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From convergence principles to stability and
optimality conditions

Diethard Klatte * Alexander Kruger! Bernd Kummer?
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Abstract. We show in a rather general setting that Hoelder and Lipschitz stability properties of
solutions to variational problems can be characterized by convergence of more or less abstract iteration
schemes. Depending on the principle of convergence, new and intrinsic stability conditions can be
derived. Our most abstract models are (multi-) functions on complete metric spaces. The relevance
of this approach is illustrated by deriving both classical and new results on existence and optimality
conditions, stability of feasible and solution sets and convergence behavior of solution procedures.

Key words. Generalized equations, Hoelder stability, iteration schemes, calmness, Aubin property,
variational principles.
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1 Introduction

In this paper, we shall throughout suppose that
X, P are metric spaces and X is complete. (1.1)
We study local stability properties of solution sets to inclusions
p € F(z) where F': X = P is closed (i.e., has a closed graph) (1.2)
or, in other words, of the inverse mapping S as
Sp)=F'(p)={ze X |peF(x)} (1.3)

near some (p,T) € gph S.

By local stability we mean here that given some (p,x) € gphS near (p,Z) and some 7 near P,
there exists a solution & € S(m) satisfying d(&,z) < Ld(w,p)? (¢ > 0) for some L > 0. Additional
requirements to p, z and 7 will specify the type of stability.

A particular and important special case of (1.3) is given by the level set mapping

S(p) = Sf(p) ={zx e X | f(xr) <p} where f: X — Ro :=RU {00} isLs.c. (1.4)

There are many further applications of the model (1.2), (1.3) known, in particular, for standard
nonlinear programs, in describing equilibria of games, in several types of bi- or multi-level programs,
including MPECs, semi-infinite programs and stochastic models. To see how to link the general model
with the special ones, we refer e.g. to [1-3,5,11,20,26, 29].

In many applications, F = f is a function and S = f~! is its multivalued inverse. But the model
(1.2), (1.3) describes not only classical right-hand side perturbations of inclusions or equations since
S(p) may be defined implicitly. Consider, for instance,
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Model 1. Given @ : X x P, =3 P, put P=P; X P, and

Sp)={r € X |p2 € ®(z,p1)}, F(z)={p|p2 € ®(z,p1)}, (1.5)

with equations if ® = f is a function. The mapping ® can describe fixed points or solutions of (some
or many) variational problems which depend on z and p;; e.g., the (stationary or KKT-) solutions to
min, {h(z,y,p1) | w(z,y) < p1}, solutions to equilibrium problems or to other MPEC- type problems.
More generally, ® may depend on ps or other multifunctions, too.

Model 2. Given h: X x P, — P, (a linear normed space) and C C Py, the mapping

Sp)={reX |p+hlz,p1)cC}, pcPixP (1.6)

describes set-constraints (or solution sets) in parametric optimization models. With any analytical
description ¢ € C < g(z) < 0, this leads to usual inequality constraints G(x, p) := g(p2+h(z,p1)) <0,
see section 3.3 for polyhedra C. Further, with ®(z,p) = C — h(z,p1), system (1.6) is (1.5), even if C
depends on pq, too.

The main intention of this paper is to show how basic convergence principles can be used to study
the connections between local stability, approximate solutions and iterative solution procedures by
a unified approach in the general setting of inclusions in complete metric spaces. In this way, we
continue and extend the research presented in [14,22,23]. Applications to special cases like level set
mappings and approximate minimizers are discussed.

In our general approach, we avoid preparations via Ekeland’s variational principle [9]. The latter
can be done since we do not aim at using the close relations between stability and injectivity of certain
generalized derivatives (which do not hold in general spaces). For approaches studying these relations,
we refer the reader e.g. to the monographs [1,3,8,11,20,26,29]. However, we also link different view
points and approaches, and do this for several relevant special cases of the abstract model.

Primal space approaches to stability, which avoid the use of generalized derivatives, have been
already presented in the first part of Toffe’s work [17]. There, Ekeland’s principle is applied in several
skillful ways. The message of our paper is that primal space stability conditions can be characterized
by certain convergence principles and the same few convergence principles characterize both calmness
and the Aubin property in a unified way.

The paper is organized as follows. Section 2 is devoted to some convergence principles which are
basic for the rest of the paper. A first illustration how to use them is given by deriving (known)
convergence properties of cyclic projection and proximal point methods.

In Section 3, we first introduce and discuss some known notions of local stability, in particular,
the Aubin property, Lipschitz l.s.c. and calmness and their Hoelder rate equivalents. Then, as a
main result of the paper, we present two versions of a theorem on invariance of the Aubin property
under Lipschitz perturbations, including concrete estimates between the solutions of two perturbed
mappings. The proofs are based on one of the basic convergence principles of Section 2, the results
are closely related to [4,6,7,17,18,20].

In order to point out specific features of different local stability properties, we then study standard
systems of C! equations and inequalities. This complements recent studies via different approaches,
given e.g. in [8,10,15,16,19,22,23]. We also show how to include set constraints h(z) € C with a
polyhedral set C' in these standard schemes. In the last subsection of Section 3, we discuss various
view points about the use of generalized derivatives when deriving optimality and stability criteria in
nonsmooth settings. In particular, the case of empty subdifferentials is considered.

Section 4 is devoted to connections between stability properties and descent conditions for func-
tionals. This is in particular applied to characterizations of Hoelder calmness of the level set map of
a functional, in the standard calmness case this is related to recent results in [10,17,23]. Further, it
is shown that the main theorem of this section, Theorem 4.1, is equivalent to Ekeland’s principle and
also leads to a monotonicity criteria for the Aubin (Hoelder-type) property.

In Section 5, stability for general closed multifunctions F' : X =% P is studied. If P is even lin-
ear normed, the stability characterizations of Section 4 are applied by utilizing the so-called strong
closedness of suitable intersection maps. In contrast, if P is a metric space, we need an approach inde-
pendent on strongly closedness and Ekeland’s principle. It turns out that one of our basic (and simple)
convergence principles, presented in Lemma 2.4, leads directly to a characterization of (Hoelder-type)
calmness and Aubin property in terms of applicability and well-defined convergence behavior of some
proper descent method. This new approach and result will be related to results in [17,21,22].
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Notation

We write IRo for R U {oo} and use the symbol d for both the metric in X and P if the space
under consideration is evident. Throughout, we have z,2',§ € X, p,p’,® € P. If F is single-valued
F(z) = {f(x)} we identify F and f. We say that some property holds near Z if it holds for all
2 in some neighborhood of Z. By o = o(t) we denote a quantity of the type o(t)/t — 0if ¢ | 0,
and B(Z,e) = {z € X | d(z,z) < e} denotes the closed e-ball around z. For real r, r* stands as
usual for max{r,0}. We write dim X < oo in order to say that X is a finite dimensional space, and
locLip (R",IR™) denotes the space of locally Lipschitz functions f : R" — R"™. We write f € C1!
if (Fréchet-) derivatives exist and are locally Lipschitz. Our hypotheses of differentiability, continuity
or closedness have to hold near the reference points only.

2 Some principles of convergence

2.1 Convergence of particular sequences

Below, we will apply the following simple statements on convergence.

Lemma 2.1. Let g,h: X — R, g be l.s.c., and let certain xy, k= 1,2, ..., satisfy
g(xps1) < glxk) and g(xesr) < h(ze) +ex; ex 0.

Then for any their accumulation point &, it holds g(&) < liminfy_, o h(zk).

Proof. Obviously, if the sequence xj has an accumulation point ¢ then, by monotonicity, the whole
sequence g(xy) is convergent and ¢(§) < limp_oog(xp+1) < liminfy oo [ A(zk) +er | =
lim infy_, o0 h(zk). O

If his u.s.c. (in our applications it is going to be globally Lipschitz) then the Lemma yields
9(&) < ().

The Lemma is one of many possible variations of the well-known Weierstrass theorem for the existence
of a minimum where h(z) = infy g is constant and the existence of £ is ensured by compactness.
Evidently, the particular type of the involved functions is essential and depends on the applications
we are aiming at. The number of such applications is big, and they may be quite different.
An important setting appears in the context of Ekeland’s principle as follows.

