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1 Introduction

The purpose of this paper is to express an optimal control problem in terms of a system
of Differential-Algebraic Equations (DAEs) and to investigate their properties. This system
is obtained using calculus of variations to get the Kuhn-Tucker conditions. The inequalities
associated with the complementarity conditions are converted to equalities by the addition of
a new variable, combining the slack variable and the corresponding Lagrange multiplier. The
sign of this variable indicates whether the constraint is active or not.

The well-conditioning of the problem can be expressed in terms of the index of the resulting
system of DAEs, which is a measure of the difficulty involved in obtaining a numerical solution.
The concept of the tractability indez is introduced as a general purpose way of determining
the index. But a projector related to the tractability index makes it possible, in the case of
higher index, to determine exactly which equations must be differentiated in order to reduce
the index.

Other ways of solving the optimal control problem involve the discretization of the original
problem to convert it to a finite dimensional constrained optimization problem. In each of the
following references ([1, 3, 4, 16, 20, 21, 22, 23, 26]) all the variables are discretized in one way
or another. The discretization may be carried out only on the control variables ([2, 8, 9]), and
any inequality constraints on the state variables might be approximated by a penalty function
([19, 24, 25]), whereas in the method given in this paper they are treated exactly.

The examples used here are the minimization of the time to travel a fixed distance, subject
to bounds on the acceleration and on the velocity, and the maximization of the yield of a
component on a packed bed reactor. These problems have index varying from 1 to 3. The
first two examples have simple analytic solutions; the third example appeared to be more
complicated, but an analytic solution is presented.

'Dept. of Applied Maths., The Open University, Milton Keynes, MK7 6AA Great Britain.
E-mail, r.england@open.ac.uk

2TIMAS, National University of Mexico, Apdo. Postal 20-726, Mexico D.F..
E-mail, susanag@servidor.unam.mx

3Humboldt-University of Berlin, I. of Mathematics, D-10099, Berlin, Germany.
E-mail, lamour@math.hu-berlin.de



2  General transformation process

2.1 Formulation of an optimal control problem

Consider an optimal control problem, expressed as a dynamical system of ordinary differential
equations subject to a number of initial and terminal conditions, and to a number of inequalities
on the state variables and the control variables, and with some unknown constant parameters.
The objective function has the form of an integral of some function of the same state and
control variables and parameters.

b
minimize J(u) = /h(g,g,g)dm (1)
0

subject to: y' = fly.uc), 4(0)=y, (€I), y,(b)=y, (j€F) (2)
0 Y, u,c). (3)

IN
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Here, 7 and F are subsets of the state variables y for which initial and terminal values,
respectively, are specified.

2.2 Calculus of variations

As we wish to transform this problem to a system of DAESs, we use the variational formulation.
Introducing the perturbations dy(z), du(z), dc constant, and the Lagrange multipliers v(x) for
the differential equations, and w(zx) for the inequalities,

b b
[ oy s+ taeyde = [ w0y~ fidy— fubu— fdc)da
0 0

+ / W' (9,0 + gubu + geb) da, (4)
bu(0)=0(eT),  oy(b)=0(jeF), (5)
wigi(y(x), ulx),) =0 (Vo Vi), 0 < w(a). (6)

To eliminate the term (5_y’ using integration by parts, under the assumption that both dy(x)
and v(z) are continuous and piecewise differentiable,

b b
/ "0y dx = —/ oy dz,
0 T 0 T

v,(0)=00G&I), v(b)=0(¢&F). (7)

where



The perturbations dy(z), du(z), dc are independent, and therefore:
b b b b
/ h,dydr = / v 0y — f,0y) dx + / w” g, 0y dr = / (" =" f, +w"g,)dy da,
0 0 0 0
b b
0 0

b b
[sear = [(-ohr wgoseds
0 0

Apart from the continuity condition on dy(x), the perturbations dy(x),du(x),dc are also arbi-
trary, and so:

o = =" f, +wg, — R, (8)
0" = —v'fu+w"g, — hy, 9)
b
0 = / (=" fo + w" go — h7)da (10)
0

The original differential equations (and boundary conditions) (2), together with the adjoint
equations (8-10), boundary conditions (7), inequalities (3), and complementarity conditions
(6), form the Kuhn-Tucker necessary conditions for (y, u, c) to be a minimizer of the functional
J(u) in equation (1). B

In order to express the integral equation (10) as a differential equation, new variables r(z)
may be introduced, corresponding to the constants ¢, and satisfying

=" fotw'g. —he, r(0)=0, r(b)=0 (11)
Introducing a Hamilton function as
H(y,v,c,u,w) == —fT(y,u,c)v + g" (y,u, )w — h(y, u, c)
we can express the right hand side of (8-11) in terms of H.

