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Abstract

We consider an optimal control problem described by a semilinear parabolic partial differential
equation, with control and state constraints, where the state constraints and cost involve also the state
gradient. Since this problem may have no classical solutions, it is reformulated in the relaxed form. The
relaxed control problem is discretized by using a finite element method in space involving numerical
integration and an implicit theta-scheme in time for space approximation, while the controls are
approximated by blockwise constant relaxed controls. Under appropriate assumptions, we prove that
relaxed accumulation points of sequences of optimal (resp. admissible and extremal) discrete relaxed
controls are optimal (resp. admissible and extremal) for the continuous relaxed problem. We then apply
a penalized conditional descent method to each discrete problem, and also a progressively refining
version of this method to the continuous relaxed problem. We prove that accumulation points of
sequences generated by the first method are extremal for the discrete problem, and that relaxed
accumulation points of sequences of discrete controls generated by the second method are admissible
and extremal for the continuous relaxed problem. Finally, numerical examples are given.
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1 Introduction

We consider an optimal distributed control problem for systems governed by a
semilinear parabolic partial differential equation, with control and state constraints,
where the state constraints and cost involve also the gradient of the state. The problem
is motivated, for example, by the control of a heat (or other) diffusion process whose
source is nonlinear in the heat and temperature, with nonconvex cost and control
constraint set (e.g. on-off type control). Since this problem may have no classical
solutions, it is reformulated in the relaxed form, using Young measures. The relaxed
problem is discretized by using a Galerkin finite element method with continuous
piecewise linear basis functions in space and an implicit theta-scheme in time for
space approximation, while the controls are approximated by blockwise constant
Young measures. We first state the necessary conditions for optimality for the
continuous problems, and then for the discrete relaxed problem. Under appropriate
assumptions, we prove that relaxed accumulation points of sequences of optimal
(resp. admissible and extremal) discrete relaxed controls are optimal (resp. admissible
and extremal) for the continuous relaxed problem. We then apply a penalized
conditional descent method to each discrete problem, which generates Gamkrelidze
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controls, and also a corresponding discretization-optimization method to the
continuous relaxed problem that progressively refines the discretization during the
iterations, thus reducing computing time and memory. We prove that accumulation
points of sequences generated by the fixed discretization method are extremal for the
discrete problem, and that relaxed accumulation points of sequences of discrete
controls generated by the progressively refining method are admissible and extremal
for the continuous relaxed problem. Using a standard procedure, the computed
Gamkrelidze controls can then be approximated by piecewise constant classical ones.
Finally, numerical examples are given. For approximation of nonconvex optimal
control and variational problems, and of Young measures, see e.g. [2-9], [12-14] and
the references there.

2 The continuous optimal control problems

Let Q be a bounded domain in R?, with boundary I', and let | =(0,T), T <o, be
an interval. Consider the semilinear parabolic state equation
2.1) Y+ A Y+a, (1) VY+b(xt, y(x 1), WX, ) = f(Xt, y(x 1), W(x,t))
22) inQ=Qxl,
(23) y(xt)=0 inZ=TxI, y(x0)=Yy(X) in Q,
where A(t) is the formal second order elliptic differential operator
d d
(2.4) A(t)yzz—Z;Z;(@/@x)[an(X,t)6y/6xj].
j=1 i=
The constraints on the control are W(X,t)eU in Q, where U is a compact, not

necessarily convex, subset of R"', the state constraints are
(25)  Gu(W:= [ gn(xt Y, VY. Wdxdt =0, m=1,...p,

(2.6) Gm(w)::Ing(x,t,y,Vy,W)dxdtSO, m=p+1,...,q,

and the cost functional to be minimized is
27) Gy(w)=],g,(xt.y. VY. wyxdt

Defining the set of classical controls

(2.8) W:={w:(x,t)> W(X,t)| w measurable from Q to U},

the continuous classical optimal control problem is to minimize G,(W) subject to
weW and to the above state constraints.

Next, we define the set of relaxed controls (Young measures; for the relevant
theory, see [20], [17])

29 R={r:Q->MU )| r weakly measurable! — L(Q,M (U)) = L'(Q,C(U))*,

where M(U) (resp. M,(U)) is the set of Radon (resp. probability) measures on U .
The set R is endowed with the relative weak star topology of L'(Q,C(U))*. The set
R is convex, metrizable and compact. If we identify every classical control w(:) with

its associated Dirac relaxed control r(-) =9, ,, then W may be considered as a subset

()
of R, and W is thus dense in R. For ¢el'(Q,CU))=L(Q,CU)) (or



¢ € B(Q,U;R), where B(Q,U;R) is the set of Caratheodory functions in the sense of
Warga [20]) and r € L, (Q,M (U)) (in particular, for r € R), we shall use the notation

(2.10) $(xtrOt):=[ gOxtur(xtydu),
and ¢(Xt,r(xt)) is thus linear (under convex combinations, for reR) in r. A
sequence (I,) convergesto I e R in R iff

.11 lim jQ¢(x,t,rk(x,t))dxdt = jQqﬁ(x,t,r(x,t))dxdt,

for every ¢ € L'(Q;C(U)), or ¢ € B(Q,U;R), or ¢ C(QxU).
We denote by || the Euclidean norm in R", by (,-) and |||| the inner
product and norm in L*(Q), by (-, ) and || . ||Q the inner product and norm in L*(Q),

by (-,-), and || . ||1 the inner product and norm in the Sobolev space V := H,(Q), and

by <-,-> the duality bracket between the dual V*=H"'(Q) and V. We also define

the usual bilinear form associated with A(t) and defined on V xV

2.12) a(t,y.v) —izd:j a (x )y YN gy
. b 2 . Q ] 9 ax aX] o

j=1 i=l
The relaxed formulation of the above control problem is the following. The
relaxed state equation, interpreted in weak form, is

(2.13) <y, v>+at, y,v)+(a,t)" Vy,v)+(b(t, y,w),v) = (f(t,y,w),V),
vveV, ae.in |,
(2.14) y(t)eV ae.inl, y0)=Yy’,
(the derivative Y, is understood here in the sense of V -vector valued distributions),
the control constraint is r € R, and the state constraints and cost functionals are

(2.15) Gm(r):zngm(x,t,y,Vy,r(x,t))dxdt, m=0,...,q.

