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Abstract

This paper presents a truncated modification of basic ratio type estimators
constructed by dependent sample of finite size.

This method gives a possibility to obtain estimators with guaranteed ac-
curacy in the sense of L,,-norm, m > 2. As an illustration, parametric and
non-parametric estimation problems on a time interval of a fixed length are
considered. In particular, parameters of linear (autoregressive) and non-linear
(ARARCH) discrete-time processes are estimated. Moreover, the parameter es-
timation problem of non-Gaussian Ornstein-Uhlenbeck process by discrete-time
observations and the estimation problem of a logarithmic derivative of a noise
density of an autoregressive process with guaranteed accuracy are solved.

In addition to non-asymptotic properties, the limiting behavior of presented
estimators is investigated. It is shown, in particular, that all parametric trun-
cated estimators have rates of convergence of basic estimators. Non-parametric
estimator has optimal (as compared to the case of independent inputs) rate of
convergence.
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1 Introduction

Modern evolution of mathematical statistics is turned to development of data pro-
cessing methods by dependent sample of finite size.

One of such possibilities gives a well-known sequential estimation method, which
was successfully applied in parametric and non-parametric problems.

This approach for various statistical problems for a scheme of independent ob-
servations has been primarily proposed by [Wald(1947)]. Then this idea has been
applied to parameter estimation problem of continuous and discrete-time dynamic
systems in many papers and books (see [Dobrovidov et al.(2012), Konev(1985),
Kiichler and Vasiliev(2010), Liptser and Shiryaev(1977), Vasiliev et al.(2004)] among
others).

Sequential approach has been also applied to non-parametric regression, autore-
gression and density function estimation problems as well (see, e.g., [Arkoun(2011),
Arkoun and Pergamenchtchikov(2008), Dobrovidov et al.(2012), Efroimovich(2007),
Vasiliev et al.(2004)]).

To obtain sequential estimators with an arbitrary accuracy one needs to have a
sample of unbounded size. However in practice the observation time of a system
is usually not only finite but fixed. One of the possibilities for finding estima-
tors with the guaranteed quality of inference using a sample of fixed size is pro-
vided by the approach of truncated sequential estimation. The truncated sequen-
tial estimation method was developed by [Konev and Pergamenshchikov(1990a),
Konev and Pergamenshchikov(1990b), Fourdrinier et al.(2009)] (and others) for pa-
rameter estimation problems in discrete-time dynamic models. Using a sequential
approach, estimators of dynamic systems parameters with known variance by sam-
ple of fixed size were constructed in these papers.

Non-parametric truncated sequential estimators of a regression function were
presented by [Politis and Vasiliev(2012a), Politis and Vasiliev(2012b)] on the basis
of Nadaraya—Watson estimators calculated at a special stopping time. These esti-
mators have known mean square errors as well. The duration of observations is also
random but bounded from above by a non-random fixed number.

The main purpose of this paper is to obtain a modification of ratio type estima-
tors from a wide class, having guaranteed accuracy by dependent sample of finite
size.

When estimating, for example, the ratio type functionals one uses as a rule the
substitution statistics of [Borovkov(1997)], that is ratio of some estimators. Study-
ing the properties of such estimators, we face certain difficulties that are connected
with finding dominating sequences [Cramér(1948)]. In some cases, for instance, in
reconstruction of the logarithmic derivative of a distribution density one can use es-
timators for which an exact asymptotic expression of the mean square error (MSE)
is available, [Dobrovidov et al.(2012), Vasiliev et al.(2004)].

For this problem the theory of smoothing can be also used.It gives a possibility to
find the principal term of the MSE of the ratio estimators with an improved rate of
convergence, similar to the case of independent observations. Moreover, the rate of
convergence of the estimators of their ratio in metric L,,, m > 2, can be obtained,
see [Dobrovidov et al.(2012), Vasiliev et al.(2004)].



In this paper the truncated estimation method for ratio type functionals con-
structed by dependent sample of finite size is presented. This method gives a pos-
sibility to obtain estimators with guaranteed accuracy in the sense of L,,-norm,
m > 2. Examples of parametric and non-parametric estimation problems on a time
interval of a fixed length are considered.

