B(n) then is
q
= Z Teibi(n) for x. = (2.,)1<i<q € C.

The inverse B(n) P(n) can be expressed in terms of adjoint eigenfunctions b}
which are simply related to b;. To see this one calculates that the adjoint operator

2A*(n) to A(n) is
\ _ [0+ B(n(+)) —r(+)
W) = ( R0, w(-,n(-))) ’
Yo(0) = To1(0)
Vi(l) = Ta(l).
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Hence there is a one to one correspondence of (generalized) eigenvectors of 2 and

2A* via the map o
-6
() V1)

If b; is a eigenvector of A to the eigenvalue \ then b = Jb; is the corresponding
eigenvector of 2* with the eigenvalue . It has been shown in [60] that the system
of root functions corresponding to the eigenvalues of 2l is complete in L%([0, {], C?).
From the completeness it follows that (z},zx) # 0 because (¢*,d) = 0 if ¢ and d
are generalized eigenvectors to different eigenvalues. Therefore

B(n) ' P(n)y = (%)gq

Summarizing we arrive at the following expansion of (11.2)

(11.3)

( Oxei = Pilt,ze,n) +0(e?), 1<i<gq,
on = eb(t,n,z.) + O(e?),

Pilt,weon) = Aoy — e (bib) b2 [
a@()39(,n() |B(n)z, + G(t,n)|? (’BQ(H)% + G(t,n))
+er(1)i%tg (-, n(-)) [[B(n)z. + Gt,n)||” (B(n)z. + G(t,n))
Y DBt 0, 2)ze — DGt n)b(, 1, :pc)] ,

\

Remark 11.2 (Explicit formula for G) It is possible to give an explicit expres-
sion for G in the case of simple a. For example, if o is quasiperiodic, that is can
be represented as a(t) = > .-, axe™* with wy € R, ax € C, and if the frequencies
wi do not coincide with a point in the spectrum of A(n) for n € U, that is

{ivp, | k=1,2,....m}Nn{Ae€a((n)) |neUd} =10,

then
m
zw S
E are“** G (n
k=1

An)G = twpls,
Ce1(0) = 70Cr2(0) + 1,
Qz,Q(l) = rlgk,l(l)

1s an explicit expression for G. For each (; we have

Ge(n) = T(-,0, iwwp, n) <7”°C+ 1) ,

Cc

where
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where
(i —1)T(1,0,iwy, n) G))

h(iwk, n)

c=—

and
(11.4) h(\n) = (n —1)T(1,0,\n) (”f)

is the characteristic function to A(n).

In the system (11.3) the unknown graph v only appears in O(e?) terms. The
system resulting from (11.3) when neglecting all O(e?) terms, i.e.

8txc,i = mi(tal‘can)a 1§ZSQ7
(1L5) { an = ebtn,x).

is called mode approximation. Thus mode approximations can be regarded as a
small perturbation of the flow on certain local center manifolds. Mode approxima-
tions, first derived formally by physicists [3], for the traveling wave equation have
been studied by several authors, see [56, 68, 66, 4]. They have been rigorously
derived first in the thesis [65] of J. Sieber for a simplified model (averaged carrier
densities, no optical injection, no nonlinearities due to gain or index compression
in the PDE). We note that the mode approximations calculated by Sieber follows
from (11.5) when one uses a lowest order Galerkin approximation, where on each
section Sy = [rx_1, zx] the distribution n(z) is projected to the average fslz(y) dy
(indeed, the formulas coincide when one sets @ = 0 and e = ¢; = 0 and 1gnores
gain dispersion terms gp = 0; note that gain dispersion can be easily incorporated
to (11.3), but we have not done this because the model including gain dispersion
allows for negative carrier densities as we have mentioned in remark 3.1). Such
kind of low dimensional projection of course neglects the spacial variation of n
in a active laser section totally, so that important physical effects such as spacial
hole burning get lost. Of course, using a higher order Galerkin approximation
scheme of (11.3) for n using piecewise constant step functions we get a refined
scale of ODEs which converges to the full model (11.3), we will remark this next
more precisely. Thus, if one wants to include spacial hole burning effects a higher
dimensional Galerkin projection should be used. The advantage of using piece-
wise constant step functions is that the vector field of the resulting ODE can be
expressed explicitely in terms of elementary functions where only a few critical
eigenvalues \; have to be traced numerically, and, moreover, the Galerkin approxi-
mations converge uniformly to the solution of (11.3). Of course there is no natural
global choice of basis functions for n.
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Let m € IN be the number of laser sections and k,r, s, € IN be indices, where
1 < k < m runs trough all sections S, s denotes the order of the Galerkin ap-
proximation and 1 < r <'s. Then the basis functions by, we use are the following
characteristic (step) functions

Tk — Tk

bisr = XApays Aksr = [Tp—1 + (1 — 1)0ks, To1 + 70ks], Os = .

