DUAL WEIGHTED RESIDUAL ERROR CONTROL FOR
FRICTIONAL CONTACT PROBLEMS.

ANDREAS RADEMACHER* AND ANDREAS SCHRODERT?

Abstract. In this paper goal-oriented error control based on dual weighted residual error estima-
tions (DWR) is applied to frictional contact problems. A mixed formulation of the contact problem
is used to derive a discretization. It relies on the introduction of Lagrange multipliers to capture the
frictional contact conditions. The discretization error is estimated in terms of functionals (the quan-
tities of interest) which are evaluated in the displacement field as well as the Lagrange multipliers.
Numerical experiments confirm the applicability of the estimates within adaptive schemes.
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1. Introduction. Modern finite element schemes commonly include a posteri-
ori error control and adaptivity. One of the most popular techniques from the last
decades to derive error estimates for user-defined, probably non-linear error measures
(quantities of interest) is known as the dual weighted residual method (DWR), c.f.
[1, 2]. Tt relies on representing the error in terms of the solution of a dual problem.
Such duality arguments are the basis of many techniques in so-called goal-oriented
error control. We refer to [13, 14] for further approaches similar to the DWR method.

In this paper, the DWR method is applied to frictional contact problems, which
play an important role in mechanical engineering, cf. [7, 12]. Variational formulations
of contact problems are given by variational inequalities or by variational equations in
combination with penalty or regularization approaches, cf. [12]. The DWR method is
already successfully applied to these two formulations of contact problems, cf. [19]. A
third variant to variationally formulate frictional contact problems is given by mixed
methods where the geometrical and frictional contact conditions are captured by La-
grange multipliers. This approach has mainly two advantages: First, the Lagrange
multipliers can be interpreted as normal and tangential contact forces which enables
to directly determine these quantities. Second, the constraints of the Lagrange multi-
pliers are sign conditions and box constraints which appear simpler than the contact
conditions of primal formulations and enables solution schemes without penalty or
regularization parameters. The application of the DWR method to contact problems
in such a mixed setting has been rarely studied so far, see, e.g., [18, 19]. In particular,
the control of the error in terms of the Lagrange multipliers has not been discussed in
literature up to now. Our aim is, therefore, to derive DWR estimates for mixed for-
mulations of frictional contact problems and, in particular, for error functionals which
measure the error of the displacement field as well as the Lagrange multipliers. Due
to the interpretation of the Lagrange multipliers as contact forces this error control
is of special interest in many applications.

In this paper, we use a mixed discretization scheme proposed by Haslinger et al.
for frictional contact problems with Tresca friction, cf. [11]. In this low-order approach
the displacement field is discretized by the usual low-order conforming ansatz and the
Lagrange multiplier by piecewise constant functions. The unique existence of the
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discrete solution is verified via an inf-sup condition associated to the discretization
spaces for the displacement and the Lagrange multipliers which possibly requires the
use of a boundary mesh with a larger mesh size than that of the interior mesh, cf. [9].
The proposed discretization scheme is widely studied and enhanced by Haslinger et
al. [8, 10] for many applications in frictional contact problems.

In a first step, we estimate the error in terms of a functional which only depends on
the displacement field. The dual problem is then given as the Riesz representation in
terms of the bilinear form introduced within the mixed variational formulation of the
problem. We obtain an error representation consisting of primal and dual residuals
as well as a remainder coming from the trapezoidal rule as in the standard DWR
approach for variational equations. In addition, the representation contains a term
which measures the error in the contact conditions. In a second step, we estimate the
error in both variables, the displacement field and the Lagrange multipliers. For this
purpose, we extend the dual problem to a mixed problem. Again, we obtain the usual
residuals of the DWR method and a term for the error in the contact conditions.

As usual in the DWR method, the residuals are approximated. We use quadratic
interpolations on coarser, patch-structured meshes, cf. [1]. The additional contact
terms are approximated by some interpolation and averaging techniques.

The paper is organized as follows: After the introduction of some notational
conventions in Section 2, we give a short overview of contact problems with Tresca
friction and of their mixed variational formulation in Section 3. Section 4 focuses on
the low-order discretization scheme as proposed by Haslinger et al. In Section 5, we
discuss the DWR error control for the displacement field whereas Section 6 introduces
the error control of both variables, the displacement field and the Lagrange multipliers.
Approximation and localization techniques for the derived error representations are
discussed in Section 7. Finally, the numerical experiments of Section 8 confirm the
applicability of the theoretical findings. In particular, we demonstrate the approach
for numerical examples where the Lagrange multipliers directly defines the quantity
of interest.

2. Notations. Let Q C R¥, k = 2,3, be a domain with sufficiently smooth
boundary I' := 0Q2. Moreover, let I'p C I' be closed with positive measure and let
I'c c I'\I'p with Te € T'\T'p. L2(Q), H(Q) with I > 1, and H'/?(T¢) denote the
usual Sobolev spaces and we set H5(Q) :={v € H(Q) | v(v) =0on'p} and V :=
H}(Q;R*) with the trace operator v. The space H~'/2(T'¢) denotes the topological
dual space of H'/?(T'¢) with the norms || - l—1/2,rc and || - [|1/2,r,, respectively. Let
(‘y)ow, (-s-)ors be the usual L%-scalar products on w C Q and IV C T'. Note that
the linear and bounded mapping ¢ := Y, : HEL(Q) — HY?(T¢) is surjective due
to the assumptions on I'c, cf. [12, p.88]. For functions in L?(I'¢), the inequality
symbols > and < are defined as “almost everywhere”. We set Hi/ 2(Fc) ={v €
H'2('¢) | v > 0}. Furthermore, we define the dual cone of Hi/Q(I’C) by A, =
{n € HY2(Te) | Vo € HY*(Te) : (u,v) > 0} and A, := {u € L2(Te; RETY) |
lul <1 on supps, v =0 on I'c\ supp s} with the euclidian norm |- | and s € L*(T'¢),
s > 0. For the displacement field v € V, we specify the linearized strain tensor
as £(v) := $(Vv + (Vv)") and the stress tensor as o(v);; := Cijme(v)m describing
a linear-elastic material law where Ciji; € L*°(Q) with Cijii = Cjux = Crii; and
CijkiTijThi > anj for T € L2(Q)§yxnlf and a k > 0. In the following n denotes the
vector-valued function describing the outer unit normal vector with respect to I' and
t the k x (k — 1)-matrix-valued function containing the tangential vectors. We define
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On,j 1= 0ijT, Onp 1= 03NN, Ont | i= 03Niti1, Un 1= Yo (vi)n; and v j = vo (vi)ts;.
Furthermore, we set vy := v, (v) and vc := y¢(v) for v € V.

