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Abstract. The Neumann boundary value problem for a class of singularly perturbed
integro-parabolic equations is considered. An asymptotic expansion of a new class of
solutions of moving front type is constructed, and a theorem of existence of such solutions
is proved.

1. Introduction

Mathematical problems concerning reaction-advection-diffusion equations describe
many important practical applications in chemical kinetics, synergetics, astrophysics, bi-
ology, etc. In many important cases the solutions of these problems feature internal layers
(see [1] and references therein). Recently there is an increasing interest to more compli-
cated models, which include the effects of feedback or non-local interaction. These models
are represented by integro-differential equations (see [2], [3], [4]).

In this work we consider the following family of e-depending initial boundary value
problems
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and investigate the existence of moving internal layer solutions (fronts). Here, A(x,¢)
and g(u,v,x,s,e) are sufficiently smooth functions (their actual degree of smoothness
is specified below), u°(x, ) is some initial function of front type, and € > 0 is a small
parameter.

The corresponding stationary boundary value problem for the case A = 0 was con-
sidered in [5]. Our results develop and extend methods proposed in [5] and [6] to a new
more complicated class of problems. This work can be also considered as an extension of
results of [7] to nonlocal BVP’s. Some related problems where travelling wave solutions
for nonlocal problem with bistable nonlinearity and linear integral term was considered
in [4](see also references therein).



The reduced equation

b

/g(u(x,t),u(s,t),x, s)ds=0 (3)

a

is an integral equation. Following to the investigation in [5], in order to have a solution
to (1), (2) of internal layer type we suppose to have a family of discontinuous solutions of
problem (3). Namely, we assume
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which for every y € (a,b) satisfy o7 (y,y) < ¢
integral equations
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[ 9 (z,y), 0 (s,y),2,5,0) ds+

“ b
+ [9(e (2, 9), 0P (s,9),2,5,0)ds =0, a<xz<y,
Yy
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[ 9™ (z,y), 0 (s,y),2,5,0) ds+
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+ [ gl (z,y), 0P (s,y),2,5,0)ds =0, y<z<b.
Y

We also assume that fab Gu(0D(2,7), 0(s,y),2,5,€)ds > 0 for all z,y € [a,b] andi = —, +,

where Oa.y) o)
_ ) ¢ 7 (xy) for xe Q7
ploy) = { e (x,y)  for e Q)

and that there exist a continuous function wo(x) such that for all x € [a,b]

b
P a2) < ule) < ¢ w,) and [ o), o), 5.2)ds < 0

a

(9. is derivative of g with respect to the first argument).

The goal of our paper is to show that, under some additional assumptions, the solution
to problem (1), (2) is of moving internal layer type

u(z, t,e) = p(x,z*(t,e)) for e = 0,

where the location 2*(t, €) of the internal layer is the point of intersection of the solution
u with the function ¢g:

u(x*(t,e),t,e) = po(a*(t,€)). (4)
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In what follows the functions v and z* are the unknowns to be determined as solutions
to (1), (2), (4).

2. The formal asymptotic expansion of internal layer solutions

In this section we construct asymptotic expansions of internal layer solutions to prob-
lem (1), (2). In order to approximate the introduced location of the front z*(t,c) we use

the following ansatz
= Z e (t)
k=0

We also assume that the initial function u°(x,¢) is of front type, i.e. such that for small
e u’(x,¢e) is close to o(x,xgp) for a < & < xpg and wgy < x < b, where zgg is some point
from (a,b) where initially the front is located, that is we assume

X*(O, 5) = Xo0-

In order to construct the formal asymptotic expansion we rewrite the initial boundary
value problem (1),(2),(4) as a system of two inital boundary value problems:

b

ou 0% ou B .
—Eor +e 92 —éA(x,g)a—x - /g(u(x,t),u(s,t.s),x, s)ds =0, a<z<X*(te), (5)
%(a,t) =0, u(X*(t,e),t,€) = po(X*(t,)), u(x,0) = u’(x,¢), a <z < X*(t,¢), (6)
b
ou 0% ou .
—654—5%—8141’68— / St) )dS—O, X(t,€)<$<b, (7)

wW(X*(t,e) t,e) = ol X*(t,2)), %(b, t) =0, u(z,0) = u’(z,¢), X*(t,e) <a <b. (8)

We construct boundary layer asymptotic expansions for the solutions to the two initial
boundary value problems (5),(6)and (7),(8) above and use the boundary layers near the
point X*(¢,¢) to describe the internal layer solution of the original problem (1),(2). In
the principal part of construction we follow the paper [5], where the reader can find
some additional details of the developing of our representations which are omitted here
for shortness.