Then, by approximating 1 ~ > 1<k<m Nks-Drsr, the Galerkin projection of order s
1<r<s

for (11.5) is given by

Oxg;, = P (t,xZ, Y 1<k<m nksr(t)bksr(')) , 1<i<yq,

1<r<s

atnksr = Eﬂ-ksrb (t, Elﬁkﬁm nksr(t>bksr(')7x7cr) ) 1 S k S m, 1 S r S S,

1<r<s

where 0 = m fAm n(y) dy.

It follows readily, by using Theorem 10.4 ), Theorem 10.5, Lemma 10.19 and
Gronwall’s Lemma, that for 7' > 0 and any initial data z.(0) and ny € Cp corre-
sponding to a vy € C([0,1], C?) satisfying the boundary condition (10.2) and for
the corresponding projected data z7(0) = z.(0) and ngs.(0) = mrsno we have

—s 00 0.
c([0,71,Cp)

e = 2l oo mxo,e2) + H” - Z MsrDksr

12 Appendix

12.1 The Fejér Laplace and Fourier inversion formulas

In most cases the Fourier transform of an integrable function, even if it is bounded
with compact support, will not be integrable. For example the Fourier transform of
the characteristic function x[—; 1j is the nonintegrable function 231%. Therefore it is
of interest to have generalizations of the Fourier inversion formula when the Fourier
transform is not integrable. In our work we need the inversion formula for com-
pactly supported discontinuous functions for which both f(t+) := limy o f(t + h)
and f(t—) := limyo f(t—h) exist at each ¢t € R. One can show that such functions
have a Fourier transform which is integrable in the weaker Cesaro sense and the
Fourier inversion theorem holds. A precise statement of this is given in Corol-
lary 12.3. This generalized inversion theorem does not seem to be well established
in Fourier Analysis textbooks. A proof of it can be found for the Laplace trans-
formation in the classical book [77], the Fourier version follows immediately from
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the Laplace version.

In Remark 12.4 we note that if f is bounded measurable then the Cesaro inte-
grals in the inversion formula have ||f||;~ as a uniform bound. This simple fact
which we have not found in the literature is of importance if one has to deal with
multiple integrals containing Fourier integrals and wants to pass to the limit using
Lebesgue’s dominated convergence theorem. We will use this Remark several times

when we prove the spectral gap of the semigroup generated by linear hyperbolic
evolution equations needed for the existence of smooth center manifolds.

Definition 12.1 (Cesaro integrability) The function f € L}, .(R,C) is inte-
grable by Cesaro means of order 1 if the limit

lim ’ _ o] f(z)dx
R—o0 _R R
exists. If f is Cesaro integrable we denote this limit by
- [ .

By partial integration we have

/Z(l—%)f(x)dx = /Zf(x)dx—%/ORx(f(:v)Jrf(—x)) de
(12.1) _ %/OR/_if(@dxdt_

From (12.1) it is easy to see that if Cauchy’s principal value
00 R
PV/ f(x) dx := lim f(x) dx
—00 R—oo —-R
exists then f is (C,1) integrable and

(1) — /Z f(z)dz = PV /: F(z) da.

Therefore Cesaro integrability is a weaker notion than integrability in the sense of
Cauchy’s principal value which is weaker than the usual notion of L! (absolute)
integrability.
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Let f € L} ([0,00[,C). Then the Laplace transform £f of f is defined by

loc

00 R
L£f(s) ::/ e f(t)dt == lim e S f(t)dt
0 R=o0 Jo
whenever this integral exists as a convergent improper integral. If this integral
converges for some sy € C then it converges for all s € C with fRes > JResy (see
Chapter II in [77]). Hence three possibilities arise:
1) the integral converges for no point
) it converges for every point
1) there exists 0. € R such that the integral converges for all s € C with Re s > o,
and diverges for Re s < o..
The real number o, is called the abscissa of convergence. In case 1) one sets
0. := 00, in case 1) 0, 1= —0o0.