2 Statement of the problem. Main result

Let (©, F, P) be a probability space with a filtration {F},},>0 and let (fy,)n>1 and
(gn)n>1 be {F, }adapted sequences of random numbers.
Let
Uy = f—N, N>1 (1)
gN
be an estimator of a number ¥. For example,
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if f;v and gy are estimators of some numbers f and g # 0.
Consider the following modification of the estimator Wy :

\ilN =Wy 'X(|9N| > H)7 N >1, (2)

where H is a positive number, defined below and y(a > b) = 1 for a > b and 0 when
a < b.

Our main aim is to formulate general conditions on the sequences (fn) and (gn)
and on the number H giving a possibility to estimate ¥ with a guaranteed accuracy
in the sense of the L,,-norm, m > 2.

These conditions contained to the following

Theorem 2.1 Let Uy = fn/gn, N > 1 be an estimator of a number V. Assume for
some integer m > 1 and p > 1 there exist sequences of positive numbers (@n(m))N>1
and (wn(p))N>1, decreasing to zero, as well as a number g # 0 such that

(i) E(fv —Wgn)>™ < pn(m);

(i) Elgn —9)* < wn(p). i

Then for every H € (0,|g|) and N > 1 the estimator Uy has the property

E(Uy — U)*™ < Vi(m, ), (3)
where
V B 1 ‘1J2m
V(1 1) = o on (m) + WWN(M)

P r oo f. From the definition of the estimator ¥y we find its deviation

- In — VYgn
Uy -V ="——"— x(lgn| > H) - ¥ - x(|lgn| < H).



Then, using the Chebyshev inequality and the definition of Viy we can estimate
the desired moment

~ _ 2m

“x(lgn| > H)+
9N

1
+U" . P(lgn| < H) < ——E(fn — Ygn)*"+

H2m
+U - P(lgy — gl > |g] — H) <
E(gn — g)**

Theorem 2.1 is proved.

Corollary 2.1 Assume that ¥ = f/g for some number f, where g is defined in
Theorem 2.1 and, instead of the assumption (i), for some v > 1 there exists sequence
(vn(v))N>1 of non-negative numbers, decreasing to zero, such that

E(fxy — H)* <on(v), N>1.
Then the condition (i) of Theorem 2.1 is fulfilled, where the function pn(m) should

be substituted by the following one:

22m—1

on(m) = P (m) + W), m=vAp

g2m [

Corollary 2.2 If it is known, that U € [A, B, then the estimator (2) can be taken
in the form .
Uy =Un-x(gn| = H) + Lx(lgn| < H), N >1, (4)

where L = (A+ B)/2. In this case the number ¥ in the upper bound V (m, u) in (3)
should be substituted by the number ¥* = (B — A)/2.

Remark 1 The function Viy(m, ) could be unknown. At the same time the knowl-
edge of the rate of L,-convergence of proposed estimators can be useful in various
adaptive procedures (control, prediction etc) for the construction of pilot estimators
(see, e.g., [Dobrovidov et al.(2012), Vasiliev et al.(2004)]-[Vasiliev(1997)]).

3 Examples

3.1 Estimation of parameters of a stable first order autoregression

Consider the process satisfying the following equation
Tp =ANp_1+&, n>1, (5)

where noises &,, n > 1 are i.i.d. zero mean random variables with finite (for some
even number v > 2) moments 02 = F¢27, as well as Exgw < oo and |A] < 1.