The continuous relaxed optimal control problem is to minimize G,(r) subject to the

constraints
(2.16) reR, G, (r)<0, m=L..,p, G, (r)=0, m=p+1,..,g.
In the sequel, we shall make some of the following assumptions.

Assumptions 2.1 T is Lipschitzif b=0;else, I' is C' and n<3.
Assumptions 2.2 The coefficients @; satisfy the ellipticity condition

d d d
217) > > a;(xhzz,2a,>.7, Vz,z eR, (xt)eQ,
i=1

j=1 i=1

with , >0, a; € L*(Q), which implies that
(2.18) [act,y,v)| <y, |V

for some ¢, 20, o, >0.
Assumptions 2.3 a, € L"(Q)", and the functions b, f are defined on QxR xU,
measurable for fixed y,u, continuous for fixed X,t, and satisfy the conditions

(2.19) [bOut,y.u)|<g(x D)+ By, bt y,u)y=0,

(220) [f(xty,u)|<w(xt)+7|y

2
s vy,veV, tel,
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V(X1 y,u) e QxR xU,
221 [f(xty,w - fOOty,,w <Ly, -yl V(Xty,Yy,u)eQxR*xU,
(2.22) b(x.t,y,u)<b(xt,y,,u), V(XtV,Y,,u)eQxR’xU,with y, <vy,,

where ¢,y € '(Q), f,720.
Assumptions 2.4 The functions g,, are defined on Qx R%"' xU, measurable for fixed

y,u, continuous for fixed X,t, and satisfy
(223) |ga(%t Y, VW[ < (X )+ 8,y +6, |V
with ¢ e L'(Q), 6,20, 5, >0.
Assumptions 2.5 The functions b,b, f, (resp. g,,,d,, .0,y ) are defined on QxR xU

P V(XLY, V. u) e QxR xU,

(resp. QxR%'xU), measurable on Q for fixed (y,u)eRxU (resp.

(v,¥,u) e R*' xU ) and continuous on RxU (resp. R*"'xU) for fixed (x,t)eQ,
and satisfy

(224) [o,(xt,y.w)| <X +7]y
VXt y,u)eQxRxU,

(225) |gmy(xat, y’ 7’ U)| < é/ml(xﬁt)—i_é‘m] |y| +gm] |7

(2:26) |Gy OO, Y, Vo U)| < S (K1) + Gy Y]+ 51 |
V(XL Y, ¥,u) € QxR xU,

with &,¢ 0 Cm € L(Q), 7785 8 G O 2 0.
The following theorem can be proved by monotonicity and compactness

arguments (for continuous b, f and y’ eV, see also a proof contained in Theorem
3.1 and Lemma 4.2 below).

I NCRSAT) E
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Theorem 2.1 Under Assumptions 2.1-3, for every control r € R and Yy’ € L*(Q) (or
y’eV), the relaxed state equation has a unique solution y:=Yy such that
yel’(1,V), y,el*(1,V*). Moreover, Yy is essentially equal to a function in
C(1,L2(Q)), and thus the initial condition is well defined.

The following lemma and theorem can be proved by using the techniques of

[51, [71, [17].

Lemma 2.1 Under Assumptions 2.1-3, the operator r — VY, , from R to L*(1,V), and
to L°(I,L*(Q)) if b=0. Under Assumptions 2.1-4, the functionals r G_(r),
m=0,...,q, from R to R, are continuous.

It is well known that, even if the control set U 1is convex, the classical
problem may have no classical solutions. But we have anyway the following theorem
stating the existence of an optimal relaxed control.

Theorem 2.2 Under Assumptions 2.1-4, if there exists an admissible control (i.e.
satistying all the constraints), then there exists an optimal relaxed control.



Since W ¢ R, we generally have
(227) cgi= min Gy(r) £ inf Gy(w)=g,,

constraints on r constraints on W

where the equality holds, in particular, if there are no state constraints, as W is dense
in R. Since usually approximation methods slightly violate the state constraints,
approximating an optimal relaxed control by a relaxed or a classical control, hence the
possibly lower relaxed optimal cost C, is not a drawback in practice (see [20], p.
259).

The following lemma and theorem can be proved by using the techniques of
[5], [7], [20] (see also [11]).

Lemma 2.2 Under Assumptions 2.1-5, dropping the index m in the functionals, the
directional derivative of G is given, for r,r'e R, by

(2.28) DG(r,r'—1) = lim S0 =) =G0

e—>0" £

= [ HOGL Y. VY. 21 Ot = (x D),

where the Hamiltonian H is defined by
(2.29) H(xt,y,¥,zu)=2Zf(xt,y,u)—b(xt, y,u)]+ g(xt,y,y,u),
and the adjoint state zZ= z satisfies the linear adjoint equation
(2.30) —<z,v>+a(t,v,2)+(a VV,2)+(zb,(Y,r),v)
= (zfy(y,r)+ 9,(Y,r),V) + (9y(Y,VY,r),Vv), VveV, ae.in |,
(2.31) z(t)eV ae.inl, z(T)=0,
with y =y . The mappings r+ z, from R to L*(Q), and (r,r")~> DG(r,r'-r),
from RxR to R, are continuous.

Next, we state the relaxed necessary conditions for optimality.

Theorem 2.3 Under Assumptions 2.1-5, if r € R is optimal for either the relaxed or
the classical optimal control problem, then r is extremal, i.e. there exist multipliers

q
Im€R, m=0,..,q, with 2, >0, 4,20, m=p+1,..,q, > |1,|=1, such that
m=0

q
(2.32) D 4,DG(r,r'=r)>=0, Vr'eR

m=0
(2.33) 4,G,(r)=0, m=p+1,..q (transversality conditions).
The global condition (2.32) is equivalent to the strong relaxed pointwise minimum
principle
(2.34) H(Xt, y(X1), Vy(X 1), zZ(X,t),r(xt)) = miun H(Xt, y(X,1), Vy(X,1), z(X,t),u),

a.c.in Q,

q
where complete Hamiltonian and adjoint H, z are defined with g := z A O -
m=0

Remark. In the absence of equality state constraints, it can be shown that, if the
optimal control r is regular, i.e. there exists r'e R such that
(2.35) G, (r)+DG,(r,r'-r)<0, m=p+1,..,q,



(Sater condition), then A, # 0 for any set of multipliers as in Theorem 2.2.