To build the formal asymptotics U(x,t, ) of the seeking solution u we shall use the
following ansatz

U (a,t,€) =0 (a0, X*(t ), t,6) + QU(E t,6) + T ¢)
Vet o) for a<ax < X*(t,e), ()
x? 76 -
U (a,t,€) = a2, X*(t,),t,€) + QU(E, t,6) + TP (€ ¢)
for X*(t,e) <z <b.

Here u™*)(x,7,¢) is the regular part, Q™) (£,t,¢) are the internal layer parts and
II#) (@) ¢) are the boundary parts. The parts Q) (¢, ¢,¢) serve to describe the quick
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transition layer in a small vicinity of the point X (¢,¢) € (a,b) and thus depend on the
stretched variable
r— X*(t,e)
L)
£
The functions II#) (&) ¢) describe the boundary layers on the left and right sides of
interval (a,b) and depend on the stretched variables

S(_):x_aandf(”:b_x
£

accordingly. Each term of the presented ansatz is treated as an integer power series with
respect to the small parameter £, namely

7 (x,y,t,€) = Zsk (i)xy, ), 5255 ZekQ

f(i) £) Zskl'[ f(i

The construction of the functions H,(C is described in details in [8]. These functions

are not depending on variable ¢, and therefore they do not have influence on the moving
internal layer. We note that in the case of Neumann boundary conditions we would have
Héi) =0.

Remark 1. It will be shown below that the functions Q,(Ci) (&,t) depend of t just throw
dependence of X*(t,¢). Therefore for U(z,t,e) and Q™) (&,t, ) we also use the notations
Uz, X*(t,e),e) and QP (&, X*(t,¢),¢).

In order to find the terms of the asymptotic expansion of X* we use the condition of
C'-matching of the asymptotics at the point X*(¢,¢):

oU—) U

(=) ( x* — 77y * —
UOX (t2),1,6) = UD(X (o)), = —(XF(1e),t2) =eo s

(X*(t,e),t,¢).
This is equivalent to

§00,8) + a7 (wo(t), mo () +
+ 3 Q0. + 7 (wolt), 2o(1)) + 2w (1) + MO (1)) =
k=1
= @é“(o t) + 5" (zo(t), xo(t)) +

+Z (QE200.) + 3 (ao(), w0(t) + (D0 + MPO(®)  (10)

and




where
ous®) ous®
i (0(0), 70(1)) + “gE—(rol) 7o(1)).

Here M ) and N ) are certain functions recurrently expressed in terms of the preceding
orders of the asymptotics, in particular

w®) (1) =

()
MP@ =0, NT(t)= 8g—f<xo<t>, 7o(1)).

To formulate problems that determine the terms appearing in this series, it is neces-
sary to represent the equations in the coupled system of integro-differential equations in
the form of a sum of regular and boundary layer parts. For simplicity we shall omit in-
dices (—) and (+) in what follows if it is possible without misunderstanding. We represent
integral term as the sum

b

2
/g(U(x,t,a),U(s,t,s),x,s,s)ds:ZL (x, X*(t,¢), —l—ZQLkgtg) (12)
k=1

a

Here and in what follows, the following notation is used:

b
Zl(x7y75) = /g ulzr,y, e 7 (37975>7$7375> dSv

Ly(z,y,e) = /(g(ﬂ(%y,&%U(s,y,e)ax,s,e)—g(ﬂ(w,yﬁ)ﬂ(s,y,e),w,8,5)) ds,

S|

S

QLi(Et,2) / (9(U(z,t,2), (s, X*(1,€), €). 2. 5, )

a

— g(u(z, X*(t,e),e),u(s, X*(t,e),e),z,s,¢)) ds

and
b

QLy(&,t,e) = / (9(U(x,t,e),U(s,t,e),x,8,¢)— g(u(r, X" (t,e),e),U(s,t, &), x,8,¢)—

—g(u(z, t,e),u(s, X*(t,e),e),x,s,¢) + gu(z, X*(t,e),¢),u(s,z*(t,e),¢),z,s,¢)) ds.

