A UNIFYING THEORY OF A POSTERIORI ERROR CONTROL
FOR NONCONFORMING FINITE ELEMENT METHODS

C. CARSTENSEN*T AND JUN HU*

ABSTRACT. Residual-based a posteriori error estimates were derived within one
unifying framework for lowest-order conforming, nonconforming, and mixed finite
element schemes in [C. Carstensen, Numerische Mathematik 100 (2005) 617-637].
Therein, the key assumption is that the conforming first-order finite element space
V¢ annulates the linear and bounded residual £ written V,* C ker £. That excludes
particular nonconforming finite element methods (NCFEMs) on parallelograms in
that V)¢ ¢ ker . The present paper generalises the aforementioned theory to more
general situations to deduce new a posteriori error estimates, also for mortar and
discontinuous Galerkin methods. The key assumption is the existence of some
bounded linear operator II : V¥ — V;*¢ with some elementary properties. It is
conjectured that the more general hypothesis (H1)-(H3) can be established for all
known NCFEMs. Applications on various nonstandard finite element schemes for
the Laplace, Stokes, and Navier-Lamé equations illustrate the presented unifying
theory of a posteriori error control for nonconforming finite element methods.

1. UNIFIED MIXED APPROACH TO ERROR CONTROL

Suppose that the primal variable u € V' (e.g., the displacement field) is accom-
panied by a dual variable p € L (e.g., the flux or stress field). Typically L is some
Lebesgue and V' is some Sobolev space; suppose throughout this paper that L and
V' are Hilbert spaces and X := L x V. Given bounded bilinear forms

(1.1) a:LxL—R and b:LxV —R

and well established conditions on a and b [16, 20], the linear and bounded operator
A: X — X* defined by

(1.2) (A(p,uw))(q,v) == a(p,q) + b(p,v) + b(q, u),

is bijective. Then, given right-hand sides f € L* and g € V*, there exists some
unique (p,u) € X with

(1.3) a(p,q) +b(q,u) = f(g) forallge L,
(1.4) b(p,v) = g(v) forallveV.
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Suppose (pn, Uy) € L X V' is some approximation to (p,u) and define

(1.5) Resp(q) = f(q) — alpn,q) —b(q,up) forallge L,
(1.6) Resy(v) = g(v) —b(pp,v) forallveV.

Here and throughout, u; is some continuous and not necessarily discrete function
established as the key ingredient in [23]; however, the subindex in @ refers to the
fact that @, might be closely related (or designed with some post-processing) to
some discrete function u, and hence that 4, is on our disposal. Since A : X — X*
is an isomorphism, there holds

L+ + [|[Resy|

(1.7) lp = pallz + llu = anllv ~ |Res.| v

Here and throughout, an inequality a < b replaces a < C'b with some multiplicative
mesh-size independent constant C' > 0 that depends only on the domain €2 and
the shape (e.g., through the aspect ratio) of elements (C' > 0 is also independent
of crucial parameters as the Lameé parameter A below). Finally, a &~ b abbreviates
a<b<a.

The examples in [23] include conforming, nonconforming and mixed finite ele-
ment schemes for the Laplace, Stokes, and Navier-Lamé equations. This paper will
consider such applications in Section 4, 5, and 6 below for with focus on NCFEMs
displayed in Table 4.1, 5.1, 6.1, and 6.2. The applications of the present theory to
mortar and discontinuous Galerkin methods are also condidered in Section 4 for the
Poisson problem. Therein, the norms of Res; and Resy are estimated under the
general hypothesis that each of those has the form

(1.8) Res(v) :z/gmd&ﬂ—/ ge-vds forveV.
Q UE

Here and below, V' belongs to some Sobolev space V = HJ(2)™ and g € L*(Q)™,
while ge € L*(UE)™ with some domain Q C R"™ and the union UE of edges (if
n = 2) or faces (if n = 3) related to a regular triangulation of Q. Some required key
property in [23] on both Res = Resy, and Res = Resy reads

(1.9) Vi C ker Res C V.

In this situation, a typical result of an explicit residual-based error estimation reads

v S hrgllfag) + Z hillgellZzm = 1*-
Bee

(1.10) | Res|

Here and throughout, hy and hg denote local mesh-sizes in the underlying triangu-
lation, i.e.,

hr|r = diam(T') for any T € 7, and hg = diam(F) for any F € £.

V¢ includes the first-order finite element functions to ensure (1.10). Details on
the notation and the concrete examples will be given below. The terms in (1.8)
often result from some discretisation of the equilibration condition (1.4),e.g., via an
integration by parts, and hence the term Resy is referred to as the equilibration
residual.
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The first aim of this paper is the generalisation of (1.10) for Res = Resy in
Theorem 2.1 of Section 2 to allow the control of certain nonstandard finite element
schemes without the condition (1.9) in Sections 4-6. Here, one key theory is to
replace (1.9) by assumptions (H1)-(H3) on some Clement-type operator J and some
linear bounded operator II between the conforming and nonconforming finite element
spaces.

It is observed in [23] that the consistency residuum Resy, from (1.5) can also be
written in the form (1.8) and its norm allows the form

(1.11) |ResL|

* — i — l)~ .
L {{ilg‘l/HPh tp||r

Therein D1y, denotes the functional matrix of all first-order partial derivatives (e.g.,
the gradient and possibly also the Green strain of linear elasticity) of the Sobolev
function ;, in Sections 4-6.

min ||Drup = DinlZq) S D D helvee (D7 (s un)llias) = 4
" E€€ zeK(E)

for the jumps [Dr(up1,)] of a discrete nonconforming finite element function wy,
times a weight-function 1, across some side F with vertex z; details on the notation
can be found in Section 3. The second main result (Theorem 3.1) holds for all
piecewise gradients and employs a localisation argument with the (modified) hat
functions (¢, : z € K) of the free nodes K.

