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Abstract. We show that the 7;-deformation, which was proposed as candidate gauge
theory for a non-supersymmetric three-parameter deformation of the AdS/CFT corre-
spondence, is not conformally invariant due to a running double-trace coupling — even
in the ’t Hooft limit. Moreover, this cannot be cured when we extend the theory by
adding at tree-level arbitrary multi-trace couplings that obey certain minimal consis-
tency requirements. Our findings suggest a possible connection between this break-
down of conformal invariance and a puzzling divergence recently encountered in the
integrability-based descriptions of two-loop finite-size corrections for the single-trace
operator of two identical chiral fields. We propose a test for clarifying this.
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1 Introduction and summary

1.1 General setup

The AdS/CFT correspondence [1H3] predicts dualities between certain string theories
in anti-de Sitter (AdS) space and conformal field theories (CFTs). Its most prominent
example concerns type II B string theory in AdSs xS® with N units of five-form flux and
the four-dimensional maximally (N = 4) supersymmetric Yang-Mills (SYM) theory
with gauge group SU(N). It is most accessible in the 't Hooft limit [4], where N — oo
and the Yang-Mills coupling constant gy, — 0 such that the t” Hooft coupling A =
g2, N is kept fixed: the string theory becomes free, and in the gauge theory non-planar
vacuum diagrams are suppressed.

By applying discrete orbifold projections [5,/6] or continuous deformations [7HI0] to
this setup, further examples for such dualities with less (super)symmetries have been
constructed; see [11] for a review.

In [7], Lunin and Maldacena formulated a deformation of the maximally supersym-
metric duality, introducing one complex deformation parameter. When restricted to a
real parameter, the deformed string background can be obtained by applying a TsT
transformation, i.e. a combination of a T-duality, a shift (s) of an angular variable and
another T-duality, to the S° factor of the AdS; x S® background. This breaks the isom-
etry group SO(6) of the S° to its U(1) x U(1) x U(1) Cartan subgroup. One specific
combination of the latter becomes the R-symmetry of the preserved simple (N = 1)
supersymmetry. The gauge-theory dual has been identified as a particular case of the
Leigh-Strassler deformations [12] of N/ = 4 SYM theory. This theory is called the
[B-deformation, where (8 refers to the single real deformation parameter.

In order to break also the remaining supersymmetry and hence obtain a non-super-
symmetric example of the AdS/CFT correspondence, Frolov [9] generalized the above
construction by applying three TsT transformations to the string background, each
depending on an individual angular shift parameter ~;, © = 1,2,3. He proposed that
the dual gauge theory should be given by the so-called v;-deformation of the N = 4
SYM theory. In a subsequent paper [10], Frolov, Roiban, and Tseytlin made the gauge
theory and the matching with the string theory more explicit. In the special case where
all parameters assume a common value v; = —7f3, i = 1,2,3, NV = 1 supersymmetry is
restored and the [-deformation is recovered.

Both deformed gauge theories can be formulated via a non-commutative x-product
that introduces a phase depending on the three U(1) x U(1) x U(1) Cartan charges of
the respective fields.

1.2 Conformal invariance

The AdSs factor of the string background has SO(2,4) as isometry group, which —
according to the AdS/CFT correspondence — must also be present in the gauge theory.
Since SO(2,4) is the conformal group in four dimensions, the dual gauge theory should
be a conformal field theory. In the maximally supersymmetric example this is indeed
the case: the classical N' =4 SYM theory is trivially conformal. Even more important,

ISubtleties for diagrams with external legs will be discussed below.



the conformal symmetry is preserved in the quantized theory. The coupling constant
is not renormalized and the [S-function hence vanishes exactly such that no scale is
introduced by quantum corrections. In fact, the N'= 4 SYM theory is finite [13}14],
i.e. its observables are free of divergences The aforementioned orbifold projections
and TsT transformations only act in the S® directions, keeping the AdSs factor and
thus its SO(2,4) isometry group intact.

Therefore, the respective dual orbifold gauge theories as well as the - and ~;-
deformation of N'= 4 SYM theory should be conformal field theories as well, at least
if the resulting string background is stable and the AdSs-factor is exact.

The statement of conformal invariance has to be made more precise. First, we recall
that the N/ = 4 SYM action only contains interactions in which the representation
matrices of the gauge algebra appear in commutators and the contractions of their
indices form a single trace. The U(1) component of a field transforming under the U(N)
gauge group decouples from these commutator interactions, and hence the theories with
SU(N) and U(N) gauge group are essentially the same.

When orbifolds or deformations are applied, these single-trace contributions trans-
form into respective new single-trace terms. Moreover, new multi-trace couplings can
occur. They are constructed from the twisted sectors of the orbifolds [15] or *-deformed
commutators. The latter are no longer antisymmetric under an exchange of their ar-
guments and therefore distinguish between SU(N) and U(N) gauge groups [10]. This
emerges e.g. for single-trace operators of two different chiral or anti-chiral scalars in the
p-deformation: for SU(N) and U(N) gauge groups they respectively have vanishing
and non-vanishing one-loop anomalous dimensions [16]. More importantly, quantum
corrections involving the single-trace couplings may induce counter terms for double-
and even higher multi-trace couplings in the SU(N) and U(N) theories, respectively.
The presence of such counter terms demands that the respective couplings are consid-
ered already at tree level. Indeed, for a Z, orbifold projection one-loop contributions
to double-trace couplings were found in [17].