Let us separately transform each of the above terms. Represent the first term L; in the
form

b
1(z,y,¢e /guomy Uo(s,y),x,s,0) ds+

+ZE :E Y Uk+ 9o (ﬂ0($7y)7ﬂ0(87y)7x7S7O)Ek(say) d5+Dk($ay) )



where
b

P(x,y) = /gu(ﬂo(z,y),ﬂo(s,y),x,s,O) ds,

a

(g, is derivative of g for second argument), and Di(z,y) are recurrently expressed in
terms of the preceding orders of the asymptotics, in particular,

b
D1($,y> = /95<E0($7y)7ﬂ0(87y)7$7570) ds.

a

The term L, is transformed in a somewhat different way. Before expressing it as a series in
the small parameter e, we change the integration variable by the formula s = X*(¢,&)+e7
(7 is the stretched variable). As a result, we obtain

Zg(x,X*(t,e),a) =
(b—X*(te))/e
€ / lg(u(z, X*(t,e),e),u(X*(t,e) +e7, X" (e),¢) + Q(7,t, &), 2, X*((t,e) + €T, ¢)
(a—X*(te))/e

—g(u(x, X*(t,e),e),u(X*((t,e) + er, X*((t,€),¢e), 2, X*((t,e) + e1,¢)] dT

(b—X*(t,e))/e +00 (a=X"((t,e))/e +oo
=¢ / [...]deE/[...]dT—e / [...]dr—¢ / [...]dr =
(a—X*(t.e))/e —00 —00 (b=X*((t,e))/e
+oo
— = [ lotmo(e, X*(t,2)), Talzo, 20) + Qu(ryt),2,20,0)

9@0(957X*<t’5))aﬂ0($07$0),I,xo,O)] dr +
+§:5k+lTk+1($,X*((t75)) — @y (z, X*((t,e),e) — Doz, X*((t,€),¢).

Here, Ty(z, X*((t,¢)) are certain functions recurrently expressed in terms of the preceding
orders of the asymptotics and

(a=X*((t,e))/e +00
Oy (x, X*((t,e),e) =« / [...]dr, ®y(x, X" (t,e),e) =€ / [...]dr.
—00 (b=X*((t,e))/e

It is shown below that all the boundary functions Q(&,t) have an exponential estimate
at infinity. Under this condition, the integrand in the definition of ®;(x, X*(t,¢),¢) also
satisfies this estimate. Then, the estimate |®(x, X*(t,¢),¢)| < (eC/v)erl@=X (/e ig
valid, therefore, the relationship ®(x, X*(¢,¢),e) = o(e") is fulfilled for all n > 0 as
e — +0. Analogously, ®o(z, X*(t,¢),e) = o(e") for all n > 0 as ¢ — +0. Thus it is
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possible to neglect terms @, (z, X*(t,¢),¢) and Po(x, X*(t,€),e) in comparison with any
other term with a power dependence on ¢.
Using the conventional scheme after transformation of ()L, we obtain

b

QLl(f,t,{f) = /(g(ﬂo(xo,l‘o)—f-Qg(g,t),ﬂo(&l’o),l’g,S,O)—

a

—9(To (o, o), Uo (s, To), To, $,0)) ds + Z ¥ Sk(&,1).
k=1

Finally, when transforming the term )Ly, the same sequence of operations as in the case
with the term L, is required. As a result, we obtain

