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1. Introduction

During the investigation of AdS/CFT-correspondence [1, 2, 3] it was found that the anoma-

lous dimension of BMN-operators [4] in N = 4 SYM theory in the leading order of per-

turbative theory can be calculated with the help of integrability [5].1 Generalization to

the higher orders together with the investigations of the integrable structures from the

superstring theory side, started in ref. [10], allowed to formulate all-loop asymptotic Bethe

equations [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. The next

step in the studying of integrability became the investigation of a wrapping effects for the

operators with finite length [29, 30]. Initially, for the computation of the wrapping cor-

rections it was suggested to use a results from the string theory side, where the wrapping

corrections correspond to the effects of finite volume in which a string theory is considered

(a generalization of Lüscher formulaes [31, 32]). Expanding the obtained exact result for

the modification of the energy of string state under perturbative theory it is possible to

calculate the wrapping corrections for the anomalous dimension of the corresponding finite

size operators [33, 34, 35, 36]. Firstly, this method was applied for the simplest operator

in N = 4 SYM theory, i.e. for Konishi operator in the forth order of perturbative theory,

where finite size effect appear from the first time [33]. The obtained result was confirmed

1Earlier, the similar integrability was opened in quantum chromodynamics in the Regge limit [6, 7, 8]

and for some of operators [9].
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by direct four-loop diagrammatic calculations from the field theory side [37, 38, 39, 40].

Then, this method was generalized to the twist-2 operators with an arbitrary Lorentz spin

(arbitrary number of covariant derivatives in operator) in the same order [34]. The ob-

tained result was found in a full agreement with the all-loop predictions, coming from the

Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [41, 42, 43] and from the results of the

direct perturbative calculations of the leading transcendentality contribution [40], which

serves as an important test of the correctness of the used methods. Then, Lüscher correc-

tions were expanded to the next order for the calculation of the anomalous dimension of

the Konishi operator [35] in the five loops and for the anomalous dimension of the twist-2

operators with the arbitrary Lorentz spin in the same order [36]. The last result was again

in the full agreement with the predictions, coming from the BFKL equation 2

In the same time the investigation of the more general integrable system were per-

formed, which can be applied for the computations of the anomalous dimension of any

operators in any order of perturbative theory along the approach, proposed by A. Zamolod-

chikov [46, 47]. In the result of such investigations the set of TBA equations and the Y-

system were formulated [48, 49, 50, 51, 52, 53, 54, 55, 56, 57]. Both methods was tested

with reproduction of the known four- and five-loop results and allow to obtain a lot of

new results not only in N = 4 SYM theory, but in other integrable models. However

farther test of the developed methods based mainly on self-consistency and it will be nice

to have some independent crosscheck. One of such important test can come from the anal-

ysis of the analytical properties of the full anomalous dimension of twist-2 operators, for

which a lot of information are exist. All this predictions based on an analogical results,

obtained earlier from the studying of the properties of twist-2 operators in QCD, where

they give the leading contribution through the application of an operator product expan-

sion to the deep-inelastic processes, actively studied experimentally. Initially, for these

purpose were used all-loop predictions, coming from the BFKL and double-logarithmic

equations [58, 59, 60, 61, 62, 63]. But some times ago we have found, that in N = 4 SYM

theory there is a rather simple generalization of double-logarithmic equation [64], which

give a lot of constraints on analytical structure of anomalous dimension of twist-2 operators

in any-loop orders. The presence a lot of information about analytical properties of twist-2

anomalous dimension led to the idea to use these information not for the testing of an

obtained results, but directly for the computations of the general form of the anomalous

dimension of twist-2 operator for the arbitrary Lorentz spin, i.e. for the reconstruction of

the wrapping corrections. From the earlier obtained results in QCD and in N = 4 SYM

theory it is well known, that the anomalous dimension of twist-2 operators are expressed

through the nested harmonic sums, defined as (see [65]):

Sa(M) =

M∑
j=1

(sgn(a))j

j|a|
, Sa1,...,an(M) =

M∑
j=1

(sgn(a1))
j

j|a1|
Sa2,...,an(j) . (1.1)

2Obtained formulaes for the leading and next-to-leading wrapping corrections were also applied for

the calculations of the five- and six-loop anomalous dimension of the twist-3 operator [44, 45], for which

wrapping effect appear in one order more with compare to twist-2 operator.
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In other words the nested harmonic sums form the finite basis for the anomalous dimension

of the twist-2 operators in each order of perturbative theory. According to the principle

of maximal transcendentality [66] at ` order of the perturbation theory the anomalous

dimension of twist-2 operators is expressed through the nested harmonic sums of the order

(2`− 1), or through the products of zeta functions and harmonic sums for which the sum

of the arguments of the zeta functions and the orders of the harmonic sums is equal to

(2` − 1). For the fixing the coefficient in the ansatz, obtained from the corresponding

basis, it is necessary to use all information, which we have in this order of perturbative

theory. For the reconstruction of the general expression for the anomalous dimension of the

twist-2 operators, coming from the ABA one can used results for the definite values of M .