The coefficients of the multi-trace couplings are subleading in N. Hence, in the
't Hooft limit there is no backreaction to the original cubic and quartic single-trace
terms in the action. In case of the orbifold projections it was shown in [I8,19] that
the properties of the single-trace terms are inherited from the parent NV = 4 SYM
theory. In case of the - and 7;-deformation the inheritance of the finiteness of the
single-trace couplings in the 't Hooft limit was proven respectively in [20] and [21]. The
argumentation closely follows the proof of finiteness of the A = 4 SYM theory [13,[14].
One is hence tempted to draw the conclusion that the respective theories are conformal,
at least in the 't Hooft limit, where the multi-trace couplings appear to be negligible.
This conclusion is, however, premature. The decision whether a diagram contributes
in the 't Hooft limit can a priori only be made for diagrams in which all color lines are
closed, i.e. external lines have to be connected to external states. This subtlety already
occurred in the context of finite-size (wrapping) corrections, and was analyzed in detail
in [22]. In the notation of [22], a diagram with external legs and without external
states (composite operators) is called planar if it contributes at leading order in the %
expansion after a color-ordered contraction of its external legs with a single-trace vertex.
Besides these diagrams, in the 't Hooft limit there may be contributions from non-

2Divergences do occur if gauge invariant composite operators are introduced as external states.



planar diagrams, which effectively are multi-trace interactionsfl The reason for this is
that in diagrams with multi-trace couplings the N-power is enhanced if one of the traces
in the product is fully contracted with a trace of the same length in another coupling
or external state, i.e. gauge invariant composite operator. In this way the multi-trace
couplings can contribute at the leading (planar) order in %, even if their coefficients
are of lower power in N compared to the ones of the single-trace couplings. Therefore,
the t” Hooft limit is sensitive to the seemingly suppressed multi-trace couplings. Since
their properties are not inherited from the parent theory [I8[19], they may have non-
vanishing [-functions, implying the breakdown of conformal invariance [24] — also in
the 't Hooft limit[ It is hence very important to extend the analysis of conformal
invariance to the induced multi-trace couplings.

For orbifold theories, the S-functions of induced double-trace couplings were ana-
lyzed at one loop in [15]. If the orbifold projections preserve some supersymmetry, the
S-functions may have fixed points that are functions of the t” Hooft coupling constant,
defining a fixed line passing through the origin of the coupling constant space [15].
In contrast to this, for the non-supersymmetric orbifold projections no example was
found in which all S-functions have fixed points [I5]. These findings amounted to a
no-go theorem that no non-supersymmetric orbifold exists with such a perturbatively
accessible fixed line [26]. Isolated Banks-Zaks fix points [27] might still exist, i.e. the
two-loop corrections to the f-functions might cancel the one-loop contributions at a
perturbative real value of gv,. The running of the double-trace couplings was related
to the emergence of tachyons in the twisted sectors of the string theory [26], similar to
earlier relations in the context of non-commutative field theories in [28]. The running
of the double-trace couplings is also connected to dynamical symmetry breaking [29].

The occurrence of subleading double-trace operators in the orbifold examples rises
the question whether similar terms are also generated in the (- and ~;-deformation
as posed earlier in [26]. If at least one of the couplings of such operators is running
without a fix point, then this implies the breakdown of conformal invariance. Note that
the renormalization of such couplings is not captured by the proofs in [20] and [21] of
all-order finiteness. These proofs only consider planar diagrams and thus single-trace
couplings; they neglect non-planar diagrams — in particular those also contributing
in the 't Hooft limit. Furthermore, the applied prescription of replacing ordinary
products by x-products is only well defined inside of color traces with vanishing net
U(l)xU(1)xU(1) charge[d In particular, it cannot be applied to multi-trace couplings
with charged individual trace factors. These are the couplings which are not captured
by the non-planar inheritance principle formulated in [30].

At least in the supersymmetric S-deformed case with gauge group SU(N) there are
no running doube-trace couplings inducedﬁ and hence the theory is conformal. This
follows immediately from the fact that the theory is a special case of the conformal
Leigh-Strassler deformations [12]. Note that a non-vanishing coupling to an F-term-

3Note that propagators in the SU(NN) theory themselves contain double-trace terms. This will be
discussed in detail in our upcoming publication [23].

“In a different context, concerns about the occurrence of multi-trace terms have been expressed
earlier in [25].

SFor i # j, tr(¢'¢7) = tr(¢/6") but tr(6h + 1) £ tr(¢9 * 6°).

6For at most quartic interactions, triple- or quadruple-trace couplings cannot occur if the gauge
group generators are traceless.



type double-trace operator is present, but it has a vanishing g-function. This double-
trace term appears when the component action is derived from the 3-deformed N =1
superfield action: it is generated when the auxiliary F-term fields of the superpotential
are integrated out. If instead one considers a U(N) gauge group in the deformed theory
and then integrates out the auxiliary fields, the double-trace coupling is absent at tree
level. However, the coupling to the U(1) field components is irrelevant, and hence
the theory flows to the SU(N) theory in the IR [31], making only the SU(N) theory
conformal.

1.3 Our setup and conclusions

Obviously, the supersymmetry-based arguments of [12] that guarantee conformal in-
variance cannot be applied to the non-supersymmetric ~;-deformation of the Frolov
setup. Hence, one has to explicitly check whether the S-functions of all multi-trace
couplings that are required for quantum consistency identically vanish or at least have
(perturbatively accessible) fix-points. In this paper we will find that this is not the
case. We will identify a double-trace coupling with non-vanishing S-function. Even
if one generalizes the ~;-deformation by adding additional (tree-level) multi-trace cou-
plings and considers either SU(N) or U(N) gauge group, this S-function cannot be
forced to vanish.

Our setup consists of the original v;-deformed action as proposed in [9], either with
SU(N) or U(N) as gauge group, but supplemented by a priori arbitrary multi-trace
couplings that obey the following requirements:

1. renormalizability by power counting,

2. existence of the 't Hooft limit (no proliferation of N-power above the planar
order),

3. preservation of the three global U(1) charges,
4. reduction to the supersymmetric S-deformation in the special case y; = v = 73.

Moreover, we want to avoid that the differences between the v;-deformation and the
[B-deformation are postponed to the next loop order. Hence, we demand that at least
one difference y; —v;, 7 # j, of two of the deformation angles must not be of the order
of the coupling constant

VA 2

g = 4— ) A= gYMN . (11)
T

We investigate the one-loop corrections to the multi-trace couplings. Their renor-
malizations receive contributions from the UV divergent one-particle irreducible (1PI)
vertex corrections and wave function renormalization. Setting the respective combi-
nations to zero yields the conditions for vanishing one-loop [S-functions and hence of
conformal invariance. These conditions form a system of coupled equations that are
non-linear in the coupling tensors. We identify a particular component of the double-
trace coupling given in (4.J]), and reading e.g. for i = 1

2
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for which the respective equation in the system cannot be solved, i.e. which has the
non-vanishing one-loop S-function given in (£I0). With the rearranged Yang-Mills
coupling (LI) the p-function for U(N) as well as SU(N) gauge group assumes the
form