2.3 Elimination of inequalities

In order to eliminate the inequalities on g and w in the complementarity conditions (3) and
(6), new variables p may be introduced, such that

p=g—w, g=max(0,p):=p", w=max(—p,0):=p,

and so the Kuhn-Tucker conditions (2),(3),(6-9) and (11) may be expressed in the form of the
following system of DAEs subject to initial and terminal conditions:

Ql == i(gaﬁag)7 y’L(O) = yiO (Z EI)’ yg(b> = yjl (] = JT)’

v'= Hy(y,v,c;u,p”), v(0)= 0G¢I), v, )= 0(¢gF),

= Hd(y,v,cup), r(0)= 0, r(b) = 0, (12)
0= H,(y,v,c,u,p"),

0= p"—g(y,u0).



3 Examples

To demonstrate this transformation we apply (12) to three known examples.

3.1 Problem 1 (see [4, 16])

A simple example of such a problem is that of

Minimum time to cover a fized distance.

3.1.1 Problem statement

Let the time taken to cover the distance (300 units) be ¢y > 0. Then the problem is to
minimize ty

dz,

subject to : o= T z,(0) =0, z,(tf) =300,
dx
dt2 = u, z,(0) =0, xz,(t;) =0,
—2<u<l,

where u is the acceleration.

3.1.2 Conversion to the General Formulation

In order to express this problem in the form given in (1-3), we define variables and constants
as follows:

T, =Y, T, =Y, t=1tfs, u=z, tf:C>0,
and so obtain

1
minimize tf = / cds
0

d
subject to : dyl =y,c, 4,(0)=0, g (1)=300,
s
dy
d—; = zc, y,(0) =0, y,(1)=0,
0<2+z,
0<1—z.

The exact solution of this problem is:
c =30, and
for0<s < %



for%ﬁsgl

y1 = 300 —c*(1—s)?
Y2 = 26<1_8)7 (14)

The Hamiltonian function is

H = —yscv; — 2zcvo + (24 2)py + (1 — 2)py —c.

3.1.3 System of DAEs

Using the procedure outlined above, this gives rise to the following system of DAEs (12) without
inequalities:
dy,
ds
4,
ds
dv,
ds
dv,
7. =
dr
ds
0= —cv,+p; —p;,
0= ptH—-2-z,

= Y, Y, (0) =0, y1(1) = 300,
= Z¢, y2(0) = 07 y2<1) = O,

= 0,

= —y,u, —zv,—1, r(0)=0, r(1)=0,

0= pf—1+z2

This system has 8 variables and 1 unknown constant which must satisfy 5 equations with
derivatives and 3 algebraic equations, and has 6 boundary conditions for the 5 differentiated
variables and the constant.

3.2 Problem 2 (see [16])
A slightly more complicated problem is given by imposing a Speed limit.



3.2.1 Problem statement

Let the speed limit be k, where the other variables have the same meaning as before.

problem is to
minimize

subject to :

ty
d

S—a,, 2,(0)=0, 2,(t;) = 300,
dt
dz,

dt =u, x2(0) =0, $2(tf) =0,
—2<u<l, z, <k

2

3.2.2 Conversion to the General Formulation

We define variables and constants as before

T, =Y, T, =Y, t=1trs, u=z, tf:C>0,

and so obtain

minimize

subject to :

dy

L — 0)=0 1) = 300
Wy, w0 =0, y,(1) =300
dy

d—; = zc, y,(0) =0, y,(1) =0,
0<2+2,

0<1—2,

0<k—uy,.

If k£ > 20 the solution of this problem is identically to that of Problem 1.

If £ < 20 the exact solution is:
¢ =30+ 2(20 — k)%, and
for0 <s < %

for E<s<1-—£
c 2c

w o= e
Y2 = CS,
z = 1
Yy = l{:cs—%kQ,
Y2 = K,
z = 0

The

(16)



forl—Qﬁcgsgl

mn 300 — c*(1 — 5)?,
Y2 2¢(1 — s), (17)
z = —2.

The Hamiltonian function is

H = —yocvy — zeva + (2+ 2)py + (1 — 2)p; + (k—y2)p5 —c.