For the full anomalous dimension besides analytical properties we can used a generalized

Gribov-Lipatov relation and looking for the reciprocity-respecting function, instead of the

anomalous dimension, which is related to each other through:

γ(M) = P
(
M +

1

2
γ(M)

)
. (1.2)

This allow considerably reduce the number of harmonic sums in basis, because these sums

(or combinations of sums) should respect this symmetry. We have found, that more suitable

move from the nested harmonic sums to the binomial harmonic sums, which are definite

as (see [65]):

Si1,...,ik(N) = (−1)N
N∑
j=1

(−1)j
(
N

j

)(
N + j

j

)
Si1,...,ik(j) , (1.3)

where Si1,...,ik are the nested harmonic sums (1.1) and all indices ai are always positive.

Note again, that the number of binomial harmonic sums are much less, than the usual

nested harmonic sums.

In the fourth order of perturbative theory an available information is enough and the

coefficients in ansatz fix uniquely from the all know information (see [64]). Unfortunately,

the number of sums in ansatz grows with the order of perturbative theory faster, than the

number of constraints, coming from the know all-loop results, so, the numbers of unknown

coefficients in ansatz are more than the number of available equations. However, in such

case we can used the method, which we already used for the reconstruction of the six-

loop anomalous dimension of the twist-3 operators in N = 4 SYM theory and for the

anomalous dimension of the non-singlet transverse twist-2 operators in QCD in third order

of perturbative theory. This method based on the fact, that (seeking, desired) sought-

for coefficients in ansatz should be integers numbers and, more over, some of them (large

enough) should be zero. With this conditions we obtain the system of linear Diophantine

equations, which can be solved with the different method from the numbers theory. In our

previous papers we have used LLL-algorithm [67] to find a vector, which can solve an initial

system. But we have found also other method, which will applied for the calculations of

five-loop anomalous dimension of the twist-2 operators, presented in this paper.

The paper organized in the following way. In the Chapter 1 we give result for the

five-loop anomalous dimension of the twist-2 operator, coming from the ABA, which was
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obtained earlier in the paper of [36]. In the Chapter 2 we will obtained all expression

(results), which will used then for the reconstruction of full anomalous dimension. The

Chapter 3 devoted to the reconstruction of the five-loop anomalous dimension from the

constraints, obtained in Chapter 2. We will applied two methods and will give simple

example, which shows how the methods are works. In Conclusion we summarize our

results and the overall methods.

2. Five-loop anomalous dimension from Bethe Ansatz

We start with the part of the anomalous dimension, which can be calculated with the help

of asymptotic Bethe ansatz [20, 28]. The result at five-loop order together with the detailed

description of computations can be found in ref. [36]. Here we present only final result in

terms of the reciprocity-respecting functions (1.2) and the binomial harmonic sums (1.3).

Substituting the perturbative expansion for the anomalous dimension in eq. (1.2), one

finds

PABA(M) =
∞∑
l=1

g2l PABA
2l (M) . (2.1)

From eqs. (1.2) and (2.1) one can find, that at five-loop order the reciprocity function P10
is related with the anomalous dimension γ10 (see Appendix B of ref. [44]):

P10(M) = P10 = Prational
10 + Pζ310ζ3 + Pζ510ζ5 , (2.2)

Prational
10 = γrational10 − 1

4

(
γ4γ6 + γ2γ

rational
8

)′
+

1

32

(
γ2γ

2
4 + γ22γ6

)′′
− 1

384

(
γ32γ4

)′′′
+

1

30720

(
γ52
)′′′′

, (2.3)

Pζ310 = γζ310 −
1

4

(
γ2γ

ζ3
8

)′
, (2.4)

Pζ510 = γζ510 , (2.5)

where each prime marks derivative over M . The result for Prational
10 (M) is equal to [36]:
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Prational
10