+oo

QLy(E te) =¢ / (g(@o (o, x0) + Qo(&, 1), To(wo, x0) + Qo(T, 1), 0, 20, 0)—
—g(To (0, T0), Uo(T0, To) + Qo(T, 1), To, T0,0) —
—g(ﬂo(l'o,l'o) + Qo(g, t),ﬂo(x(], l‘o),l‘o,l‘o, O) -+

+9(Uo($o,iUo),Uo(ﬂUo,iUo),fBo,-%o,O)) dr + Z5k+19k(f>t) - \If(f,t,g). (13)
k=1

Here ©4(,t) are certain functions recurrently expressed in terms of the preceding orders
of the asymptotics and the function W(&,¢,¢) has the same origin as functions ®4(z,y, €)
and ®,(x,y, €) in the case of the expansion for Ly. By analogy with the above discussion, it
can be shown that, in the subsequent reasoning, V(,t,¢) = o(¢") for all n > 0, therefore,
the function ¥ can be neglected in comparison with any term with a power dependence
on €.

Applying the differential operator D = &2 aa—; —eA(x, 6)(% — £ £ on the ansatz (9)
we get
0? 0X* 0 0
D — Du(z, X* g A o__.9° ,
o) = Do, X°1.2).2) + | g + (- 00) — 2(9)) 2 - 7] Qtene)

Equating the sum of coefficients of the equal powers of € to zero, we easily obtain equations
for determining all terms of the asymptotic.

It is obvious that the equation for the zeroth order regular function %y (z, y) coincides
with the reduced equation (3). Thus, let us put

(i)(

_(+
ust (2, y) = o (z,y).

Extracting leading terms from expansions (10) and (12), we obtain the problem for de-



termination of the boundary functions Qéi) (vo(t) = z{(t)), namely

20)(&)
PO (ol Aol 0) 2 =

b

Z/EWWQAmaﬁ»+@ﬁ@¢mﬁkamm»mwﬁmw—

a

—g(@5 " (xo(t), 20(t)), TS (5, 20(t)), 20 (t), 5,0)] ds, € € RY, (14)
§900,8) + a5 (wo(t), 2o (t)) = ol@o(t)), (15)
Q5 (=00, t) = Q{7 (+00,t) = 0. (16)

It is clear that the solutions of problems (14)-(16) do not explicitly depend on the argument
t and depend on zy as parameter. Therefore according to Remark 1 we can use the
notation

F(€t) = Q57 (€, mo(t)).

In order to use known results for problems (14)-(16) we introduce the continuous function

) (2o, ) + Q((Ji)(f»c’ﬂo% § <0,
a(&,0) = ¢ wo(zo), £E=0,
0 (o, o) + QST (€, 20), £>0.

Now we can rewrite problems (14) - (16) into the form
0%

o¢’
(0, z0) = wo(x0), U(—00,20) = @~ )(xo,xo), (400, z0) = ) (20, 0).

+ (UO A($07 aé - j;) S .1'0) .Z'(),S,O) d87 56 R? (17>

The equation in (17) is a second order ODE and from Condition I it follows that
©F) (xg, 29) are the sadle points. This problem is well studied (see, for example, [7],
[9]), and we have the following result.

Lemma 1 For all g € (a,b) there exists a unique vy such that problem (17) has a
unique solution u satisfying the estimates

(€, o) — o) (o, To)| < Ce4, (18)
where C' and v are some positive constants. The function vo(xg) satisfies the relation

¢ (@g,20) &
J 9(u,(s,@0),w0,5,0) ds| du
¢ (wg,m0) L

7{(} <a£ (&, IO))

From Lemma 1 it follows that Q(()i) (¢,t) have the exponential estimate

+ A(zo,0). (19)

’Uo(Io) =

‘Q(i) ‘ < Ce e, (20)
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and the location of front can be determined as a solution of the initial value problem

‘/L‘é] = UO(‘TO)7
21
I0(0> = Zoo, ( )

where xgy determines the initial location of the front. The roots of vy(z) determine the
location of stationary solution with internal layers (see [5]). At the present work we
consider just motion of fronts (without approaching to stationary solutions), therefore we
assume

Condition II. Let vy(zg) > 0 for any xq € [a,b].