Bow, = 4g2(<COS"}/2 —cosy3)? + ( 11:111)2) ) (1.3)

The expression in (3] is non-vanishing for generic v; and any choice of the real
tree-level double-trace coupling QtY,. Hence, the v;-deformed theory, even if extended
by multi-trace couplings, is not conformal — not even in the ‘t Hooft limit. This leads
to the following possibilities compatible with the AdS/CFT correspondence:

1. The string background is not stable because of the emergence of closed string
tachyons. These should be related to the multi-trace operators with running
coupling, as was found in the non-supersymmetric orbifold setups in [26]. In
vi-deformed flat space tachyons were found in [32], but a clean connection with
the instabilities of the ~;-deformation has not yet been established ]

2. The Frolov background receives string corrections that deform the AdS; part
such that the SO(2,4) symmetry is broken and hence the dual gauge theory is
not a conformal field theory. Should the AdSs factor of the Frolov background
turn out to be exact, then it might also be possible that the gauge theory dual to
the Frolov background is not yet found. However, our results exclude all natural
candidates and it may be that the dual CFT does not even have a Lagrangian
description with the field content of N' =4 SYM theory.

3. The deformation angles are functions of the t’ Hooft coupling and agree at zero
coupling, v; —v; = O(g). This is reminiscent of the situation in the ABJM and
ABJ correspondences [3334] and in the interpolating quiver gauge theory of [35],
where finite functions of the couplings were respectively found in [36H38] and [39].
It is hard to exclude this possibility, since by adjusting the deformation angles
the non-vanishing of the g-function (IL3]) can always be postponed to the next
order.

It is of high importance to determine which of these possible outcomes is correctl To
this end, it would be particularly interesting to compute the one-loop corrections to
the string background.

1.4 Integrability

An important consequence of the conformal symmetry in the gauge theory is that the
(anomalous) scaling dimensions of gauge invariant composite operators become observ-
ables: since the [-functions of all couplings are zero, the anomalous dimensions are
not renormalization-scheme dependent and can be measured as eigenvalues of the gen-
erator of dilatations, known as the dilatation operator. The AdS/CFT correspondence

"We thank Radu Roiban for this comment.

81t would also be interesting to extend the calculation to two loops and investigate whether the ;-
deformed theory exhibits Banks-Zaks fix-points [27]. Note that besides (I3)) there exist two analogous
B-functions for ¢ = 2, 3 each of which depends on different angles ;. Hence, due to the three conditions
for their vanishing, the form of a possible fix-point in gy, is highly restricted.



predicts that these scaling dimensions should match with the energies of respective
string states in the gravitational theory. This has been a direction of intense studies in
the last decade. In particular, in the 't Hooft limit the eigenvalue-problem shows signs
of integrability, and this has led to enormous progress in testing and understanding
the AdS/CFT correspondence, see the review collection [40] for a comprehensive list
of references. Single-trace operators of length L, i.e. those containing L elementary
fields, are mapped to cyclic spin chains of the same length. The dilatation opera-
tor is identified with the integrable Hamiltonian acting on these chains. Integrability
was found not only in the original correspondence involving the N' = 4 SYM theory,
but also for the orbifold constructions and the Lunin-Maldacena and Frolov setups —
see [II] for a review. In the deformed theories the composite single-trace operators
of L > 3 chiral scalar fields, one of which has a different field flavor than all the
others, are not protectedﬁ Such single-impurity operators map to cyclic spin chains
with a single magnon. This magnon has non-vanishing momentum and hence a non-
vanishing energy, corresponding to a non-vanishing anomalous dimension of the whole
state, due to the twisted boundary conditions in the Bethe equations of the deformed
theories [8,46,[47]. The twisted boundary conditions can also be understood in terms
of a twisted S-matrix [48].

In the supersymmetric S-deformation the leading wrapping corrections to the anoma-
lous dimensions of the aforementioned operators with three or more fields have been
calculated in [49]. In the integrability-based descriptions these finite-size effects are
captured in terms of Liischer corrections, Y-system and thermodynamic Bethe ansatz
(TBA) — see [50], [51] and [52] for reviews. By employing these descriptions the results
of [49] were reproduced in [53] for 5 = % and in [54] and [55] for generic 8. At 8 = 3,
the finite size-correction for a single-trace operator of two different chiral scalars was
determined in [56] up to six loops. The work [55] also provides higher-order wrapping
corrections, also in various orbifold theories. For composite operators of two chiral
scalar fields of different flavor, a logarithmic divergence is found in the leading finite-
size correction. Such a divergence was encountered earlier in the expressions for the
ground state energy of the TBA [57].

In the non-supersymmetric case, not only operators corresponding to single-magnon
states acquire an anomalous dimension. Also the operators that are built from chiral
(or anti-chiral) fields of a single flavor are no longer protected and acquire anomalous
dimensions by finite-size effects, which were determined including also double-wrapping
corrections [58]. Again, a logarithmic divergence was found for the first wrapping
correction for an operator of two identical chiral scalar fields.

The meaning of the aforementioned divergences in the equations of TBA, Liischer
and Y-system at L = 2 is still unclear/ Based on our observations we will now de-
scribe a possible pathway for their investigation. The integrability-based TBA, Liischer
and Y-system equations should describe the 8- and ~;-deformations with U(N) gauge
group, since the Bethe ansatz and dilatation operator of [47] are restricted to the U (V)
case [10]. As we have explained before, both, the - and 7;-deformations, distinguish

9Corresponding operators exist also in the orbifold theories [41H45].