3. The mixed formulation of Signorini’s problem with Tresca friction.
Signorini’s problem with Tresca friction is to find a displacement field u € V such
that

—div(o(u)) = fin Q, o,(u)=bon 'y, (3.1)
up —g <0, U'rm(u) <0, Uﬂn(“’)(“’n —g)=0onTg,

lont(u)| <s = u =0,

< .
|0'nt(u)_8W1th{ lone(u)| =5 =3¢ € Roo: us = —Con

W }on I'e  (3.3)

where we assume that f € L*(Q), b € L?*(Ty), g € H'/?(T'¢) and s € L?(T'¢) with
s > 0. Equation (3.1) is the usual equilibrium equation of linear elasticity with the
volume and surface loads f and b. The conditions in (3.2) describes the geometri-
cal contact: We assume that I'c is parameterized by a sufficiently smooth function
¢ : R¥=1 — R such that, without loss of generality, the geometrical contact condition
for a displacement field v in the k-th component is given by p(z) + vk (z, p(z)) <
Y(zy + v (2, 0(x), .. 21+ vg_1 (7, 0(2))) with @ == (z1,...,25_1) € R*¥! and a
sufficiently smooth function v describing the surface of an obstacle. The lineariza-
tion of this condition gives us v, < g in (3.2) with g(z) = (¢¥(z) — o(z))(1 +
(Vo(z))TV(x)) /2, cf. [12, Ch. 2]. The second condition is a sign condition
for the normal contact force describing pressure. The complementary condition in
(3.2) describes either pressure or no contact. The condition of Tresca friction can
be found in (3.3). It turns out that sliding does not occur if the magnitude of the
tangential forces is below a critical value given by the frictional function s. If the
tangential forces reach this critical value, sliding is obtained in the negative direction
of the tangential forces. Setting s to the magnitude of the normal forces times a
friction coefficient, Tresca friction is extended to Coulomb friction, see Section 8.
With the symmetric, continuous and V-elliptic bilinearform a(w, v) := (o(w),e(v))o

on V x V as well as the continuous linearform (¢, v) := (f,v)o + (b,vn)o,ry and using
some standard arguments of convex analysis (c.f., e.g., [5, 6, 12, 17]), we obtain that
the triple (u, \p, A+) € V x A, X A; is a saddle point of the frictional contact problem
(3.1)-(3.3) if and only if,

a(um) = <€,U> - <)‘nvvn - g> - ()‘tv S'Ut)O,Fca (3 4)

<,un — Apy Uy — 9> + (Mt — A, SUt)O,FC <0 .
for all v € V and all (pp, ) € Ay x A;. Note that a unique solution exists under
the assumptions as introduced in this Section and Section 2. Moreover, the Lagrange
multiplier A,, coincides with the normal contact stress —oy,,(u) as well as Ay with the
tangential contact stress —op,:(u).

4. Low-order discretization. Let 7 be a finite element mesh of 2 with mesh
size h and let £ be a finite element mesh of I'c with mesh size H, respectively. The
number of mesh elements in 7 is denoted by Mg and in Ec by M¢o. We use line
segments, quadrangles or hexahedrons to define 7 or £¢. But this is not a restriction,
triangles and tetrahedrons are also possible. We assume that a submesh of ¢ is a
mesh of supp s. Furthermore, let U7 : [-1,1]¥ - T € T and &g : [-1,1]*' = E ¢



4 ANDREAS SCHRODER AND ANDREAS RADEMACHER

Ec be affine and k-linear transformations. We define

Vi={veV | VI eT: vyrolyeQ},
My = {pe L*T¢)| VE€E: ppo®pc Py},

where Q) is the set of k-linear functions on [—1, 1]¥ and P, the set of constant functions
on [—1,1]*~L. Moreover, we define

An,H Z:{,U,EMH|VE€(€02 ,MZO},
Ay :={pe€ (My)* ' |VE €&, E Csupps: |u <1,
u=0onTIc\supps}.

The discrete saddle point problem is to find (wn, An, 1, Ae,mr) € Vi X A X Ay
such that

a(up,vp) = (€, vn) — (M, my Vhn) — (At By SURE)0,Te s

(4.1)
(n ot — M yHy Unn — 9) + (e, 5 — AH, SURL) 0T < 0

for all v, € V3, and all (n, g, pe. 1) € Ao X Ay . It is well-known, that there exists
a unique discrete saddle point (wpn, An i, At 1) € Vi X Ay g X Ay pr, if a discrete inf-sup
condition is fulfilled. In the case of quasi-uniform meshes the discrete inf-sup condition
holds if the quotient of the mesh sizes h/H is sufficiently small, cf. [9]. It is noted
that different mesh sizes h and H implies that the Lagrange multiplier is defined on
a coarser mesh which may lead to a higher implementational complexity than using
a surface mesh £ which is inherited from the interior mesh 7. In compliance with
the mentioned reference, we observe in our experiments that the choice H = h leads
to oscillating Lagrange multipliers whereas H = 2h results in a stable scheme. Thus,
we use meshes with H = 2h in the experiments of Section 8.

Note, in the mixed method as proposed in this section, the Galerkin orthogonality
with respect to u and uy, is not valid. Instead, we have the following statement.

LEMMA 4.1. The identity

a(u —un,vn) = (A7 — Any Unn) + (A5 — Aty SUR )0,

holds for an arbitrary v, € V.
Proof. There holds a(u,vn) = (¢, vn) — (An, Unn) — (M, SUR1)o.re and a(up,vp) =
(€, vn) — (AnH, Vnn) — (At H, SURt)o.T. Subtracting yields the assertion. O

5. Error estimation of the displacement field. In this section, we consider
a user-defined functional J, : V' — R, which measures some quantity of physical in-
terest only in the displacement field. The essentially more complicated case where
the functional depends on the displacement field and the Lagrange multipliers is con-
sidered in the next section. In the following, we assume that J, is (three times)
Fréchet-differentiable and J), : V' — V* denotes its derivative.