While Section 2-3 treat general assertions on (1.10)-(1.11) where condition (1.9)
is substituted by (H1)-(H3), Sections 4-6 conclude this paper with particular model
examples in 2D (and some in 3D) with first reliability proofs for many nonstandard
finite element error estimates.

Throughout this paper, V,¢ and V;'* denote conforming and nonconforming finite
element spaces based on a regular triangulation 7 of 2; v denotes the normal unit
vector along the boundary 0f); 7 denotes the tangent vector along the boundary for
2D. Colon ”:” denotes the scalar product in R™*" i.e., A: B := 3" > " | AjxBj.

2. RELIABILITY CONTROL OF THE EQUILIBRIUM RESIDUAL

This section establishes an explicit residual-based error estimate (1.8) for a class
of nonstandard finite element schemes.

Let V = H}(Q)™ and L = L*(2; R™") denote standard Sobolev and Lebesgue
spaces on some bounded Lipschitz domain 2 in R™ with a piecewise flat boundary
I'. Suppose that the closure € is covered exactly by a regular triangulation 7 of
Q into (closed) triangles or parallelograms in 2D, tetrahedrons or parallelepipeds in
3D (or other unions of simplices). It is assumed, that

(21) g =UT and |T1 N T2| =0 for Tl,TQ c T with T1 7é Tg,

where | - | denotes the volume (as well as the modulus of a vector etc. where there
is no real risk of confusion). The remaining assumptions on the shape regularity of
7T are hidden in the following abstract conditions.
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(H1) There exists a Clement-type operator J : V' — V¢ into some (conforming)
subspace V)¢ C V of 7-piecewise smooth functions such that, for all v € V and
TeT

hitllv = Joll 2y + hp v = Jol 20m)

(2.2)
D = Jv)llr2y S 1D 207,

with some neighbourhood wy of T such that (wp : T € 7) has finite overlap
(2.3) max card{7T € 7 :x € wr} S 1.
€N

(H2) There exists a nonconforming space V" C L*(Q)™ of 7 -piecewise smooth
and, in general, discontinuous functions V;** C HY(T)™ ¢ V. Given distinct T}, T €
7, their intersection 77 NT3 has zero volume measure by (2.1) but possibly a positive
surface measure hg. The set of all interior (edges or faces etc.) T1NT, = E is denoted
by £. For any vy, € V;', the jump

(2.4) [on] B (@) = (vnln,)(2) = (onln)(2)  forz € E.

across B € £ with F = T; N1y is fixed up to the sign which results from the
orientation of the unit vector vy on E (e.g. vg points outward of T,). The shape
regularity of 7 and £ is described by the assumption

(2.5) hg = hy =~ diam(wy) forall E€ &, T €T with ENT # (.
Remark 2.1. The trace inequality yields, for v € V and T' € T [43, 18],
(2.6) lollz2ory S b llvllzer) + byl * I Dv]l 2y

Hence the trace term with L?(9T) in (2.2) is estimated by the other two L?(T') norms.
More over, if £(T") denotes the set of all E' with £ C 0T, the shape regularity (2.5)
shows that

(2.7) > gt v = JollFam) S 1DVl -
Ee&(T)

Remark 2.2. The conforming functions are given as those with vanishing jumps, i.e.,
vy, € V¢ if and only if [vp]g =0 for all £ € £.

The aforementioned standard assumptions are typical in finite element simula-
tions. The innovative condition on the nonstandard finite element space V' and
the conforming counterpart V¢ of (H1)-(H2) is the following.

(H3) There exists some operator II : V;¢ — V" such that, for all v, € V¢ and all
T € T, there holds

289 VIl S Vel and [

T

vhdw:/ﬂvhdw.
T

Moreover, for some given discrete approximation p, € L*(€;R™™) and the 7-
piecewise gradient Dz, there holds

(2.9) /ph : Drvy, do = /ph : Dr(Iwy,) dz.
Q Q
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A direct consequence of (2.8) is

(2.10) hj_wIHUh - HUhHL?(T) S ||DUhHL2(wT) forall T € T.

Given g € L*(Q)™ and pj, as above, the residual Resy € V* is, for v € V + V™ C
L2(€, R™*") defined by

(2.11) Resy(v) ::/g-vdx—/ph:Dq—vdx.
Q Q

The residual is supposed to stem from a nonstandard finite element scheme with
V¢ and hence

(2.12) Resy(vy) =0  for all v, € V;'.
With the abbreviation gr := |T'|™! [, g(z)dz € R™, the data oscillation reads
(2.13) osc(g) == (Y hillg — grllfee) .

TeT

Under the assumptions of (H1)-(H3), the residual-based error estimator

(2.14) = Zh H9+d1VPh||L2(T 1/2 ZhEthE VE||L2 )1/2

TeT Ee&

is reliable in the following sense.
Theorem 2.1. There holds | Resy||v+ S n+ osc(g).
Proof. Given any v € V with IIJv € V", (2.12) leads to

Resy(v) = / g-(v—1Jv)de — / pn: Dr(v —1I1Jv) dx.
0 0

An elementwise integration by parts and a careful re-arrangement of boundary pieces
leads to

/Qph:D(v—Jv)d = /(diVTph) (v—Jv)dz
—i—Z/ph ve(v — Ju)ds.