0Tn [59] it was found that the divergent ground-state energy vanishes in the undeformed theory
when a regulating twist is introduced in the AdSs directions. This regularization extends to the
ground state of the supersymmetric deformations. We thank Sergey Frolov for this comment.



between U(N) and SU(N) gauge groups — unlike the N' = 4 SYM theory. In par-
ticular, the (induced) double-trace couplings with charged individual trace factors are
sensitive to the choice between the two types of gauge groups. This is most striking in
the f-deformed case, where the F-term-type double-trace coupling breaks or preserves
the conformal invariance in the U(N) or SU(N) case, respectively. In Subsection
we have argued that composite L = 2 operators receive quantum corrections from these
double-trace couplings in the 't Hooft limit. Among the ones composed only of chiral
scalar fields, the L = 2 operators are in fact the only ones receiving such corrections[t]
In order to also describe the L = 2 operators of the SU(N) theories, one should mod-
ify the integrability-based equations for the U(N) theories. In the S-deformation, this
modification should remove the divergence at L = 2, not affecting any other results for
the operators composed of two kinds of chiral scalars. Then the analogous procedure
should be applied in the 7;-deformation. If the divergence is removed also there, it
seems reasonable to identify the missing incorporation of this new finite-size effect
as the origin of the divergences. If, however, a divergence persists in the 7;-deformed
case, this suggests that the divergences are associated with the breakdown of conformal
invariance in both the U(N) - and U(N) as well as SU(N) 7;-deformations. Note that
the correct integrability-based descriptions must reproduce the vanishing anomalous
dimensions for the operators with L = 2 chiral scalar fields in the g-deformation with
SU(N) gauge group. In the v;-deformation with SU(N) gauge group, however, even if
the divergences are removed the results need not match the finite field theory result<t.
The reason is that due to the breaking of conformal invariance the anomalous dimen-
sions become scheme-dependent beyond one loop. One might hence have to engineer a
matching for the finite parts in order to fix a scheme, and then test this scheme choice
by comparing with further data coming e.g. from other types of composite operators
in the theory.

1.5 Organization of this paper

In Section 2, we start our analysis with the presentation of a brief argument that
double-trace couplings in the SU(N) [-deformation are already present at tree-level.
We then introduce in Section B such couplings for the SU(N) v;-deformation, and also
further multi-trace couplings for the respective U(N) gauge theory, which obey the
restrictions [[l{4] listed in Subsection In Section Ml we identify a particular set
of double-trace couplings that acquire UV-divergent one-loop corrections and hence
have non-vanishing S-functions — implying the breakdown of conformal invariance for
generic deformation parameters ~;, 1 = 1,2,3. Several appendices contain the action
(Al), the Feynman rules (B)), and auxiliary results necessary for the calculation ((CHDI)
as well as a short derivation of the S-function ([E).

A test of the leading wrapping corrections in the ~;-deformation will be presented in [60].

12This effect, which we call prewrapping, is caused by double-trace couplings as will be explained
in the upcoming work [23].

13For operators built from L = 2 identical chiral scalars the anomalous dimensions will be presented
in [60].



2 Double-trace couplings in the 3-deformation

In this section we will demonstrate that in the S-deformation with SU(N) gauge group
double-trace couplings are already present at tree-level [ We start from the action in
terms of N' = 1 superfields, which are multiplied by a superspace *-product containing
the deformation. Expanding the superfields and %-product in components and inte-
grating out the auxiliary fields generates a double-trace coupling in the SU(N) case,
where no U(1) component is present.

The part of the Euclidean action of the [-deformed theory that depends on the
N =1 chiral and anti-chiral superfields ®* and ®; assumes the form

Smatter = /d4x d*0 tr(e 9™V @, MY B - /d4x A2 W + /d4x d2ow . (2.1)
where the superpotential is given by

W Gym€igi tr (D [D7 ¥ DF]) (2.2)

i
~ 3l
It involves a non-commutative *-product of two superfields ® and ®/. When the
products are expanded in terms of the fermionic coordinates of the superspace, the
superfields expand in their respective component fields and the superspace x-product
introduces phase factors, which can be obtained from Appendix [A] by setting v; =
v9 = v3 = —7[3. These phase factors can be captured in terms of the component field
s-product (A.4)).

Fixing the supergauge to the Wess-Zumino gauge, the component expansion of the
action in (2] contains the following terms

_ i - i o
S:/d4$ tr ['"‘|“FiFZ‘|""+§QYM€iijZ[¢jT¢k]+§gYM€”kFi[¢jf¢k]+~--] . (2.3)

where ¢' and ¢, are chiral and anti-chiral scalar fields. The first term stems from the
first term in (2.I]), while the second and third term are generated by the superpotential
(22) and its complex conjugate, respectively.

In the next step, we integrate out the auxiliary fields and obtain'

2
5=/*ﬂm+%WWWWW@%mWWWWW+W]

2
g T T A % A S gy Q% 4j
= [ata o B2 (63660 - 3 (B al) (63 0)) ..
(2.4)
where the adjoint index @ = s,...,N? — 1 is summed over, starting from s = 1 for
SU(N) and s = 0 for U(N) gauge group. In the second line we have used the second
of the following relations for the gauge group generators T*:

N2-1

. . S .
tr(T* T?) = §° | D (T (T = ;6% — Na;.af : (2.5)

a=s

4The action including this double-trace terms can also be found in [30]. We thank Radu Roiban
for pointing this out.
15The first line of this equation can be found in [16].
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The first term in (2:4) is the quartic F-term interaction of the component action. The
second term is the double-trace term. It is present in the SU(N) theory, while it is
absent in the U(N) theory, at least at tree level. This leads to a difference between
the SU(N) and U(N) theory: the one-loop anomalous dimensions of operators of two
different chiral or anti-chiral scalar fields vanish in the SU(N) and are non-zero in the
U(N) case [16]. The double-trace coupling also vanishes in the N' = 4 SYM theory,
where the non-commutative x-product reduces to the ordinary matrix product. In this
case, the antisymmetry of the commutator is restored and its trace vanishes.