Let A >0, g: X — Re and let g(zp) € R for some xg € X. Define

h(u) = inf [ g(z)+ X d(z,u) ] ue X. (2.1)

zeX

Lemma 2.2. [t holds h < g, and either h(u) is finite for all u or h(u) = —oc Yu. In the first case, h
is Lipschitz (with rank \). Furthermore, h is finite if

¢ = inf g(x)>—-0coVr>0 and liminf g(x)/d(z,x0) > —A\. (2.2)

@€ B(ao,r) d(,20)—00

Proof. The inequality h < g is obvious. We also have h(u) < g(zo) + A d(zp,u) < oo. For any
u1, Uz, € € X it holds

h(ur) < g(@) + Ad(z, u1) < g(z) + A(d(@, uz2) + d(u1, uz)).
(

(
Taking the infimum over € X we obtain h(u1) < h(uz) + Ad(ui,us). Therefore, h(ug) is finite if
so is h(uy). Since uj,us are arbitrary, we derive: All h(u) are finite and h is (globally) Lipschitz

with rank A if h(u) is finite for some u. Next assume that h(u) = —oco. Then there are x,, such that
g(zn) + Md(xp, u) < —n.
Case 1: If d(z,,20) < r for some 7 > 0 then inf,cp(yy.r) 9(x) = —o0.
Case 2: If d(z,,x0) — o0, then we have g(z,,)/d(xn,u) + X < —n/d(z,,u) < 0 and consequently
iminf 2% < fimint 9@ g 9@y
d(z,w0)—o0 d(2, o) n—oo d(xpn,xo) n—oo d(Zp,u)
Both these situations are excluded by (2.2). O
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If X is a Banach space, the liminf-condition of (2.2) can be replaced by liminf o 9@ o )

Proposition 2.3. Let g: X — R be Ls.c., A > 0, g(zg) < oo and suppose (2.2). Then there exist
Tk, k=1,2,..., such that

g(wp) + X d(xp, xp-1) < glog—1) (< glxo) ), (2.3)
g(zr) < h(zk—1) + 1/k. (2.4)

For any such sequence, the limit & := limxy, exists and fulfills

Ad(€ x0) < g(xo) — 9(&), (2.5)
g(x) + Ad(z,§) > g(§) VreX.

Proof. By Lemma 2.2, h attains only finite values and is globally Lipschitz. Having z;_; for k > 0,
an appropriate zj can be found as follows. If h(xx_1) = g(xx—1) then take z; = xp_1. In this case,
the sequence remains constant and the proof is trivial. If A(zx—1) < g(zg—_1) then there is some xj
satisfying (2.3) and (2.4) due to definition (2.1). Since g(zx) < g(zx—1) we have ) # z¢. Inequality
(2.3) yields for any n > 0,

Ad(xy, o) < /\Zd(l‘k,xk—l) < Z [9(zk-1) — g(zx)] = g(w0) — g(an) (2.7)
k=1 k=1

g(zo)—g(x)
d?m,ru) < A

This tells us that d(x,,zo) remains bounded, say x,, € B(xo,7). Since ¢, > —oco we conclude that
g(xo) — g(xn) < g(xo) — ¢ < 00. Again by (2.7), so also > po, d(zg, zx—1) is bounded. The latter
obviously implies that {z;} is a Cauchy sequence. Thus the limit & = lim xj, exists in the complete
metric space X . Finally, (2.5) follows from (2.7), while Lemma 2.1 yields ¢g(£) < h(§), which is exactly
(2.6). O

and A < (g(zo) — g(xn)/d(xn,r0). Assumption (2.2) ensures Lmsupy(, 40)—oo

Notice that (2.2) holds true if infx g is finite. Then the existence of £ is just Ekeland’s principle,
cf. proposition 4.4. If dim X < oo, the property ¢, > —oo follows from compactness and lower
semi-continuity of g.

The conclusion of Proposition 2.3 is obviously stable with respect to small Lipschitz perturbations
of g.

The next lemma provides another simple convergence tool which will be used in the sequel.

Lemma 2.4. Let 0 € (0,1), and L = (1—0)~'. Let certain x € X, 7, € Ry satisfy, for 0 < k < n,
d($k+1,xk) § Tk and Tk+1 S eTk. (28)

Then xy, € B(xo, L7o) for all k <n+ 1. If (2.8) holds for all k > 0 then the limit £ :=limxy exists
and satisfies £ € B(xo, L1).

Proof. Tt holds for 0 < k < n,

Thp1 <O 1o, d(zpyr, ) < 0%,  and
d(xk+17l’0) S Zf:o d(l‘i+1,l’i) S Z?:O HZ T0 S L’i’o.

This proves the first estimate. The claimed convergence follows from the boundedness of the sum
Z?:o d(xi41,2;) < L1 for all k. Hence we obtain a Cauchy-sequence and £ = lim z;, exists. O

In section 5.2.2 we shall put 7, = d(pg, 7)? where py, assigned to xy, and 7 are specified elements of
P and ¢ > 0.
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2.2 Applications: Convergence via compactness and projections

In this subsection, the function h in Lemma 2.1 is defined by the next iteration point z’ := T'(x) of
some procedure as

h(z) = d( T(), %)

where T is a solution we are interested in. The error constants e are zero. We show how to use
Lemma 2.1 in deriving two well-known convergence results.

Cyclic projections
Given m closed convex subsets () # C* C IR™ we consider the problem of finding some & € D :=n; C*
where we assume that D # (). Let T € D and 7ci(x) denote the Euclidean projection of € R" onto
C*. The functions m¢: are Lipschitz continuous with rank 1 (non-expansive). For any # € R", the
elementary properties of projections yield

Iroi@) — 2| <o -2l and (2.9)
|moi(z) —Z|| = |z — Z|| © 7ci(z) =2 & ze€C (2.10)

Let 2™ be the result after a cyclic projection of z, i.e., after applying the m projections as

o =7ei(z), @’ i=mee(2), ..., 2™ i=xgm (@™ D).

Put T(z) =2,  g):=d z), hx):=dT(x), ), zp1=T(x)

for any initial point zo. The latter defines the procedure of cyclic projections (also known as Fejjer
method). We verify the known result

Proposition 2.5. The sequence {xi} converges to some £ € D.

Proof. Obviously, g, T (as a composition of projections), and h are continuous. Because of (2.9), it
holds

h(xg) = g(zr41) < glay), (2.11)
k41 — 2| < llox — 2| < ... < [lwo — 2. (2.12)

Thus the bounded sequence has an accumulation point . Due to (2.11), it follows from Lemma 2.1
that
d(€,7) < d(T(€),7) < d(¢,7), hence d(€,7) = d(T(€), ).

By (2.9) and (2.10) then £ remains fixed under all m projections. This ensures £ € D for all such
accumulation points. Assume there are two of them, &' and ¢&2. Since our estimates hold with any
Z € D, they hold for # = ¢!, too. From (2.12), then &2 = ¢! follows. O

Proximal Points, Moreau-Yosida approximation

For minimizing a convex function f : IR™ — IR which has a minimizer, one may consider the so-called
Moreau-Yosida approximation Fy(z) = f(x) + 3|lz — y||>. Its minimizer z = x(y) is unique since F),
is strongly convex, and is characterized by

0€0Fy(z) = 2 —y+0f(x). (2.13)

Hence, the solutions & € argmin f are just the fized points of the function y — x(y). The proximal
point method generates a sequence by setting xy1 = T(x) := argmin F,, where ¢ is arbitrary.

Proposition 2.6. If argmin f # () then the sequence {xy} converges to a minimizer of f.

Proof. Every xp41 is the unique solution to (2.13) for y = x,. Since Jf is monotone, it holds for
related solutions = and 2’ corresponding to y and y’ respectively:

y—x€df(x), y —a'€af(a),
0<(y —a'—(y—=), &' —a) =y —y, ' —a) = | — | < ||y — ¢l |2’ — 2| - |2 — =|*.
This entails non-expansivity as above, due to
" —2* < |y =yl 2" — 2|l and [l2" — 2| < |y’ = y].

Discussing here the equation, it should be evident, that convergence follows in the same manner as
for the cyclic projections. O

If IR" is replaced by a Hilbert space, one obtains still weak convergence of {xx} by the same proof.
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3 Hoelder type stability

3.1 Stability properties

The following definitions describe, for ¢ = 1, typical local Lipschitz properties of the multifunction
S = F~! or of level sets for functions f : X — IR, called Aubin property, calmness, and Lipschitz lower
semi-continuity. In what follows we will speak about the analogue properties with exponent ¢ > 0 and
add [g] in order to indicate this fact. To avoid the misleading term “Lipschitz lower semi-continuity
[q]” we write “lower semi-continuity (l.s.c.) [¢]”.

Definition 1. Let S: P= X, z=(p,Z) € gph S.

(D1) S obeys the Aubin property |q] at z if

3¢,6,L>0: z € S(p)N Bz ) = Bz, Ld(p, 7)) N S(x) £ 0 Vp,7 € B(p,0).
(D2) Sis calm [q] at z if
36,6,L>0: € S(p)NB(x,¢e) = Bz, Ldp,p)") N S({) #0 Vpe B(p,5).  (3.1)
(D3) S is lower semi-continuous [q] ( l.s.c. [q] ) at Z if
36,L >0: B(z, Ld(p, m™)?) N S(7) # 0 vV € B(p,9).

Conditions (D2) and (D3) correspond to fixing in (D1) # = p and p = p, respectively. The
constant L is called a rank of the related stability.

Obviously, these requirements correspond to statements of implicit function type for F = S~1!
near (P, %) along with an appropriate estimate. If F' stands for a sufficiently smooth function f, its
derivative plays a crucial role. Next we mention possible problems for f ¢ C*.