3 The discrete optimal control problems

Assumptions 3.1 T is appropriately piecewise C' if b=0, I' is C' and n<3 if
b=0, a(t,y,v) is independent of t (for simplicity) and symmetric if & #1 in the &-
scheme below, the functions a),b,b,b,,f,f, f,,a.bb,f,f are continuous
(possibly finitely piecewise in t) on the closure of their domains of definition, and
y'eV.

Under Assumptions 3.1, for each integer N> 0, let Q" be a subdomain of Q
with polyhedral boundary I'" such that dist("",[')=o(h"), {E"}", an admissible
regular quasi-uniform triangulation of Q" into closed d -simplices (elements), with

N

h" = max; [diam(E")] - 0 as n— o, and {I[}},, a subdivision of the interval T into

closed intervals I} =[t},,t'], of equal length At", with At" -0 as n—o. We
define the blocks Qf =E"x 1. Let V" cV be the subspace of functions that are
continuous on Q, are linear (i.e. affine) on each E", and vanish on Q—-Q". Let u, be
any given fixed point in U . The set of discrete classical controls W" cW is the
subset of classical controls that are constant on the interior of each block Q and
equal to U, on Q—(I xQ"). The set of discrete relaxed controls R” — R is the subset
of relaxed controls that are equal to a constant measure in M,(U) on the interior of
each block Q] and equal to 8, on Q—(I' xQ"). The set R is endowed with the

relative weak star topology of M(U)"™. Clearly, we have W"cR". For

implementation reasons, one could alternatively use a coarser partition for the discrete
controls, that is, use discrete relaxed controls that are constant on hyperblocks

T =ETx1",, where the ET are appropriate unions of some elements E" and |},
are appropriate unions of some intervals |7 .

For a given discrete control r" e R", and 8 ¢<[1/2,1] if b=0, =1 if b#0,
the corresponding discrete state y":=(y;,...,Yy) is given by the discrete state
equation (implicit 8 -scheme)

G.D) (1 AY] = Y]V +ayp. )+ (@) ()Y, V) + (0l Vi1 v)
=(f (), yjp.1")V), forevery veV", j=1..,N,
(32) (Yo-Y,Vv), =0, forevery veV", yleV" j=1..,N,

where we set
(3.3) y;'g =(1-0) y?fl + Hy?, t?g =(1 —9)t?71 + Ht? .

Theorem 3.1 Under Assumptions 2.2-3 and 3.1, if At"<c' (resp. At" <c'(h")?), for
some C' sufficiently small, independent of n and r", if b=0 (resp. b= 0), then, for



every N and every control r", the discrete state equation has a unique solution y"
such that | y]
Proof (sketch). Suppose first that b=0, 8 =1. Lemma 4.1 below shows that, if the
yi|[<c, j=0,..,N, with ¢ independent of n

and r", for At" as in the assumptions. Suppose by induction that Yy, exists for

<c, j=0,...,N, with ¢ independent of n and r".

solution Yy exists for every j, then |

k< j—1. Then the solution Y] is a fixed point of the mapping z=F,(y) (here with

6 =1), where z is the solution, for y given, of the equations

(3.4) (1/A")(z-y] v +al@z+(1-0)y] V) + (aoT t)VEOY+(1-0)y],)),V)
+(b(t5,, 0y +(1-0)y],,r"),Vv) = (f(t},,0y+(1-0)y] ,1),v), VveV",

which reduce (choosing a basis in V") to a regular linear system in z. We then show
(using our assumptions, the continuous injection H, — L*, and the inverse inequality,

see [10]) that ||Z||:||F9(y)||£2c, if ||y||£2c, for At" as above, i.e. F, maps the

closed ball B(0,2c) of center 0 and radius 2c in V" into itself. Moreover, one can
see (using also the mean value theorem for b) that F, is also contractive in this ball,

for At" as above. Therefore F, has a unique fixed point in B(0,2cC), which is the
solution y{.If b=0, 6 €[1/2,1], one can easily see that, by the Lipschitz continuity
of f in y, the mapping F, is contractive on the whole space V", for At"

sufficiently small; hence F, has a unique fixed point in V".

The solution y; can be computed by the predictor-corrector method, using the
linearized semi-implicit predictor scheme, i.e. with y := F,(y,_;) € B(0,2¢) or V".
The discrete control constraint is r" € R" and the discrete functionals are
(3.5) G(r":= At”EIQ Ity Yigs VY, 1DdX, m=0,...,q.
The discrete state conlstoraints are either of the two following ones
(3.6) Case(a) [Gh(rM[<en, m=1..p,

(3.7) Case(b) G (r")=¢,, m=1,..,p,
and
3.8) G(r"<er, en>=0, m=p+1,..,0q,

where the feasibility perturbations &, are given numbers converging to zero, to be

defined later. The discrete cost functional to be minimized is G;'(r").

Theorem 3.2 Under Assumptions 2.2-4 and 3.1, the mappings r"+y] and

r"+— Gl (r"), defined on R", are continuous. If any of the discrete problems is
feasible, then it has a solution.
Proof. The continuity of the operators r" -y} is easily proved by induction on j

(or by using the discrete Bellman-Gronwall inequality, see [18]). The continuity of



r" — Gr(r") follows from the continuity of g,,. The existence of an optimal control
follows then from the compactness of R".

The proofs of the following lemma and theorem parallel the continuous case
and are omitted.