3 Multi-trace deformations

In the previous section we have demonstrated in brief that in a component expansion of
the B-deformed N/ = 4 SYM action with SU(N) gauge group, double-trace couplings
are present already at tree-level. Moreover, quantum corrections may lead to UV-
divergent multi-trace terms. In this case, one is forced to introduce counter terms for
these multi-trace couplings and also add respective tree-level couplings. In this section
we present the possible tensor structures which obey the conditions 144l formulated
in Subsection L3

For gauge group SU(N), where all generators are traceless, the only possible multi-
trace structure is a product of two length-two traces, such that the terms assume the
for

2 — —
— D[P, tr(6i67) tr(6°6) + QB tr(:6") tr(90)] (3.1)
The condition of a real action in Euclidean space imposes the relations
( Fkl) QFZ_] ’ ( Dkl) QD@] : (32)

In the U(N) case the U(1) generator is not traceless, and this allows us to supple-
ment the action with cubic as well as further quartic multi-trace couplings. The cubic
Yukawa-type couplings can be written as

D [y (U A (GU2) + s () (0 P
( )P te(0) tr(ditba ) + (p5) P tr(60) tr(UF s a)
LB (G ) e) + 741 ) (T
() matr @A) tr(G08) + () pa tr(0) e Py )]
0 [ (9 ) () () + B9 ) 8 )
B () 0(6) (W) + () tr(0°) (D) ()]

(3.3)

Moreover, quartic interactions can be added, in which one or more traces with a single

16The signs of these quartic couplings are chosen such that a negative S-function corresponds to
asymptotic freedom. The factor g2,, is chosen for convenience in order to match the coupling depen-
dence of the quartic single-trace interactions in the action (AJ]).
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field occur. They read

2 - o
o gYWM [ngl tr((bZ) tr(¢]¢ (b ) + Q(bkl ((bk) tr(qﬁl-(bj(bl)]

= TRQU L tr(6) tr(65) tr(6"0") + Qi tr(6") tr(0)) (61
+ QU tr(d) tr(o¥) tr(0)]
_ o 20 Qs tr(1) tr(65) (") (o) .

(3.4)

In the above combinations we have explicitly separated all U(1) fields from SU(N)
fields: each U(1) component is written as a trace over the respective U(N) field, whereas
traces of more than one field are understood to contain only the SU(N) components.
The condition of a real action in Euclidean space imposes the following relations for
the coupling tensors:

(Q¢kl) = ngj@' ’ (Q%{bkl)* = qu%l(bw ’ (Q;ij)kl)* = Qg{)z] ’ ( 4kl) Q4Zj :
(3.5)
Note that the requirement 2l of Subsection [L.3 restricts the N-powers of the multi-
trace couplings: a coupling with n traces must be suppressed by a factor of at least
N'=" relative to a single-trace coupling. The reason for this is that a color-ordered
contraction of each individual trace in the product with an external state of the same
length yields a factor of NV for each of the n traces. A single-trace vertex only has one
such factor for its single trace.

4 Running double-trace couplings

In this section we investigate the one-loop correction to a particular double-trace cou-
pling that is contained in the F-term-type interaction of (3.1]) and yields a vertex of
four scalars with identical field flavor. The relevant term that enters the action reads

2

- QYWM Fi tr(digi) tr(9'¢") (4.1)
where ¢ assumes one of the three different values ¢ = 1,2,3 and is not summed over.
Below, we will first show that the couplings of these three individual terms are renor-
malized and hence running in the SU(N) case. This cannot be avoided by extending
the gauge group to U(N), adding also the multi-trace terms [B.3), (3.4]) to the ac-
tion. For notational simplicity, we will abbreviate color traces with free adjoint indices
ai,...an=5,...,N*—1 as

tr(T ... T%) = (ay...ay) - (4.2)

4.1 SU(N) gauge group

As mentioned in the previous section, in case of an SU(NN) gauge group, the only
interactions that may supplement the v;-deformed action are the quartic double-trace
terms (B.1)) with two scalar fields in each trace. We use that in the N' =4 SYM theory
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all divergent contributions to the double-trace couplings vanish. This allows us to
consider only those diagrams that are sensitive to the deformation and hence deviate
from their N'= 4 SYM theory counterparts. The deformation-dependent terms in the
action of the ;-deformation (A.Jl) are the cubic Yukawa-type fermion-scalar couplings
(A.8) and the quartic F-term-type couplings of chiral and anti-chiral scalars (A.10).
The only one-loop diagrams that depend on these couplings and that contribute at
leading N-power to the interaction (1)) are displayed in Figure [II

e

(Iv)

a

d

(V) . (VI)
a \T/f b a \\—/ b a \ / b
N )//—\\C O
(VII) (VIII) (IX)

Figure 1: Complete list of contributions (up to conjugation) to &f&ggbi’c(ﬁi’d (ab) (cd) that
deviate from the ones in the undeformed N' =4 SYM theory. The diagrams are displayed in
double-line notation with central plain and dashed flavor lines for scalar and fermionic fields
respectively. Flavor-neutral gauge boson lines appear without central line. diagrams
with two F-term-type single-trace interactions; diagram with two F-term-type double-
trace interactions; diagram with one F-term-type double-trace and one D-term-type
single trace interaction; F-term-type double-trace interaction with gauge boson
exchange; [(VID)] [(VIID)], [IX)} fermion box with four Yukawa-type interactions.




Using the Feynman rules of Appendix [Bl with unspecified gauge-fixing parameter a,
these diagrams evaluate to

. - gYMlle“"F“" ab cd),
R[] = R[] = gYMhZF”F” (ab) (cd)

4gYM[1 Z QFrs Fu QFu)( )(Cd)

r,s=1

ZJLgYMI1 Fzz (ab) (Cd) ’
- - 2agYM[1 Fu (ab) (Cd) )
VI = [(VII) = —2g%,, 1y [t (575 fpi) + tr (57 (07 pifs) | (ab) (cd) |
= =205 L [tr ((0™) T ps(p™) i) + tr ((67) i (p™)" )] (ab) (ed)

- (4.3)
where F)j and p;, p; are tensors of the quartic scalar F-term-type and cubic Yukawa
couplings of the ;-deformed action (A.I)), respectively. The operator R| acts on a
diagram by reflecting it at the vertical axis, and restoring the original ordering of the
labels at its external legs. Similarly, some diagrams occur with factors of two since
an identical result coming from the diagram reflected at the horizontal axis has to be
considered. All contributions depend on a single scalar one-loop integral I; that is

given by ) ) )
h= e N “4)

In the second equality we have extracted the UV divergence of the integral by applying
an operator K. In dimensional reduction in D = 4 — 2¢ dimensions the UV divergences
appear as poles in ¢.