128
= −5 S2,2,5 − S2,6,1 + 19 S3,1,5 − 20S3,2,4 + 21 S4,1,4 − 24S4,2,3 + 25 S5,1,3
−18 S5,2,2 + 7 S6,1,2 − 4 S6,2,1 − 2S1,1,2,5 + 2 S1,1,6,1 − 2S1,2,1,5 − S1,2,2,4
+S1,2,3,3 + S1,2,4,2 − 6 S1,2,5,1 + 23 S1,3,1,4 − 24S1,3,2,3 − S1,3,4,1 + 23 S1,4,1,3
−20S1,4,2,2 − S1,4,3,1 + 13 S1,5,1,2 − 12S1,5,2,1 + 6 S1,6,1,1 − 2 S2,1,1,5 + 5 S2,1,2,4
+S2,1,3,3 + S2,1,4,2 − 5S2,1,5,1 − 16S2,2,1,4 + 17 S2,2,2,3 − 2 S2,2,3,2 + 14 S2,2,4,1
−29S2,3,1,3 + 25 S2,3,2,2 + 4 S2,3,3,1 − 19 S2,4,1,2 + 20 S2,4,2,1 − 12 S2,5,1,1 + 20 S3,1,1,4
−22S3,1,2,3 − 8 S3,1,3,2 + 6 S3,1,4,1 − 26S3,2,1,3 + 36 S3,2,2,2 − 5 S3,2,3,1 − 6 S3,3,1,2
+5 S3,3,2,1 − 2S3,4,1,1 + 22 S4,1,1,3 − 24S4,1,2,2 + 6 S4,1,3,1 − 18 S4,2,1,2 + 18 S4,2,2,1
−2 S4,3,1,1 + 14 S5,1,1,2 − 10S5,1,2,1 − 14S5,2,1,1 + 8 S6,1,1,1 + 4 S1,1,1,1,5 − 6 S1,1,1,2,4
−2 S1,1,1,3,3 − 2 S1,1,1,4,2 + 6 S1,1,1,5,1 − 4 S1,1,2,1,4 + 4 S1,1,2,2,3 + 5 S1,1,2,3,2
−13S1,1,2,4,1 + 24 S1,1,3,1,3 − 20S1,1,3,2,2 − 5 S1,1,3,3,1 + 16 S1,1,4,1,2 − 19S1,1,4,2,1
+12S1,1,5,1,1 − 4 S1,2,1,1,4 + 7 S1,2,1,2,3 + 4 S1,2,1,3,2 − 8 S1,2,1,4,1 − 19S1,2,2,1,3
+9 S1,2,2,2,2 + 24 S1,2,2,3,1 − 22 S1,2,3,1,2 + 31 S1,2,3,2,1 − 22 S1,2,4,1,1 + 22 S1,3,1,1,3
−24S1,3,1,2,2 + 6 S1,3,1,3,1 − 20S1,3,2,1,2 + 23 S1,3,2,2,1 − 6S1,3,3,1,1 + 16 S1,4,1,1,2
−11 S1,4,1,2,1 − 22S1,4,2,1,1 + 16 S1,5,1,1,1 − 4S2,1,1,1,4 + 7 S2,1,1,2,3 + 4 S2,1,1,3,2
−8 S2,1,1,4,1 + 3 S2,1,2,1,3 − 11 S2,1,2,2,2 + 14 S2,1,2,3,1 − 9 S2,1,3,1,2 + 16 S2,1,3,2,1
−12S2,1,4,1,1 − 16S2,2,1,1,3 + 13 S2,2,1,2,2 + 5 S2,2,1,3,1 + 28 S2,2,2,1,2 − 67S2,2,2,2,1
+32S2,2,3,1,1 − 22S2,3,1,1,2 + 15 S2,3,1,2,1 + 31 S2,3,2,1,1 − 23S2,4,1,1,1 + 20 S3,1,1,1,3
−22S3,1,1,2,2 + 6 S3,1,1,3,1 − 8 S3,1,2,1,2 + 2 S3,1,2,2,1 + 6 S3,1,3,1,1 − 20S3,2,1,1,2
+15S3,2,1,2,1 + 25 S3,2,2,1,1 − 7 S3,3,1,1,1 + 16 S4,1,1,1,2 − 11S4,1,1,2,1 − 11S4,1,2,1,1
−23S4,2,1,1,1 + 16 S5,1,1,1,1 − 4 S1,1,1,1,2,3 − 4S1,1,1,1,3,2 + 8 S1,1,1,1,4,1 + 4 S1,1,1,2,2,2
−13 S1,1,1,2,3,1 + 18 S1,1,1,3,1,2 − 25 S1,1,1,3,2,1 + 16 S1,1,1,4,1,1 + 3 S1,1,2,1,2,2
−5S1,1,2,1,3,1 − 20S1,1,2,2,1,2 + 53 S1,1,2,2,2,1 − 33S1,1,2,3,1,1 + 18 S1,1,3,1,1,2
−11S1,1,3,1,2,1 − 25S1,1,3,2,1,1 + 20 S1,1,4,1,1,1 + 3 S1,2,1,1,2,2 − 5 S1,2,1,1,3,1
+14S1,2,1,2,2,1 − 17S1,2,1,3,1,1 − 18S1,2,2,1,1,2 + 11 S1,2,2,1,2,1 + 52 S1,2,2,2,1,1
−27S1,2,3,1,1,1 + 16 S1,3,1,1,1,2 − 11S1,3,1,1,2,1 − 11S1,3,1,2,1,1 − 27S1,3,2,1,1,1
+20S1,4,1,1,1,1 + 3 S2,1,1,1,2,2 − 5S2,1,1,1,3,1 + 14 S2,1,1,2,2,1 − 17S2,1,1,3,1,1
+16 S2,1,2,2,1,1 − 11 S2,1,3,1,1,1 − 16 S2,2,1,1,1,2 + 11 S2,2,1,1,2,1 + 11 S2,2,1,2,1,1
+45S2,2,2,1,1,1 − 27 S2,3,1,1,1,1 + 16 S3,1,1,1,1,2 − 11 S3,1,1,1,2,1 − 11 S3,1,1,2,1,1
−11S3,1,2,1,1,1 − 27S3,2,1,1,1,1 + 20 S4,1,1,1,1,1 − 16S1,1,1,1,2,2,1 + 24 S1,1,1,1,3,1,1
−28S1,1,1,2,2,1,1 + 20 S1,1,1,3,1,1,1 − 20S1,1,2,2,1,1,1 + 20 S1,1,3,1,1,1,1
−20S1,2,2,1,1,1,1 + 20 S1,3,1,1,1,1,1 − 20S2,2,1,1,1,1,1 + 20 S3,1,1,1,1,1,1 . (2.6)