The aim of goal-oriented error control is to approximatively determine or to esti-
mate Jy,(u) — Jy,(up). In the concept of dual weighted residual error estimations, this
is done through the representation of J, by the solution of a dual problem which is
given by the following variational formulation: We seek z € V, such that

a(v,z) = (J/ (u),v) (5.1)



DWR for frictional contact problems 5

for all v € V. An approximation is given by z, € V}, fulfilling
a(vn, z) = (J;,(un), vn) (5.2)

for all vy, € V},. Note that the unique existence of solutions z and z, of (5.1) and (5.2)
is guaranteed by standard arguments.

The basic idea of the DWR method is to determine the error in terms of the
primal and dual residuals Res : V' — V* and Res] : V — V*. Here, we define them
as

(Res(w),v) :==£(v) — (An,H,Vn)o,re — (At,1,V)0,re — alw,v),
(Res; (w),v) := (J! (up),v) — a(v,w).

Obviously, there holds
<Res(uh),vh> = (Res;i(zh),vw =0 (53)

for all vy, € V3. From the fundamental theorem of calculus and the trapezoidal rule,
we deduce

Ju(u) — Jy(up) = /0 (J'(u+ k(u—wup)),u —up) ds
= %((J’(u),u —up) + (Jo(un),u—un)) + Ru(u—uy)  (5.4)

with the remainder

1

1
Ry(0) =5 / (T2 (g, + 50)) (0) (), ) (e — 1) dr

and the third derivative J!” : V. — L(V, L(V,V*)) of J.
LEMMA 5.1. The equation

a(u —up, z) = (Res(up), 2 — Z1) — (A — Anms 2n) — (At — At 1, 8200,

is satisfied for an arbitrary zZ, € Vj,.
Proof. From (5.3) we obtain

a(u —up, z) = (€, 2) — (An, 2n) — (A, $2t)o.re — alup, 2)
=, 2) — (An,H, Zn) — (Me,H,82)0, 00 — a(Up, 2)
+ A i — Ay Zn) + (A — Ay $20)0,r¢
= (Res(up), 2z — Zn) — (An — An,H1, Zn) — (A — Al 820)0,06 -

Using Lemma 5.1, we obtain the following error representation.
THEOREM 5.2. There holds

1 1
Ju(u) = Jy(up) = §<Res(uh), z—Zp) + §<RGSZ(2h), u—Up) + p" + Ry(u — up,)
for arbitrary z;,up € Vi, where

1 1
"= (An,H — A, i(zn + 2nn)) + Aem — A, Si(zt + 2n.))ore-
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Proof. For e :== u — uy, €} := A\, — An,m and ef‘ = At — A¢,m, we obtain from

Lemma 5.1 and (5.3) !
ale, z) + (J,, (un), €)

= (Res(up),z — zn) + (J. (up), e) <€27 Zn) — (62\, 2)0,le
= (Res(up),z — zn) + (J,,(un),e) — ale, zp)

- <e;\m Zh7n> - (6?a Zhﬂ‘/)oyl‘c - <6i\w Zn> - (ei\v Zt)O7FC
= (Res(up),z — Zn) + (Res;, (zn), v — up) + 2p™.

Using (5.4), we finally obtain
Ju(u) = Ju(un) = %((J;(U)m) + (Ju(un), €)) + Ru(u — un)

= 3 (ae,2) + (Toun), ) + R — un)

1 ~ 1 * *
= §<Res(uh), z—Zp) + §(Resu(zh), u—up) + p* + Ry(u—up).

0

If J is linear, the remainder R, (u — uy,) vanishes and the error representation in
Theorem 5.2 simplies to the following statement.

COROLLARY 5.3. If J, € V* then the identities

1 ~ 1 * ~ *
Ju(u) — Ty (up) = §(Res(uh), z—Zp) + §<Resu(zh), u—Up)+p
= (Res(up),z — zp) + p*

are valid for arbitrary Zp,, ay, € Vi, where p* := (A g — Ay 2n) + (A1 — Aty $20)0,1c -
Proof. Obviously, we have R, (u — up) = 0 which gives us the first equation by
Theorem 5.2. The linearity of J,, implies

Ju(u) — Jy(up) = J, (u) — J, (up) = a(u — up, 2).

Consequently, the second equation directly follows from Lemma 5.1. O

The main result of Theorem 5.2 and Corollary 5.3 is that the same error repre-
sentations as in the DWR approach for variational equations is obtained up to the
contributions p* and p*. Hence, existing implementations of the DWR method can
easily be extended to frictional contact problems.

6. Error estimation of the displacement field and the Lagrange multi-
pliers. In this section, we assume that the user-defined functional measures some
quantities of physical interest in the displacement field and, additionally, in the
Lagrange multipliers. It is denoted by J : W — R with W = V x M,, x M,
M, = H '/?(¢) and M; := L*(T¢). Again, we assume that .J is (three times)
Fréchet-differentiable where J,, : W — V* J' : W — M; ~ HY*(T'¢) and J| :
W — M} ~ M, denote its derivatives with respect to V', M,, and M;. To estimate
J(uy An, Ae) — J(un, A1, A ) using the concept of dual weighted residual error es-
timations we extend the dual problem via the following mixed formulation: We seek
(2,&n,&) € W such that

CL('U, Z) + <£n,’l)n> + (gta S’Ut)O,Fc - <J7:(U, >\n7 )\t)71)>
<,Un,Zn> = <J;L(U7>\n,)\t),/.tn> (61)
(et 82t)0re = (Jy(uy Apy Ae), i)
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for all (v, ftn,pe) € W. An approximation is given by (zn,&n.m,&.0) € Wiy =
Vi X My x ME! fulfilling
a(vn; 2n) + (€n.is Vnn) + (§e,1, 50 )ore = (S (Uns A b, M 1)5 On)
</’Ln,Hazn,h> = <J7/L(uh;)\n,H7)\t,H)7ﬂn,H> (62)
(s S2en)0,re = (T3 (Why A by A H ), bt 1)

for all (vp, ton, i, i, i) € Wy Using standard arguments of mixed methods, cf., e.g.,
[4], the unique existence of the solutions (2, An, A¢) and (2p, An,m, A, z) of (6.1) and
(6.2) are ensured.