Ee€

The combination of the two identities with (2.9), i.e., [,pn : Dr(Jv — ILJv) dz,
where vy, is replaced by Jv € V,¢, reads

Resy(v) = /(g+divfph)-(v—Jv)dm—i—/ﬂg-(Jv—HJv) dx

—Z/ph cvp(v—Ju)ds = I + I, + Is.
EcE

The first integral I; on the right-hand side is controlled with (2.2)-(2.3), Holder
inequality and Cauchy inequalities. This leads to

S O hllg + divonl ) 21Dl o)

TeT
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The second term I, requires (2.8), (2.10) and (2.13). This yields

I, = Z/Tg-(JU—HJU)diL‘

TeT
= Z/(g—gT)-(JU—HJv)dx
TeT?T
< Y hrllg = grlleeay b | Tv = TLT0|| 2y
TeT
N 050(9)(2 HDUhH%%wT))l/Q

TeT
S osc(9) || Dvl| 2@
Standard arguments with (2.1)—(2.3) and (2.7) control the last term

I < Y hple - vellewhs v — Joll e
Eec&

< (Z he|l[pn)e - VEH%?(E))W||DU||L2(Q)'
Eeg

Altogether, there follows the assertion

Resy(v) =1 + I, + Is S (n+ osc(g)) | Dvl| r2(q)- O

3. RELIABILITY CONTROL OF THE CONSISTENCY RESIDUAL

This section establishes a general control of the consistency residual (1.11). Given
up, = Vi with Druy, € L*(;R™ ™) and the conforming finite element space V;¢
from (H1)-(H3), let (¢, : z € K) denote a Lipschitz continuous partition of unity,

(3.1) =1 inQ
zeK

Moreover, for any z € K, suppose that, ¢, vanishes outside an open and connected
set 2, C Q

(3.2) suppt, C Q. and maxcard{z € K:2 € Q.} < 1.
e
Given z € K, let £(z) := {F € € : ¢,|g # 0} denote the set of edges, where v, is

nonvanishing. For any edge E let IC(E) denote the set of all z € KL with E € £(z).
The tangential component of a vector v € R" is defined as

_Jv-tgifn=2,
(3.3) Yrg (V) 1= { v X vgifn=3.

The general estimator

1/2
(3.4) p= (Z > hEH%E([DT(wZuh)])|!i2(E)>

EEE zeK(E)

is reliable in the following sense.



UNIFYING THEORY OF A POSTERIORI ERROR CONTROL 7

Theorem 3.1. Forn =2, 3, there holds ;nir‘l/ | Drun — Dt r20) S p-
up €

Remark 3.1. In the examples below, 0 < ¢, < 1 is a finite sum of hat functions and
continuous such that v, ([Dr(¢¥,up)]) = Vrp (DY) [un] + ©.7r, ([D7us]). Moreover,
the polynomial [uy] has some zero on E and allows an estimate

(3.5) Iunlllz2ey S hellves ((Drun]) |2 )

With || D, ||z~ ~ hi', one deduces

(3.6) 1S Q hellves ([Drun])l1Z2g) .
Eeg

This estimator is the frequently found version of the consistency error control [35,
36, 31, 27].

Remark 3.2. Theorem 3.1 generalizes [31]. To control the nonconformity, it was
assumed therein that

(3.7) /[vh] ds =0 for £ € £ and / vpds =0 for E on OS2 for all v, € V.
E

E

The condition (3.7) is removed in Theorem 3.1 of the present paper.

Proof of Theorem 3.1. Given z € K let a, and b, denote the functions of the
Helmholtz decomposition of Dr(¢,uy), i.e.,

Dr(v,up) = Da, + curlb, € L,
Here a. € Hy(€.), b. € H'(%.)" with [, b.(z)dx = 0, and k = 1 for n = 2 while
k=3 for n =3. Since [, curlb, : Dadr = 0 for any a € Hy(9.),

curl b, ||2 = min ||Da— D up)||?
Jeulb. s, = min [1Da— Dr(vam)lix,

= / (curld,) : Dr (¢ uy) dz.
Q.

An elementwise integration by parts followed by curly Dy = 0 yields

/ (curlb.) : Dr(thou)de — + /U e (Dr ) s

< | ([Dr(zun)) 2 eepll0:l 2 e)).

where £(z) :={F € £ : ¢.|g # 0}. The well-known trace theorem on each element
domain K, namely

1b: Nl 220y < P 10: N 2y + B2 Db 2
leads to the estimate
16: 1 2 Uecy S B2 Nb: 2.y + R || Db 2.y
A Poincaré inequality gives

1021|220y S PRI Db 220, S bl curl b || 2.y
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The latter inequality results from the stability of the Helmholtz decomposition [27,
Theorem 2.1] with an h.-independent constant; it reads || Db. || 12,y = || curl b, r2q.)
in 2D. The combination of the proceeding three inequalities leads to

10: 1l 2ey S b2 curl bl 2a.).
Since hr|q. &~ h, := diam(€,), z € K, the aforementioned arguments imply

1/2
|1Da. — Dr(vun)|l 2.y S e *ep (Dr (Ceun))l 2 Ue)-
Since Y. ¢, =1 and 4y, := > a, € Hy(), this estimate plus the finite overlap of

zeK zeK
all Q, and £(z) prove the assertion. In fact,
HDq—uh — DﬂhH% = || Z(DT(¢zuh) - Daz)”%
zeK

S D IDa. = Dr(vaun)ll72(0.,)

zEK
1/2

S Y IR (D)) 12 ey
zEK

~ OO0 D helvm(Draun))lliem). O
E€ef zeK(E)

4. APPLICATION TO LAPLACE EQUATION

This section is devoted to the Poisson problem and its residual-based a posteri-
ori finite element error control. Subsection 4.1 introduces the model problem and
Subsection 4.2 some required notations. Subsection 4.3 presents a list of examples.
Subsections 4.4-4.5 present the applications of the theory to the mortar and dG
finite element methods.