3.2.3 System of DAEs
This gives rise to the system of DAEs (12) without inequalities:

dy,
ds

— = zc, ¥,(0) =0, y,(1) =0,

= Yy, y,(0) =0, v, (1) =300,

1: 07

— = —CU

ds 1_p3_7

— = -y, —2z2v,—1, r(0)=0, r(1)=0,
= —Cv, + pl_ - p;a
0= pf—2-z,
= p;— —k+ Yy-
This system has 9 variables and 1 unknown constant which must satisfy 5 equations with

derivatives and 4 algebraic equations, and has 6 boundary conditions for the 5 differentiated
variables and the constant.

3.3 Problem 3 (see [16], [13])

An example of a higher index problem: Catalyst mizing for packed bed reactor.

3.3.1 Problem statement

In [16], this problem is given as one of maximizing the concentration (1 — z%(t;) — z°(t;)). The
statement of the problem is as follows:



max (1 —z(tp) — 2b(ty))

F
. dz" b a
subject to : o = F(10z° — 2), 24(0) =1,
dzb a b b b
E:F(z —102°) = (1= F)z°, z°(0) =0,
0<F<1.

3.3.2 Conversion to the General Formulation

In order to express the problem in the form given in (1-3), the revised objective function must
be rewritten as

tr
min (2%(t;) + 2°(t;) — 1) = min/ (F—1)z"dt
F F /o

and the inequality constraints as 0 < F, 0 <1 — F.

Note that, in this problem, ¢ is a distance and t; is a given, constant, reactor length.
Extending [13],[5], it is possible to give the exact solution.

If t; < LIn(1++v121) + In(1 + v0.1) =: d. ~ 0.4111 and ¢, satisfies

ele(e' +10) = 11e',

the solution is:

for 0 <t <t,
2% = ﬁ(lO—i—e‘llt),
2= L1-e, (18)
F = 1

fort. <t <ty

2 = (104 e M),
2= L(1—e M)t (19)
0.

If 4 > d. the solution consists of three parts.
Let t, := - In(1 + v/12.1) & 0.1363 and #, := t; — In(1 + v/0.1) ~ t; — 0.2748. Then
for 0 <t <t,

2% = FH(104 e,
2o L1, (20)
F = 1;



fort, <t <t

fOFtbStStf

2 = 4(100 + V/10)esz (-6+VIO(E-ta)
2 = (11— V10)em6HVIO(ta)
F = 5—V0_%0.2271;
52
2% = 47(100+ V1 0)esz (~6TVIO(t—ta)
Zb _ %(11— /10)6 (t— tb)+52( 6+\/7)(tb7ta)’
F = 0.

The Hamiltonian is

H=—F(102" — 2*)(v* =) + (1 — F)2"(v" + 1) + Fp; +

3.3.3 System of DAEs

The problem gives rise to the system of DAEs (12) without inequalities:

dz®

o — (10211 _ ZG)F, Za<0) = 1,
de a b b
= (10N - (1= F)z, 2(0) =0,
d; = (v*—")F, v (ty) =0,
dv® b

0= (2*—102%)(v* —2") = 2°(v" + 1) + p. —p,,

0= pf — F,

0= pf—1+F

(1= F)p,.

(21)

(22)

We now have a system with 7 variables which must satisfy 4 equations with derivatives and 3 al-
gebraic equations but no inequalities, and which has 4 boundary conditions for the 4 variables
which are differentiated.

4  The tractability Index Concept

4.1 Short Introduction

In the case of linear DAEs, the index indicates how often we have to differentiate parts of
the right hand side of the DAE to obtain an expression for the solution. Therefore the index

9



describes the difficulty involved in solving a system numerically.

A way of determining the index of a system of DAEs is given by the tractability index concept
(see also [17]). The motivation of tractability index comes from an equivalent transformation
of a DAE without differentiation. This is important e.g. if the data of the DAE have low
smoothness properties.