Ezample 1. Let 0 < ¢ < 1. The locally Lipschitz function

[ z+a?sin(l/z) ifx#0,
f(i){ 0 if 2 =0

is differentiable, but Df is discontinuous at 0. Since Df(0) # 0, S = S is both calm and Lipschitz
l.s.c. at the origin (0,0) with the given [g]. At the same time, f has (positive and negative) local
minimizers z; — 0. Due to D f(x)) = 0 the distances di(a) := dist(zg, S(f(xx) — «)) cannot satisfy
a Lipschitz estimate di(a) < Laf as a | 0. Hence S is not Lipschitz Ls.c. [q] at (f(zx),zr) and, in
consequence, the Aubin property [q] at the origin is violated, too.

Remark 3.1. Calmness (D2) allows S(p) = 0 and can be written without ¢ and the requirement
p € B(p,0) in (3.1). It stands for error estimates near Z: There are positive € and L such that

dist(z, S(p)) < Ld(p,p)? Vx € S(p)NB(Z,e) Vp € P.

Proof. 1f (3.1) holds and p € P\ B(p,d) then Ld(p,p)? > Ld9. Since dist(z, S(p)) < d(x, T), it follows
that dist(z, S(p)) < Ld(p,p)? Vx € S(p) N B(z,e’) if &’ < min{e, Ld7}. O

In consequence, (D2) for Sy is equivalent to the error bound property:
Je,L>0: x € B(z,e) = dist(x, S¢(p)) < L((f(z) — f(z))T)".

Using our definitions for ¢ = 1, other known stability properties can be defined and characterized. We
recall some relations which are needed below, for details we refer to [20].

Remark 3.2. Let ¢ =1.

(i) S is called locally upper Lipschitz at z if S is calm at Z and Z is isolated in S(p).

(ii) S is called strongly stable at Z if S obeys the Aubin property at zZ and S(p)NB(Z, ) is single-valued
for all p € B(p,9).

(iii) S obeys the Aubin property (equivalently: F' = S~! is metrically reqular, S is pseudo-Lipschitz)
at z

< S is calm at all z € gph S near Z with fixed constants ¢, 9, L and Lipschitz l.s.c. at z
& S is Lipschitz 1.s.c. at all z € gph S near z with fixed constants 6 and L.
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In the strongest case (ii), the mapping S is locally (near z) a Lipschitz function, and one also says
that S is strongly Lipschitz.

(D1) characterizes, for ¢ = 1, locally the behavior of A=! for linear, continuous and surjective
operators A between Banach spaces as well as the topological behavior of solutions in the inverse
function theorem due to Graves and Lyusternik [13,24].

Necessary stability conditions

Remark 3.3. (D1) implies with 0 < A < L™,

For all (p,z) € gphS N [B(p,d) x B(Z,e)] and 7 € B(p,9) \ {p} (3.2)
there is some (p’,2') € gph S with d(p’, 7)? + X d(2’,z) < d(p, 7)? '
since we can choose (p’,2’) € gph S with p’ = 7. (D2) and (D3) imply the same for 7 = p and p = p,
respectively.

Our paper shows that (3.2) is also sufficient for the related stability if some extra supposition is
imposed which is always satisfied if F' = f is a continuous function or dim P < co.

Our main argument is constructive and quite simple: For initial points (pp, o) near (p,Z), we
construct a sequence where (P41, Zg+1) 18 just some particular point (p’, z’) which exists for (p,z) =
(P, k) by condition (3.2), and we show that the limit exists and fulfills the stability requirements.
This direct approach, which needs only some simple statements about convergence of appropriate
sequences, has been already used to derive stability characterizations for ¢ = 1 in [21,22] and, for
normed spaces P, in [23].

Composed mappings

It is important for many applications that the Aubin property of composed mappings is persistent
and can be simplified by differentiation.

Lemma 3.4. ([20], Lemma 2.1) Let S = S10S5 be a composed mapping, S2 : P =% X1, S1: X1 = X.
Let T € S1(Z1), T1 € So(p). Then the Aubin property holds for S at (p,T) if it holds for Sy at (T1,7)
and Sy at (p,T1).

Applications:

For Banach spaces P, X, X1, linear (continuous) operators Fy : X — X, Fp: X3 — P and F =
Fy o Fy with the assigned inverse multifunctions Sy, Sa, S, the Aubin property simply means that
the images (ranges) satisfy

Fy (Im Fy)=P (3.3)

since Im F' = F5 (Im F}) C Im F3 C P and we need just Im F' = P (by Banach’s inverse mapping
theorem) for the Aubin property of S = F~1. Hence (3.3) is the crucial condition: F» has to be
surjective and the image of the inner map F; must be “sufficiently large” in X;. Clearly, surjectivity
of both operators is sufficient.

If Fy, Fy are C' functions, one may pass to the linearizations F1, lin of F1 at T and FQ’ lin of F2
at 1 = F1(Z) and obtains: Sy, = [(F, 0 F), lin) ! obeys the Aubin property if and only if (3.3)
holds for the linearizations (at the related points), i.e.,

DF5(F1(z)) o DF1(Z) maps X onto P. (3.4)

In the next section, we see that (3.4) is equivalent to the Aubin property of the original mapping S
and that this equivalence can be extended to linearized generalized equations.

Hence, as long as any composed generalized equation p; € f;(x;,t;) + F;(x;) can be simplified by
linearizing involved C" functions f; (w.r. to z; or both z; and parameter ¢;), the original solution
mapping obeys the Aubin property if and only if this holds for the composed linearizations. Of course,
checking the latter may be still a hard task. For many applications, however, this leads to systems
of linear equations and inequalities with (if the systems reflect optimality conditions) or without (if
they stand for usual constraint sets to variational conditions) complementarity conditions.
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3.2 Aubin property and small Lipschitzian perturbations

Let P be a normed space, d,, > 0 and h : B(z,0;,) C X — P be a Lipschitz function. Let a(h) be the
smallest Lipschitz rank of h on B(Z,0s), B(h) =sup,cp,s,) |h(@)]| and [[h]conr = a(h) + B(h).
Next we consider both

F:X=P(1.2) and Fy:=h+ F:B(Z,0,) C X = P near (Z,p) € gph F

and show, in particular, invariance of the Aubin property for the inverse mappings S, .S, near the
reference point provided that ||h||co.: is small enough. Additionally, we estimate solutions z; € Sp,
for two different functions h;.

Proposition 3.5. Let S obey the Aubin property with rank Lg and constants eg,0s at (p,Z). Let
h; + B(Z,0p,) — P (i = 1,2) be Lipschitz functions with a = max{a(h;)} < 1/Lsg. Then there
is some p > 0 such that the following holds under the additional assumptions p1,ps € B(p,p) and
max{B(h1), B(h2)} < p.

(i) If x1 € B(Z,p), p1 € ha(z1)+ F(x1) then there is some xo with pa € ha(x2) + F(x2) such that

Ls

d < —
(1‘2,171) ~— 1—alLg

(P2 = p1) + (ha(21) — ha(21))]]-

(%) If 1—LTSLS (llp: = pl| + B(hi)) < p then z; € B(Z, p) satisfying p; € hi(x;) + F(x;) exist.
(i3) If S is strongly stable, x; under (ii) are unique for possibly smaller positive a and p.

We prove first a modified version under the same assumptions on S.

Proposition 3.6. Let S obey the Aubin property with rank Ls and constants €g,0s at (p,T). Let h:
B(z,6,) — P be a Lipschitz function with o := «a(h) < 1/Lg, let (po,xo) € gph SN [B(p,7) x B(Z, )]
and ™ € B(p,7). Then there is a solution £ to m € h(x) + F(x) such that

d(§7 Zo

) < ﬁ [ —po — h(zo)l (3.5)

provided that both the norm r = ||m — po — h(xo)|| and v are sufficiently small, namely if

r Lsr
—— <5 and v+ -

T T < v where 8 = aLgs and p = min{eg, o} (3.6)

Moreover, £ belongs to B(Z,u). If, additionally, S is strongly Lipschitz then & is unique for possibly
smaller o,y and v, namely if

lm =5 = h(@)|| + an < ds and |7 —p—h(@)| <1 -0 Lg". (3.7)

Proof. Tt holds m € h(x) 4+ F(x) <= =z € X (x) := S(m — h(x)). Thus, we are looking for a fixed
point of X,. For this purpose, we will construct successively a sequence xp € X starting with the
given xg and the corresponding sequence py, := 7 — h(zi_1) € P (k > 0) and satisfying for k > 0 the
conditions

Lsr T

T € Xn(wg-1), d(wk,vk—1) < Ls|lpk — pe-1ll, d(zk,20) < 1_¢’ [Pr+1 — pol| < T4 (3.8)
First notice that if zx and pg41 satisfy the last two inequalities in (3.8), then, by (3.6), xx € B(Z, 1)
and pry1 € B(f,és).

Case k = 1. Obviously ||p1 —po|| = r, and consequently ||p1 —p|| < ||p1 —poll +|lpo—Dl| < r+~v < ds.
The Aubin property ensures the existence of 1 € S(p1) = Tx(xo) such that d(z1,20) < Lgl|lp1 —
poll = Lsr < Lgr/(1 —6). Hence, 1 € B(Z,u), and consequently, using the Lipschitzness of h,
lp2 — p1l] = |h(z1) — h(zo)|| < ad(z1,x0) < Or. Tt follows that |[p2 — poll < (0 + 1)r <r/(1 —46). So
z1 and po satisfy (3.8).