It should be noted, that under these conditions there exist functions o27(6),
0 = (X, 02,0%7), such that

sup Egz?’ < 027(0) < oc. (6)
n
Consider the estimation problem of A and ¢? with a guaranteed accuracy.
a) Non-asymptotic estimation of A

We define the estimator of the type (2) on the basis of the least squares estimator
(LSE) of the type (1)

=1
L X,
N Z Th—1
According to general notation, in this case we have

U= A, \PN:XNa

1 Y 1 X
2
= =~ Z Indn—-1, IGN = 77 Z Tpn_1
N n=1 N n=1

and \i/]v = /N\N7 B R
AN = An - X(gn = H). (7)
Using formula (5) it is easy to verify that
o2

9:71_)\27

as well as for m = /2, p = m, constants C1(m, 6) and Cs(m, §) are exist such that

Cl (m, 9) + Cg(m, 9)

o) 2, (®)

wN (’I’I’L, 9) =
where, e.g., for m =1,

= e &2)2 [12)@ 2(A2Ex0+1 A2)+3E§ﬂv
—a ,\2)2 [24 ()‘4Ex0+(1( Ag) )+Ex0}

Moreover, using the Burkholder and Hoélder inequalities, we have

1 N
Eo(fn — Agn)*™ = WE9(Z Tp—16n)"" <
n=1

N 2 2 N
<2’"7E(Zat2 )m<mZEx2m <
— N2m 0 n—1 - Nm+l 0-'n—1 =

n=1

< B%ma2ma2m(0)— =: on(m,6),



where Bs,, is the coefficient from the Burkholder inequality. In particular,
_ (0_2)2 1
en(10) = 75
 Thus all conditions of Theorem 2.1 hold, hence for obviously defined numbers
C1(m,0), Ca(m,0) and known 0 < H < g (e.g., for 0 < H < 0?),

C~11 (mv 0) C’Q (mv 9)
Nm + N?2m
For the parameter estimation with a guaranteed accuracy we have to know that,

e.g., €0, where ® = {0 = (\,0%,02): N <r<l, 0<g?<0o? 02 <5}
In this case we can find known functions

Eo(An — V)™ < , N>1. (9)

ony(m) =suppn(m,0) and wx(m)=supwy(m,0)
6co 0cO

such that
sup Ep(fx = Agn)™™ < By (m),
SUp Ey(gn — 9)*" <wn(m).
In particular, for m =1,
(@*)? 1
1—-72N’
as well as in (8) we can replace C1(1,0) and C(2,0) with

pn(l) =

rai _ 1 25 (.20 2 o? 4
C1(1) = A= [127“ o (r Ex§+ 2 +35°,
=y 1 s A0?)? 4
Ca(1) = 1= l24 (r Exy+ =2 + Ex,
and obtain o W o W
o 011 Cs(1

In general, for 0 < H < ¢? we can find the numbers

Ci(m)=sup C1(m,0) < oo, Cy(m)=sup Cy(m,h) < oo
© S)

and then, according to (9) we have

Ci(m) . Co(m)
Nm N2m ’

sup Eg(Ay — A)?™ < N>1. (10)
©

In particular, for v =2 and m =1,

SupEg(S\N — )\)2 <
(€]

(c%)? N r2Ci(1) | 1 N r?Co(1) 1

Sla-mme @ one | N @ HENE




Remark 2 It is well known, that for the stable process (5) the function gy — g as
N — 0o almost surely. Then

PQ(S\NZS\N):l, €O,

for N large enough. Moreover, it is easy to establish the uniform on © asymptotic
normality of estimator Ay with the smallest asymptotic variance. It gives a possi-
bility to prove the minimax optimality of An.

b) Non-asymptotic estimation of o

Consider the estimation problem of the noise variance o2 in the model (5) under
the assumption v =4 (0® < 00, Fz§ < 00).

In the definition of the LSE type estimator &]2\] defined as

1 ~
= NZ(xn_)\anfl)a N > 17

we use the estimator Ay of A, defined in (7), having known non-asymptotic properties
(10) for m =1 and m = 2.
Thus, using (6) and (10), we have

N
Ey(6% — 0%)? = Eg(Ay — \)? Z

+2E5(Ay — N7 an 16n < VoA O Eg(Ay — Nt

, 1 _ Cn(0)
N~- N’

+2\/020%(«9)E9()\N A)2

where

~ 1

Cn(b) = Wag@ C1(2) + Co(2) g+

~ ~ 1
+2\/a a2(0)[C1(1) + 02(1)]\,]} .
Since the numbers

Cy =supCn(f) <oo, N2>1
o

are known, we have obtained estimator of 02 with a guaranteed accuracy:

C
sup Eg(63% — 02)? < =N N>1 (11)
) N
It should be noted, that this estimator is asymptotically equivalent to the corre-
sponding LSE. In particular, it has optimal rate of convergence as N — oc.