Problem (21) has a solution for ¢ € [0,7], where T is defined by the estimate
zo(T) < b (the front moves to the right boundary).

JFrom the solvability of problem (17) it follows the zeroth order C*-matching con-
dition (see (11))

0Qy

(+)
2 (0,30(1) = 52

U3

(0, 20(t)) (22)

is satisfied.

We now turn to the analysis of the linear problems determining the higher order
terms in the asymptotic expansion.

The first order regular expansion term u;(z,y,t) of (9) has to be determined for
any smooth function y(¢) € (a,b) for t € [0,7] therefore we denote it by u,(z,t) and
determined by the operator equation

P(z,y)uy,(x,t) + +afbgv(ﬂo(x,y),ﬂo(s,y),x, s,0)U1y(s,y) ds+ 23)

Dia,9) + Tila, ) = 50(,y) = G2 (a, ) G
If y(t) is determined, then @, (x,t) is a known function of z,¢ and we use for it the
notation For a shortness we use for this term the notation @;(x,y,t) where y denote the
point where @ (z,y,t) is discontinues.
By analogy with Condition I one can rewrite problem (23) in the form of two coupled
linear integro-differential equations

Y

Yy
@)+ [ KOO (2,5, y)a,) (s, 1) ds+
¢ b
+ [ KOO (@, s,p)a) (5,1) ds = £, (@,1), a<z<y,
(+) . (-) 2y
wy,, + [ KT (x,s,y)uy,’ (s, t) ds+

b
+ [ KOD (2, 5,90 (s,1) ds = fi (2,1), y<z<b
Yy



Here for i, 7 € {—,+} we denoted

(@) (J)
K@) (z,5,y) = g0 (U (2, y)(l (5,4),%,5,0)
P (z,y)
o, oy ; ;
oy @~ D@y~ T (y)

11y (1) = ) (v = (1)),

Suppose that the following condition is satisfied.

Condition III. Let the system of the coupled integral inequalities

Yy
w N (z,y) + [KE)(2,s,y)w)(s) ds+fK Nz, 8,y)wH)(s)ds >0, a<z<y,

a

wH (z,y) + fK+):rsy) )(s) ds~|—fK++xsy) )(s)ds >0, y<z<bh,

for all y € (a,b) has a positive solution .
Remark 1. Condition I11 is fulfilled if all ergenvalues of the following problem

Mw ) (z,y) —i—fK Nz, 5, y)w)(s) ds—ka(Jr (z,s,9)wH(s)ds =0, a<z<y,

w ) (2 —|—fK(+)xsy) )(s) d5+fK(++ (z,s,)v P (s) ds =0, y<az<bh,

Y

have estimate |A| < 1.
We can also use the sufficient condition

P(x,y)+fbgv(w(x,y),w(s,y),x,&()) ds>0 V (x,y) € [a,b],

a

that can be easily checked.

If Condition III is fulfilled then for all y problem (24) has unique solution @™ (z, y)
with discontinuity at the point y (see [10]).
The internal layer functions Q(li) (&,t) are the solutions of the equations
2~(#) (£)
PO | 998
, % * (25)
~QF [ 9u(@(&,1). (5, w0), w0, 5,0) ds = g (€1), € R,

where

DHE,t) = 2 5 (€ ) — (G (a0, 0)(an + €) + S an, 0)lan) + ST (6, 1) + 66, ),
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and
Uo(t) = vo(t) — A(zo(t),0).

The equations (25) is considered with the boundary conditions

. N 9 ) .
Qg )(07 t) == ug )({E07 l’o) + 1 |:/?LT?L‘([EO, I’O) + /?LT?J([L'[), ,’,Co):| = pg )(t), (26)
) ()
Qng)(O’ t) = ﬂng) (xo, .’ﬂo) + 11 [ag—.—;_(iﬂo, .1'0) + au—a.—é/(x[), $0):| = ngF) (t),
Q1 (=00, ) = Q1Y (+00,1) = 0. (27)

Using that ‘3—?(5 ,1) is the solution of the homogeneous equation for (25) we can obtain
the following integral representation of solution of problem (25)—(26):