Lemma 3.2 We drop the index m in g, and G, . Under Assumptions 2.2-5 and 3.1,

for r",r" e R", the directional derivative of the functional G" is given by
N-1
(3.9) DG"(r",r™—r"y= At”ZjQ H{Y, Y0, VY, 20T 1= 1)dX,
j=0
where the discrete adjoint z" is given by the linear adjoint scheme
(3.10) —(1/At")(Z] -z} ,v)+a(v,Z]_,)+ (aOTVv, Z}\ )+ (Z] o0, (t5,, Vi, 1), V)
= (2] 1o (s Yios 1) + 9y (s Yios VYo 1)V +(9y (L, Vi, VYips 17, V),
vveV", j=N,..,1, z=0, z eV,
which has a unique solution z, for each j, for At" sufficiently small. Moreover, the
mappings r" > z" and (r",r'"")— DG"(r",r "—r") are continuous.

Theorem 3.3 Under Assumptions 2.2-5 and 3.1, if r" € R" is optimal for the discrete
problem with state constraints, Case (b), then it is extremal, i.e. there exist multipliers

AreR, m=0,...,q, with

3.11) 4,>0, A2 >0, m=p+1,....q, Zq:/ir?] =1,

such that "

(3.12) Zq:‘)/ir?]DG[T‘](r”,r'”—r”):At”ZN;J.QH”(t;‘g,y?g,Vy;‘g,z;‘,lg,r"j‘—rj”)dxzo,
V_r "eR", i

(3.13) A"[G. (r")—&"]=0, m=p+1,...q,
q
where H" and Zz" are defined with g::Zﬂr’;gm. The global condition (3.12) is

m=0

equivalent to the strong discrete blockwise minimum principle
(3.14) '[Q H"(t], ¥y, VY9, 2] 1o, 1) )OX = IEIGIUH J'Q H"(t5, Yios VYip 210> WAX,
i=1L.,M, j=1.,N.

4 Behavior in the limit
The following control approximation result is proved in [4].

Proposition 4.1 Under Assumptions 3.1 on I', for every r e R, there exists a
sequence (W' eW") that converges to r inR.



Lemma 4.1 (Stability) Under Assumptions 2.2-3 and 3.1, if At is sufficiently small,
for every r" € R", we have the following inequalities, where the constants C are
independent of n and r"

@1 |yil<c k=o...N,
\ n n 2
42 DY -yL| <,
=
n - n 2
43) A" |y, <C,
i=1
N
(4.4) Atnz y] IZS c, (under the condition At"<C(h")*, for some constant C
i=0

independent of n,if 8=1/2),
N
@.5) A" |ly; - y,.[; <c. (with the condition At" < C(h")?).
j=1

Proof. Dropping the index n for simplicity of notation, setting v=_26Aty; in the

discrete equation, and using our assumptions on a,a,,b, f , we then have (if b=0,
then #=1 and b(y,)y; 20)

@.6) oy, ~ [+ ~[yia)+ bt yiour. v
+At[a(y,,, ¥, +0%aly;, y,) -(1-0)aly,_, y,,)]
< 20At|(f(tj9, Yio:Ti), y].)|+2<9At||aO||w ||Vyj9||||yj ||
<eat(U+ ;o] +[yio] )il

contte [+l +0+ S
hence, taking £ < % , we get
@D oy =y |+l =y
M2y 0%ty y)-1-0)a(y, 1.y, )]
2 2 2 2
< ety +]yi | = eata+ |y, [+
ety [+ -y,

and if in addition At < 2£
C

@ oLy~ v v

Ly, |} +0%a03,.9)-1-07ay, .y, < eatdt+y

By summation over j=1,...,k, we obtain, for 8 >1/2

k1 5 2 a, k 5 'k 5
@9 o3yl ol rese Sl

+At[



2 .
), with ¢'>0,

<O|yo| +erAt1-0)|y,; +CAtZk:(1+||yj1|
j=1
and for 6=1/2
k k
@10 L3y [ ol LAy
j=1 j=1

1 At <
<SIwl +an Il +cary ey, [
j=1

Since || Yo

" hence || Y,|l» remains bounded, using the discrete Bellman-Gronwall
inequality (see 18]), we obtain inequality (i). The inequalities (4.2), (4.3), and (4.4) if
0 >1/2, follow. By the inverse inequality (see [10]), the condition At” <C(h")*, and

inequality (4.2), we get inequality (4.5)

N 2 At Y 2 N 2
@10 At,zl:”yi =Yl F-Z;Hyi Yl < CZ;”yi ¥ <c

1= 1= 1=
If @ =1/2, inequality (4.4) follows from inequalities (4.3) and (4.5).

For given values V,,...,V, in a vector space, we define the piecewise constant

and continuous piecewise linear functions
o]

(4.12) v.():=v,,, v.()=v, v,O)=(1-0)_+0v;, tel], j=1.,N,

t—t" .
(4.13) v.()=v,_ + A“(vj—v,-,l), tel?, j=1..,N.

tn

If b=0 (resp. b#0), we suppose in the sequel that At" <C (resp. At" <C(h")*),

with C sufficiently small, so as to guarantee the results of Theorem 3.1 and Lemma
4.1.

Lemma 4.2 (Consistency of states and functionals) Under Assumptions 2.2-3 and 3.1,
if r" —>r in R, then the corresponding discrete states y.,y!,y',y" converge to Y,

in L*(1,LY(Q)) (resp L’(Q)) strongly if b#0 (resp. b=0), y; —>y, in L’(1,V)
strongly, and

(4.14) L%G;(I’n)=6m(l’), m=0,...,q.

Proof. By Lemma 4.1 (inequality (4.2) multiplied by At), y'—y" —0 in L*(Q)
strongly. Since, by inequality (4.3) in Lemma 3.3, y" and Yy are bounded in
L*(1,V), it follows that y" is also bounded in L*(1,V). By extracting subsequences,
we can suppose that y' —y and y) —vy in L*(l1,V) weakly (hence in L*(Q)
weakly), for the same Y. The discrete state equation can be written in the form

@19 SOV = OV, WV ac in OT)

in the scalar distribution sense, where the piecewise constant function " is defined,
using Riesz’s representation theorem, by
(4.16) ('//Jn (0),V"), =—a( y?eavn) - (& (t?a)T Vy?eavn) - (b(t?aa y?ea rjn)a V")

(o]

+H(F (@, Y. r")V"), in 17, j=1..,N.