The definition of the tractability index is based on a matrix chain G;, ¢ > 0 in the following
way. Consider a DAE in quasilinear form

E((D@)z(t)), z(t), 1) = Az, t)(D(t)z)" + b(z, 1) = 0, (23)

where F(y,z,t) : R" x R" x R — R" A(z,t) € R D(t) € R™™ and b(z,t) € R". We
prefer systems of DAEs with properly stated leading term, because of their clearer description
and their better numerical properties (see [11],[12]). Properly stated leading term means that
ker A(z,t)®im D(t) = R™ and the projector realizing this splitting is continuously differentiable
(see [18]). With

By, z,t) == Fy(y, 2, t)

(we will drop the arguments) a matrix chain is defined by

GQ = AD, B() = B,
Giy1 = G+ BiQ;, (24)
Bi+1 = (Bl - Gi+1D7(DP()...PiJrlDi)/DPO“.PZ‘,l)Pl'

where (); denotes a projector onto N; := kerG;, P, :== I — (); and D~ describes a reflexive
generalized inverse of D, i.e. D =DD~D, D~ = D~ DD~ and additionally D™D = F,.

Definition 4.1 (See [18]) An equation (23) with properly stated leading term is said to be a
DAFE with tractability index u on the interval I, if there is a continuous matriz function sequence
(24) such that

(a) G; has constant rank r; on I,

(b)) No ® Ny @ -+ @ Ny C ker Q;, 0<1<pu,

(C) Ql S C([,Rnxn)7 DPO e PZD_ S OI(I’Rme)

(d)0<ro<---<r, 4 <r,=n.

To check the index of a DAE we have to check the ranks of the matrices G;,0 <1 < pu.
Remark: The ranks and therefore the index are independent of linear transformations.

By means of the tractability index concept, it is also possible to get a cheap way to reduce the
index of a higher index system of DAEs.

If we consider a system of DAEs of semiexplicit structure (23)
Az, t)(D(t)z) + b(z, 1) =0

of index k (i.e. Gy remains nonsingular) the system of DAEs

Al (DO + (T = Wi )b, ) + Wis 5 (Wi 1b(z, 1)) =0 (25)

10



has, for a wide class of DAEs, index k& — 1, where W},_; denotes a projector along im Gy_;.
This is proved for linear equations and for index-2 equations of structure (23) (see [7]).
For index-3 equations we prove the following theorem.

Theorem 4.2 Let A(Dz)" + b(z,t) = 0 be an index-3 system of DAEs with constant matrices
A and D. Let Wy be a constant projector along im Gy, (Wab)(z,t) = (Wab)(Poz,t) and
I+ QQGS_I(B(Q, z,.) DY), PoQ1Q2 nonsingular for arbitrary y. Then the system of DAEs

d
A(Dz) + (I — Wa)b(z,t) + W (Wabl(z, 1)) = 0 (26)
has index 2.

Proof:
Equation (26) can be written in greater detail as

A(Dz)" + (I — Wa)b(z,t) + Wo(WoBD™ (Dz)" + (Wab)) =0 (27)
The matrix chain of (26) with matrices linearized in (y,z) is given by the following

Go = Go+WLBP,, with Qy= Qo
BO = ([ — WQ)B + WQ(WZBDig + (WZZz)t)xPOv

where B = b, (z,t). The next chain elements are given by

G~1 - éo + BOQO = G(] + W2BPO + (I - WQ)BQO
Gl + WQBP().

From 0 = Wi+1Gi+1 = VVZ(Gz + Ble) we derive m+1Wi = VVI'_;,_l and~
W1 B:;Q; = W1 BoQ; = 0. ~Therefore WyBFPy = WoBFPyP, and (G; and (G; have the same
nullspace, i.e. we can choose ()1 = 1. Then

B, = ByPy—GD (DP,D™)D
= ((] — WQ)B + WQ(WQBD_Q—F (W2[_7)t)xP0 — GlD_(DplD_)/D.

The next step gives

Gy = Gi+DBiQy
= G1+WyBPy+ (I — W5)BPy@Q1
+Wo(WaBD™y), BoQ1 + Wa(Wab),).Po@Q1 —GiD™(DPLD™)'DQ,
:WQBD*(B;DlD*)’DQl
(G1+ BRQ1)(I — PLD™(DPLD™)' DQy) + WaBPy Py + Wy(WoBD ™ y). PoQ:
= Gy + WoBPPy + Wo(WoBD ™ y). PoQr.

Consider Gz = 0. Multiplying
(G2 + WaBRy Py + Wo(WoBD™y), PoQ1)z = 0

11



by (I — W3) we get Gz = 0, which leads to z = @z, and by Wy we get

(WoBPyPLQy +Wo(WoBD™y), PoQ1Q2)z = 0.
—W2BaQ

Using the special projector Wy := G3Q,G5" we obtain

(WaByQa + Wa(BD™y). Po@Q1Q2)z = (G3Q2 G5 ByQ> +G3Q2G§1(BD_g)xP0Q1Q2)§ = 0.
-Q
(2)
Multiplying (28) by G3 leads to

Q22 + Q2G§1(BD7Q):EPOQ1Q2)Z = (I + QzGEI(Bng)zP0Q1Q2)Q2§

and hence 02z = 0.