+o0

—o(zo)n N
e = e {70 - [ G | [ avae gt i | dn g (29
0 n
where - - .
2(&, ) = a—z(f,xo) (a—z(o,mo)) :

¢ From the definition of ¢;(§,t) and the exponential estimate (20) for Qy(&,t) it follows
that |qi(&,t)] < Ce ¥l for all ¢ € R*. Now it is obvious that, if the function a(t) is
known, the linear problems (25)-(26) have unique solutions and these solutions also have
the exponential estimates at infinity

Qi | < oo

To find function w(t) we shall use the first order C'-matching condition (see (11))

0Q\”) ouy” oQ\" ouy”
S 0,0) + T ), mn(0) = T 0.0+ T () ao(e). (29

¢ From the integral representation (28) and condition (29) we obtain the following equation
for function xy(t):

7y — B(xo(t))r1 = Fi(zo(t)), (30)
and .
I e (€, 20)e™ NN (€, 0) dE — g (0, ) To(w0) Do)
B(ao) = - _
I aZ (€, wo)ePo@ dg

11



where
N (&, 20) = —Az(20,0)00(w0) + g(u(&, 70), 90(_)($0>$0) o, 5,0)—

—g({l(f ) §0(+)($0,I0>,$078,0) +901(E ) $07IO fgu d3+

¢ ) 1’0,1‘0 fgu d8—|— fgv Z(l )(SaxO)d8+

zo

+fgv(*)¢§ )(s,mo)ds+fg$(*)ds

o

(( )E( (f xO) (S,IO),SCQ,S,O)),

+¥z

D(z0) = @i (w0, 70) — 07 (w0, x0) + SO?SH(%, o) — 803(,_)(%7 o)
and
“+00 B _ xo
Fi(zo) = [ (€, 20)e™ @ — (A, (w0, 0)€ + Ax(wo, 0))To(x0) + E{¢t (xo, 20) [ gu(*)ds

+80§c ) (2o, 2o fgu d3}+u1 (w0, 0 fgu d3+u1 ) (g, zo fgu *)ds+

b 0 o
‘*‘fQU( )1 (s, 20)ds +§fgz *)ds + fge x)ds + O (&, xo) } dE+
Fite (0, 20)iio (o) (@Y (2o, 20) — T, (20, 20))

(©0(&, zo) is the integral term in the left-hand side of (13)).
For equation (30) we have initial condition

The problems to determine the terms wg(x,y) and Qx(§,t) for k& > 2 have the same
structure as problem (23) and (25)-(26), respectively. Thus, we get that all these problems
are always solvable. Particularly, the functions Qx (£, t) can be represented in the form (28)

where index 1 has to be replaced by k, and q,ii) (&,t) are known on each step functions
with the exponential estimate. Thus, we have

‘Q(i) ‘ < Ce vkl

where C' > 0 and v > 0 are certain constants independent of &.
Using the k-th order C''-matching condition (see (11)) we get the equation for zy(¢)
which is similar to equation (30) for z;(t)

), — B(wo(t)) ) = Fi(t),

where Fy(t) is known on the each step function, with additional condition x(0) = 0.
If input dates are sufficiently smooth then we can continue our construction to any
order of n, and our formal asymptotics satisfies the problem to order of ™.

3. Existence result

12



To validate the asymptotics constructed above, we invoke the asymptotic method
of differential inequalities [11], which was initially proposed for PDE’s, and got some
extension for integro-differential equations(see [5],[8]and [10]. This approach is based on
well known differential inequalities technique and we recall the definition of upper and
lower solutions to problem (1), (2).

Definition 1. A function 3(z,t,e) € C{[a,b] x [0,T]} N C*{(a,z*(t)] x (0,T]} N
C®H{[z*(t),b) x (0,T]}, where z*(t) € (a,b) fort € [0,T] is a smooth function, is called
an upper solution to problem (1), (2) if

1) LIB] <0 for all (x,t) € {(a,z*] x (0,T]} N {[z*,b) x (0,T]},

2) W 0.t.6) — Bar —0,1,0) <,

3) %(a,t,e) <0 and gﬁ(b t,e) >0,

4) B(x,0,¢) = u’(z,¢),

where L is the integro-differential operator of equation (1). Similarly, the function
a(z,t,e) belonging to the same class of smoothness is called a lower solution if it satisfies
to the conversed inequalities.