Now assume that n > 0 and the points satisfying (3.8) have been constructed for all k < n.

Case k = n 4+ 1. By the last inequality in (3.8) and case k = 1 above, p;, € B(Z,dg) for all k < n+1.
Hence, there is again some xp11 € S(pnt1) = Zx(2yn) with d(zpy1,2,) < Lg||pnt1 — pnll- Since
x € B(Z, p) for all k < n, then, setting 7, = d(xgt1, ), we have

Tk < Lsl|prs1 — prll = Lsl|h(xr) — h(zp—1)|| < 07p—1,
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and Lemma 2.4 yields
< T _ d(z1, o) < Lg r
—1-46 1-60 —1-—-06
It follows that @y,4+1 € B(Z, 1) and ||pni2 —poll < [pnt2 —p1ll +lp1 —poll < 0r/(1=0)+r =1r/(1-0).
So zp+1 and pyyo satisfy (3.8).
By Lemma 2.4, we obtain a sequence x,, — £ such that £ satisfies (3.5), and consequently & €
B(Z, ). Since X is closed and xgy1 € X (zk) we conclude that £ € (), i.e., m € h(&) + F(§).
Strong stability: By assumption, the mapping p — S(p) N B(Z,eg) is single-valued and Lipschitz
with modulus Lg on B(p,ds). Without loss of generality we suppose that S(p) = S(p) N B(Z,eg) if
p € B(p,0s). For x € B(Z, ) we have h(z) € B(h(Z),allz — Z||), and p := 7 — h(x) fulfills by (3.7),

lp =2l = [Im = h(z) = pll < [lm = h(2) = pl| + allz — 2| < [|7 = p = (@) + ap < Is.

d(Tn+1,70)

Hence X is single-valued and Lipschitz with modulus 6 on B(Z, 1), and « € B(Z, u) implies X, (z) €
B(2:(%),0||x — z||) € B(S(m — h(Z)), Ou). So X, is a self-mapping of B(Z, ) whenever [|S(r —
h(Z)) — Z|| < (1 — @)p. This is true under (3.7). In consequence, the fixed point £ € B(Z, u) of X is
unique. O

Proof. (of Prop. 3.5). Consider F; = h; + F with S; = F, ' and select any (p;,=1) € gphS;. Then
we have, setting pg = p1 — h1(zo),

(p1,21) € gphS1 < p1 € hi(z1) + F(x1) < po € F(z1) & (po,x1) € gph S.
Thus, if d(po,p) < 7, Prop. 3.6 can be applied; now with 2o := 21, 7 := py and h := hy. This yields,
under the remaining assumptions: there is a solution £ (= x2) to m € ho(x) + F(x) such that

d(&, xo) I = po — ha(@o)| = 5 |[(x = p1) + (s (z0) = ha(ao)).

<5 -
~ 1—alLg 1—alLg

Assumptions (3.6) of Prop. 3.6 are satisfied for small p in Prop. 3.5. This ensures (i) of Prop. 3.5.
Solvability (ii) follows by applying (i) to (p1,21) = (p,Z) € S and hy = 0. Hence some x» fulfills
P2 € ha(m2) + F(x2) and d(z,%) < 25— |ps — p — ha(z1)|. I 15— (|lp2 — pl| + B(h2)) < p so
x9 € B(Z, p) follows. After changing the role of hy and hg this is (ii). Finally, (iii) follows again from
local contractivity of ¥, since, after decreasing o and p if necessary, assumptions (3.7) are satisfied
for m = po and h = hs. O

Comments:
With he = hq, Prop. 3.5 yields the Aubin property of Sy, ; with p1 = p2, this is the Aubin property of
h— S(h):={x|0 € h(z)+F(x)} in view of small Lipschitzian perturbation, measured by 3(hs —h1),
provided that « := max{a(hy),a(hs)} < L—ls

The first proof of the fact that the strong Lipschitz property of S is invariant w.r. to adding small
C! functions h was given in [27], while [4,6,7, 18| present investigations around the invariance of the
Aubin property for Lipschitz functions. Some estimates in terms of 5(h) - less sharp than above, but
derived in a more general setting - are included in [20].

The invariance principle is important for Banach spaces X, P.

(a) Let fe CYX,P)and fj;, ,(x) = f(Z)+Df(z)(x —Z) be its linearization at z. It follows that
one of the inclusions
p€ f(x)+ F(z) and p € fii, »(2) + F(x)
obeys the Aubin (or strong Lipschitz) property if so does the other.
Indeed, setting h = f — f};,, ; on B(Z,dp), the Lipschitz rank «(h) vanishes as 05, | 0 [apply the
mean-value theorem to h(z’) — h(x)], while 3(h) = 0o(dy,) is obvious.

(b) If f is only strictly differentiable at T (see e.g. [29] for the definition), the arguments of (a) still
hold by definition since a and 3 have the same properties. They also hold for f € C* and fin 0
if ||xzg — Z| is sufficiently small. Solving the linearized generalized equation and replacing, in
the next step, zo by the solution x1, one obtains methods of Newton type.

(c) In the same manner, one can study variations of the type f(z,t) € F(z) where h = f(-,t)—f(-,t)
and t,t € T, provided (e.g.) that T is a Banach space and f € C!. Replacing also f(-,) by its
linearization at Z, is possible due to (a).

Unfortunately, these propositions fail to hold for calmness (replacing the Aubin property), cf. Exam-
ple 2 below.



28 3.3 Particular C! systems for ¢ =1
200 Let X, P be Banach spaces (on R) and f € C'(X, P). We suppose q = 1.

300 Theorem 3.7. Let S(p) = {z € X | g2(x) = pa2, g1(x) — p1 € K}, where p = (p1,p2) € P =
so1 Py X Py, P and Ps are Banach spaces, K C Py is a closed convex cone, int K # 0, z € S(0),
02 g; € CHX,P) (i=1,2). Then, if

Dg2(z)X = P, and Ju € ker Dga(Z) : ¢1(Z) + Dg1(T)u € int K (3.9)

303 the Aubin property of S at (0,z) € gph S is ensured.

304 The proof can be based on the Robinson-Ursescu open mapping theorem and observation (a) at the
305 end of section 3.2, cf. [4]. For non-differentiable (multi-) functions g; and necessity of the suppositions
s06  we refer to the intersection theorem 2.22 in [20].

307 Remark 3.8. Under the assumptions of Theorem 3.7, conditions (3.9) are also necessary for the Aubin
308 property.

300 Proof. By section 3.2, we may consider the linearized system only. The Aubin property (even the
s10  weaker lower Lipschitz property) then yields, using solvability only:

311 For all po, there is some u such that Dgs(Z)u = pa. Thus Dg2(Z)X = Ps.

312 For p; € int K and py = 0, there is some u such that Dgs(Z)u = 0 and k := ¢1(Z)+Dg1(T)u—p; € K.
s13 Since K is a convex cone, it follows ¢1(Z) + Dg1(Z)u =p1 + k € int K. O

314 Lemma 3.9. If S = ! islocally upper Lipschitz at (f(Z),Z) then Df(Z) is injective. If dim X < oo,
315 the reverse is also true.

st6  Proof. Suppose that Df(z)u = 0 and u # 0. Then =z(t) := = + tu fulfills || f(z(t)) — f(Z)|| = o(t) <
a1z d(x(t),x)), i.e., S is not locally upper Lipschitz. Let dim X < oo. If Df(Z) is not locally upper
a1 Lipschitz, there are z, — & with || f(zx) — f(Z)|| < d(zk, T). Setting now uy, = (v, —)/||xr — Z||, one
s19  obtains D f(Z)u = 0 for each accumulation point u of {uy}. Since ||u|| = 1, Df(Z) is not injective. [

320 In the classical case of f € C*(R",R") and S = f~!, all mentioned stability properties (¢ = 1),
321 except for calmness, coincide with det D f(Z) # 0. Calmness is excepted since it may disappear after
322 adding small smooth functions; compare Sy for f =0 and f(x) = ez? or

eV if g #0
0 ifz=0
320 theorem) fulfills f(™(0) = 0 Vn, and S} is not calm [q] at the origin. On the other hand, the level
s25  set map Sy for g = 0 with the same derivatives is calm [g] everywhere. Hence, even for C'*° functions
326 and g = 1, the derivatives of f at the reference point T do not say enough for determining calmness
327 of f~! and the level sets Sy (if Df(z) = 0). The unpleasant effect comes from a gap of dimensions.

323 Exzample 2. Let ¢ > 0. The function f(z) = { (known from discussing Taylor’s

18 Proposition 3.10. Let f € C1(X,R), f(Z) =0, d = dim [Df(Z)X], and fore > 0, d. = dim [f(B(z,<))N
320 IRT|. Then, S = Sy is calm at (0,Z) & J e > 0 such that d =d. Ve € (0,¢9).

330 The condition also means equivalently: f(B(Z,¢)) NR" C Im Df(z) Ve € (0,¢0) and [ Df(z) # 0
331 or f(x) <0 for all  near T |, respectively.