4.1. Model Problem. The Lebesgue and Sobolev spaces L*(Q2) and H'(Q) are
defined as usual and

(4.1) L:=L*Q)" and V := Hy(Q) :== {w € H'(Q) : w=0on 00}

The gradient operator V maps V into L. Given g € L*(Q) let u € V denote the
solution to the Poisson Problem
(4.2) Au+¢g=0inQ and u =0 on JQ.
Then, the flux p := Vu € L and u € V satisfy
(A(p, u))(gq,v) := a(p, q) + b(p,v) + b(q, u)

(4.3) !
=— [ gvdx forall (¢,v)e X =LxV.

Q

Throughout this section, (1.1)-(1.7) hold for

(4.4) a(p, q) ::/p-qda: and  b(p,v) ::—/p-Vvda:.
Q Q

The operator A : X — X* is bounded, linear, and bijective [23].
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4.2. Nonconforming finite element methods and unified a posteriori error
estimators. Let P,(T) and Q. (T) denote the space of algebraic polynomials of total
and partial degree < k, respectively, and set Py(T) = Pr(T) and Px(T) = Qx(T)
for a triangle (or tetrahedron) and parallelogram (or parallelepiped), respectively.
Define

Pu(T) :={v e L*(Q): VT € T, v|r € P(T)} for k=0,1;
SYT):=P(T)NC(Q) and Vi :=SYT):=8SYT)nV.

Let A denote the set of nodes (i.e., vertices of elements in 7)u. hr and hg denote
7- and E-piecewise constant functions on 2 and UE = UgegE defined by hr|p =
hr = diam(T) and hg|p = hg := diam(E) for T € 7 and E € £. For a given
quadrilateral or parallelepiped element T' € T, Fr : T = [—1,1]" — T denotes the
canonical bilinear transformation.

Let V¢ denote some nonconforming finite element space specified in Table 4.1.
For the moment solely suppose that Vv, € L for any v, € V', where V7 denote
the T-piecewise action of the gradient operator. The finite element solution u; € V;'¢

is the unique solution to

(4.6) / Vruy - Vo, dr = / gupdx  for all v, € V).
Q Q

(4.5)

The aim is to estimate the flux error p — p;, for the discrete flux p, := Vzyu, € L =
L2(Q)".

For any @, € V there holds (1.7) for Resy € L* and Resy € V* defined, for all
q€ Land v eV, by

Resr(q) :== [ q- (Vap, —pp)dr and
» =

Resy (v) ::—/gvda:+/ph-Vvdx.
Q Q

4.3. Examples. This subsection presents a list of 2D and 3D nonconforming finite
element spaces V;" of Table 4.1 with (H1)-(H3), so that

(4.8) ||P—ph“%2(g) < 4 p+osc(g)

with 7 from (2.14), p from (3.4), and osc(g) from (2.13). This list below is not
comprehensive. In fact, we conjecture that all known NCFEMs could be analyzed
in the present framework. Only the triangular Crouzeix-Raviart element has already
been analyzed in [23]. The present unifying theory leads to new error control (4.8)
for all nonconforming finite elements of Subsubsections 4.3.2—4.3.6.

4.3.1. The triangular Crouzeiz-Raviart element. Based on the regular triangulation
7 into simplices, the set of midpoints M of edges (or faces), the non-conforming
Crouzeiz-Raviart finite element space reads (in 2D and 3D)

(4.9) V,¢F .= {v € P,(T) : v continuous at M N Qand v = 0 at M N IN}.

Since Vi€ C V)¢, then there holds (H1)-(H3) with IT = id; cf. Section 4 of [31]
for proofs. Similar arguments verify (H1)-(H3) in 3D as well; we therefore omit the
details.
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picture name reference space
Z.\l Crouzeix-Raviart [34] VO
EI Wilson (70, 61] VWi
E} Han [44] y/, Han
E} NR (midpoint) [57] VhRT’P
D NR (average) [57] VhRT,A
I:I CNR [49] V,CRT
D DSSY 39 V. DSsY

TABLE 4.1. Nonconforming Elements for the Laplace Equation (4.2)
with (H1)-(H3) and the Error Estimate (4.8).

4.3.2. The Quadrilateral Wilson element. Let B denote one of the nonconforming

quadratic bubble function spaces on the reference element 7' = [—1,1]", i.e.,
~ Jspan{l — (&2 +n*)/2} or span{l—&* 1—7n’} forn=2,
I span{l — 2,1 — %1 - %} for n = 3.

The nonconforming quadrilateral Wilson finite element space V,V¥ [70, 61] reads

(4.10) yVit = M@ B" with the factors
Sh = {we HYQ):VT €T, 9=voFrec(l)},
B" = {vel*Q):VT €T, 9=voFrc B}

This element is excluded from the analysis of [31, 23] since (3.7) is violated. However,
there holds (H1)-(H3) with II = id, the proof is immediate since V¢ C Vi

4.3.3. The parallelogram nonconforming Han element. Consider the functional

(4.11) Fe(v) = ]E]l/ vdsforall E€ £(T) and T € 7.