Table 1: The five-loop function Prational
10 (M).
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The functions Pζ310 and Pζ510 look like [68, 36]

Pζ310
256

= 3S1,5 − 4S2,4 − S3,3 − S4,2 + 3S5,1 + 2S1,1,4 − 4S1,2,3 − 2S1,3,2 + 2S1,4,1
−S2,1,3 + 5S2,2,2 − 2S2,3,1 − 2S3,2,1 + 2S4,1,1 − 3S1,1,2,2 + S1,1,3,1 − S1,2,1,2
+2S1,3,1,1 − S2,1,1,2 + S2,1,2,1 + S3,1,1,1 , (2.7)

Pζ510
640

= S1(S2,1 − S3) . (2.8)

3. Weak-coupling constraints

In this section we will write down the known weak-coupling constraints on the five-loop

anomalous dimension of twist-2 operators in N = 4 SYM theory. We will use three classes

of constraints, which are provided by the BFKL equation, by the generalized double-

logarithmic equation and by the large M limit.

3.1 BFKL equation

The relation between the anomalous dimension of twist-2 operators and the Balitsky-Fadin-

Kuraev-Lipatov (BFKL) equation [41, 42, 43] and its next-to-leading logarithm approxi-

mation (NLLA) generalisation [69, 70] emerges upon analytic continuation of the function

γ(g,M) to complex values of M . This is straightforward in the one-loop case since

γ2(M) = 8 g2 S1(M) = 8 g2 (Ψ(M + 1)−Ψ(1)) , (3.1)

where Ψ(x) = d
dx log Γ(x) is the digamma function. At any loop order one expects singu-

larities at all negative integer values of M . The first in this series of singular points,

M = −1 + ω , (3.2)

corresponds to the BFKL pomeron. In the above formula ω should be considered infinites-

imally small. The BFKL equation predicts that, if expanded in g, the `-loop anomalous

dimension γ2`(ω) exhibits poles in ω. Moreover, the residues and the order of the poles

can be derived directly from the BFKL equation. Up to the next-to-leading logarithm

approximation (NLLA) BFKL equation for twist-2 operators in N = 4 SYM theory in the

dimensional reduction scheme can be written as follows [69, 70]

ω

−4 g2
= χ(γ)− g2 δ(γ) , (3.3)

where

χ(γ) = Ψ
(
−γ

2

)
+ Ψ

(
1 +

γ

2

)
− 2 Ψ (1) , (3.4)