10



By our assumptions, we have, for j=1,..., N

(@17) |7V <

n

V']

Q)

with =0 if b=0, o=1if b#0; hence

Therefore usmg inequality (4 3) n Lemma 33

which shows that " belongs to Ll(l ,V). Now, Let 7" denote the extension of "
by 0 outside [0,T]. We then have, on R

d n n n n n n n n
(4.20) S (Y2 (D,V) = (7 (0, V7, + (¥, V)0 = (Y, V)or,
where 6, o; are the Dirac distributions at 0 and T . Taking the Fourier transforms

(w" Fourier transform of "), we have
(4.21) =2izz(90,V") = (" (2), V) + (Yo, V") = (Yn, Ve
Setting V" = §7(7), and since Y,y are bounded in L*(Q), we get

(422) 27|

By the definition of the Fourier transform, we obtain

1dtSC.

Therefore

For p €[0,1/4), the following inequality holds on R

m2$|ﬁpsoli@5.
+|7l
We then have
w0 14
2 7< CI | |1 7 ||Y
ACS)
1- l|p d
L+[e |
1/2 + 1/2
ey |

The constant integral factor here is finite for p <1/4 . By the Parseval identity

<cC

Therefore, we obtain
0 20| A~ n

Let us examine first the case b= 0 with its assumptions. By the Compactness
Theorem 2.2, Ch. III, in [18], and since the injection of V =H (Q) into H'*(Q),

11



£ €(0,1], is compact, there exists a subsequence (same notation) such that y! — ¥ in
L*(1,H'(Q)) and in L*(Q) strongly, for some ¥, and we must have ¥ =y, since
y' -y also in L’(Q) weakly. Since the injection of H'“(Q) into L*(Q) is
continuous for & sufficiently small (see [1]), Y — y in L*(I,L*(Q)) strongly. Since,
by Lemma 4.1 (v), y'—y" —0 in L*(1,V), hence in L*(I,L*(Q)), strongly, we get
also that y",y" — vy in L*(l,L*(Q)) strongly. In the case b=0, we can use directly
the compactness of the injection V < L*(Q) (between Hilbert spaces) to show the
strong convergences Y, y",y',y] =y in L*(Q), using inequality (4.2) (instead of
(4.5)) in Lemma 4.1. Now, to show that y=Y,, we proceed similarly to the proof of

Lemma 4.3 in [5], i.e. we pass to the limit in the discrete equation, integrated in t,
with appropriate interpolating test functions ¢"(t)v"(x) (with V" modified near the

boundary so as to belong to V"); for the passage to the limit in the nonlinear terms
containing b and f, we can use a generalization of Proposition 2.1 in [4] for a

double integral whose integrant involves multiple sequences converging in various
L” spaces, which can be proved by using the convergence r" —r in R, the fact that
converging sequences of functions in L’ are dominated (in norm a.e. in Q, and up to

subsequences) by a fixed function in L”, Holder’s inequality, Egorov’s theorem, and
Lebesgue’s dominated convergence theorem. Next, to prove the strong convergence

y; —>y in L*(1,V), we first remark that, by the discrete and continuous state
equations, the boundedness of (yy) in L*(Q) by inequality (4.1) in Lemma 4.1, the
above convergences, Proposition 2.1 in [4], and taking the sequence (V' eV") of
functions interpolating an arbitrary given veC,(Q) at the vertices inside Q" and
vanishing on I'" (which converges to v in V strongly), we have
(4.29) (Yn-V) = (¥, V=V")+ (¥, V")

= (Yo V =)+ (V) + [ (F 5V et

T T T
—[ (et y3,rvdt- [ (3, Vg, vt - [ acyp. vt

0 T T T T T
> (YW +[ (Fyn,wdt=[ (b(y,n,vdti—| (aVy,vdt-| a(y,vdt
=(y(M),v),
for every ve C)(Q), hence (yyg,V)— (Y(T),v) for every ve L*(Q), since C}(Q) is
dense in L*(Q),i.e. yn — Y(T) in L*(Q) weakly. We then have
2
YR — ()|

2

(430) a,

vy <[ ap- vy -yt
+ —Jo 0 > Jo 2

2(1V)
Lyl =Ly, vy - Loy, yn - vy
2 y() 2 yN,y 2 y 5yN y

T n n n T n n n T T n n
[ (O, ypde= [ (b(yp. e ypydt— [ (3, Vy, ypdt

T T
—[ atys, ydt- | acy.y; - y)dt —>o.
Finally, the last convergences of the lemma follow from Proposition 2.1 in [4].

12



Note that the condition At" < C(h")* imposed (in fact, the inverse inequality
used to derive inequality (v)) is a worst case one. In practice, the corresponding
sequences of gradients (Vy") constructed by the algorithms are often bounded in
L*(Q), or even in L*(Q), and the above condition is not needed.

We suppose in the sequel that the continuous relaxed problem is feasible.
The following (theoretical, in the presence of state constraints) theorem addresses the
behavior in the limit of optimal discrete controls.

Theorem 4.1 We suppose that Assumptions 2.2-4 and 3.1 are satisfied. In the
presence of state constraints, we suppose in addition that the sequences (¢, ) in the
discrete state constraints, Case (a), converge to zero as N — o and satisfy
Gn(FM|<en, m=1..p, GA(FM<e&n, £n20, m=p+l..q,

for every n, where (f" € R") is a sequence converging in R to an optimal control

f e R of the relaxed problem. For each n, let r" be optimal for the discrete problem,
Case (a). Then every relaxed accumulation point of (r") is optimal for the continuous
relaxed problem.

Proof. Note that our assumption implies that the discrete problems are feasible for
every n. Let (r") be a subsequence (same notation) that converges to some r e R.

Since r" is optimal, hence admissible, and " is admissible, for the discrete problem,
we have

(431) GG, |Gn(r"

Passing to the limit and using Lemma 4.2, we see that r is optimal for the continuous
relaxed problem. If there are no state constraints, by taking a sequence converging to
some continuous optimal control, we arrive directly to the same conclusion.