332 Proof. Notice that d. is constant for small € > 0 and that f € C* yields d < d..

(=) Assume, in contrary, d # d.. Then it holds d = 0 < d. = 1 and there are x;, — Z such that
f(xg) > 0. Using calmness, there are & € S(0) such that |xp — &kl < Lf(zk) (for large k). Thus
also & — 7 and f(&) < 0 hold true. It follows (f(zx) — f(&)) |2k — &||7' > L~!. Additionally,
flxg) — f(&k) = Df(0r)(xr — &) holds with some 0y, € conv{xy, . Setting uk = (xr — &)/ |lxk — & ||
and taking 0, — Z into account, this ensures

Df(6x)ur > L7, |lug]| =1 and  Df(6x) — Df(Z) in X*.

333 Recalling d =0 and Df(z) =0, also ||Df(0)||« — 0 and D f(0x)ur, — 0 are true. This contradiction
334 to Df(0)ur > L~! proves the first part.

335 (<) Ifd=d. =0then f <0 holds near Z and calmness is trivial. If d = d. = 1, we obtain Df(Z) # 0
336 which ensures even the Aubin property.
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All introduced stability properties can be exactly characterized for finite dimensional systems of
equations and inequalities with RHS perturbations. The knowledge of these characterizations is the
key for understanding all generalizations.

Let S(p) be given, with P =R™""2 gec C'(R",P), as

S(p) ={z € R" | g1(z) < p1, g2(x) = pa} where p = (p1,p2) € P. (3.10)

These sets have the form as in Theorem 3.7 if K is the closed negative orthant of R™!. Without loss
of generality let g(Z) = 0 € P (delete non-active inequality constraints). Then, from classical results
in stability analysis, the necessary and sufficient condition (3.9) for the Aubin property coincides
with the Mangasarian-Fromowitz constraint qualification, while the linear independence constraint
qualification requires stronger Dg(Z)R" = P.

LICQ for set constraints
Let C C IR™ be a convex, polyhedral cone and

S(p)={xeR" | hz)—peC}, hecC{R"R™), pc R™. (3.11)

For discussing stability we may assume that p = 0 and h(Z) = 0. If h(Z) # 0 or C is a polyhedron, one
can replace C by its (contingent-) tangent cone at h(Z). Similarly, additional constraints like z € D
(a polyhedron) can be handled by introducing the function i = h x id where id(x) = x.

Formally, the stability theory of (3.11) generalizes the related theory for usual systems (3.10) where
C' is some orthant. Thus constraints (3.11) are not less general than the “traditional ones”. On the
other hand,

C={yeR™| Ay <0} holds with some (not unique) (u, m) matrix A. (3.12)

Setting
Gb)={x e R" | g(z) := Ah(z) <b} and b= Ape R*, (3.13)

we thus obtain
xeS(p) o Ah(z) —p) <0 & x € G(() with g=Aoh and b= Ap. (3.14)

So S is a particular case of the “traditional mapping” G = G(b).

To see possible differences, note that u > n is possible. Then the p active gradients Dg;(Z) =
A;Dh(z) € R" are linearly dependent. Hence LICQ (requiring linear independence of the active
gradients) is necessarily violated. This was the main justification for studying set constraints in [28]
without using “classical” results. However, it was nowhere mentioned that all parameters b of interest
belong to the image Im A C IR* and that, instead of the formal LICQ with respect to IR", one only
needs (for all analytical consequences) that Dg(Z) maps onto the parameter space in question. Hence
LICQ for (3.13) becomes

(LICQ)4  Im A =1Im (ADh(Z)) or equivalently ker(Dh(z)? AT) = ker A”.

This is exactly the point for applying - as usually - the inverse and implicit function theorems with
the parameters b = Ap of interest. Setting F' = Fyo Fy; Fy = A and Fy = h, (LICQ) 4 is condition
(3.4) for F~1(b) = {x | Ah(z) = b} and the parameter space Im A.

Let Cyer be the set of vertexes in C. Then Cy.r = ker A, and (LICQ)4 follows immediately
(multiply with A) from the non-degeneracy condition in [28],

(LICQ) R™ C Cyer + Im Dh(Z). (3.15)

Conversely, having (LICQ) 4 and any y € IR™, there is some u € IR" such that Ay = ADh(Z)u. With
v = Dh(Z)u, this yields y —v € ker A = Cyer, v € Im Dh(Z) and via y = (y —v) + v also (3.15). Thus
(LICQ)a & (LICQ)p. Consequently, (LICQ) 4 is invariant with respect to the choice of A and p in
(3.12).

Calmness for C! systems
In contrast to the well-known characterization of the Aubin property by MFCQ (which is often hidden
in equivalent, but less intrinsic co-derivative conditions), sharp conditions for calmness of S (3.10),
have been established only recently. Concerning calmness of S and G (3.14) at (0, Z) one easily shows
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that both conditions coincide, also without restricting b to Im A, since G(b) = () is permitted for
b # 0. Writing S as inequality system is now important since it allows a simple description in the
propositions 3.11 and 3.12 below. To formulate them we delete the equations in (3.10) (write two
inequalities instead). Thus we assume

S(p)={z €R" | g(z) <p}, peR™ geC'(R",R™).

The next statements from [14,23] and [22], respectively, are still true if = belongs to a Banach space
X. Put

¢(z) = max gi(x) and I(z) = {i| gi(z) = o(z)}.

Let ¢(Z) = 0 and ¥ be (the possibly empty) family of all index sets J C {1,...,m} such that some
sequence x, — T satisfies ¢(x) > 0 and I(zy) = J. Obviously, J C I(Z).

Proposition 3.11 ( [14,23|). Under these assumptions, S is calm at (0,Z) < for all J € X there
is some u(J) € X such that Dg;(Z)u(J) <0VjeJ.

In other words, calmness of S means that MFCQ (or the Aubin property) has to hold for all subsystems
given by J € 3. An alternative condition can be based on an algorithm for solving g(x) < 0 which
uses the (computable) relative slack

si(x) = (¢(z) — gi(x))/¢(x) if P(x) > 0.

ALGO: Let zp € X, \g = 1. For k > 0, put o511 = zr and Meyp1 = A if ¢(xg) < 0. Otherwise

find some u € X such that

si(xg)
Ak

Dgi(mk)u < — A\ Vi and ||uH =1.

If a solution exists, put Tp11 = Tk + Mpd(Tr)u, Apgr1 = Ak, else Tpr1 = Tp, Apr1 = %)\k.

Proposition 3.12 ( [22]). S is calm at (0,%) & there are €, > 0 such that, for all sequences of
ALGO with o € B(Z,¢), it follows M\, > « Vk. Then the sequence xy converges to some £ € S(0),
and it holds: ¢(xry1) < (1 — B?)¢p(xx) whenever 0 < 3 < a and Tjyq1 # Tk.

3.4 Stability and optimality conditions in terms of generalized derivatives

3.4.1 Stability

Let X and P be Banach spaces.

To obtain stability for multifunctions or nonsmooth functions, generalized derivatives are widely used
in the literature, and there is meanwhile a big collection of such derivatives D9¢", see, e.g., [1,3,12,20,
25,26, 29]. However, all these generalizations describe a specific behavior of f or F' near a reference
point (Z,p) € gphF, and it depends on our goals (deriving optimality conditions, some stability,
Newton-type solution methods ... ) whether the application of a particular derivative D9" makes
sense at all. In addition, the tools of computing them are far behind the C''-calculus. As the main
reason, already chain rules for arbitrary Lipschitz functions in finite (appropriate) dimension usually
hold - if at all - only in the form of inclusions

it h(xz)= f(g(z)) then DI"h(x) C DI"f(g(x)) o DI"g(x) (3.16)

with a big gap between both sides. The gap can already occur if g € C* and D9"g = Dg (namely
if Dg maps into proper subspaces). Similar effects appear for sums, products and for total and
partial derivatives as well. Hence even if some injectivity /surjectivity or another property of D9 h(x)
is crucial for our goal, the replacement of D9¢"h(x) by the (often simpler) right-hand side can be
questionable.