E

The parametric formulation of rectangular and parallelogram elements of Han [44]
is introduced by

ne d )
(412) QH = Span{ 17 57 n, 52 - §€4a 772 - §n4 } :
The nonconforming Han finite element space then reads (with [-] := - along 0f2)

(4.13) Vo= {v e L*(Q) : VT € T,v|r o Fr € Q}f and VE € &, Fg([v]) = 0}.
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Then there holds (H1)-(H3) with the associated interpolation operator II for V,/7o"
[44], the proof follows from V¢ = VCET C VHan [49] with VOB from Subsubsec-
tion 4.3.5 below. Further details for the properties of II can be found in Section 4
of [31], Remark 2.5 and Lemma 3.1 of [49]

4.3.4. The parallelogram nonconforming rotated ()1 elements. Rannacher and Turek
introduce two types of parallelogram nonconforming elements [57], called the NR
elements. The first element RTA uses the average of the function over the edge ( or
face) as the local degree of freedom, and the second one RTP uses the value at the
midside point ( or midpoint ) of the edge ( or face ) instead. Define

2 _ 2 _
(4.14) Qre = {Spaﬂ{ L& m & —n} for n =2,

Span{L&? n, Ca 52_7727 62_C2} forn =3
then nonconforming space VhRT’A is defined in (4.13) with Q}f replaced by Q%, and
VFF is defined in (4.9) with Py(7) replaced by Q.

For 2D, following a similar argument for the Han element, one proves that the
average version element satisfies (H1)-(H3) with the canonical interpolation operator
1T for V;"*"*; [31] contains further details.

The midside point version element is not included in [31] since the condition (3.7)
is violated by this element. However, there holds equally (H1)-(H3) for it with the
canonical interpolation operator II of VhRT’P. In fact, we have

(4.15) vy = ViER c vir

and V,°FT contains the linear part of V¢, and only the nonlinear part is excluded
[49]. With this fact, (H3) follows from straight forward investigations.
For 3D, define the local interpolation operator Iy : HY(T) — Qi o Fr.' by

(4.16) Fe(Ilpv) = Fg(v) for E € E(T) for all v € H'(T).

Since Fp(v) = 0 for v = &n, ¢, n¢, En¢ with E e E(T), we conclude for any v =
ap + a1§ + azn + azC + as€n + as1€¢ + agnC + az&n¢ that

(417) HT’U =ag + alf + asn + Cbgc,

with some interpolation constants ag,...,a7. The global interpolation operator Il
is defined by II|; = Il for any 7" € 7. Then (H1)-(H3) eventually follows from
(4.17).

Remark 4.1. The analysis does not cover the non-parametric variant of this element
except on parallelogram meshes.

4.3.5. The parallelogram constrained nonconforming rotated Q1 elements. The con-
strained rotated nonconforming finite element (referred to as CNR element) intro-
duced in [49] is obtained by enforcing a constraint on the NR element on each element
for 2D. The space of the CNR element reads

VhCRT::{UEVhRT’A:VTeT, vds—l—/ vds:/ vds—l—/ vds
(4.18) B, Es By Ey

with {Ey, -+, E4} = £(T) numbered counterclockwise} .
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For rectangular and parallelogram meshes, the element is equivalent to the Pi-
quadrilateral element of [56]. Then there holds (H1)-(H3) with the interpolation
operator IT of VBT, The proof follows from the argument for the NR element
with the midside point version. We refer to Section 4 of [31] for more details. The
goal-oriented error control of this element is given in [42].

4.3.6. The parallelogram DSSY elements. The DSSY element is obtained by intro-
ducing on the reference element [39] with 6y (¢) = ¢* — 2¢* and 0,(t) = t* — 2¢* 4 1¢6
and

(4.19)
ne span{l, &, n, 0,(&) — 4(n)} for £ =1,2 for n = 2,
P span{l, &, m, ¢, (€2 =3¢ — (P — 3, (2 —3¢H) — (P - ¢N} forn=3.

The nonconforming finite element spaces V,?95 are defined as in (4.13) with Q% re-
placed by Q4. There holds (H1)-(H3) with the interpolation operator II of V%Y
cf. the proof in Section 4 of [31] for 2D. Arguments similar to those of Subsec-
tion 4.3.4 verify (H1)-(H3) for 3D.

4.4. Comments on mortar finite element methods. Another class of noncon-
forming FEM is known as mortar FEM [13, 14] where the continuity of w; over the
common side of two subdomains K~ and K in some locally quasi-uniform regular
decomposition 7y of 2 into triangles is enforced by Lagrange multipliers. The a
posteriori error estimates with the saturation assumptions are presented in [15, 71].
A more general one is analyzed in [12]. For the ease of the discussion, suppose that
n = 2 and that the partition 7}, is obtained from 75 by refining some of the triangles
in 7y by some finite number < k of successive red-refinements (i.e., cutting a tri-
angle into 4 congruent subtriangles by connecting its edges’ midpoints) so that the
ratio of the diameters of two neighbouring triangles with adjusted edges is bounded
by 27%. Notice that (2.5) holds for all edges E of T' while the equivalence with wz
depends on k.

Let V"¢ be the mortar finite element space with respect to 75, as in [12]. With
Vi¢ .=V N Pi(7y) one can prove (H1) by along the lines of [24]. Since V¢ C V;,
(H3) holds for IT = id. Then, Theorem 2.1 reads

e S Z Hillg + div Pyl 720y + Z Hg||[Ph] - vellizm

TET, Eeé
for Hr := max{diam(K) : T C K € Ty} and Hg := max{diam(K) : F C 0K ,K €
Tr}. Moreover, Theorem 3.1 yields ( with 7 = 7}, etc.)

2 Sy Y Helm(Dr((eun)) e

E€ef zeK(E)

|IRes|

[Resp|

Therein, v, is the partition of unity based with respect to 7y and | Hg D, ||~ =~ 1.
This reliability error estimate is essential Theorem 3.4 in [12]. In fact, since (in
2D)

o] = (0. ) fun] + 2[0w,/09],
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there holds (with an inverse estimate ||0[us]/0s||r2m) S Hp'||[un)||z2x)) that

Hll5- [wzuh]HLa S HpHp*|[[un]llize) + He - [1[0un/0s]|[12 (k)
S (HpHp? + Hp)lunllZ2m) S He' llua]lliz e

Altogether, the upper bounds for (1.7) with Pj, := Druy, reads (up to some factor
S

Z H:%HQ"‘diVPhHLQ +ZHEH D] - VEHL?(E + Z 1|| [un ||L2(E :

TeT;, EcE E€EUEHq

Therein, Eyq denote the set of edges on the boundary 9. Notice [u] = 0 on edges
interior to T € Ty.