The proof of the existence of a solution to problem (1), (2) relies on the following the-
orem of differential inequalities, which is a slight extension of the corresponding theorem
in [2] (see Chapter 2, Sect.2.7) (see also [12], [13] and [14]).

Theorem 1. Assume that there ezist the functions a(x,t,e) and 5(x,t, ) such that
the following conditions are valid:

(a) a(z,t,e) and B(x,t,e) are the lower and upper solutions to problem (1), (2),
respectively;

(b) a(x,t,e) < B(x,te) for all (x,t) € {[a,b] x [0,T]};

(c) Az, ) € CY(a,b], g(u,v,2,5,-) and gu(...), gu(...) € C(la(z,t,-), B(x,t,-)] X
(s, ), B, £, )]  [a,bP);

(@) gul-..-) <0 for all (u,v,3,5) € [a(a,t, ), Bz, 1, )] X [a(s, £, ), B(s,,-)]  [a, b

Then problem (1), (2) has unique classical solution u(x,t,e) such that a(z,te) <
u(z,t,e) < Bz, t,e) for (z,t) € {[a,b] x (0,T]}.

We note once again that Theorem 1 can be used in our case only if the function ¢ in
Eq. (1) satisfies to so called quasimonotonicity assumption(d). Therefore we assume the
following condition.

Condition IV. The function g(u,v,x,s,€) is monotonically nonincreasing with re-
spect to v for all admissible values of its arguments.

The lower and upper solutions to problem (1), (2) are sought in the form

an(z,t,e) = Upntr)ala, t,e) + gn+l [ q(z,y) + Q nt1)al(&as )}
o gn-‘rl (e—nf( ) + e—f{§<+ )

Y

6TL('T7 t7 8) = U(n+1)5($, t? 5) + gn—H |:Q(x7 y) + Q(n+1)/@(£ﬁa t)i|
+ En-l—l(e—fif(*) + e—n§(+))7

(31)

where Upy1)a (2, €) and Ugq1)8(, €) are (n+1)-st order (n > 0) partial sums of series (9)
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with y = 7,(t,€) and y = x}(t, ), respectively, where

Z&‘ (¢ 2 g1)alt), ZE wi(t) + " ana(t),

and 7 (,4+1)o and z(,41)s to be determined later. The stretched variable § we replaced here
by &a = [v — 2} (t,¢)] /e in ay, and by &5 = [z — xj(t, €)] /e in B,

We recall that function zg(t) is such that a + A < z4(t) < b— A (A > 0 is some
positive number) for all ¢ € [0, 7.

The function g(z,y) > qo > 0 for all (z,y) € [a,b] x [zo(t) — A, zo(t) + A] is positive
solution to integral equation

P(z,y)q(z,y) + /gv(ﬂo(x,y),ﬂo(s,y),x, $,0)q(s,y)ds =1 (32)

a

The existence of such positive solution of equation (32) follows from Condition III.
The function x(,1)s is defined from the problem

Tlngyp — BEo(0)Tmins = Furs(t) — 0, 2mi1)p(0) = =9, (33)
where

Flnt1ys(t) = ¢ (0, 79 fgu )ds + ¢\ (zo, 20 fgu %) ds+

+ [ gu(%)q(s, x0)ds + e (0, 20)To () (¢ (o, 20) — ¢ (w0, 20))

((x) = (a(&, xo), p(s,x0), To,5,0)), and o and ¢ are some positive numbers. If we choose
0 sufficiently large we have
x(n-&-l)ﬁ@) <0, te [Oa T] (34)