Summing up the diagrams with only scalar interactions, with scalar and gauge-
boson interactions and with a fermion loop separately, yields

(1+ R[]+ [0} + (0] + 20TV = 84,11 cos? e + cos® ey — 1

£3eran + Qi) (ab) (cd) .

r,s=1

2((V)]+[(VI)) = 8agy, J1Q% s (ab) (cd)
(14 R)[IX)] = —16gy,,]1 cos €;j57; cos €57k (ab) (cd)

(4.5)
where in the first and last line we have made use of the relations (C.7)) and (C.4]). Note
that Einstein’s summation convention should not be applied in the above expressions.
Instead, the resulting expressions that contain €;;, have to be evaluated fixing i, j,
k to one of the three cyclic permutations (4,7, k) € {(1,2,3),(2,3,1),(3,1,2)}. We
still have to reconstruct the divergent contributions to the double-trace coupling (4.1))
that come from the neglected deformation-independent diagrams. To this purpose we
use the aforementioned fact that in the N' = 4 SYM theory the sum of all divergent
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contributions to (AJ]) has to vanish. Sending to zero the deformation parameters ~;
and the tree-level couplings Q% ., the deformation-independent diagrams are not altered
and the deformation-dependent contributions in (£3]) reduce to the respective N' = 4
SYM results. This yields 8¢2,,I; for the diagrams with two quartic scalar vertices and
—16g2,,I; for the diagrams with a fermion-loop. The complete contribution from all
diagrams in the ~;-deformation that correctly vanishes in the AV = 4 SYM theory is
obtained by subtracting these results from the sum of all expressions in (d3]). The UV

divergence of this result then yields the counter term, and it is given by

ia ib
5@?1‘1‘ = iK ><
! ¢ BN (ab) cd) (4.6)
3
= 2@%((005 €ijk7j — COS €z‘jk%)2 =+ Z Qipirs s (14 a) ?”) ’

r,s=1

where the vertical bar indicates that the coefficient of the specified expression is taken.
Together with the respective tree-level coupling the counter term enters the action as

2
- %( ?m + 5@?22) tr(q_ﬁlgz_ﬁl) tr(ﬁblﬁbl) . (4.7)

In order to obtain the renormalization of the corresponding coupling, we have to
add contributions from wave function renormalization, as reviewed in Appendix [El
More precisely, we first have to add half of the sum of the diagrams that involve a tree-
level quartic scalar vertex with a self-energy correction at one of its external legs and
yield double-trace terms. In these diagrams the only sources for double-trace terms are
the quartic scalar double-trace couplings themselves. This follows from the fact that
a self-energy correction at one of the external legs of a quartic vertex cannot generate
traces of two fields by itself. Connecting the divergent diagrams of the self-energy
corrections (D.I)) to the vertex (&), the relevant diagrams contribute as

ia ib ia ib ia ib ia ib
1
“K + + +
4
id ic  id ic  id ic i ic ||,
g
—'}(\,M (ab)(cd)

1 i 92 N it
@l X | —wenweofgan

g%(TM (ab)(cd)

(4.8)
where 0,4 is the wave function renormalization counter term for the SU(NN) components

of the scalar fields, explicitly given in (D.2)). According to (E.2)) and (E.4)), the coupling

14



renormalization is given by the following combination of (£.6) and (48]

2 3
?iiéQiFiii = 0Qp;; — 204iQp;; = 2 = <(COS €ijkj — COS Eijk’Yk)Q + Z Qp o %Tm) )

(47)2e

r,s=1

(4.9)
where the dependence on the gauge-fixing parameter o has cancelled as required. The
above result agrees with unpublished results of [61]’ Since the conditions (3.2)
hold, the second term in parenthesis is positive, as is the first one, and the coupling
is not renormalized only if all v;, ¢ = 1,2,3 are identical up to signs. Hence, for
generic angles ; subject to the conditions formulated in Subsection [[.3] the one-loop
coupling renormalization leads to a non-vanishing S-function, and conformal invariance
is broken. Using the expression (E.9), the S-function for the coupling Q¥ .. reads

0 ii geulV - i st
Baii.. = £gva 99 0Qy ;i0qs, =4 (12;)2 <(cos €ijk7Yj — COS €ijrYk)> + g QF o F“) .
YM

r,s=1

(4.10)

4.2 U(N) gauge group

In case of the U(N) gauge group, the additional couplings (B.3)), (8.4]) could in principle
alter (£.9) and hence (£I0) such that a non-running double-trace coupling for the
SU(N) components is possible.

The additional Feynman diagrams are given by replacing the vertices in Figure [
by the respective ones obtained from ([B.3)), (8:4]), keeping the double-trace structure of
the external lines intact. The reader may convince himself that all these diagrams are
suppressed by powers of %, since the vertices with enhanced numbers of traces cannot
increase the number of internal color loops but come with additional factors of %

Thus, in the 't Hooft limit, the results in Subsection Bl for the coupling (4.1))
are not affected by the additional couplings (83) and (B4); they remain valid for the
SU(N) components in the U(N) theory.
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A The action of v;-deformed N = 4 SYM theory

In this appendix we present the v;-deformation as well as our notation and conventions.
The gauge-fixed action of (y;-deformed) N/ =4 SYM theory in Euclidean space can be
written a

o= / dte |or (- iFF - %@%)2 — (D" ) Dy &'+ ¥5i D "0
+ QYM(/}?AQ/_J%WIEaB + (ﬁTi)BAwaAQ;ﬂ/ff)
+ gvu(pipa® g + (p1) PG dida ) + 0" Dy C) (A.1)

+ (= 70591065, 0 + Ff (68506
S
N

where we have adopted the conventions of [62], in particular the ones for raising, low-
ering and the contractions of spinor indices. The covariant derivatives act respectively
on the chiral and anti-chiral scalar fields ¢ and ¢; (i = 1,2, 3), vectors A, ghosts ¢
and spinors ¥4 (A =1,2,3,4), as

F r(6i6;) tr(¢"h) )|

Du:au+'gYM[Auv ']a

V2

D, A = (5 da(aﬂ LA A) ,
wa ( H) wa \/5[ wa]

where (6,)a" = (—i02,i03, 1, —ioy)s in terms of the identity 1 and the Pauli matrices
0;, 1 = 1,2,3. The covariant derivatives determine the Yang-Mills field strength as

follows: /3
2
@fhﬁgmwngzmm—@@+%%mwmy (A.3)
All fields in the action (A.J]) transform in the adjoint representation of the SU(N) or
U(N) gauge group. The representation matrices obey the relations (2.0)).