Following again the basic idea of the DWR method we reuse the primal residual
Res of the last section und define the dual residuals Res® : V. — V*, Res,, : V —
M} ~ H'?('¢) and Res; : V — M; ~ M, by

<ReS* ('lU), U> = <J;(’U/h, An,H? A1:,]{)3 'U> - (gn,Ha U’n,)O,Fc - (6t,H7 Svt)O,Fc - a’(“? 'lU),
<ReS:;(U}), /”'n> = <J’V/L(uh7 )‘n,Ha At,H)a Mn> - </”‘n7 wn)v
(Resy (w), pe) := (J{(un, Ao, M), pi) — (pie, SWe)o,re -
Obviously, we have

(Res™(zn), vn) = (Res, (2n), pin,1r) = (Res; (zn), ) = 0 (6.3)

for all (vp, tin, 1, e, ) € Wha. Again, the fundamental theorem of calculus and the
trapezoidal rule yield

J(u7 Anv )‘t) - J(Uh, ATL,Ha )‘t,H)
1
- <J1IL(U,{, )\n,km )\t,n)v u— uh> + <J7/L(uli7 )‘n,km )\t,/{)a )‘n - >\n,H>
0

+ <Jt(um ks A, )y At — )\t,H> dr

1

§(<Jl (U )\na)\t) u — Uh> + <J,’l(u, )\ny)\t>7)\n — )\n,H> + <J£(U,An,)\t),)\t — )\t,H>
A+ (T (wn, A by M)y w = un) 4 (T (Why A i Aei ) s An — A m)

+ (St (hy A, A i), A = A a)) + R(w— iy Ap — A, A — At o)

(6.4)
with
(uli7 >\n7n; )\t,n) = (’LL + K(’LL - uh)> )\n + K()\n - >\n,H); )\t + R()\t - At,H));
and the remainder
1 1
R(Unum:ut) = 5 /0 <((JIH( Uk, n K At N))(v7ﬂn7ﬂt))(vvunvﬂt)7 (Uu :U'nnu't»’i(’f_ 1) dr

where J" : W — L(W, L(W,W*)) is the third derivative of J. Finally, we obtain the
following error representation.
THEOREM 6.1. The error representation

J(’LL7 ATM )‘t) - J(’IL]—“ )\n,Ha )\t7H)
1 1 1
= §<Res(uh), z—Zp) + §<Res*(zh), u — ap) + §(ReSZ(zh), An = AnH)

1., .
+ §<Rest (zn), At = A mr) +p+ R(u— up, Ay — A i1, At — Aeir)
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holds for arbitrary zZn, un € Vp, ;\nH € My and ;\tH € (My)*k=1 where

pi= <%(€n +&nH)s Un — Upp) + (%(ft + & m), s(ur — unt))ore-

Proof. With e := u — up, ef‘L = Ap — Ap,g and e;\ ‘= A\ — A, H, we obtain by

Lemma 5.1 and 4.1 as well as (6.3)

a(e, 2) + (€nren) + (&1, s€t)ore + (€, 2n) + (€1, 520)0r0
+ (o (s A, Aey)s €) + (T (s Mo i, M)y ) + (JE (wny Anis A i) €7)
= (Res(un), z — Zn) + (Jy,(un, Ao, Aeir ), €) — (niren) — (6,01, 5€0)o,re — ale, zn)
+ (I (s A, M)y €0) = (e 2nm) + (T (un, Ao i M)y €2) = (€3 2nt)o.re
+ (& + &nmen) + (& + &, 5€)0,00
= (Res(up), 2z — Zn) + (Res™(zn), u — up)
+ (Resy (zn), An — An.m) + (Res (2n5), At — Aem) + 2p
= (Res(un), 2 — Zn) + (Res (2n),u — p)
+ (Res’ (21), An — Anir) + (Rest (23 ), At — Aemr) + 2p.

Using (6.4) and the calculation above, we conclude

Tw) = J(un)
= (T A 20,0 (T A M) ) (7 A M), )

+ (T} (why A,z Ay ) €) A (T (wny Atz Aoyt )s ) + (J{ (s Ao Ae i) €7)
+ R(e, e, el)

= 3(a(e,2) + {6nren) + (6 sedore + (€3 ) + (e, 52

+ (0 (hy Ay M) €) A (T (Wns An,irs Ay )s ) + (T (s Anir Ao i) €7))

+ R(e,en, f‘)

1 5 1 5

= & (Res(un). = — ) + & (Res” (2),u — fn)
1. . 1

+ §<Resn(zh)7>\n — ) + §<Rest (zn), A\t — )\t H)+p+ Rleye n, ;\)

Again, if J is linear, some simplifications can be done.
COROLLARY 6.2. If J(v, tin, pir) = Ju(0)+Jn(pin) + I (pee) with J, € V*, J,, € M
and J; € M} the identities

J(’LL, )\TH )‘t) - J(Uh, )\n,Ha )‘t7H) = <ReS(’U/h), Z— 2h> + ﬁ
1 - 1

= 5 (Res(un), z — Zn) + 5 (Res™(z

1. - 1

+ §<Resn(zh)7>\n _)\n H> 5

)u—ﬂh>

(Res; (z1), At = M) +p
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are fulfilled for arbitrary zp,un € Vp, S\nH € My and S\t,H € (My)*=t where p :=
(i un — Unp) + (§o,m, 8(Ue — Unt))o,re -

Proof. Obviously, we have R(e,e),e}) = 0 which gives us the second equation
by Theorem 6.1. Because of the linearity of .J,, J, and J;, we have J/ (u) = J}, (up),
J) (M) = I, (An,m) and J/(A;) = J{(A,z). Thus, we obtain from Lemma 4.1 and
(6.3)

(Res(up),z — Zn) = (Res(up,), 2)

=0(2) — (Ans2n)ore — (Aey820)o,re — alun, 2)
+ (An — Anis Zn)ore + (At — At 1, S2t)o,re

= a(e,2) + (J, (M), en) + (Ji (M), €)

= (To(u),€) = (Enren) = (&b sedore + (Jh(An)sen) + (JH (M) €)

= (Ji(un),€) = (€n,mren) — (€1, set)ore — ale, zn) + (I, (M), ) = (€ 2nn)
+ <Jt/(/\t,H)a e?> - (ef‘, sznt)o,re + (§nir — &nsen) + (§e,i — &ty set)ore

= (Res™(zn), €) + (Res;, (21), en) + (Resy (2n), €3) +2p — 2p

= (Res™(zn),u — tp) + (Res) (zn), Ap — ;\,L,H) + (Res; (zn), At — ;\t7H> +2p — 2p.

0
As in Section 5, we again obtain the same error representations as for the DWR

method for variational equations. Only, the error contribution p (or p) has to be
added.