3.2 Estimation of parameters of a stable ARARCH(1,1)
Consider the process satisfying the following equation
Tp = ATp_1 +\/oB+ 0322 | &y n> 1, (12)

where noises &,, n > 1 are i.i.d. zero mean random variables with variance equal to
one and finite fourth moment o* = E¢}, as well as Ex§ < oo and |A| < 1.
Define the LSE Ay of A of the form:

1 N
N > TpTn—1

~ =1
Ay =" N2>,
1 2
N Z Tn-1
n=1

which is strongly consistent (see, e.g., [Malyarenko(2010)]) under the following sta-
bility condition
M4 60207 + (07)%0" < 1. (13)

a) Non-asymptotic estimation of A
According to general notation, in this case we have

U=\ Uy=\y,

1Y 1 Y
IN=2D w1, gy = D Th
N n=1 N n=1
and ‘i/N = :\N, B
AN = An - x(gn > H). (14)
Define for some known numbers r € (0, 1), o2, 33, o2, and 7> the set
O ={0=(\o5,07): X +6)\0% + (0])%0 <,
of <05 <o, of <oi <o)
Using the following representation for the process (z2) :
22 =N+ o)l [ +od 4, n>1,

where
=2\t 1\Jod+otal - Entop(Ei—1)+otan 1 (E—1),
it is easy to find the numbers

02 = sup Ega:i, 0;1 = sup ngfl
On on

and lim gy = g Py-a.s. for § € O, where
N—o00

i

I=1 g2



For this model we can calculate

wy = {12(550; + T10y) + 0f - ((55)° + 2050705+
+@1)%o 4)}— +{Bab + 308} 1
where og is an upper bound for E(£2 —1)2.

Now we can find the function @,. By the definition of fy and gy we have

g (15)

sup Eo(fn — \gn)? =

1
= 32 oW B3 anafod + oty ) =

1
N2 leupEewn (03 + otas ) < (G502 +‘7104)N
n=
and we can put
1
on = ([T50% +E%Ui)ﬁ'
Then for 0 < H < 5 and every N > 1,
_ 01
N _ 1-09)?
sup Ey )\N—/\Qg— + WN . 16
o P TS N == o 1o

It should be noted, that the rate of convergence of the obtained upper bound is
the same that the rate of the LSE and is optimal

b) Non-asymptotic estimation of o3 and o?

We will construct estimators with guaranteed accuracy on the bases of correlation
estimators for the following cases:

(i) of o with known o7 :

= \

N
Z — (N +odal_y);

n=1

(ii) of o7 with known o :

2.
N
> (2 —0d)
G3(N) = "ivi — (),
2

which are strongly consistent under the condition (13), see [Malyarenko(2010)]
Define estimators for considered cases

32— (%) + o)l



(ii) Gi(N) = —"=5
S

n=1

N
¥ 2 (a2 —od) ,
x(gy > H) — (AN)7,
2
n—1

z2|-

where B
AN = Proj_1 AN,

An and gy are defined in (14).
Similar to previous sections, the upper bounds for the MSE’s of these estimators
with known constants Cy and C7 can be found

where Og = {0 = (\,08) : A* +6)207 + (62)20* <1, 02 <0} <%} and

(i1) sup Ep(67(N) —07)* < —,
o N

where O1 = {6 = (\,0%) : X +6)207 + (62)%0* <71, 0? <0? <73}, r€(0,1).

3.3 Parameter estimation of a stable non-Gaussian Ornstein—Uhlen-
beck process by discrete—time observations

Presented below results give a possibility to make statistical inferences for continuous-
time stochastic systems by finite size of observations. Moreover, one of the main
assumption is a discrete scheme of observations. It coincides to numerous real situ-
ations, in particular, in problems of financial mathematics.