The exact chain rule (equality in (3.16)) holds for f € C' and most of the generalized derivatives
D9e™, For stability of solutions to optimization problems, this implies that the involved functions
have to be C2. But this is usually violated when one of them is a marginal (or solution) function of a
second (lower level) optimization problem, i.e., for multilevel problems [5] where solutions are, in the
best case, unique and locally Lipschitz, and the assigned optimal values are only C:!.
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3.4.2 Optimality

Insufficient chain rules may have consequences for optimality conditions to x € argminy f if we try
to write them via sums of non-empty subdifferentials as in the convex case. To explain the situation,
we suppose

X is a closed subset of Z, dimZ < oo, € X and f € locLip (Z,R). (3.17)

With the usual indicator function ix : Z — {0,00} and h = f + ix then argminy f = argmin, h
holds globally and locally. Next consider the obvious local optimality condition

h(z) > h(z) — o(d(z, 7)) (3.18)

for some o-type function o(+). It can be used to define a convex subset 9" h(z) C (Z)*, called the
Fréchet subdifferential, by writing z* € ¥ h(z) if h —x* fulfills (3.18). Then we have

r* € 0Fhz) & 0€ 0 (h—2")(7) & h—a2* fulfills (3.18). (3.19)

Furthermore (due to finite dimension), the convex Fréchet normal cone N¥ (%) := 0%ix(z) is polar
to the generally non-convex contingent cone

Ty (z) = {u | g | O,up — u: %+ tpup, € X} NE(z) = [T (2)]*.
Passing from f to h = f + ix implies for the contingent derivative
Ch(z)(u) :== {v € Reo | v = lim¢, ' (h(Z + truy) — h(Z)) where t, | 0 and ug — u},
that oo € Ch(z)(u) iff u € Z \ int T, (z) while min Ch(z)(u) < oo Yu € T ().
In any case, under the assumptions (3.17) the equivalences (3.19) ensure a simple and sharp charac-
terization of O%'h and of the optimality condition in terms of the contingent derivative

0€0fnz) & minCh(z)(u)>0Vuec Z < h fulfills (3.18). (3.20)

Moreover, again by the definitions only, we have a (relatively) simple condition for min Ch(Z)(u) to
be finite: oo > r € Ch(z)(u) &

Jty, | 0,up — w7 +tpup € X and 7= limt, ' [f(Z + tuy) — f(7)]. (3.21)
Generally, this says much more than the obvious consequence
re Cf(z)(u) + Cix(z)(u), (3.22)

where different sequences (¢, ux), (¢}, u},) are hidden in the limits assigned to C'f and Cix.
If the particular choice of these sequences plays no role, e.g., if directional derivatives f’(Z,w) exist or
if X is polyhedral, then both (3.21) and (3.22) coincide with

u € TH™ (z) and f'(%,u) =1,
and C(f + ix) in optimality condition (3.20) satisfies additionally the exact chain rule
C(f +ix)(@)(u) = Cf()(u) + Cix (z)(u). (3.23)

Empty and non-empty subdifferentials

The problems begin if we want to have non-empty subdifferentials or want to use the exact chain rule
in terms of 9F (like above or in convex optimization) as

O (f +ix)(x) = 0f" () + 0"ix(2)

or in inclusion C form. The latter (nowhere needed above) may fail while (3.23) holds true.

Ezample 3. Put f = min{z,0} and X = R" where 0 € 0¥ (f 4+ ix)(0) and 8% £(0) = 0.

13



413

414

415

416

417
418
419

420

421

422
423
424

425

426
427
428

429
430

431

432

433
434

Thus, in contrast to (3.20), condition
0€ " f(z)+ 0% ix(z) (3.24)

does not necessarily hold for z € argminy f.
Remark 3.13. Inclusion (3.24) yields that u = 0 solves the convez problem min{c(u) | u € C} where
C = conv TE(z) and c(u) = sup{(z*,u) | z* € dF f(7)}.

Proof. Indeed, (3.24) says that some z* € 9 f(z) N —N¥%(Z) exists. Because of C* = N£(z) and
dc(0) = 0F f(z) (Minkowski-duality), so 0 € d¢(0) + C* and optimality of u = 0 follow. Having
OF f(z) # 0 the reverse direction holds similarly. O

Since 9F f(z) = 0 is possible and O (f + ¢)(z) C ¥ f(x) + 0Fg(z) can be violated, limiting
subdifferentials and limiting normal cones (via ix) are often applied:
) —
) —

(x*, ) such that z} € aFf(:E;C)
(z*,x) such that #} € N¥(z), a1 € X.

5fmf( ) i 3 (g, 2
z* E]th X( ) (x27x/€

Then also
0 € O f(Z) + Ny x(Z) (3.25)

is a frequently used optimality condition. We study it for f € C* and polyhedral X.

Ezample 4. Let f € C* and X = {z € R* | 122 = 0} which is crucial for complementarity problems.
Then (3.25) requires at Z = 0: —Df(0) € X = N[ +(0). In other words, (3.25) requires that one
partial derivative must vanish. With Clarke’s [3] normal cone N (z), one even obtains N%(0) = IR%.
So the corresponding necessary optimality condition is satisfied at the origin for any f € C!.

Notice that 0F f(z) = () provides additional information, namely: Z cannot satisfy the necessary
optimality condition for miny f even if we change f by adding any linear function.

Proposition 3.14. Let Z = R". It holds 9¥ f(z) =0 < there are n + 2 directions u,, € R" such
that
Zuu =0 and ZminC’f(i)(uV) =-1. (3.26)

Proof. Let g(u) := min C f(Z)(u).

( ) Condition (3.26) implies 0 §Z OF f(z) since q(u,) < 0 holds for some v. Take z* € Z*. Considering
f = f —2* and using that Cf(z)(u) = Cf(Z)(u) — (z*,u), (3.26) also holds for f. Thus, it holds
0 ¢ 8% f(z) and, equivalently, z* ¢ 9F f(z).

(=) Let OF f(z) = 0. This means by (3.19) and (3.20): Vz* Ju such that q(u) — (z*,u) < 0. Thus
the set H = { 2* | (z*,u) < q(u) Yu} is empty. Let Q = epiq € R™™, Q¢ = convQ. Then
0 € Q°. If 0 ¢ int Q°, we obtain a contradiction by separation as follows: Some (x*,7*) # 0 fulfills
(x*,u) + 7%t < 0 V(u,t) : t > g(u). Since g(u) < 0o Vu, then 7* > 0 is impossible. Hence 7% < 0
and, without loss of generality, 7% = —1. But this yields with ¢ = ¢(u) that z* € H, a contradiction.
Hence 0,41 € int Q°. Now (0,,, —¢) € Q° holds for some € > 0 (the subscript shows the dimension).
Using Caratheodory’s theorem there are n + 2 elements (u,,t,) € Q@ C R™ and X\, > 0 such that
Ay =1and > A (uy,ty) = (0,—¢). Setting u,, = Apu,, this yields q(u,) = A,q(uy) < Aty as well

as
Zu:, =0 and s:= Zq(u;) < —e.
Multiplying all u!, with 1/|s| yields the assertion. O
Since (3.18) implies that Sp = Sy is not Lipschitz l.s.c. at (f(Z),Z), it follows
T €argming f = 0€9(f+ix)(2)
= Sy is not Lipschitz l.s.c. at (f(Z), %) (3.27)

= Sy violates the Aubin property at (f(Z), Z).

Thus optimality also yields that some stability of the mapping (1.4) is violated at a solution. Any
analytical condition for this fact is a necessary optimality condition.
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The normal cone

Calmness, which does not appear in (3.27), comes into the play when N (z) or T, (z) must be
written in terms of describing functions. For C! systems

S(p)={x € R" | g1(x) < p1, g2(x) = o}, g€ CHR",R™T™) and z € X := S(0),
it is well-known that calmness of S at (0, Z) yields for the tangents
u € Ty (z) < Dgo(Z)u=0 and Dgy;(z)u <0 if g1 ;(Z) = 0. (3.28)

Then the form of N¥(z) = T, (z)* follows from LP-duality. The known Abadie constraint quali-
fication (weaker than calmness) requires < in (3.28). But direction (=) is trivial by the mean-value
theorem. So Abadie’s condition simply requires (3.28) which says equivalently that

T (z) does not change if we replace g by

the linearization g, z at . (3:29)

Hence, calmness remains the weakest proper condition for ensuring (3.28) and (3.29).

4 Approximate minimizers and stable level sets

Above (in section 2.2), the existence of an accumulation point was a consequence of boundedness and
finite dimensions, and of ¢(T'(£)) = g(§) being equivalent to T'(§) = £. Now we are going to ensure
convergence by using some proper descent condition for functionals.

4.1 Existence and estimates for solutions

The next theorem connects stability with some monotonicity.

Theorem 4.1. Let ¢ > 0, f : X — Ry be ls.c., T,20 € X and ¢ < f(zo) < 00. Put g.(x) =
(f(z) — ¢)* and suppose that there are positive X and € such that

for all © € B(Z,e) with ¢ < f(x) < f(xo)

2’ satisfying g.(x')? — ge(x)? < =Ad(2/, x). (4.1)
Additionally, let d(xzo,T) and f(xo) — ¢ be small enough, such that
d(zo, %) + X\ (f(20) — 0)? < e (4.2)

Then, if y = xo or, more generally, y € X, d(y,Z) < d(zo,Z) and c < f(y) < f(xo), there is some &,
satisfying
f(&) <e and d(&y,y) < A7 fly) -]

Proof. We consider first y = ¢ and apply proposition 2.3 to the function g = (g.)?. This ensures, for
the related sequence and the limit £ = lim z, inequalities (2.5) and (2.6). The first inequality implies
9c(§) < ge(xo) and consequently f(§) < f(zo). We also obtain from (2.5),

A d(&20) < ge(wo)? = [f(w0) — ]?.
Using (4.2), we have
d(&,7) < d(&,0) + d(x0,T) <A (f(w0) — ) + d(w0,7) < e.