This means that G is nonsingular and (26) has index 2. a
Remark: A check of the nonsingularity condition of I + Q,G3*(B D™y). PoQ1Q2 is not trivial,
because it needs e.g. G3'. But it can be seen immediately that the condition is fulfilled for
linear DAEs. The complicated theoretical computation also makes a direct numerical algorithm
necessary.

4.2 The Tractability Index of the DAEs

We will investigate the index of the DAE (12) in general form, applying the tractability index
concept. To get a DAE, which has as many equations as unknowns, we introduce an extra
ODE for ¢. The DAE is given by

v = fly,u0),
d= 0
v'= Hy(y,v,cup),
= H.(y,v,c,u,p”), (29)
0= Hu(y,v,c,u,p”),
0= p*—ygly,uc)
The matrices A, D and B are
I
I I
I I
A= | P= I
0 I 00
0

12



. T .
and with the unknown vector x = (yT, ol T T, pT) we obtain

_fy _fc 0 0 _fu 0
0 0 0 0 0 0
B=1 — _Hyy _Hyc _Hyv 0 _Hyu _Hyp . By B
- N _Hcy _Hcc _Hcv 0 _ch _Hcp o B21 B22 )
Huy Huc H'Lw 0 Huu Hup
—9y  —Ye 0 0| =g« p}
where pt = & _ ﬂ . The first matrix chain element is
=p op Op;
I 0
I 0
G():AD: 4 I anonz 0 0
0 1
0 I

is a nullspace projector of GGy. The next chain element G will be calculated as G; = G+ BQy.
We find
(I DBy
G, = ( 322> |
It is easy to see that (&7 is nonsingular iff By, remains nonsingular, i.e. we have an index 1
DAE. If By, is singular and we know a nullspace projector of Byy, we can construct a nullspace

projector ()1 of G;. For DAEs with tractability index we know that N, N Ny = {0} (see
[18]),in particular for £k = 0, {0} = Ny N Ny = ker Go N (ker Gy N ker BQy) = ker G N ker BQy.

Therefore B must have full rank.
Baso
Let @1 be a nullspace projector of By; then if R = Q155) Bl and Sp, := (B, B) (glz),
22
 [BuR 0
o= ("4 ) (30)

represents a nullspace projector of G; with Q1Qy = 0. If we know ()1 we can calculate the next
matrix chain element
Gy =G+ B1Q1 = (G1 + BoPoQ1)(I — PLD™ (DP.D™)'DQy). (31)
————
=:Ga

To investigate the singularity of G5 it is sufficient to investigate the singularity of G,, because
the second factor in the representation (31) of G remains nonsingular.

In order to construct a nullspace projector @, of By the structure of the given problem is
sometimes useful. Very often the objective function and the right hand sides f of the ODE and
g of the inequality depend only linearly on the control u. In that case H,, = 0. If additionally
g, has full rank the following Lemma is valid.

13



0
Lemma 4.3 1. The matrix M = (—g gq;%) with full rank g, is nonsingular iff

Ep
Z = (]_9; — gu(9Yg.)"1gl) is nonsingular and

0 (9590:19562)

2. if M is singular a nullspace projector onto ker M is given by Q = (O 0

where Q describes a nullspace projector onto ker Z.

Proof: 1. From p = p — p~ we obtain [ = p p . Using p = p — I we obtain from
gt 7 = gu_ — gl =47 p, . Multiplying M with a nonsmgular matrlx

Iy (é (gfguj)lgf) _ (_(;u glf) (I Z)_

We obtain a factorization into two matrices. The first factor remains nonsingular for full rank
g, and it is shown that M is nonsingular iff Z is nonsingular.

2. Let Q be a nullspace projector onto ker Z. From 9 TZ(@Q = 0 we obtain, using I = p —D,
that guz_?p Q) = 0. Then it is easy to see that MQ = 0. a

4.3 Application to the Examples

Let us now consider the examples given in section 3. We will study the examples using matrix
chains.