7. Evaluation and Localization. To evaluate the error representations of the

Theorems 5.2 and 6.1 we omit the remainder as it is of higher order and, moreover,
approximate the unknows u, z, A, A, &, and & using higher-order and averaging
interpolations. To approximate the primal and dual solutions u and z we determine
quadratic interpolations on a coarser mesh element. This, however, requires a special
structure of the adaptively refined finite element mesh, cf. Figure 7.1. This so-called
patch-structure is obtained through the refinement of all sons of a refined element,
provided that one of these sons is actually marked for refinement. A quadratic in-
terpolation I(Z) of 2, € V}, on the coarser mesh element is then componentwisely
calculated by the nodal values of Zj, ; on the fine mesh elements. We refer to [1] for
more details and alternativ choices for the interpolation.
For the Lagrange multipliers A, and \; as well as the dual solutions &,, and &, we make
use of standard averaging interpolations A,, () and Ay (e, i) which are (componen-
twisely) defined as the linear interpolant of the values (3_ pe v |E)~! > BeM(z) MHIE
in a grid node z where py € My and M(x) :={E € & | = € E}.

Using I, A, and A; we finally obtain from Theorem 5.2

1 1 * ~
Ju(u) = Ju(up) ~ §<Res(uh)71(zh) —zn) + §<Resu(2h), I(up) —un) +p
with
- 1
p = ()‘n,H - An(/\n,H); i(l(zh)n + Zh,n))O,Fc

1
+ (Mg — Ae(Aem), Si(f(zh)t + Zn,t))o,re -
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(a) (b)

F1G. 7.1. (a) Mesh with patch structure, (b) coarser mesh

From Theorem 6.1, we get
J(u, Ay At) — J(Uny A1, At 1)
1 1 .
~ (Res(uh), I(Zh) — Zh> + §<RGS (Zh), I(uh) — uh>

2
* 1 * ~
+ 5 (Resy, (21), An(Anm) — Anm) + §<Rest (zn); Ac(Ae i) — Aem) + P

N |

with
pi= <%<An<£n,H) &) I (Un)n = tnn)ore

+ (5 (AnEr) + ), s n)e = un)oure

REMARK 7.1. The quadratic interpolation I(Z;) is not continuous on meshes with
hanging nodes. To define a continuous interpolation, one has to include additional
constraints on irregular edges (or faces), cf. [15].

For the use of the error respresentation within an adaptive scheme, we have to
localize the error contributions given by the primal and dual residuals Res, Res],
Res™, Res;, and Res; as well as the additional terms p and p* with respect to the
mesh elements. The error localization regarding to Res, Res) and Res™ may be done
by integration by parts. In this case the primal residual Res is given by

(Res(w),v) = Z((Resﬂw),v) + Z (Resg(w),v)) (7.1)

TeT Ee€ér

with the primal local residuals Resy,Resg : V - V*, T €T, E€ E°UEUEN,

(Rest(w),v) := (f +dive(w),v)or

%([O—HE(W)]vv)O,Ey Eeé&e
(_>‘"-,H — Ong,ng (w)vUnE)O,E

<ReSE(w)7v> = +(_/\t,H — Ongp,tp (w)7 SvtE)O,E FE e 507
(b= 0onp(w),vn)0,E, FE € &y,
0, else

where £° contains the internal edges (or faces), Eny the edges (or faces) on I'y and
Er the edges (or faces) of T € T. The vector ng denotes a unit vector orthogonal
to F € £. It indicates the outer normal vector if & € £ U En. The vector tg is a
tangential vector of £ € Ec U En.
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Assuming that the error functional J, is given by J,(v) = [, j(z,v(z)) dz with
some possibly non-linear function j : R¥ x R¥ — R, the dual residual is

(Resy,(w),0) = Y ({Resp(w),v) + D (Res;, g(w),v))

TeT Eecér

where the dual local residuals are defined as (Resp(w), v) := (j' +divo(w), v)o,r with
j(x) = %(x,uh(x)) and

([O—TLE (w)]vv)O,E7 YIRS EO,
—Ong (W), vn)0,6, E € &N,

, else.

N|—=

<RGSZ7E(U}), v) =

o~

Provided that the error functional J is given as

T, i i) = Ju(v) + / Jo (@, v0(@), pin (@), pe(z)) da

T'c

with the (non-linear) function jo : R¥ x R*¥ x R x R¥=! — R we obtain

(Res*(w),0) = > ((Resy(w),v) + Y (Resp(w),v))

TeT Ee&r
with
<RGSZ,E(w)7U>v Ee&°Uéy,
<Res*E(w) ’U> = ('jlcﬂhn - gan — Ong,ng (’LU), Un)
+(jlc',u7t 7§t,H 70”E7nt(w)7vt)O,E7 E c ‘SC;
0, else

and jo ,(7) = gig (@, un N (x), \p 1 (x), A\, m(x)), € T'c. The residuals Res;, [ €
{n,t}, are given as follows

(Resi (w) ) == 3 7 (Resf p(w), )

TeT E€cér

with Res; (w), ) := (o =t wi)o,e for E € Ec and 0 otherwise as well as jg ,; (v) =
%77/;5((1)7Uh7]\/‘($)7 Mn,u (), A\, 1 (z)), x € T'c. Moreover, we define for E € Ec

ﬁ* - (A"%H - An()\n,H)y %(I(zh)n + Zh,n))O,E
P+ 0nm — AOem), s3(T(20)e + 200))0, 5
5= (%(An(fn,H) +£H,H)’I(uh)n _uhm)O,E
G AGm) +Eem), s (un)e — une))o,e,

™
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and p, = pg =0 for E ¢ Ec. Eventually, the error contributions are then given by

Ny = %((ReST(uh),I(z’h) —zn) + Z (Resg(un), I(zn) — zn))

Eecér
* 1 * *
Mz = 5 ((Resy(zn), I(un) — un) + > (Res), p(2n), I(un) — un))
Ee€ér
* 1 * *
nr = 5 ((Resp(zn), I(un) = un) + > (Resp(zn), I(un) — un))
Eecér
* 1 *
M =g ( > Resi g (2n), Ai(pu,m) — Muq)) ; Le{n,t}
Ecér
Pri= Y P pri= ) pe B =) b p= Y b (7.2)
Eeér Ee&r TeT TeT
Mu = Z (e +mir), 0= Z (e + 07+ 0 + 1) (7.3)
TeT TeT
and the localized error estimations by
Ju(u) - Ju(uh) RNy =Ny + ,5* (74)
J(u, Ay Ae) = J(Uny A i, Ao i) = m =1+ p. (7.5)

REMARK 7.2. The use of integration by parts to localize the error contributions
lead to a significant implementational effort since jumps across edges or faces have to
be calculated and, moreover, the evaluation of the (possibly nonlinear) operator of the
strong formulation could also be very involved. An alternativ localization technique
avoiding these difficulties is proposed in [3].