SS;, m=1,..., p, Gr?](r”)gg:q’ m=p+1,....q.

Lemma 4.3 (Consistency of adjoints and functional derivatives) Under Assumptions
2.2-5 and 3.1, if r"—>r in R, then the corresponding discrete adjoint states
2",2,7",,Z" converge to z in L*(1,L*(Q)) (resp. L’(Q)) strongly if b=0 (resp.
b=0),and Z', - z in L*(1,V) strongly. If r" —r1 and r"™ —r", then

(4.32) r111_)r£1o DG, (r",r"—r"y=DG,(r,r'-r), m=0,...,q.

Proof. The proof is similar to that of Lemma 4.2, using also the consistency of states.

Next, we study the behavior in the limit of extremal discrete controls.
Consider the discrete problem with state constraints, Case (b). We shall construct

sequences of perturbations (&) converging to zero and such that the discrete problem

is feasible for every n. Let r'"" e R" be any solution of the problem without state

constraints
q

p
(433) o= min (UG + Y (max(0.GRr Y,

m=p+l1

and set

(4.34) g =Gr(r"™), m=1,..,p, & =max(0,G,(r")), m=p+L..,0

Let 7 be an admissible control for the continuous relaxed problem, and (f" € R") a
sequence converging to I in R (Proposition 4.1). We have

13



(4.35) m[GL(T")T =[G,(NT =0, m=1...p,
(4.36) lim[max(0,G}(FM)F =[max(0,G, (I =0, M= p-+1,...,q,

which imply a fortiori that c" — 0, hence &, —0, m=1,..,q. Then clearly the
discrete problem, Case (b), is feasible for every n, for these perturbations &, . We
suppose in the sequel that the perturbations ¢, are chosen as in the above minimum

feasibility procedure. Note that in practice we usually have ¢" =0, for sufficiently
large n, due to sufficient discrete controllability, in which case the perturbations &,
are equal to zero, i.e. the discrete problem with zero perturbations is feasible.

Theorem 4.2 Under Assumptions 2.2-5 and 3.1, for each n, let r" be admissible and
extremal for the discrete problem, Case (b). Then every relaxed accumulation point of

(r") is admissible and extremal for the continuous relaxed problem.

z

g
Proof. Since R is compact and Z =1, let (r"), (43), m=0,..,q, be
m=0

subsequences such that r" —>r in R and A; —> A,, m=0,...,q, and consider the
discrete principle in global form, which can be written as
(4.37) J.QH "X, Y,,VY,, 2, r " —rMdxdt >0, vr"eR".

Passing to the limit, by Lemmas 4.2, 4.3 and Proposition 2.1 in [4], we obtain
(4.38) jQ H(xt Y, VY, zr'(x,)—r(xt)dxdt >0, vr"eR".

On the other hand, we have similarly
(439) 1,.G, (r)=limA[G (r")—¢r]=0, m=p+1,..,q,

N—o0

(4.40) G_(r)=lim[G"(r")—&"1=0, m=1,..,p,
(441) G, (r)=lm[G,(r")—&,]<0, m=p+1,...,0Q,

q
and 4,20, 4,20, m=p+1,..,0, D |4,|=1, which show that r is admissible and
m=0

extremal for the continuous relaxed problem.

5 Discrete penalized conditional descent methods

Let (M:n), m=1,...,q, be positive increasing sequences such that M,'n—>oo as
| — o0, and define the penalized discrete functionals

p q
(5.1) G =Gir")+{ O MuIGh(r "M + D M, [max(0,Gh(r")I'}/2.

m=1

m=p+l1
Let b',c'e(0,1), and let (£'), (£,) be positive sequences, with (4') decreasing and
converging to zero, and ¢, <1. The algorithm described below contains two versions.

In the case of the progressively refining version, we shall make the following
assumptions.

14



Assumptions 5.1 The (possibly) finer discretization for n+1 is defined by
subdividing the elements E" into subelements (e.g. triangles into 4 triangles) and by
slightly (up to o(h"), as T" is C' or piecewise C') transforming the resulting

boundary elements so as to fit ™', and then by setting N™' =xN", for some integer
x>2. The discrete penalized conditional descent methods are described in the
following algorithm.

Algorithm

Sep 1. Set k:=0, | :=1, choose a value of n and an initial control r;' € R".
Sep 2. Find 1" € R" such that

(52) d.=DG" (", " -r)= min DG (r,r"=r).

Sep 3. If |d | < B', set r™ =1, T" =T, d' :==d,; [if the discretization for n+1 is
finer, set first 7 :==r1" on Q, and then define r,"""'*' as the modified control resulting
from f, after the slight transformation in the construction of the new boundary
elements E™'; set n:=n+1;]set | ;=1 +1 and go to Step 2. If |dk| > ', go to Step 4.
Sep 4. (Armijo step search) Find the lowest integer value SeZ, say S, such that
a(s):=c"*¢, €(0,1] and a(s) satisfies the inequality

(53)  G"(W +a(9(V —w)-G"(W) < a(s)b'd, ,

and then set ¢, =a(S).

Sep 5. Choose any 1,", € R" such that

(54 G (i) <G ( +a(s)" -,

set K:=k+1, and go to Step 2.

In the above Algorithm, we consider two versions:
Version A. [n:=n+1 etc.] is skipped in Step 3: N is a constant integer chosen in Step

1, i.e. we choose a fixed discretization and replace the discrete functionals G/, by the
perturbed ones G” :=G" —&".

Version B. [n:=n+1 etc.] is not skipped in Step 3: we have a progressively refining
discrete method, i.e. N— o (see proof of Theorem 5.1 below), in which case we can

take n=1 in Step 1, hence n=1 in the Algorithm. This version has the advantage of
reducing computing time and memory, and also of avoiding the computation of the

minimum feasibility perturbations &,. It is justified by the fact that finer

discretizations become more efficient as the iterate gets closer to an extremal control,
while coarser ones in the early iterations have not much influence on the final results.