4.3.1 Problem 1

The vector of dependent variables is given by z = (y1, Y2, ¢, v1, V2, T, 2, D1, P2)-

Go:<16 03>7 QOI(OG 1.3).

The matrix B is given by

0 —c =y 0 0 0] 0 0 0

0 O z 0 0 O0|—-c O 0

0 O 0O 0 0 0] O 0 0

0 O 0O 0 0 0] O 0 0

B=|10 0 v, ¢ 0 0|0 0 0 7

0 v 0 1y 2z 0] v 0 0

0 0 —-v2 0 —c 0] 0 P1,, D2,

0 O 0O 0 0 0f-1 pfpl 0

0 O 0O 0 0 0] 1 0 pgp ,

14



and the next chain matrix is calculated as

1 000O0O0O0 O 0
01 000O0|—c O 0
0010000 O 0
0001000 O 0
G,=]1000010[0 0 0
000O0O0T1lwv O 0
0000000 p, —py,
000O0O0O0|-1 pfpl 0
000O0O0OO1T O p§;2
0 p,, —Dy,
The nonsingularity of GG; depends on the nonsingularity of | —1 pi;l 0 . This matrix
Lo

has exactly the structure of matrix M of Lemma 4.3. The relevant matrix Z is given by

+ _1 1
7 = plPl 2 2
- 1 + _1]-
2 Da,, — 3

Here two cases are possible: either p; and ps have the same sign or they do not.

For different signs of p; and py, det Z = —%, which means that G, is nonsingular and the
DAE has index 1. If both p; and p, are negative the last two equations create a contradiction,
because each of them gives a fixed value of z, but they are different (-2 and 1); in terms of
the original problem statement both constraints are active simultaneously. The DAE has no

B12

B ) does not have full rank. Therefore the pencil
22

tractability index in that case, because (

(AGo + B) is singular.

If both p; and py are positive the last two equations do not determine the control z. The
algebraic equation 0 = —cwvy implies that v9 = 0 and from the fourth equation v; = 0. The ac-
celeration z appears in the second equation but, together with the first equation, that provides
insufficient information to determine z. The DAE has no tractability index in that case (see
Section 5). The pencil (AGy + B) is singular.

4.3.2 Problem 2

The vector of dependent variables is given by = = (y1, Y2, ¢, v1, V2, T, 2, P1, P2, P3)-

GOZ(IG 04)» Q0:<06 ]4).

15



The matrix B is given by

0 —c =y 0 0 0| O 0 0 0
0O 0 —2 0 0 0|—-c O 0 0
0 0 0O 0 0 0] O 0 0 0
0 0 0O 0 0 0] O 0 0 0
0O 0 v ¢ 0 0O 0 0 ps
B = v
0 v 0 1y 2z 0| v 0 0 0 )
0O 0 —vy 0 —c 0] O pfpl —pQ_pz 0
0 0 0O 0 0 0]-1 pfpl 0 0
0 0 0O 0 0 0] 1 0 pé’m 0
0 1 0O 0 0 0] O 0 0 p:;;S
and the next chain matrix is calculated as
1000 000 0 0 0
01 00O0O0O|—c O 0 0
001 0O0O0|O0 0 0 0
0001000 0 0 0
000 0T1O0|O0 0 0 Ps,,
G={0o000001lw 0 0 0
000 O0O0O 0| O P, —Pa, 0
000 O0O0O0|-1 pfpl 0 0
000 O0O0O0O|1 0 pjp , 0
000 0O0O0|O0 0 0 pg;S

The matrix in the lower right corner, which determines the singularity of GG, has the structure
of M in Lemma 4.3 and the associated matrix Z has the structure

+ 1 1
_plpi o !
Z = 3 D, — 3 0
o

If p3 > 0 we discover the same cases as in Problem 1: if p; and py have different signs then Z
and therefore M is nonsingular and the DAE has index 1; if p; and p, have the same sign no
index is defined.

If p3 < 0, from the last equation, ¢y, = k, and from the second equation z = 0. The equations
for pi and py gives p| = 2 and p§ = 1 and both p; and p, are positive.