In consequence, if f(£) > c then (4.1) can be applied to £ but this contradicts (2.6). Hence f(§) < ¢
and the proof is finished for y = x¢. The general assertion follows simply from the fact, that the
considered points y satisfy all hypotheses imposed on zg, O

Notice that (theoretically) £ can be found by the sequence of proposition 2.3 with g = (g.)?.
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4.2 Remarks, corollaries and interpretations

We call (4.1) the uniform descent condition.

Remark 4.2. Condition (4.2) is obviously satisfied, if [f(z0) — ¢]? < $Ae and zo € B(Z, 3¢). In some
situations, we have zo = Z. Then, again trivially, [f(z¢) — ¢ ]9 < Ae is sufficient.

Consequences

1. Calmness [q]: Let f(Z) = ¢ < co. Then (4.1) implies that S = Sy is calm [g] at (f(Z),Z) with
rank L = A=, Conversely, (4.1) is satisfied if S is calm [q] at (f(Z),Z) by Remark 3.3. Hence, with
¢ = f(Z), (4.1) is a necessary and sufficient calmness [q] - condition. This yields

Corollary 4.3. Let ¢ > 0, f: X — R be Ls.c. and f(Z) =0. The level set map S = Sy is calm
[a] at (0,Z) if and only if, with g(x) := f(x)" , the following condition holds:

N, 0 > 0 such that Vo € B(Z,0) with g(x) >0

Ax’ satisfying g(x')? — g(x)? < =Xd(2', ). (4.3)

If g(z)? > Ad(z, Z), the condition is obviously satisfied for 2’ = z. Thus, in (4.3), one may additionally
require that z fulfills g(z)? < Ad(x,Z) or g(x)? < Ad. In consequence, for ¢ = 1, condition (4.3) can
be written as

_ !/
xﬂlgzifn;?mfpo si(z) >0  with si(z) = 5/1;1:; W, (4.4)

where the convention inf ) = oo is in use, but equivalently also by the conditions
lim inf > 0, 4.5
ity o 49
lim inf s1(z) > 0.
z—z, g(z)/d(z,2)10

Condition (4.4) (slightly modified) already appeared in the Basic Lemma of [17] as a sufficient calmness
condition, the same for condition (4.5) in [10] where the left-hand side is called middle uniform strict
slope.

2. Aubin-property [q] at (f(Z),Z): Suppose that ¢ < f(Z) < f(xo) fulfill the estimate (4.2) and
that (4.1) holds for all ¢ € (¢, f(zo)) (with the related function g < g. and the same ¢ and \). Then
the Aubin-property [q] follows from Theorem 4.1, and the required condition (4.1) is necessary by
Remark 3.3.

3. Ekeland’s principle: Let T =z, c=infx f, ¢ =1 and, for any A\ > 0,
e= "1 (f(xo0) — inf f). (4.6)

Then (4.2) is satisfied.
If (4.1) is violated then there is some x € B(xg,¢) with ¢ < f(z) < f(x) such that, due to g.(z’) —

ge(w) = f(a') — f(2),
f@') — f(x) >-Xd(2',z) V' e X. (4.7)

If (4.1) holds true then £ € B(zg,¢) minimizes f, and x = £ fulfills (4.7), too. Thus we obtain, in
both cases,

Proposition 4.4. Ekeland’s principle [9]: Let f : X — Roo be Ls.c. and infx f as well as f(xo)
be finite. Then, for any A > 0 and € given by (4.6), there is some x € B(zo,c) which fulfills
f(@) < f(zo) and (4.7).

Thus Ekeland’s principle, often used for showing stability, is equivalent to Theorem 4.1.

4.3 Discussion of the calmness condition.

Let ¢ = 1 in this subsection. We already know that the calmness condition (4.3) of Corollary 4.3, with
g(z) = f(x)™, and the assigned limit conditions can be modified in several ways: the strict inequality
of (4.3) can be replaced by the non-strict one,

g(x') —g(x) < =Ad(2',z) and 2’ # .
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(as in |17] and |23]) or one considers only (the crucial) points  — Z such that g(z)/d(x,Z) | 0 in the
limit conditions. Accordingly, there are several equivalent conditions of the type (4.4).

Notice however, that, for a fixed x, the inequality defining 2’ in (4.3) is NOT a local condition: it
does not require that =’ can be chosen arbitrarily close to z. In other words, the obvious inequality

. g(z) — g(z') g(z) — g(2')
=1 == < = T
solw) = Mmswp =gy = @ =S

can be strict. Replacing, in (4.5) or (4.4) s1(x) by the (possibly smaller) upper limit so(x) (the slope
of g at x —in [17]) one arrives at a sufficient calmness condition (used, e.g., in [19, Theorem 2.1 (e)]),
which can be far from necessary. Indeed, consider the points xy, | 0 of example 1 where so(z)) vanishes
while liminf, .5 4)>0 s1(z) = 1. To obtain necessity, an extra condition of the type

s1(x) —sp(z) = 0 as  — Z, g(z) >0

must be imposed. It is satisfied, for instance, if g is convex.
For locally Lipschitz f, the calmness criterion Coroll. 2 of [22] (applied to g = f1) requires, with
different A,

36,A > 0:Vz € B(z,6) 32’ with g(a’) — g(z) < -Ad(2',z) and d(z',z) > \g(z). (4.8)

Hence it has the same form as (4.3) while d(2/,2) > Ag(z) is a consequence of the Lipschitz property.
For Banach spaces X, condition (4.8) was used in [22], Theorem 4.

5 Closed multifunctions

Following [20,21], where this notion has been introduced for Banach space mappings, we call a closed
multifunction F' : X = P between metric spaces strongly closed if, for each m € P, the distance
function f(x) = dist(w, F(x)) obeys the properties

(P1) If f(x) is finite then the distance is attained at some p(z) € F(z), and

(P2) fis ls.c.

These properties are satisfied, for instance, if gph F is closed and dim P < oo or F' is single-valued and
continuous. In [20], Lemma 2.13, the reader can find other examples, namely: F(z) = ¢(z) + @(x)
where ¢ is continuous and @ is locally compact or F(z) = ¢(x) + K where ¢ is continuous and K is
a closed convex subset of a Hilbert space.

In [21], the application of Ekeland’s principle to strongly closed mappings was demonstrated, and
Theorem 1 therein is our Thm. 5.1 restricted to ¢ = 1 and Banach spaces X, P with modified
constants. In a similar manner, Ekeland points for strongly closed mappings have been applied in
order to characterize the Aubin property in [20], Lemma 2.18.

5.1 P is a linear normed space

We study the closed mappings F' (1.2) and S = F~! (1.3) first in the case of a linear normed space P
of parameters. Our goal consists in applying Theorem 4.1 and the assigned sequence zj, for stability
characterizations. The next theorem is a modified version of the basic Lemma 2.4 in [23].

Theorem 5.1. Let ¢ > 0, (p,z) € P x X, (po,x0) € gphS, m € P and C = conv{pg,}. Suppose
there are positive €,9, \ such that

for all (p,x) €gphS N [ B(p,6) x B(Z,e) | with pe C\ {r}

A(p',2') € gph S with ||p/ — 7|7+ N d(2',z) < |p—7||? and p' €C. (5.1)
Additionally, let po,m € B(p, 50) and d(zo,%) and ||po — || be small enough such that
d(wo, ) + A" Hpo — 7|7 < e (5.2)

Then there exists some & € S(m) N B(zo, A7 |po — 7]|9).
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Proof. We put Fo(x) := F(x) N C, f(z) = dist(w, Fe(x) ) and show that Theorem 4.1 can be
applied to f. Since C is compact (we shall not explicitly use that C' = conv{pp, 7}, but we need
m,po € C) and F is closed, it follows that F¢ is strongly closed. Because of (pg, o) € gph S it holds
f(zo) < d(m,po) < 0. Let f(xg) > 0 (otherwise we may put £ = x¢) and consider any = € B(Z,¢)
with 0 < f(z) < f(z0). Let p(z) € Fe(x) realize the distance f(x). Then we have

0 < f(z) =lp(z) = x|, p(z) e, (p(z) )< gphs.

Since (po, o) € gph S, po,m € B(p, 36) and py, 7 € C, it holds

[p(z) =l < f(x0) = llp(zo) — 7| < lpo — =l < %5,

which yields p(x) € B(p,d). Hence (5.1) may be applied to (p(x),z) and guarantees the existence of
some (p',z’) € gph S with p’ € C such that

Ip" = 7|+ A d(a’,x) < ||p(x) — 7|
Since f(2') < || —p'|| and f(z) = ||p(x) — 7|| we also obtain
f(@)? = f(2)? < —Nd(2', ).

Summarizing, so all hypotheses of Theorem 4.1 are satisfied with ¢ = 0 and g. = f. The related point
¢, assigned to y = g, now satisfies

f(€) <0 and  d(& z0) <A [f(w0) = 7= X" f(z0)? < AT [Ipo — 7.
This yields both £ € S(7) and the required estimate. O

Remark 5.2. If § is sufficiently small (compared with €) such that A= ( 26/3 )¢ < 1e then inequality
(5.2) holds true whenever py, 7 € B(p,6/3) and zy € B(Z, 1¢).