8. Numerical results. In this section, we consider several numerical examples
to show the applicability of the theoretical findings. The first one is a frictionless 2D
Signorini problem, where Q := [-3,0] x [—1, 1]. We prescribe homogeneous Dirichlet
boundary conditions on I'p := {—3} x [—1, 1] and homogeneous Neumann boundary
conditions on I'y := (=3,0) x {—1,1}. The contact boundary is I'c := {0} x [-1,1].
We consider Hooke’s law with Young’s modulus E := 10 and Poisson number v := 0.3
using the plain strain assumption. By L we denote the number of uniform refinements
based on a coarse initial triangulation. To test the accuracy of the error estimators, we
consider an example with the known solution u(x,y) := (u1(z,y), ua2(z,y)) ", where

2 2 2
wg) = —EFPE-F D@+ E+DL W<H+h
1\Z,y 0, else,

walo.y) = { Zsin (G2 [(y - 1P+ D'+ - D'+ DY, wl< b
0, else.
The volume force is chosen as f := —div(c(u)) and the obstacle as g(y) := u1(0,y).
The discrete solution wuy, is outlined in Figure 8.1, where Mg denotes the number
of mesh elements and M¢ the number of contact elements. First, we consider the
quantity of interest

Joa (1) ::/ lulPdz,  Bay=[=1.5,—0.5] x [<0.5,0.5].
Bal
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von Mises stress
0.0 1,0 2,0 3.0 4,0
T .

L-— f=1
R lambda —
- o O o 0,000 01125 %50 0,3375ﬁ500
) - (0 A

(a) Plot of up, in © and the obstacle

Fic. 8.1. Numerical solution of the first 2D example for Mq = 24576 and Mo = 64

MQ L Ieff(n) Ie (ﬁ) Ieff(nu) Ieff(ﬁu)
96 | 0 | 3.809 | 7.073 6.332 5.669
384 | 1| 0.611 | 0.636 0.617 0.599
1536 | 2 | 0.966 | 0.992 0.961 0.939
6144 | 3 | 0.984 | 1.008 0.976 0.955
24576 | 4 | 0.979 | 1.002 0.969 0.949
98304 | 5 | 0.977 | 0.999 0.967 0.946
393216 | 6 | 0.976 | 0.999 | 0.9666 0.946

TABLE 8.1
Effectivity indices for different error estimators w.r.t. Ja 1

In particular, we study the relative discretization error F. and the effectivity index
I (1) for a quantity of interest J and an error estimator 7. The quantities E,¢ and
I (1) are definied by

|J(’U,, >\n7 )\t) - J(Uh, )\n,H7 )\t,H)|

Erc = ’
! 1T (1, Ay At

and

Ieﬁ(ﬁ) = J(u’ )‘1'7,7 At) — {;uha An,H, )‘t,H) -

In Table 8.1, effectivity indices for the presented error estimators 7, 7, n,, and
Ty from (7.3) and (7.4)-(7.5) are compared. We observe that all four estimators
lead to accurate estimates of the error w.r.t. J, ;. We would expect that 7 yields
the most accurate estimates. But this is not the case, since i seems to be more
accurate. Moreover, the effectivity indices do not converge to 1 exactly. To study
these phenomena in more detail, we consider quantities of interest, where the solution
of the corresponding dual problem is known, so that the individual contributions to
the error estimators can be calculated exactly. We choose the quantity of interest
Ja2(u) :== [, —div(o(Z)) - uwdz. The solution z(z,y) = 0.1(z1(x,y), Z2(z,y)) " of the
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Mq | L Ieff(nu) Lo (ﬁu) Aeﬂ”(ﬁlt) Aeﬂ“(ﬂ*)
9 | 0 5.652 5.256 4.987 3.829
384 | 1 0.903 0.877 0.995 4.128
1536 | 2 0.951 0.923 0.998 2.539
6144 | 3 0.964 0.935 0.999 2.173
24576 | 4 0.965 0.936 1.000 2.154
98304 | 5 0.965 0.936 1.000 2.155
393216 | 6 0.965 0.936 1.000 2.155
TABLE 8.2
Effectivity indices for ny w.r.t. Jg 2
Mo | L | Ieg(n) | lea(n) | Aex(n) | Aer(p)
96 | 0 | 1.551 1.121 1.247 0.453
384 | 1| 2.034 | 1.825 1.053 7.527
1536 | 2 | 1.221 1.118 1.014 1.226
6144 | 3 | 1.099 1.011 1.005 0.081
24576 | 4 | 1.088 | 1.002 1.002 | 8.44-10~%
98304 | 5 | 1.086 | 1.001 1.001 | 7.76-10~*
393216 | 6 | 1.086 | 1.000 1.000 | 7.71-107%

TABLE 8.3
Effectivity indices for n w.r.t. Jg 3

dual problem is given by

i 1 6 , 11 5, 1, 3
S e e R Y
(@, y) [4 MR TV VYT } (=97,

i B 7, 1, 1,3 "2
Zo(x,y) = [m+12x + 37+ 5T 2y(1 y?)".

To study the influence of the individual contributions on 7,,, we define

Aet () := ((Res(up), zZ — Zn) + (Resy (zn),u — @p)) /27w,
A (p") =p"/p",

with p* and p* from (7.2). In Table 8.2, the accuracy of the different parts of the
estimator 7, are compared. Obviously, Aeg(7,) converges towards 1. Consequently
the approximation of the residuals is asymptotically exact. The additional term p*
is not computed asymptotically exactly. As shown in Table 8.2, p* is underestimated
by p* with a asymptotically constant factor of 2.155. Thus, p* is of the same order
in h as p*. The reason for the asymptotical inexactness may, therefore, lie in the
approximation of p* by p*. It should be noted that the additional term p* is about a
factor 10 smaller than the residuals, so that the underestimation has no essential effect
on the overall estimation. To study 7 in more detail, the sligthly modified analytical
dual solution z(z,y) = 0.1(z1(z,y), Z2(x,y)) ', with

3 1 3
z1(z,y) = [4962 + 4553} (1-9%)",

and &,(y) := 0(2(0,y)), is chosen. The quantity of interest is given as above by
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Ieﬁ"
(@]
(0.¢]

T

0.6 | i
-3 —2 -1 0
z-coordinate

Fi1G. 8.2. Effectivity indices for different error estimators w.r.t. Ja,z for Mo = 98304

Jas(u) == [, —div(o(z)) - udz. We define

At (7) i= ((Res(un), = = Z) + (Res (1), u = n) + (Res; (24), An = An,11) ) /27
Actt(p) = p/p.