. B .
If p3 < 0 and both p; and p, are negative, ( Bu) does not have full rank (all three constraints
22
are active). If p3 < 0 and p; and py have different signs the matrix pencil AGy + B is singular.
1 10

If p3 <0, pr >0and ps >0, Z looks like Z = - |1 1 0] and a nullspace projector is
2\0 0 0
0 -1 0
Q=110 1 o]. Using the nullspace projector of M constructed in Lemma 4.3 we obtain a
0 0 1

nullspace projector of Gy by (30) as
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0 0 0 0O 0 00 0O

0 ¢y 00 0 —coop 00 00

0 0 0 00 0 0 00O

0 0 0 00 0 0 00O

10 0 0 0 1 0 0 00O
@1 = 0 —cvoup 0 0 0 w3p 0 0 0 O |

0O e 000 —wpu 0 0 0O

0 cu 000 —wvu 0000

0 —cu 000 wvup 0 0 0 O

0 0 0 0 1 0 0 00O

with pu = m and we obtain G, by (31) as

1 —cp 00 0 cogp 0 00 O
0 1 0 0 O 0 —c 0 0 O
0 0 10 0 0 0 00 O
0 0 01 0O 0 0 00 O
G, — 0 0 0 0 1 0 0 00 -1
2710 Ao 00 2z l—covgn va 0 0 0
0 c 0 0 —c 0 0 00 O
0 0 00 O 0 -1 10 0
0 0 00 O 0 1 01 0
0 A 00 0 —CcUaft 0O 00 0

The matrix G, remains nonsingular (det(Gz) = ¢?) and we have an index-2 DAE. The projector

Wl =

DD DO OO oo oo
DD DO OO oo oo
DO DO OO oo oo
S OO OO oo oo
O OO OO oo oo
OO O, OO o oo
O OO OO oo oo
DO DD DO oo
_ o OO oo oo oo

shows that we have to differentiate the sixth and the ninth equations to reduce the index. This
index-2 DAE corresponds to the middle interval of the solution (16).

4.3.3 Problem 3

b b
’,Ua’,U 7F7p17p2)-

G0:<I4 03>7 Q0:(04 13).
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The vector of dependent variables is given by z = (2%, z



For the matrix B we have

F —10F 0 0 2% —10z° 0 0
—F 14+9F 0 0 —2%+92° 0 0
0 0 —F F —v® 4 2° 0 0
B— 0 0 10F —1—9F [14100°—=%* 0 0 :
v®— 0 —(1+100% — 90°) 2% —102° —2%+92° 0 p1,, P,
0 0 0 0 -1 pi, 0
0 0 0 0 1 0 i,

and the first chain element is given by

1000 2% —102b 0 0
01 0 0] —2z402 0 0
0010 —v® 4 b 0 0

a b Gl Gl

Gy=] 000 1[1+100°—9%" 0 0 — (G%l Gp),

0000 0 pi,, Da, 21 L2
0000 -1 pfpl 0
0000 1 0 p;pz

The submatrix G}, of G, which determines the singularity is exactly the same as in Problem
1. We have a nonsingular matrix G, if the signs of p; and ps are different. If p; and p, are
negative we have a nonregular DAE (see Problem 1). Lastly we have to investigate the case
where both p; and py are positive.

1 _
If p; >0 and p; > 0 then Z = 3 (1 1> and a nullspace projector Q) = <O 1),

11 0 1
The gradient of the constraint vector ¢ is g, = _11 and from Lemma 4.3 the projector
) 00 —1
@Q1=10 0 —1]. From (31)
0 0 1

=G+ BP,Q, = + = )

02 =G1+ BR (0 B22) (321 B22) ( o) ( R 0) By BisR 322)
0 00

By examination of B, it may be seen that By; Bio =0 and Bygs = | —1 1 0 | therefore G5 has

1 01

a zero row and is singular. The singularity of G, leads to a singular matrix GG9, which means
that the DAE has index at least 3 (if it exists). To investigate that, theoretically we have to
construct a projector @ (if at all possible) with 2@y = 0 and Q2Q; = 0. It is a very complex
problem and we will investigate that case numerically (see Section 5). We will see that the
DAE has index 3.

We can apply Theorem 4.2. The assumptions are fulfilled, but to check it we used a formula
manipulation system.