Theorem 12.2 (Fejér Laplace Inversion Theorem) (see [77] Theorem 9.2 p.77)
For ¢ €]o., 00|

1 ct+ioco 0 ,t <0
(122) (1)~ / e (SF) (s)ds = 4 17(0+) =0 .
i c—ioo s(f+H)+ ft=)) ,t>0

That is the Cesaro integral

c+ioco R T
(C,1) — / e (£f) (s)ds = lim % / / et (Lf) (c+iv)idvdr
c—100 —o0 0 —T
R

||

= lim el (L F) (¢ + iv — — )idv
dm [ e o) v (1-
converges to 2mi times the right side of (12.2) whenever the right side has a mean-
mng.

As an immediate consequence we have the general Fourier Inversion formula

Corollary 12.3 (Fejér Fourier Inversion Formula) Let f € L (R,C) and
t € R be a point where both the limit from the right f(t+) and left f(t—) exist.
Assume f1(s) := f(s), fa(s) := f(=s), s > 0, have both o. < 0. Suppose that the
Fourier transform of f in Cauchy’s principal value sense exists, that is F~1f =

limp_ o ffR e~ ™7 (1) dr converges. Then

(f(t+) + f(t=)).

DO | =

(12.3) %(C, 1) — /OO EF (W) dw =

—00
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Instead of f € L} (R,C), o, < 0, we can simply assume f € L'(R,C). This
guarantees the uniform convergence of fooo e~ f(y) dy for —R < u < R and allows
for interchanging the order of integration by Fubini, see the proof of Theorem 9.2
in [77, p.77] for the details.

Remark 12.4 If f € L>(R,C) N L*(R, C) the integral in (12.3) has ||f]|,~ as a
uniform majorant.

Proof: Since f € L' the order of integration can be exchanged due to Fubinis
theorem and we have

1 ( |w‘) fzwyf )dydw

o
1 OO zw(t Y) d ‘ w(t—y) d d
o ( o[ o w) i) y)

- 7;1% / }zn <( o y'
< oo in? udu

u2
= HfHLoo

[e o]

Here we have used the identity ffooo Siﬁ#du = 7, which can be calculated as
follows: For 0 < r; < 1o let v be the positively oriented loop around the origin 0
by first going along the path ~,(s) := re™ (0 < s < 1), then along [—7ry, —r1],
Y1(s) := 1™~ (0 < 5 < 1) and [ry, r5). By the residue theorem fv : 1_;22” dz =

27. Further we have lim,, |o f 11— 6212 dz = —lim,, o f% iz~ Y dz = 7. Hence

< sin? i 1 gin? g "2 gin? x
/ 5 dr = lim / 5 dx + / 5 dx
oo T r1l0,r2Too —ry T - x
11_621'2 11_621'2
= lim fRe / 5 dz — / — 5 dz
r110,r2Too y 2 z " 2 z

= T

Proposition 12.5 Let a € R and 6_, be the delta distribution at —a. Then

e =6_, inS*.
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12.2 Regularity for linear inhomogeneous evolution equa-
tions

In this short section we state and proof a well known regularity result (see for
example [15, Proposition 4.1.6, p.51]).

Let X be a Banach space and A be a closed densely defined operator in X with
domain D(A) generating a Cy semigroup (7'(t)),, of bounded linear operators on

X.

Proposition 12.6 Let f € WH(]0,T[, X) and

u(t) == /0 T(t—s)f(s)ds.
Then
v e C([0,7],D(A))nCH[0,T], X)
and Sv(t) = Av(t) + f(t).

Proof: We follow the proof of [15, Proposition 4.1.6, p.51]. Let ¢t € [0,7] and
h € [0, T —t]. We have

o(t + h})z— u(t) _ /OtT(S>f(t+h — Sf)L_ f(t—2s) ds 4 Tglh) /OhT@_ 9 f(s)ds.
Because flt+h—")— f(t— .)Ll(@x)f(t )

h 110
it follows that d+” fo s)f'(t — s)ds + T(t)f(0) for all t € [0,7[. Hence

d+” e C([o, 1], ) Slmllarly one shows for ¢t € ]0, 7] that 2 € C(]0,T], X) and

E(0) = 52(0) for £ € 0,7]. S0 v € C(0, 7], X).

Let t € [0,T[ and h € [0,T — t]. We have

M=t = ¢ [ 1ern-ssds- [ 16956

v — v t+h
(t+h2L (t)_%/t T(t+ h — s)f(s) ds.

By letting h | 0 it follows that for ¢ € [0, 7] we have v(t) € D(A) and Av(t)
v'(t)—f(t). Since A is closed this remains true for t = T'. Hence v € C([0,T], D(A)).
U
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