In comparison to [12, Theorem 3.4], the factor 27 therein is hidden herevin the
mesh-sizes Hr , Hg.

4.5. Comments on discontinuous Galerkin methods. The feature for the dis-
continous Galerkin(abbreviated dG hereafter) methods [4, 37, 68, 5, 7, 8, 51] lies in
that the trial and test spaces consist of piecewise discontinuous polynomials. A pos-
teriori error estimates for dG type methods are considered in [52, 59, 58, 21, 9, 47|
for second order elliptic problems, in [45] for the Stokes problem, and in [46, 69] for
plane elasticity. This subsection comments on the extension of the unifying theory
to dG FEM. For any vy, € Pi(7), the average across E = T N T, reads

<v>g () :=1/2((vp|7y)(z) + (vp|n,)(x)) for z € E.

With some appropriately chosen constant v, the modified bilinear form is defined as

aj (up, vp) /Vuh Vo, dx—i—*yZh / [vn]E ds

TeT Ec&

—Z/ < Vpyup >g Vg [Uh]E+ < Vpvn >g Vg [uh] )d

Ee&
— Z / thh VgV + thh Vg uh dS + Z h / UKV, ds
ECoQ Ee€ E

for any uy, , v, € Pi(T)+HE(2). This is the symmetric dG method from [7, 8, 51, 52].
The discontinuous Galerkin solution uy, € Py (7)) is characterized by

(4.20) GZ(uhﬂ)h) = (g>Uh)L2(Q) for any vy, € Pi(T) .

From V¢ C Py(7T), there holds (H3) with IT = id. Theorem 3.1 yields

1S Y el (Dr((Weun)DlZe s

ECE 2ek(E)

||IResy |
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To bound ||Resy |

Resy(v) = — / gu dx + / Vru, - Vo dz
0 Q

:_/gvd$+/V7uU-V1}dw
Q Q

=3 [ < Vaun s velols ds oty S0 [ fulelle da

v+, let v € V and deduce

Eeg’E EeE
— Z / < Vywun > vg[vnlEe dS"‘VZ hEl/uhv ds .
Econ’E ECOQ E

It follows from Jv € V N'Py(7T) that

IResyllv- S 0+ ose(g) + (D hp'llunleliagm + Y ha'lunllfam)
Eeg Econ

1/2

Remark 4.2. A combination of the above estimates for ||Resy|v+ and ||Resp|
recovers the estimate presented in Theroem 3.1 of [9] and the estimate in Theorem
3.1 from [52] without the assumption v € H?(Q).

Remark 4.3. For brevity, we only consider the a posteriori error estimate of the
symmetric dG methods for the Poisson equation, the analysis with corresponding
modifications can equally apply to the Stokes problem in Section 5, and the elasticity
in Section 6. In particular, this yields the a posteriori error control from Theorem
4.1 of [69] for the plane elasticity, and Theorem 3.1 of [45] for the Stokes problem.
Moreover, the unifying theory can be generalized to other dG methods reviewed in

[5].
5. APPLICATIONS TO THE STOKES PROBLEM

5.1. The Stokes Problem. The unsymmetric formulation of the Stokes problem
reads: Given g € L*(Q)" seek (u,p) € HY(Q)" x LE(Q), such that for all (v,q) €
Hy ()" x L§(9),

(5.1) u/Du:Dvd:L’—/pdivvdx—/qdivudx:/g~ vdx .
Q Q Q Q

Here, L§(Q) = {q € L*(Q) : [,qdz = 0} = L*(Q)/R fixes a global additive
constant in the pressure p (note that p is not the flux from the previous section).

The unique existence of solution to (5.1) is well known. Set
(5.2)

1
a(o,T) == / —devo:devr dz forall o,7 € L:={7 € LQ(Q’RW”)’/ trrdz = 0}.
oM o

The deviatoric-part operator dev is defined as
(5.3) dev F = F — (tr(F)/n) id for any F' € R™™".

with tr(F) = Fi3 + -+ - + F,p,. It is known that the operator A: X = L xV — X*,
defined for (o,u) € X by

(5.4) (Ao, u))(1,v) :==a(o, 1) — (0, D) r2(q) — (T, Du) 120
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is a linear, bounded and bijective, cf. e.g., [23].

5.2. Nonconforming finite element methods and unified a posteriori error
estimators. Given some nonconforming finite element space V;™ for V := HJ ()"
and Q) C L%(Q) , the finite element solution (u,pp) € Vi X Qy, to (5.1) satisfies,
for all (vp, gn) € V' x Qp,

(5.5) M/Dq—uh:Dq—vhdx—/phdiVTUhdx—l—/divTuhqh dx:/gvhdx.
Q Q Q Q

Given the unique discrete solution u; € H(7)" and p;, € L3(Q), set
(5.6) op = pDrup — ppid € L
and define the linear functional Resy : V := H} ()" — R by

(5.7) Resy(v) = /(g ‘v —op: Dv)dr forveV = Hy(Q)"
Q

The theory of Section 3 shows that the norm of the residual Res; reads

(5.8) |Resy |

L ~ mm HD(ﬂh) — dev DT(uh)HL .
ap€eV

Given any uy, € V with o := pDu — pid, there holds
(5.9) llo—onllr+lu—inllv = [|D(tn) — D (up) ||+ divr un | z20) + | Resv (v)|

(The proof of (5.9) is similar to the symmetric case in [23] and hence omitted.)