Consider the following regression model

dz(t) = ax(t)dt + dé(t), 0 <t <T (19)

with an initial condition x(0) = xo, having all moments. Here £(t) = ptW (¢t) +
p2Z(t), p1 # 0 and pa — some constants, (W(t),t > 0) is a standard Wiener process,
given on a probability space (2, F, (Ft)t>0, P), adaptive to a filtration {F:}i>o0,

N

Z(t) = Y Y, where Yi, k > 1 are i.i.d.r.v’s having all moments and (V) is a
k=1

Poisson process with the intensity A > 0.

It should be noted, that for po = 0 the process (19) is an Ornstein-Uhlenbeck
process.

We suppose, that the unknown parameter a € [—A,—4], where § and A are
known positive numbers.

The problem is to estimate the parameter a by observations of the discrete—time
process y = (yx),
ye = x(ty), te=

T, k=on.

Using the following representation for the solution of the equation (19)

t
z(t) = e®xg + /e“(“s)dg(s), 0<t<T,
0

10



we get the recurrent equation for the observations (yy) :

Yk = byp—1 + i, k=1,n, (20)

tr
where b = /" = [ ¥ =9)dg(s) — iid.r.v's with

te—1

1
Eang =0, 0% := Dang, = o-(p1 + M) [b* — 1].

Moreover, for this model all moments o™ = an,%m and their upper bounds
2™ = sup o®™, m > 1 are exist.
a<—0
Define the estimator a, of a with a guaranteed accuracy using an estimator b,

of b as follows
—

an = 7
where the estimator b, we construct on the basis of the LSE i)n, obtained using the
equation (20) and Corollary 2.2:

lnl;n, n>1, (21)

_h

Z’n:i)n'X(gnZH)+LX(gn<H)a Bn p

Here L = [e7%1/" 4 72T/ /2,

1 1
fo == UkUk-1, Gn=—> Ui
"= =1

and the number g is defined as

o2

9=

Then the estimator b, has all properties of the estimator Ay, defined in (7). In
particular, according to Theorem 1, which holds for this model for all m > 1 and
> 1, the following inequalities

sup Ea(l;n _ b)Qm < Ci(m) + C3 (1)
a<—§ n™m n#

, n>1 (22)

for an arbitrary p > m and 0 < H < ¢? hold, where

1 _
o’ = (i + AL~ 7], r=e
26
and numbers C}(m), C5(u) are known.
From (21) and (22) it is easy to verify the following property of estimators a,, for
every 4 >m > 1:

sup  Eg(an — a)2m <
a€[—A,—4]

nm nt

11



3.4 Non-parametric estimation of a logarithmic density derivative

Consider the problem of estimating the logarithmic derivative
U(t) = f'(t)/f(t)
of a distribution density f(¢) of the i.i.d. noises &, in the model
Tp =ACp_1+&, n>1. (24)

It is assumed, that (£,)n>1 is a sequence of zero mean random numbers with finite

241 = Re2 Y s well as Bzp ") <

(for some even number £ > 1) moments o2
oo and |A| < 1.

We will suppose that the function f(t) € ®, i.e. satisfy the following conditions

0<cr < f(t), 81%) f(s) < Cy
seR?

and for some £ > 0 and v € (0, 1)
[fOF2) () — O ()] < Lz - y[".

The knowledge of W(¢) is important in various statistical problems. In particu-
lar, it is needed when: constructing the algorithm of optimal control of an autore-
gressive process; estimating of a regression curve; testing close hypotheses. These
problems are of a peculiar interest in the case of dependent observations: for ex-
ample, the logarithmic derivative of a density is used when forming the optimal
algorithms of nonlinear filtering and adaptive control of random processes (see, e.g.,
[Dobrovidov et al.(2012), Vasiliev et al.(2004)] and references therein).