The Yukawa and quartic scalar F-term-type couplings in the action ([A.]]) are subject
to the v;-deformation which introduces phase factors depending on the three deforma-
tion angles ~;, ¢« = 1,2, 3 into the couplings.

As mentioned in Section 2] the deformed action (AT is obtained from the N = 4
SYM action in component fields by replacing all products of fields by x-products before
integrating out the auxiliary fields. The *-products of two component fields A and B
reads

(A.2)

Ax B = e294798 (A.4)
where the antisymmetric product of the two charge-vectors q4 and qg is given by
0 =y 7
ai1Agp=(q4)"Cqs, C=|n 0 -7 (A.5)
-2 M 0

19 Note that we have included a double-trace term that can be absorbed into the coupling (ET]).
With this coupling the action reduces to the one of the conformal S-deformation if vy = v5 = v3 = —7f
and the gauge group is SU(N), see Section
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The U(1) x U(1) x U(1) charges qa = (¢}, ¢%,q%)" of the component fields are given

by
Alve W3 UL Ya|Au|d b2 ¢
ay|+35 —35 —3 +3/0]1 0 0 (A.6)
Gl-3 +5 -3 3/ 00 1 0
& |—-3 -3 +3 3/ 0[]0 0 1

Respective relations hold for the anti-fields with reversed charge vectors. We define
the following abbreviations for the independent components:

3
1 1
Lia = i Ayt = 7 > eign(y — ) = Sem(v = %) »
jk=1
: A7)
1 1 (
L = Que Ay = =5 > i+ ) = =gkl +7)
k=1

[ =de Adg = =€k

where we will interpret the expressions on the r.h.s. without Einstein’s summation
convention, i.e. the index ¢ = 1,2,3 is fixed and j and k assume the values of the
corresponding cyclic permutation (i, 7, k) € {(1,2,3),(2,3,1),(3,1,2)}.

In terms of the fermionic phase tensor I' 45, the Yukawa coupling tensors in the
action (A.I)) are explicitly given by

piap = iesaper 4B | AP = (6468 — gPA)e2an (A.8)
and they obey the conjugation relations
(PP = (pipa)* = pian (p")ap = (pP4) = —pi*" . (A.9)

Moreover, the deformation enters the F-term coupling tensor via the bosonic phase
tensor 1";; as follows:

F}Z]g = 5/Zi‘5j 5l5j + Qlk ) lk — 5k.5j( ” —]_) s (AlO)

where we have split the coupling tensor into the F-term tensor of the undeformed
N =4 SYM theory and a tensor Qlk carrying the deformation. Reality of the action
requires that the tensor Fug (and hence also @)} ) obeys the conjugation relation

(B = (Fy) . (A.11)

B Feynman rules
In this appendix we list the Feynman rules of the v;-deformation. The propagators are

given as the negative of the inverse kernels as extracted from the terms in ([A.I]) that
are quadratic in the fields. In our conventions, a transformation to momentum space
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is simply performed by replacing i0,, — p,, when p,, leaves the vertex. One obtains the
expressions

(9 - (=)

(B.1)

The vertices are obtained by taking the functional derivatives w.r.t. the correspond-
ing fields. We obtain for the cubic vertices

Vaaa =

Viap =

Voay =

Vipgy =

Vigs =

Vidy =

Vier =

pa
p

qub

r
pc
ia
P
q

vb =

r
ke

~vCec

——jb

LAY

V2

[(p — @) pGpw + (@ = 7)uGup + (1 — p)ugpu} (a[b ; C]) ;

[0%Y

V2

(p - T)l/élic (a[b ’ C]) )

_ Gvm

V2

(6)a70¢ (alb, c])

= gvmda" [pjcalabe) + pjac(ach)] ,

= gynda’ [(p”)CA (abc) + (p!9)AC (acb)} ,

= gvuda” [('7)ca(abe) + (57)ac(ach)]

= o} [75 (abe) + 7 ach)]

= —gjgp”(a[b,c]) ,
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where we have use the abbreviation (£2) for color traces. Labels are read off clockwise
starting with the leg in the upper left corner and all momenta are directed such that
they leave the vertices. Thus, for particles the momenta are directed against the charge
flow that is indicated by the arrows on the lines. The quartic vertices read

ua vb
2
VAAAA = >< = g;M [(29,upguo - guogup - g;u/on) ([CL ) b] [C 9 d])
od pe + (2g;wgp0 — GuoGvp — gupgva) ([a ) C] [b ) d])] )
Ha ib
2 .
VAQBA¢ = >< = %guuéé[([aab][cad]) + ([aad][cab])] )
jd vc
ia Jb
2 . .
Visss = >< = —gYTM [(5;5{“ + 5}5;?)((abcd) + (adcb))
ld ke — 8207 ((abdc) + (acdb)) — 6;0% ((acbd) + (adbc))
4 i i
+ 7 (@b (ab) (cd) + Qy; (ad) (<b))]
ia Jb
Vigso = >< =gl [F;,g (abed) + FYj (adcb) + FJ (abdc) + F; (acdb)
Id ke S

~ (il + B + Fj + F) (ab) (cd)
4 ..
N £ (ab) (Cd)} ;

(B.3)
where we have kept the parameter s, which we set to its respective value s = 0 and
s =1 in the U(N) and SU(N) theory, see Section 2l Moreover, we have included the
multi-trace couplings (B.1]) that are the only possible extension in the SU(N) theory.
The Feynman rules for the remaining multi-trace couplings, introduced in Section [3]
that can occur in the U(N) theory follow analogously.

The signs from permuting fermions within the Wick contractions are determined in
analogy to the superspace case [62]:

1. Write down all factors from the vertices involving external (uncontracted) spinor
indices in the same ordering as they appear within the correlation function.

2. Write down all other factors involving spinor indices (e.g. propag_ators) carefully
keeping their internal ordering of indices, e.g. « is left of 8 in p,°.

3. Eliminate d,7, 647 and bring contracted index pairs into canonical ordering, i.e.
the index that is on the left side within the contracted pair is an upper index and
the right one is a lower one.

4. Draw vertical parallel lines from the external indices downwards.
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5. Connect contracted index pairs by lines. They cross the vertical lines and other
lines of contracted index pairs. Count the number n of intersections of the lines
and put a factor (—1)" in front of the expression.