In Table 8.3, the different indicators for the accuracy of the estimator n are compared.
We observe that Ae(7]) converges towards 1, i.e. the residual terms are asymptotically
exactly resolved. The extra term p is overestimated by a factor of 1250, which is
asymptotically constant. Hence, p and p are of the same order in h. Since p is
about a factor 10000 smaller than the residuals, the estimate based on 77, where p is
neglected, is more accurate than the one using 7 including p, see Table 8.1 and 8.3.

To examine the influence of the quantity of interest on the effectivity indices w.r.t.
7, 7, N, and 7,, we consider

s

uw = / lulde, B, = [t — 0.5 +05] x [~0.5,0.5]

B‘I‘r

for x € [-3,0]. In Figure 8.2, the behavior of the effectivity indices of 7, 7, 1., and
Tl W.r.t. z is depicted. The estimator 7 leads to the best results, I (7) ~ 1 for all
x € [—3,0], due to the fact that for all = € [.3,0] the extra term p is much smaller
than the residual terms. The overestimation of p by p leads to the poor accuracy of
7, especially for values of x close to zero. The estimation by 7, is worse for x close
to zero, since the additional term p* becomes dominant. Even the estimator 7, leads
only to minor improvements, since p* is approximating p* not accurate enough.

We now consider a quantity of interest, which depends on the Lagrange multiplier
An:

0.375
Joa(An) = / X2 () dy.

—0.125

In Table 8.4, we observe that the use of J, 4 leads to the same behaviour as the other
quantities of interest. The term p overestimates p and thus 7 is not as accurate as 7.
Also here, the additional term p is considerably smaller than the residuals.
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Mo | L | Ieg(n) | Lew(n)

96 | 0 | 48.09 | 12.18

384 | 1| 0.218 | 0.135

1536 | 2 | 1.216 | 0.839

6144 | 3 | 1.353 | 0.953

24576 | 4 | 1.389 | 0.984

98304 | 5 | 1.393 | 0.990

393216 | 6 | 1.393 | 0.991
TABLE 8.4

Effectivity indices for n w.r.t. Jqa

llombda_N|
IO,]O

0,075

Von-Mises equivalent stress ; |0'050

0,00 0,0750 0,150 0,225 0,300 . 0,025
- i I

- 00
(a) Plot of up, in © and the obstacle (b) An.sr

Fic. 8.3. Numerical solution of the second 2D example for Mg = 65536 and Mo = 64

In the second example, we study the influence of the error estimators on the
discretization error, when they are within adaptive refinement algorithms. For this
purpose, we set 2 := [0,0.05] x [0,0.2], I'p := [0,0.05] x {0}, I'c := {0.05} x [0.15,0.2],
and I'y := 0OQ\(I'c UT'p). Furthermore, Hooke’s law with plain stress, modulus of
elasticity £ = 10, and Poisson ratio ¥ = 0.33 is used. The constant volume force is
given by f := (0.5,0)T and the gap function by g = 0.005. The numerical solution is
depicted in Figure 8.3, where the von-Mises equivalent stress

2 2 2
0% + 05, + 30
0']\4,2(0'70'6) = \/ 11 22 21

Oe

with o, = 1 is depicted. We observe stress peaks in the left corners of the domain,
where the Dirichlet boundary conditions change to Neumann boundary conditions.
As quantity of iterest, we consider J(u) := [, Vu : Vudz with B = [0,0.05]%.

In Figure 8.4, the meshes created in the 5" iteration of the adaptive algorithm
based on a fixed fraction refinement strategy with refinement fraction 0.2 are shown.
In the case that the error estimator 7, is used, adaptive refinements are only observed
in the left part of the domain and, in particular, no additional refinements in the
contact zone are done, see Figure 8.4(a). In contrast to this, the estimator 7, leads
to refinements at the left end of the domain and also to strong adaptive refinements
in the contact zone. The other parts of the domain are not refined, see Figure 8.4(b).
The adaptive meshes based on 77 and 7 are very similar, they exhibit strong adaptive
refinements in the left part of the domain and at the left end of the contact zone.
We observe refinements in further parts of the domain, see Figure 8.4(c) and 8.4(d).
The characteristics of the adaptive meshes remain in further sweeps of the adaptive
algorithm. The relative error E,. resulting from the adaptive schemes based on the
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(a) Mu (b) 7w

(c)

3

F1G. 8.4. Adaptive meshes based on different error estimators in the 5*® iteration of the adpative
algorithm

T T T T TTTTT T T T TTTTTT T T T TTTTTT 7
el —o—uniform
107~ _
o) S -E- T
& x My
= | T % n
© 103k
£ 10 g \ Ui
D) [ ‘\ =
[} | \
2 \
£ 107 V] E
IS & Vi i
— [ by |
\
L o . 4
107° | % -
E 11l Lol Ll Ll |

103 10* 10° 109
number of cells Mq

Fia. 8.5. Plot of the relative error w.r.t. the number of mesh cells for the adpative algorithm
based on different error estimators

error estimators 7, 7., 7, and 7, is compared in Figure 8.5. Since the exact value
of J(u) is unkwon, we approximate this value via extrapolation of functional values
on finer uniform meshes. In Figure 8.5, it is obvious that the iteration does not lead
to a convergent scheme. Thus, the error estimator 7, is not suitable to be used as
refinement indicator. The very small relative error in the third iteration of 7, results
from a coincidental encounter of the approximated value and the reference value.
The results for 7, looks nice in the beginning, but due to the missing refinements in
the iterior of the domain some accuracy gets lost in the last iterations. For the error
estimators 77 and 77, we obtain similar results. The corresponding value of the quantity
of interest converges towards the reference value significantly faster in comparison to
the results based on uniform refined meshes. As it is indicated by the adaptive meshes
in Figure 8.4, there exist no essential differences between the results of the algorithms
based on 7 and 7.

In the third numerical experiment, the domain is given by Q :=[—3,0] x [-1

,1].
We prescribe homogeneous Dirichlet boundary conditions on I'p := {3} x [—1

1]
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Ilambda_N1
0.00 0.0231 0.0462 0.0694 _0.0925
[ .