Comments:

Let (p,z) € gphS in Theorem 5.1. By Remark 3.3, condition (5.1) necessarily holds for 7 near
p under the Aubin property [q] of S at (p,Z). The same is true for calmness [q] when © = p is
fixed. Conversely, if (5.1) holds for all (pg,z¢) € gphS near (p,Z) and 7 near P, the existence
of £ € S(m) N B(zg, A7!|lpo — 7||9) implies the Aubin-property [q] at (p,z). If (5.1) holds for all
(po,x0) € gph S near (p, %) and fivzed ™ = p, then S is calm [q] at (P, Z). Hence, depending on the
choice of 7, condition (5.1) is necessary and sufficient for calmness [q] and the Aubin-property [q] at
(5,7).

Now let (p,Z) ¢ gphS and assume that we are interested in solutions to p € F(z). Setting again
m = P, Theorem 5.1 says: if (po,zo) € gph S (e.g., a starting point for some algorithm) is sufficiently
close to (p, %) and (5.1) is valid, then a solution £ to p € F(z) exists in B(zo, A7 !||po — p||9). Clearly,
to satisfy the hypotheses, the distance d((p, Z), gphS) has to be small enough.

5.2 P is a metric space

Concerning C in the proof of Theorem 5.1, we only used that
mpo € C and x+— F(z)NC is strongly closed.

This tells us that the theorem remains true when P is a general metric space and C is any set of this
type. Notice however that, with the simplest setting C' = {po, 7}, the descent condition (5.1) implies
p' = 7, and the whole statement becomes trivial. This makes reasonable definitions of C for metric
spaces difficult unless F itself is strongly closed and we can put C' = P.

Our setting C' = conv{pyg, 7} for normed P requires the investigation of S on 1-dimensional segments
of the parameter space P only and seems, thus, sufficiently reasonable. But, without supposing
strong closedness, we need for metric spaces P, an approach, independent on strong closedness and
on Ekeland’s principle. This will be demonstrated now.
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5.2.1 Stability in terms of approximate projections

In this subsection, we suppose that ¢ = 1.
The following approzimate projection method of [22] (onto gph.S) characterizes “stability” by linear
order of convergence. Define, in P x X, a distance depending on A > 0 as

d((p',2), (p,x)) = d(p',p) + Ad(2', x)

and Hj\(p, ) = distA((p, z),gph ) = inf dr((p',2"), (p, ).
(p',2’) € gph S

We assume that 7 € P, v > 0 and A > 0 are fixed.
Procedure S1: Let (po,z) € gphS. Given (pg,zk), k > 0 choose any approximate minimizer
(Pk+1,Tk+1) € gph S of the distance in the definition of H)(m,z)) such that

Ar((Prt1: 1), (m,2)) < Ha(m,zr) + YA d(pg, 7).

Notice that, for any v > 0, some next iteration points exist. The case v = 0 can be of interest if gph S
is locally compact, particularly, if dim X < oco.

Theorem 5.3. [22] Let v > 0.

(i) The Aubin property of S holds al (p,Z) < there exist A > 0 and a > 0 such that, for all initial
points (po,xo) € gph SN (B(P, ) x B(Z,«)) and m € B(p, ), Procedure S1 generates a sequence
(Pk, k) satisfying

dx((pr+1; Try1), (m,28)) < Od(pr, ™) with some fized 0 < 1. (5.3)

(i) The same statement, with fixed m = p, holds in view of calmness of S at (p, ).

(iii) These statements remain true if we additionally require that P is a linear normed space and
Pr+1 € conv{py,m}.

Note. Explicitly, (5.3) means d(pg+1,7) < 0d(pg,7) —Ad(zk11,zk), which implies again convergence

pr — m,x) — & € S(m) and d(€,m9) < A~ d(po, 7). Statement (iii) shows a connection to Theorem 5.1.

5.2.2 Calmness [q] via proper descent steps

We study again S (1.3). Let ¢,,0 >0, A€ (0,1), m € P, (p,Z) € P x X and require:

For all (p,x) € gphS N [ B(p,d) x B(Z,¢e) |, some (p',z’) € gph S satisfies (5.4)
(i) Ad(a’,x) < d(p,m)? and (i) d(p',7) < (1—A)d(p,m). '
In consequence, for ¢ = 1, multiplying (i) by A/2 and adding it with (ii) we obtain
d(p',m) +(\2/2) d(z',z) < (1 — \/2) d(p, ).

Thus d(p/,7) + f1 d(z’,2) < B2 d(p, ) holds with constants 31,082 € (0,1). This (formally weaker)
condition in place of (i) and (ii) has been used to verify calmness and the Aubin property in [17].
There, the proof needs Ekeland’s principle whereas the relations between (5.4) and stability are direct
and almost trivial (while (5.4) is still necessary, see below). For comparing with Corollary 4.3 and
level sets S (1.4), put # =0, (p,Z) = (0,%) and f(Z) = 0. Then condition (5.4) claims

Vr € B(Z,e) with 0 < f(z) < 4§ Jo’ with Ad(z/,z) < f(x)? and f(z') < (1 —A\)f(x).

Next assume ¢ > 0, (po, o) € gph S and consider
Procedure S2: Beginning with k£ = 0, find any (pr+1,Zk+1) € gph S such that

(0) M(zg11,2r) < d(pr,m™)? and (i) d(prs1,7) < (1 = N)d(pg, ). (5.5)

If such points can be found for all £ then py — 7 holds trivially, and we call S2 applicable.
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Lemma 5.4. Suppose A € (0,1), 6 = (1—M\)?, and (5.5) holds true for some sequence (pg,xr), k>0
(not necessarily in gph S). Then the limit £ = limxy, exists and satisfies

d(&,m0) < Ld(po,m)?  with L=[X(1-6)]7L (5.6)
Moreover, if €,8 >0 and d(x¢,%), d(7,p), and d(py,n) are small enough such that
d(zo,Z) + L d(po,m)? < e and d(po,m)+ d(mp) < 6, (5.7)
then z), € B(Z,e) and py € B(p,0) hold for all k > 0.
Proof. With py, assigned to xj, we may put 7, = A~'d(pg,7)? and apply Lemma 2.4. This yields

d(zg,20) < (1 —0)"119 = L d(po,7)? and the existence of the limit £ = limzy satisfying (5.6). If
(po, zo) satisfies (5.7), then for any k > 0 we have

d(l'k; f) § d(ﬂfoyi) + d(JJk,IEo) S d(:]]o,i’) +L d(p()vﬂ-)q S g,
d(pkv ﬁ) < d(pkv 7T) + d(ﬂ—v ﬁ) < d(p()v 7T) + d(ﬂ—7 ]5) < 0
Hence the lemma is valid. O

Proposition 5.5. For S defined by (1.3), suppose that X € (0,1), €,6 > 0 and w € B(p, ) satisfy
(5.4). Then, if (po,xo) € gph S and 7 satisfy (5.7), Procedure S2 is applicable and defines a sequence
{z1} converging to some & € S(r) satisfying (5.6).

Proof. By Lemma 5.4, hypothesis (5.4) is applicable to (pg, 2o) and all generated points (pg, ). Thus
all (pk,zk) can be chosen in gph .S which ensures (pg,xr) — (7,&) € gph S. O

As is all step-size algorithms, one can start with fixed Ay = 1 and put A1 = A\p/2, xpy1 = zy if
there is no solution with the current A. Being applicable now means A\, > A > 0 for all initial points
(po, o) € gph S and 7 satisfying (5.7). Similarly, one could use varying ¢, beginning with ¢; = 1. The
estimates then hold with exponent ¢ if also ¢, > ¢ > 0.

Again, criteria for calmness and the Aubin property with exponent ¢ can be derived in a unified
manner.

Corollary 5.6. Suppose (1.3) and (p,z) € gphS. Then

(i) S obeys the Aubin property [q] at (p,T) < there are X € (0,1) and €,0 > 0 such that (5.4)
is satisfied for all m € B(p, 9).

(i) With fized 1 = p, the same holds in view of calmness [q].

Proof. Necessity (=) follows easily from the stability definitions while Prop. 5.5 ensures the suffi-
ciency. O

For g=1 and strongly closed mappings acting between Banach spaces, this statement is Theorem 3
in [21]. By Prop. 5.5 and Corollary 5.6, we may thus summarize

Theorem 5.7. Suppose (1.8) and (p,z) € gphS. Then

(i) S obeys the Aubin property [q] at (P, T)

<= There ezist A € (0,1) and £,0 > 0 such that (5.4) is satisfied for all m € B(p, 9).

<= There are « > 0 and A € (0,1) such that iterates (px+1,xr+1) for procedure S2 exist in each
step, whenever the initial points satisfy d(zo,Z) + d(po, D) + d(7,p) < o and x9 € S(po)-

(i) With fized m = p, the same holds in view of calmness [q]. O

For ¢ = 1 and less general spaces, the equivalence between the stability properties and the related
behavior of S2 is known from [21, 22].

As a consequence of the theorem, conditions (5.4) and (5.1), for C = P and (p,Z) € gph S, are
equivalent whenever S (1.3) is strongly closed.
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