V.

5.3. Examples. This subsection lists some examples of nonconforming finite el-
ement schemes with (H1)-(H3) from the literature displayed in Table 5.1. The
resulting a posteriori error estimate

(5.10)  |[Du— Drupllr2() + [lp — pullz2) S n+ p+ [l dive up || 12@) + osc(g)

recovers the result from [35] for the Crouzeix-Raviart element, and is new for five
parallelogram elements of Subsubsection 5.3.2.

5.3.1. The Crouzeix-Raviart element. This is a triangular element with the velocity
space

thc = VhCR % VhCR
for the space V,® from Subsection 4.3.1, and the piecewise constant pressure space
Qp, C L3(9). Since Vi¢ x V¢ C V,IER x VR there holds (H1)-(H3) with IT = id.

5.3.2. Fie parallelogram elements. There are five parallelogram elements in the lit-
erature including the parallelogram Han element, two parallelogram nonconforming
rotated (NR) elements of Rannacher and Turek [57], the parallelogram CJY ele-
ment [22], and the parallelogram constrained nonconforming rotated element of Hu,
Man and Shi [48]. These elements employ the piecewise constant pressure space
Qp C L(Q2). The velocity spaces for these methods are chosen from the following
list.

nc . Han Han RT,A RT,A RT,P RT,P
Ve =Vt x R v, x Vy .V, x V, ,

CRT CRT DSSY DSSY
Vi x Vy Vy x V, .
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picture name reference space

ﬁﬁ Crouzeix-Raviart [34] VR x VOB
E}E} Han [44] VhH an VhH an
H sr (midpoint) 57] VD s yREE

E}D NR (average) [57] VATA o yRTA

I:H:I Hu-Man-Shi 48] VhCRT x thRT

E}E} CJY [22] VhDSSY % VhDssy
Aﬁ Kouhia-Stenberg (53] Ve x VOR

TABLE 5.1. Nonconforming Elements for the Stokes Problem (5.1)
with (H1)-(H3) and the Error Estimate (5.10).

Herein ViHor VEDA Dy ELE CyCRT and V,PSSY denote the nonconforming finite
element spaces from the respective Subsubsections 4.3.3-4.3.6. Then there holds
(H1)-(H3) with the canonical interpolation operators Il for these nonconforming
finite element spaces. The proof follows with the results of Section 4; further details
are omitted.

5.4. The Kouhia-Stenberg element. The Stokes problem in its form (5.1) is
equivalent to the symmetric form with e(u) := sym(Du) := 1/2(Du+Du”) replacing
Du in (5.1). The velocity space [53] reads

Vit = Vi x VIR

Since V)¢ x V¢ € V¢ x V,CE_ there holds (H1)-(H3) with II = id, cf. [23].

6. LINEAR ELASTICITY

This section is devoted to the Navier-Lamé equation and its locking-free non-
conforming finite element approximation. The presented unifying theory leads to
a posteriori error estimates which are robust with respect to the Lamé parameter
A — 00. Subsection 6.1 displays the model problem and Subsection 6.2 NCFEMs
and their unifying error control. Subsection 6.3 presents some examples. Subsection
6.4 discusses the unsymmetric formulation for linear elasticity and the examples for
this case are given in Subsection 6.5

6.1. Model Problem. Adopt the notation of the previous sections and the follow-
ing linear stress-strain relation, for A\, pu > 0,

(6.1)
1 A

F=\tr(F)id4+2uF and C'F:= —F——— " t+(F) id, for F € R™*",
C r(F)id+2u F and C o T o r(F) id, for F €
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The weak form of the linear elasticity problem reads: Given g € L*(Q)" find u €
V = H}(Q)" with

(6.2) /8(1}):ada:z/g-@dxandaz@e(u) forallve V.
0 Q

Define the operator A: X = L x V — X* for any (o,u) € X by
(6?)) (A(U7 U))(T, U) = (C_107 T)L2(Q) - (Jv €(U>>L2(Q) - (7—78(u>>L2(Q)-
Here, L := {0 € L*(Q, R, [,trodx = 0}. The operator A is linear, bounded,

sym

and bijective with A-independent operator norms of A and A~! [17, 28].

6.2. Nonconforming finite element methods and unified a posteriori error
estimators. With the nonconforming finite element approximation u;, € V;'* to u
and the discrete Green strain e7(v) := (Drv + Drv"))/2 € L*(Q; R, set

(6.4) op = 2per(up) + Nlg divy uy id .

Throughout this section, Iy : L*(Q) — L*(Q) denotes some reduction operators
in the context of the locking phenomena, and the discrete stress oy, is supposed to
satisfy

(6.5) / oy er(vy) da = / g-vpdx  for all v, € V,'°.
Q Q

The continuous and discrete pressures read
(6.6) p = Adivu and py, = Ml divy uy, .
Theorem 6.1. For any uy € V' there holds

le(u) — ex(un)|lr2@) + Ip — prllz) + lle(w — @) 22
(6.7) ~ |ler (un) — e(n)| L2) + ||Resy|

v+ + || diVT Up — Hg diVT uhHLQ(Q)‘
Proof. The unifying theory with (1.7) reads in the present notations

(6.8) lo—onlle + lle(u — @)l 2 ) = [IC o — e(tn) || + | Resv |

V*.
Then the assertion follows from the definitions of o, C™1, p, and p,. O

6.3. Examples. This subsection analyzes finite element methods depicted in Table
6.1 for the planar elasticity problem, which leads to

le(u) — ex(un) |l r2) + P — Pallz2@)
(6.9) S p+n+ || dive up, — o divy ug|22(0) + osce(g).
The error control for the Kouhia-Stenberg element has already been analyzed in [23].