We determine the function Q(n+1)g(§ ,t) from the problem which is similar to the prob-
lems (25)-(27)

dQQ(:) d@(iﬂ) B b )
Ci(€+1)ﬁ + UO@)% - QE:—)Q—l)B { gu(u(fa t)a 90(87 .170), Zo, S, O) ds = (35)
= Q((:j_l)ﬁ(éat% 5 € Ria
~ () 4 6—0* ot (=)
Q(n+1)6(07 t) = ¢" (w0, 20) + T(n41)p T(%Jo) + T(Io,xo) ;
= (+) ) aﬂé‘i') aﬂé-l-) (36>
Q(n+1)ﬁ(0a t) =q (3:07 .’13'0) + T(n4+1)p |: or (xlb .CE()) + ay (l’g, -170):| 5
QE;LJ)rl)ﬁ(_ooa t) == QE:}F1)5(+OOa t) =0, (37)
where 54 54
+ Uu -
) )g(f> t) n+1 '685 (5 ) %(x(h O)I(nﬂ)ﬁvo(%)-
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The solution of problem (35)—(37) can be obtained explicitly.
Now we can check that the function (3, (z, t, €) given by the representation (31) satisfies
Definition 1.
From the structure of (3, (z,t,¢) it follows that it satisfies the differential inequality.
We have
L[] < —&"*! 4 o(e™).

Thus, for sufficiently small values of the parameter ¢ we obtain L[3,] < 0.
From representation (31) for 3,(z,t,¢) using the equation for z(,41)5 (see (33) we get
that in the point x(t,¢) the condition of the derivative’s jump is satisfied

95 (a5 (t,e) +0,t,6) — DB (an(t,e) — 0,1,6) =

= (@] p1y5 — Blao()a(uins — Flurna(®)ig (0, 20) [125 (€, 20)e™ @ de + O(c™)

—0o0

= —5”0&51(0,370) fj;o &g(g,xo)eﬁo(aco)f d¢ + O(e"1) < 0

for sufficiently small ¢ > 0.

Therefore the function [, (x,¢) satisfies the definition of the upper solution and it is
an upper solution for problem (1), (2).

Similarly it can be shown that function o, (x, ) is lower solution for problem (1), (2).

The proof that a,(z,¢) and §,(z, ) are ordered we show that difference (3, (x,e) —
ay(z,e) > 0 by the same way as in [10], [11].

Thus, ay,(z,t,¢) and B,(z,t,e) satisfy all conditions of Theorem 1. Therefore, prob-
lem (1), (2) has a solution wu(z,t,e) such that «,(z,t,e) < wu(x,t,e) < Bu(z,t,¢).
Taking into account that f§,(x,t,e) — an(x,t,e) = O(e") we find that u(x,t,e) =
an(x,t,e) + O(e™). In the case when n > 1, we can neglect inessential terms and write

n+1
u(z,t,e) = Up_1(x,t,€) + O(e") with z*(t,e) = > e*xy(t). Thus, we have proved the
k=0

following theorem.

Theorem 2. Assume that A € C"*([a,b]), g € C"*(R? X [a,b]*) (n > 0) and for
sufficiently small ¢, and Conditions I-IV are fulfilled. Then for sufficiently small values
of the parameter € > 0 problem (1), (2) with initial function

ai(z,0,¢) <u’(z,¢) < fi(2,0,¢)

has a classical solution v = u(x,t,e) fort € [0,T] such that

liH[l) u(z,t,e) =

E—

{ o (@, 20(t)) for a <z <mo(t) <b
o (@, 0(t)) for  wo(t) <a <D

Moreover, if smoothness condition on coefficients A and g are fulfilled for n > 2 and

an,1($,0,€) S uo(x>5) S ﬁnfl(xa()ﬂ?)
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then u(x,t,e) = U,_1(x,t,€) + O(e") where

M

n—1
gk [ﬂ,(g)(a:, zh(t,e)) + Q,(;)(f,t)] + > ekH,(;)(f(_)), a<x<ai(te),
Upi1(z,t,e) =< =4 k=1

5 et [ (e zn(t.) + QLD+ S I ), wi(te) < < b
k=0 k=1

with & =[x — x(t,e)]/e and x}(t,e) = %1 ekay(t).
k=0
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