6. Reshuffle the product and change the up-down positions of contracted indices at
your convenience, considering a factor —1 for each position-flip within contracted
index pairs.

C Tensor identitites

In this appendix we explicitly evaluate the tensor combinations that are encountered
in the Feynman diagram analysis in Section 4. We recall that ,j,k = 1,2,3 and
A, B,C =1,2,3,4. After introducing the transverse Kronecker delta

™ =646 =65 — 8467, (C.1)

we find for certain contractions of the Yukawa-type couplings (A.8]) the expressions

(pip' ) a® = piac(p')°F = Z (6778 — 59,07 e%(FAC_FBC)) ,
C#AB,ijA
(0" pj) = (i) )",
(pi(p" )TV a® = piac(pt?) P = — Z (6778 eac g7 B 2 FAC”BC)) ,
C#A,Bii,j4 (C.2)

(ip7) "5 = (51 )op = 610407 + 6107 3T To)
(8" 5y) = (pi(p™) )",

(7)) = (5 ) e = =0 0he] e =g i et

For traces of two Yukawa coupling tensors, which appear in the one-loop self-energies,
we then find

te(pip'?) = piac(p') M =Y D (O7F — 0467) = 2] .

A#id C£A A
tx(pi(p™)") = piac(pt)'C ==Y Y 6T = —26] cos g (v + ) 4
A#id C£Ai A (C.3)
tr(pip'’) = pRC(p1 ) oa =D (070467 + 516%) = 267 |
A

t(m(p™7)T) = 5 (1) ac = —6] &4 0] et = —26] cos gea(me — )

where Einstein’s summation convention should not be applied: the index ¢ = 1,2,3 is
fixed and j and k assume the values of the corresponding cyclic permutation (i, j, k) €
{(1,2,3),(2,3,1),(3,1,2)}.

Moreover, for the evaluation of the fermion box contribution to the renormalization
of the double-trace couplings (4.1]), we need some traces of four Yukawa coupling tensors
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with identical (not summed) bosonic index i:

tr [Pz( Ti)T( Tl)TﬁZ] =
tr [5:(p") " (p™") i) =
tr [pi(p™) i (p™) "] = Z eMac = 3" cos2T e
A,C#i4 A,C#i,4 (C.4)
= > cosegi(y; + ) = 2cos ey + W)
j ki A

tr [ﬁz(ﬁ“)Tﬁz(ﬁh)T] — 24 4 o204 — 9 g Ty = 2 cos 5@'jk<’}/j . "Yk) .

The one-loop interaction of four scalars with identical field flavors via two F-term-
type interactions requires the evaluation of the following expression

3 3
STFEFEE =243 2+ QnQh =2+ Z (e 1) + (T —1)?)
r=1 r=1

(C.5)

Mw
;
)
o
65
’1
+
l\D

r=1
r#£i

which, using (A.11]), immediately yields

3 3 3
Z FI'Fl' = Z (FITFT* Z T cos rf—2. (C.6)
r=1 r=1 r;z

For the combined sums of the first two lines in (£3]) we hence obtain the result

3
Z(F;:F;: + F;-T;}'Fm =4 Z COS F 4(COS2 eijkfyj + COS2 Eijk:’yk — 1) . (C7)

r=1
r;ﬁz

D One-loop self-energies

Using the relations (C.3]), the UV divergences of the one-loop self-energy contributions
to the scalar propagators are determined as

N 2

K za—»—‘ I}—»—jb_ - —2p2ﬁég [N (ab) — cos 2e (v — ) (a) (b)]
Klia=f{ =] =-2p’ (49734255? [N (ab) — cos zem (v +n)(a) (D)] ,  (D.1)
K [ ems] =2 S - ) V() ()]
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for external momentum p?. The single-trace coefficient of the sum of the expressions
yields the counter term of the wave function renormalization for the SU(N) fields. It

reads
1 .
o = 5 K o

2
grulN
= — 1 . D.2
5 (ab) (47?)%( ta) (D-2)

E Coupling renormalization and B-functions

In this appendix we review the definition of the S-functions and how they are obtained
from renormalized couplings and fields. The coupling (4.I)) written in terms of bare
coupling constants and bare fields has to be identified with ([4.7]), i.e. the respective cou-
pling and counter term in renormalized perturbation theory in D = 4 — 2¢ dimensions.
This yields

9\2/1\/[0 M 89\2(1\1 oo Py
- N OFm tr(¢0 ZgbOZ) tr(¢0¢0) N ( Fzz + 5QF zz) tr(¢2¢z) tr(gbngz) ) (El)

where we have introduced the 't Hooft mass p that rescales the unrenormalized Yang-
Mills coupling gymo = p°gyn- The renormalized Couplir;{%? and fields are given in terms
of the renormalization constants and bare quantities a

Fm = ZQ“ QOFZZ ’ ZQ” =14 5QF“

| (E.2)
¢Z:Z¢i2¢o s Z¢i:1+5¢i .

Inserting these expressions in ([E.I) we obtain

ZQF,, (1 _'_( ?m) 15QF22) . <E3)
At leading order in the coupling constant this yields
0qy,, = (00— 20804) (E.4)
Fm

The [-functions are defined as

d d i
Boyn = MagYM ) BQ“ = Md,u Fii - (E.5)

The independence of the bare coupling constants from p implies the following relations
d 0 0
0= M@QYMO = (M@ + Byym 3—>'u€gYM = p(€gyn + ﬁgm) )

0

d (E.6)
0= ,u@ OFu = QFu (69YM8 /BQFm 6@“ ) QU + ZQFmBQF“ .

The first equation determines the S-function for gy,

BQYM = —&Gvm , (E?)

20As in (EJ), the scalar field is restricted to its SU(N) components.
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which in the four-dimensional theory, i.e. for ¢ = 0 vanishes. This is expected since
gynm 18 not renormalized. Inserting this result, the second equation determines the
B-function for the coupling Q% . as

0 0
O — F’LZ( EgYM ag + /BQFm 8@” ) ln ZQH + /BQm . (ES)

At lowest order, where the second term in the above equation does not contribute, we

find after inserting (E.2)) and (E.4))
y 9, 0
i - n o I l Z i — I 5 T . E9
B “. FuggYMagYM N Zgii . €QYM8QYM Fzz Qu.. ( )
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