The a posteriori error estimator (6.9) for the Falk elements, the Zhang element, and
the Ming element is new.
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picture name reference space
Aﬁ Kouhia-Stenberg (53] Ve x VOR
EHZI Zhang [72] Vth‘l x Vth’l
I:IE} Ming [55] Ve x VhRT,A

TABLE 6.1. Nonconforming Elements for the Linear Elasticity Prob-
lem (6.2) with (H1)-(H3) and the Error Estimate (6.9).

6.3.1. The Falk elements. Two nonconforming triangular finite element methods are
proposed in [40] for the linear elasticity equation for k = 2,3 with II, = id and

(6.10)
Ve .= {v € L*(Q)? : VT € Ty, v|r € P,(T)? and v is continuous (res. vanishes) at the

k Gauss points on each interior (resp. boundary) edge}.

Since V¢ x V¢ C V¢ there holds (H1)-(H3) with IT = id.

6.3.2. The Kouhia-Stenberg element. This triangular element for the symmetric for-
mulation (6.1) and I, = id [53] is defined by the nonconforming finite element space

(6.11) Ve = Ve x VIR,
Since V¢ x V¢ C Vi¢ x VCE there holds (H1)-(H3) with IT = id, cf. also [23].

6.3.3. The Zhang element. This element is proposed in [72] based on the noncon-
forming quadrilateral Wilson element [70, 61| with IIy = id. In this element,

Since V¢ x V¢ € VWi x VWil there holds (H1)-(H3) with IT = id.

6.3.4. The Ming element. In Ming’s dissertation [55], a parallelogram nonconform-
ing element is proposed based on the nonconforming rotated ¢, space from [57] for
planar elasticity. The nonconforming finite element space reads

(6.13) R A

where I, = TIy : L*(2) — Qq denotes the piecewise constant projection operator
with Q)¢ the piecewise constant space. Following the arguments in Subsubection
4.3.4 and [31], one proves (H1)-(H3) for the associated interpolation operator II.

6.4. The unsymmetric formulation. For the pure Dirichlet boundary condition
under consideration, one can use the equivalent unsymmetric formulation and then
define the following formal stress-strain relation, for F' € R™*",

1 A

6.14) CF := A+ u) tr(F)id+uF and C'F := —F —
(6.14) (A+p) tr(F)id +p o p(nh+ (n+ 1w

tr(F)id .
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picture name reference space

ﬁlﬁ Brenner-Sung [19] VCR x VO
E:H':} Lee-Lee-Sheen [54] VDA S A

I:H:I Hu-Man-Shi [48] V,ORL x VORT

TABLE 6.2. Nonconforming Elements for the Linear Elasticity Prob-
lem in Unsymmetric Formulation with (H1)-(H3) and the Error Esti-
mate (6.19).

Given some nonconforming finite element space V;'¢, the finite element solution
up, € V¢ satisfies

(6.15) / o Druy de = / g-vpdx  for all v, € V.
Q Q

Given the unique discrete solution u;, € V¢, set

(6.16) on = puDrup + (N + p)y divy uy id

The continuous and discrete pressures reads
(6.17) p=(+p)divu and py, = (A + p)y divr uy, .
Define the operator A : X = LxV := {7 € L*(Q,R™"), [, tr7dz = 0} x Hj(Q)" —
X* for any (o,u) € X as
(A(o,w)(1,v) == (C'0,7) 120 — (0, DV) 1212y — (7, D) 12 -
The arguments for the symmetric case in [17] show that the operator A is linear,

bounded, and bijective with A-independent operator norms of A and A~!. Following
the argument for the symmetric case, one proves

Theorem 6.2. For any uy, € V' there holds that

|Du — Drup||z2@) + lp = pallzz@) + 1D (w — @n) |l 220
(6.18) ~ HDTuh — DthHLQ(Q) + ”R@S\/’

v+ + H diVT Up — H2 diVT uhHLz(Q).

6.5. Examples. Three nonconforming finite elements are listed below as examples
with the unsymmetric formulation and are summarized in Table 6.2. There holds
that

[Du — Drup|r20) + [[p — prllr2)
(619) S 12 + n + H diV']’ Up — H2 diVT uhHLz(Q) + OSC(g).
This a posteriori error estimator is brand new for these elements.

6.5.1. The Brenner-Sung element. This triangular element is proposed in [19] with
H2 = ld, and

(6.20) Ve .= VR x VOR.
Since Vi¢ x V¢ € V,CE x VCE there holds (H1)-(H3) with II = id.
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6.5.2. The Lee-Lee-Sheen element. In this parallelogram element [54], both compo-
nents of the displacement are approximated by the nonconforming rotated (), space
from [57], namely

(6.21) Ve = VA 5 YRTA,

The reduction integration operator is the same as in the Ming elements. (H1)-(H3)
is satisfied by this element with the canonical interpolation operator II for V,'. It
follows the arguments for the nonconforming rotated (J; element in Subsubsection
4.3.4.

6.5.3. The Hu-Man-Shi element. This parallelogram element is designed in [4§]
without reduction integration. The nonconforming finite element space is the con-
strained nonconforming rotated @y from [49]. There also holds (H1)-(H3) with the
canonical interpolation operator II. The proof can be found in Subsubsection 5.3.2.

Remark 6.1. Our conditions and therefore analysis in this paper can be extended to
other nonstandard finite element methods for the elastcity, for instance, the Wang-Qi
element from [67] and the enhanced strain finite element from [60, 17].
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