One can easily see that a classical control T," in Step 2 can be found for every

K by minimizing in ueU the numerical integral on E

(5.5 u(ENY C'H(,, X, yjp(X™), VY (x™),u)

independently for each i=1,..,M, j=1..,N. On the other hand, since clearly
d, <0 and b'e(0,1), by the definition of the directional derivative the Armijo step
a, in Step 4 can be found for every k, if d, #0.

15



A continuous or discrete extremal control is called abnormal if there exist
multipliers as in the corresponding optimality conditions, with 4, =0 (or 4; =0). A
control is admissible and abnormal extremal in exceptional, degenerate, situations
(see [20]).

With w" defined in Step 3, define the sequences of multipliers
(5.6) A'=M'G'r™), m=1,..,p, A} =M max(0,G(r")), m=p+1,..q,

Theorem 5.1 We suppose that Assumptions 2.2-5, 3.1, and 5.1 (progressively
refining case) are satisfied.

(i) In Version B, let (r") be a subsequence, considered as a sequence in R, of the
sequence generated by the Algorithm in Step 3 that converges to some r in R, as
| - oo (hence N— ). If the sequences (A" ) are bounded, then r is admissible and
extremal for the continuous relaxed problem.

(ii) In Version A, let (r"), n fixed, be a subsequence of the sequence generated by
the Algorithm in Step 3 that converges to some r" e R" as | — 0. If the sequences
(l:]' ) are bounded, then r" is admissible and extremal for the fixed discrete problem.

(ii1) In any of the two above convergence cases (i), (ii), suppose that the (discrete or
continuous) limit problem has no admissible, abnormal extremal, controls. If the limit
control is admissible, then the sequences of multipliers are bounded, and this control
is extremal as above.

Proof. We shall first show that | — o0 in the Algorithm. Suppose, on the contrary,
that |, hence n (in both Versions A, B), remains constant after a finite number of
iterations in Kk, and so we drop here the indices | and n. Let us show that then
d, > 0. Since R is compact, let (r,),.«, (T ).k b€ subsequences of the sequences
generated in Steps 2 and 5 such that r, > 7, T, —>T, in R, as koo, kekK.
Clearly, by Step 2, d, <0 for every k, hence

(5.7) d= leTEEK d, = DG(F,T -F)<0.

Suppose that d <0. The function ®(a):=G(r +a(r'-r)) is continuous on [0,1].
Since the directional derivative DG(r,r'-r) is linear w.r.t. r'—r , @ is differentiable
on (0,1) and has derivative ®'(a)=DG(r +a(r'-r),r'-r). Using the mean value
theorem, we have, for each a € (0,1]

(5.8)  G(r +a(m —w))-G(r) = aDG(r, +a'(f, — 1), T — ),

for some '€ (0,a) . Therefore, for a €[0,1], by the continuity of DG (Lemma 3.1)
(5.9) G +a( —r))-Gr)=a(d+g,),

where g, >0 as K> o, keK, and ¢ > 0". Now, we have d, =d +7,, where
n.—0as k—> o, ke K, and since b'e(0,1)

(5.10) d+¢,, <b(d+n,)=b'd,

for  €[0,&], for some & >0,and k>k, ke K. Hence

(5.11) G(r, +a(r,—r))—-G(r)<ab'd,,

for a €[0,a], for some & >0, and k> k, ke K. It follows from the choice of the
Armijo step a, in Step 4 that ¢, > ¢z, for k>k , ke K. Hence

(5.12) G(r,.,)-G(r)<G(r, +, (T, —1)—-G(r,)<b'd, <cab'd, <cab'd/2,
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for k>k, ke K. It follows that G(r,) — —w as k> o, ke K, which contradicts
the fact that G(r,) > G(f) as k—> o, ke K, by the continuity of the discrete
functional (Lemma 3.1). Therefore, we must have d =0, and d, > d =0, for the
whole sequence, since the limit 0 is unique. But Step 3 then implies that | — oo,
which is a contradiction. Therefore, | — oo. This shows also that h— o in Version
B.

(i) Let (r") be a subsequence (same notation) of the sequence generated in Step 3,
that converges to some accumulation point r € R as |,n— 0. Suppose that the
sequences (A") are bounded and (up to subsequences) that A" — A . By Lemma

4.2, we have
nl

(5.13) Ozllimlélm =lmGL(r") =G, (1), m=1...p,

|
m

nl

(5.14) Ozllim Iélm :llim[max(O,G;(r”'))]:max(O,Gm(r)), m=p+1,..,0,

which show that r is admissible. Now, by Steps 2 and 3 we have, for every v'"" e W"
(5.15) DG"(r",r"—r")
p q
=DGy(r",r"=r")+ > ANDGH(r",r"—r™)+ > AnDGa(r",r"—r")
m=1 m=p+1
>d'.
Using Lemmas 4.2, 4.3 and Proposition 2.1 in [4], we can pass to the limit in this
inequality as |,n — oo and obtain

p q
(5.16) DG, (r,r'=r)+>» A, DG (r,r'=r)+ > A,DG(r,r'-r)=0.
m=1 m=p+1
By construction of the A", we clearly have in the limit A, =1, A >0,
q

m=p+1,...q, Zq:|/1m|:=021, and we can suppose that Z|ﬂm|=1 by dividing the
m=0

m=0

above inequality by c. On the other hand, if G_(r) <0, for some index me[p+1,q],

then for sufficiently large | we have G (r")<0 and A, =0, hence 4 =0, i.e. the
transversality conditions hold. Therefore, r is also extremal.

(ii) The admissibility of the limit control r" is proved as in (i). Passing here to the
limit in the inequality resulting from Step 2 as | — oo, for n fixed, and using Lemmas
3.1 and 3.2, we obtain, similarly to (i) (with 4, =1)

q 5 q

(5.17) D A,DGh(r"r"=r")=> A, DGh(r",r"=r") >0, Vr"eR"
m=0 m=0

with multipliers as in the optimality conditions, and the discrete transversality

conditions

(5.18) A'GM(r")=A"[GM(r")-&"1=0, m=p+1,..,q,

(ii1) In either of the above convergence cases (i) or (ii), suppose that the limit control
is admissible and that the limit problem has no admissible, abnormal extremal,
controls. Suppose that the multipliers are not all bounded. Then, dividing the
corresponding inequality resulting from Step 2 by the greatest multiplier norm and
passing to the limit for a subsequence, we see that we obtain an optimality inequality
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where the first multiplier is zero, and that the limit control is abnormal extremal, a
contradiction. Therefore, the sequences of multipliers are bounded, and by (i) or (i1),
this limit control is extremal as above.