We will construct estimators of f(t) and f’(t) using the following estimators &,
of noises &, in (24):

En =z, — S\n_lxn_l, n=1,N, (25)

where ), is the estimator defined in (7).

For estimation of the parameter A with a guaranteed quality we have to know that,
e.g., 0 € ©, where © = {# = (\, 02,020 . [N <7, 0< g? < o?, o23FD <
F2( 2m+1)} re (O 1)

As an estimator of the ratio ¥(¢) from the observations (z,)n>1, one can take
the ratio of statistics fN (t) and fy(t) of the form

i) (¢ i Ko (L= &) o—oa (26)
N NhsN 9 )

sN

where K (S)(z) are kernel functions, h = (hs n)n>1 are sequences of positive num-
bers, s = 0; 1.

Estimators like (26) of the density and its derivatives from observations (25) were
considered in [Dobrovidov et al.(2012), Vasiliev et al.(2004)], Section 4.1, where it
was shown that we can establish asymptotic normality and convergence with prob-
ability one for estimators

/\

Un(t) = £ @)/ fn (). (27)

12



The results on asymptotic ratio estimation of the partial derivatives of the noise
distribution density in multivariate dynamic systems are given in [Vasiliev et al.(2004)],
Section 5.1. (see [Dobrovidov et al.(2012)] as well).

To obtain estimators of ¥(¢) with a known MSE we apply Theorem 2.1.

Define the estimator

Uy =Unx(fn(t) > H), N>1.

By the definition (25), the estimators &, can be represented in the form

gnzgn‘i'()\_)\nfl)xnfb nzlaN-

Using properties of estimators 5\n, defined in (7), we can find the known numbers
C1 and C,,, such that

N
< CilogN, m=1
_ 2m,.2m 110g IV, )
sgpnzzjl Eg(A = Ap—1)“ a2 < . m 1 (28)

Similar relations where obtained in [Dobrovidov et al.(2012), Vasiliev et al.(2004)].
Then, using technique of Theorems 4.3.1 and 5.1.3 from [Dobrovidov et al.(2012),
Vasiliev et al.(2004)] and (28), by appropriate chosen kernels in (26), we can find
known numbers C; 1 and Cj 2, i = 0; 1, such that

p C
sup By (fn(t) = £(1))” < <= + Coahily.

0,0 ~ Nhon
5 vz Cia 2%
sup E(f'n(t) — f1(1))" < N+ Cr 2’y
D LN

Then it is natural to put

1

001 2k+1 1

hon=|57—] N =,
2/60072

301 1 2rt3 __1
h = | ——— N~ 2x+3
LN (2%0172 )

and for obviously defined numbers Cy and C4, we have

sup By (fn(t) — f(£)? < CoN 351,
0,®

sup B (' (t) — f/(1))? < G Nz,
0,0

It gives a possibility to apply Theorem 2.1 (taking into account Corollary 2.1) to
estimation of W(t) for H € (0,cy) with a known upper bound:

sup B (B(t) — U(t))2 < CLN 755 + CoN ™21, (29)
0,

13



4 Conclusion

We have presented a truncated modification of basic ratio type estimators con-
structed by dependent samples of finite size. This method gives a possibility to
obtain estimators with a guaranteed accuracy in the sense of L,,-norm, m > 2 (3)
on a time interval of a fixed length.

As an illustration, parametric and non-parametric estimation problems are con-
sidered. The presented method was applied to estimation of parameters of a linear
autoregressive and a non-linear ARARCH-type process, as well as to estimation of
a parameter of a non-Gaussian Ornstein-Uhlenbeck process by discrete-time obser-
vations (see properties (10), (11), (23), (16), (17), (18)).

Moreover, the estimators with a guaranteed accuracy in the mean square sense
of a logarithmic derivative of noises density of an autoregressive process with an
unknown dynamic parameter was investigated, see (29).

The presented method will be applied in the future to parametric and non-
parametric estimation problems for multivariate dependent samples.

Truncated estimation method will be developed in adaptive problem statement
for an unknown number g (see Theorem 2.1).
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