18



(I - 312R)U

The image of G, is given by {y : y = Gz, 2z € R"}. Setting z = Ru+(I—Q) (

0 with
y

u

0 |. This shows that the projector along
v

arbitrary vectors u € R* and v € R? we get Gz =

/

im Gy = im G, is given by

000O0O0O0O© O
0000O0O0O
000O0O0O0©O0
Wo=]100000O0O0
000O01O00O0
000O0O0O0O© O
000O0O0OO0O

We have to differentiate the fifth equation. The resulting equation (26) which may be written

(A -+ WBD")(D) + (I — Wa)b(x) = 0 (32)
has index 2 with
1 0 0 0 000
0 1 0 0 000
0 0 1 0 000
A+WyoBD™ = 0 0 0 1 000
v® — vt — (14100 —9®) 2% —102° —22+92> 0 0 0
0 0 0 0 000
0 0 0 0 000
Multiplying the system of DAEs on the left by a scaling matrix
1 0 0 0 000
0 1 0 0 000
0 0 1 0 000
T(z) = 0 0 0 1 000
—(v* =) 1T+100% —90® —(24—10z°) 2¢—-92> 1 0 0
0 0 0 0 010
0 0 0 0 0 01

with T'(xz) = T(Px), will not change the index of (32) and it achieves the substitution of the
derivatives. The new matrix chain elements corresponding to the equation

T(z)(A+W2BD™)(Dz)" + T(z)(I — Wa)b(z) =0 (33)
are given by

~

Go=T(AD + WoBD™D) = Gy, B = (T(z)(I — Wa)b(z)).,

19



and

1000 22—10z> 0 0
0100 —2¢49" 00
0010 —v'42® 00

Gy =Go+ (T(x)I —W)b(x)aQo=] 0 0 0 1 14+100°—%" 0 0 | =G4
0000 0 0 0
0000 —1 10
0000 1 0 1

because QO = Q.
Since equation (32) has index 2, the matrix (i remains nonsingular and the projector Wy (= W5)
along im G1 shows that for an additional index reduction we have to differentiate the fifth
equation once more, as was found in the ad-hoc study of the index of this example in [5], [6].
The index-3 DAE for the case where p; > 0 and py > 0 corresponds to the middle interval of
the solution (21).

5 The numerical tests

The matrix chain (24) is realized numerically (see [15]) as a Matlab code. We will use it to test
the problems numerically. Numerically means that we check the properties of the investigated
DAEs pointwise for particular values of the variables. The tractability index works with lin-
earizations of the DAE along a function, with appropriate smoothness properties. Here in our
experiments we linearize the DAE along a linear function through x(¢) with derivative of every
component equal to 1.

Under "remarks” we put the answer of the algorithm and the last calculated matrix chain ele-
ment, or we indicate to which part of the solution it corresponds.

Problem 4.3.1:
We use E(ﬂ = <y17 Ya2,C, V1, V2, T, U7p17p2)T = (OJ 07 17 17 17 07 17 :tla :tl)T

p1 | p2 | index remarks
>0(>0 - singular pencil - G4
>0]<0 1 refers to (13)
<0|>0 1 refers to (14)
<0|<0 - singular pencil - G4

Problem 4.3.2:
We use g(ﬂ = <y17 Y2,C, V1,02, T, u7p17p27p3)T - (07 07 17 ]-7 ]-7 07 17 :t17 :t17 :tl)T
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p1 | p2 | p3 |index remarks

singular pencil - G4
refers to (15)
refers to (17)

V
(@]
A
(@]
V
(@]
[

<0|<0|>0 - singular pencil - G
>0]>0|<0]| 2 refers to (16)

>0 <0|<0 - singular pencil - G
<0[>0|<0 - singular pencil - G3
<0|<0|<0 - singular pencil - G

Problem 4.3.3:
We use @(ﬂ - (Zaa Zbs Va, Up, F>P1>P2)T = (Oa Oa 17 1) 17 ila il)T

p1 | pe | index remarks
>0(>0] 3 refers to (21)
>0]<0 1 refers to (20)
<0|>0 1 refers to (22)
<0]<0 - singular pencil - G

6 Conclusions

We have outlined here a procedure for transforming a general optimal control problem to a
system of DAEs. The Kuhn-Tucker conditions consist of differential equations, complemen-
tarity conditions and corresponding inequalities. These latter are converted to equalities by
the addition of a new variable combining the slack variable and the corresponding Lagrange
multipliers. The sign of this variable indicates whether the constraint is active or not.

We have introduced the tractability index concept as a general purpose tool for determining
the index of a general system of DAEs by checking for the nonsingularity of the elements of
the matrix chain. This is helpful in determining the well-conditioning of the problem, and an
appropriate method for solving it numerically.

In the examples used here, the solution of all the differential equations could be performed
analytically. The given examples are tested by the numerical determination of the tractability
index chain, and the results confirm the previously known properties of the examples.
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