In practice, by choosing moderately growing sequences (M) and a sequence
(S') relatively fast converging to zero, the resulting sequences of multipliers (A)
are often kept bounded. One can choose a fixed ¢, =¢ €(0,1] in Step 4; a usually

faster and adaptive procedure is to set £, ;=1 and ¢, =¢, ,, for k>1.

The Algorithm can be implemented as follows. Suppose that the integrals on
Q involved in the discrete state equation and the functionals are calculated with
sufficient accuracy by using an integration rule of the form

(5.19) [ #09dx=Y [meas(ENYC'H(X")].

We first choose the initial discrete control in Step 1 to be of Gamkrelidze type, i.e.
equal on each block Q' to a convex combination of (s+q+1)+1 (s integration
nodes) Dirac measures on U concentrated at (S+q-+1)+1 points of U . Suppose, by
induction, that the control 1" computed in the Algorithm is of Gamkrelidze type.

Since the control T," in Step 2 is chosen to be classical, i.e. blockwise Dirac (see

—=nl

above), the control 7" :=(1-a )" +a,T" in Step 5 is blockwise equal to a convex

combination of (S+Q+1)+2 Dirac measures. Using now a known property of convex
hulls of finite vector sets, we can construct a Gamkrelidze control r", equivalent to
", ie. i, ie. such that the following S+q+1 equalities (i.e. equality in R>%")
hold

(520) f (tg, )<ivn7 ygl ()ﬁvn)a r'le,i) =f (tg, )<ivn9 ygl ()ﬁvn)a rT|<|r'1l ) , v=L..,5

(5:21) u(E")D C gn(t, X", 95 (XM, VI, (XM, 1))
v=l

= u(ENY C g, (5, X", 95 (X™), V5 (X™), ), m=0,...,q,
v=1

for each i=1..,M, j=1...,N, where " corresponds to Fk”', by selecting only
(s+q+1)+1 appropriate points in U among the (S+q+1)+2 ones defining F" .
Then the control 1", clearly yields the same discrete state and functionals as 7" and
thus satisfies Step 5. Therefore, the constructed control 1" is of Gamkrelidze type for
every k (note also that by the construction of the control r,*"'*' in Step 3 if the
discretization is refined, this control is still of Gamkrelidze type, but w.r.t. to the new
elements E™"). Finally, discrete Gamkrelidze controls computed as above can then be

approximated by subblockwise (w.r.t. t) constant classical controls using a standard
procedure (see [8]).

6 Numerical examples
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Let Q:=1:=(0,1) and consider the following examples.

Example 1. Define the reference control and state

_ 1, if 0<t<0.5,
(6.1) W(X):= )

1-2(t-0.5)(0.2x+0.4), if 0.5<t<1,

and consider the following optimal control problem, with state equation
(62) ¥, = Yo +0.5Y|y|+(1+W-W)y

=0.5Y|y|+ Y +[-x(1-X)+2]e" +sin y—sin Y+ 3(w—W),
(6.3) y(xt)=0 on X, Yy0,X)=x(1-X) in Q,
nonconvex control constraint set
(6.4) U :=[0,0.25]U[0.75,1] (or U :={0,1}, on/off type control),
and nonconvex cost functional to be minimized
(6.5) G,(u):= jQ {0.5[(y-V)* + |Vy—V7|2]— (W—0.5)> +0.25}dxdt

V(X) = x(1-x)e",

One can easily verify that the unique optimal relaxed control r is given by
(6.6) r(XOL=wXt), rN{0}=1-r(xHil},
for xe Q, with optimal state ¥ and cost 0, and we see that r is concentrated at the

two points 1 and 0; r is classical (=1) if 0<t<0.5, and non-classical otherwise.
Note also that the optimal cost value 0 can be approximated as closely as possible by
using a classical control, as W is dense in R, but cannot be attained for such a
control because the control values U € (0.25,0.75), or ue (0,1), (of W) do not belong

to U .
The Algorithm, without penalties, was applied to this problem using the

midpoint integration rule on each interval E" — Q, with step sizes h=At=1/100, 8-
scheme parameter 8 =1 (implicit Euler method), Armijo parameters b'=c'=0.5, and
constant initial control r;'(X,t):=0.5(5,+0,), (Xt)eQ, where J,,0, are the Dirac
measures at 0 and 1. After 90 iterations in K, we obtained the results:

6.7) G)(r!)=3.471-10", d, =-1.480-10", 7 =5.722-10",

where d, was defined in the Algorithm and 7, is the discrete max state error at the
points (ih, jAt). Figure 1 shows the last control probability function, for x=0.5
(cross-section), and we have p,(Xt):=r(Xt){l}=1-p(Xt); the other cross-
sections are similar. Figure 2 shows the last computed state (= Y ).

Example 2. We introduce the equality state constraint

6.8) G,(W):= jQ ydxdt =0,

in Example 1. The continuous relaxed problem is feasible, as G,(r,)=0.125>0,
G/(r,)=—0.103<0, where r(xt)=0,, r,(xt):=5,, (Xt)eQ, and the function
p(A) =G Ar,+(1-A)r,) is continuous on [0,1]. Applying here the penalized

Algorithm and the same parameters as in Example 1, we obtained after 147 iterations
in K the results:

(6.9) GI'(")=7.526070032039354-102, G"(r")=6.667-10~,
d, =—2.058-10".
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Figure 3. Example 2: Last relaxed control probability p,, for Xx=0.5

1

Figure 4. Example 2: Last state.

Finally, the progressively refining version of the algorithm was also applied to
the above problems, with successive step sizes h=At=1/25,1/50,1/100, in three

equal iteration periods, and yielded results of similar accuracy, but required here less
than half the computing time.
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