(b) /\n,H

llambda_T1
0.00__0.00875 00175 0.0263 _0.0350
[ s |

Von-Mises equivalent stress (©) A
6.00e-05 0.0313 0.0625 0.0938 0.125 t,H
[ T T

(a) Plot of up, in © and the obstacle

Fia. 8.6. Numerical solution of the third 2D example for Mg = 24576 and Mc = 64

s

(a) 7 (b) n
FIG. 8.7. Adaptive meshes based on different error estimators in the Tt iteration of the adpative
algorithm
and homogeneous Neumann boundary conditions on I'y := (=3,0) x {—1,1}. The

contact boundary is I'c := {0} x [—1,1]. Hooke’s law with Young’s modulus F :=1
and Poisson number v := 0.3 as well as plain strain is applied. The volume force f
is set to f := (0,—0.01)T. The obstacle is given by ¢ := 0.1(z; — 1)(z; +1). In
this experiment, we consider Coulomb friction where s is defined as s := F|op,, (u)]
with the frictional coefficient F := 0.4. The framework as introduced in Section 3
for Tresca friction does not directly fit to Coulomb friction. However, using a simple
fix point scheme, we are able to cover Coulomb friction in the following way: For an
arbitrary frictional function s € Lo(I'¢) with s > 0, we define (u(s), An(s), At(s)) as
the unique saddle point of the Signorini problem with Tresca friction, and furthermore,
the operator H as H(s) := F|A,(s)|. Assuming that H has a fix point, i.e., H(35) = 3,
we conclude from A, = —o,,(u) that the saddle point (u(3),A,(3), \:(5)) fulfills
Coulomb friction law. We refer to [8, 10] and references therein for more details on
this well-known proceeding.

The numerical solution (up, Ay #r, A, ) is illustrated in Figure 8.6, where again
the von-Mises equivalent stress opr2 with o, = 1 is depicted. We observe high stress
values in those areas where boundary conditions change from Dirichlet to Neumann
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Fic. 8.8. Plot of the relative error w.r.t. the number of mesh cells for the adpative algorithm
based on different error estimators

as well as in the contact zone. As quantity of interest in this example, we choose the
energy dissipated by the frictional contact, i.e.

J(u, Ap) == —0.1/ At do.
| el

In the adaptive algorithm, we use the more flexible optimal mesh strategy described,
for instance, in [16] instead of the fixed fraction strategy. The fixed fraction strategy
was applied in the foregoing experiments to ensure comparibility. The adaptive meshes
created in the 7" iteration based on 7 and 7 are presented in Figure 8.7. Both error
estimators lead to adaptive refinements in the left corners of the domain and in the
contact zone, especially near to the endpoints of the active contact zone. In the
interior of the domain, the use of the error estimator 7 leads to slightly more adaptive
refinements than the use of 77. The convergence of the adaptive methods is illustrated
in Figure 8.8. The adaptive algorithms lead to better convergence results than the
uniform refinement. Only slight differences in the convergence results occur, when 7
and n are used.

To demonstrate that our results are also applicable in 3D, we present an example,
where the domain {2 is a part of a 3-dimensional disc of radius 1.5,

Q:={r € R*|0.25 < 27 + 23 < 2.25, |x3| < 0.05, |arctan(zy/21)| < 7/36}

which is fixed at the inner boundary T'p := {z € Q | 23 + 23 = 0.25}. The possible
contact boundary is given by I'c := {z € Q | 27 + 23 = 2.25}. Homogeneous
Neumann boundary conditions are prescribed on I'y = 9OQ\(I'c UT'p). Here, we
choose the material parameters E := 10% and v := 0.3. Volume or surface forces are
not applied. The obstacle is parametrized by v := 223 — 0.2. Friction is modelled by
the law of Coulomb-Orowan, i.e. s := min{0.15 - oy, 3 - 101}, c.f. [20, Section 4.2.5].
The numerical solution is illustrated in Figure 8.9(a), where the von-Mises equivalent
stress

2 2 2 2 2 2
_ \/011 + 099 + 033 — 011022 — 011033 — 022033 + 3(03, + o3 + ‘732)
O¢

om3(o,0e) :
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von Mises equivalent stress
0.0020 _ 0.079 0.16 0.23 0.31
[ T R ]

a) Primal solution uj, for Mg = 32768 b) Adaptive mesh in the 51 iteration
(a) h Q p

Fia. 8.9. Plot of the 3D primal solution and a corresponding adaptive mesh

with o, = 10° is depicted. As the quantity of interest, we apply the functional

3
J(ty Ay Ap) = 0.12/ uidx—i—0.0Q/ An ds
i=17 51 By

with By :={x € Q| 21 < 7.5} and By = {x € I'¢ | |z2| < 1}. Note that By is a part
of the domain next to the Dirichlet boundary part. The adaptive mesh generated in
the 5t1 iteration of the adaptive algorithm is shown in Figure 8.9(b). We observe
local refinements in the contact zone as well as in the region of interest By, which
corresponds to our expectations.

9. Conclusions and outlook. In this paper, we present two different goal ori-
ented a posteriori error estimators for static frictional contact problems. Both are
based on the DWR method. The first estimator can be used to estimate the error in
quantities of interest, which solely depend on the displacement. The second estimator
applies to quantities of interest which depend on the displacement as well as on the
Lagrange multipliers representing the contact forces. In both cases, we obtain the
typical terms of the DWR method plus some extra terms resulting from the contact
constraints. Both estimators are based on dual problems which imply the quantity
of interest. The dual problem defining the first estimator corresponds to the uncon-
strained contact problem, whereas the dual problem for the second estimator is a
mixed problem which is numerically more costly to solve. For both estimators, we ap-
ply standard techniques for evaluation and localization. Furthermore, the estimators
can be applied within adaptive algorithms.

We study the two estimators in some numerical examples. Both estimators lead
to accurate error estimations, if the quantity of interest is defined away from the
contact boundary. Due to the poor approximation of the extra terms by the numerical
methods, the accuracy is reduced for quantities of interest defined near to the contact
boundary. Consequently, the approximation of the extra terms need to be improved.
The experiments w.r.t. the adaptive schemes reveal that the error estimator based
on the mixed dual problem is much more suited for adaptivity than the estimator
based on the non-mixed dual problem, which can lead to non converging schemes.
The extension of the second approach to time dependent contact problems is planned



DWR for frictional contact problems 21

for future work.
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