δ(γ) = 4χ ′′(γ) + 6 ζ(3) + 2 ζ(2)χ(γ) + 4χ(γ)χ ′(γ)

− π3

sin πγ
2

− 4 Φ
(
−γ

2

)
− 4 Φ

(
1 +

γ

2

)
. (3.5)
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The function Φ(γ) is given by

Φ(γ) =
∞∑
k=0

(−1)k

(k + γ)2

[
Ψ (k + γ + 1)−Ψ(1)

]
. (3.6)

Using the perturbative expansion of anomalous dimension one easily determines the leading

singularity structure

γ =
(
2 + 0ω +O(ω2)

)(−4 g2

ω

)
−
(
0 + 0ω +O(ω2)

) (−4 g2

ω

)2

+
(
0 + ζ3 ω +O(ω2)

) (−4 g2

ω

)3

−
(

4 ζ3 +
5

4
ζ4 ω +O(ω2)

) (
−4 g2

ω

)4

−
(

0 +

(
2 ζ2 ζ3 + 16 ζ5

)
ω +O(ω2)

)(
−4g2

ω

)5

± . . . . (3.7)

3.2 Generalized double-logarithmic equation

Another class of constraints on the anomalous dimension of twist-2 operators is provided by

the double-logarithmic asymptotic of the scattering amplitudes. The double-logarithmic

asymptotic of the scattering amplitudes were investigated in QED and QCD in the pa-

pers [58, 59, 60] and [61, 62, 63] (see also arXiv version of ref. [66]). It corresponds to

summing the leading terms (α ln2 s)k in all orders of perturbation theory. In combination

with a Mellin transformation, the double-logarithmic asymptotic allow to predict the sin-

gular part of anomalous dimensions near the point M = −2 + ω. For our purpose and in

our notation double-logarithmic equation has the following form

γ (2ω + γ) = −16 g2 . (3.8)

The solution of this equation gives prediction for the highest pole (g2k/ω2k−1) in all orders

of perturbative theory:

γ = −ω + ω

√
1− 16g2

ω2
= 2

(−4 g2)

ω
− 2

(−4 g2)2

ω3
+ 4

(−4 g2)3

ω5
− 10

(−4 g2)4

ω7

+28
(−4 g2)5

ω9
− 84

(−4 g2)6

ω11
+ . . . . (3.9)

The investigation of the analytical properties of the anomalous dimension of the twist-2

operators in N = 4 SYM theory led to the suggestion about a simple generalization of the

double-logarithmic equation [64].3 The main idea was that in eq. (3.8) the corrections to

the leading order equation will modified only the right-hand side and that such modification

admit besides expansion over coupling constant g2 only appearance of a regular terms over

ω (and, possible, γ). Substitute the results for the analytical continuation of the anomalous

dimension of twist-2 operators near M = −2 +ω into eq. (3.8) we indeed find the following

form of the generalized double-logarithmic equation [64]

γ (2ω + γ) =
∑
k=1

∑
m=0

Ckm ω
m g2k , (3.10)

3For the first time, a such generalization was suggested by Lev N. Lipatov and Andrei Onishchenko at

2004, but was not published. Then, it was improved by Lev N. Lipatov in ref. [30].
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where coefficients are listed in eq. (A.2) of Appendix of ref. [64].

This result has very remarkable consequence. If we solve equation (3.10), we have

found

γDL(ω) = −ω +

√
ω2 +

∑
k=1

∑
m=0

Ckm ω
m g2k . (3.11)

Perturbatively expanding this solution we can predict in all orders of perturbative theory

all poles up to (g2/ω2)kω2`, if we know `-loop anomalous dimension (or first ` orders in

right hand side of eq. (3.10)).

3.3 Large M limit

Third class of constraints for the anomalous dimensions of composite operators in N = 4

SYM theory comes from the consideration of large M limit. This limit is controlled by ABA

and the corresponding predictions can be obtained at any order of perturbative theory. The

main statement, interesting for us, that a wrapping corrections can not modified leading

lnM behavior of large M limit.

4. Five loops from constraints

In this section we will describe in details the method of the reconstruction of the anomalous

dimension of twist-2 operators from the above constraints and special numerical algorithms.

Really, using generalized Gribov-Lipatov reciprocity we will reconstruct reciprocity-respecting

function Pwrap, rather γwrap itself, because in this case the basis will consist from the bi-

nomial harmonic sums (1.3), the number of which is considerable less then the number of

the usual nested harmonic sums (1.1). At five loops γwrap
10 and Pwrap

10 are related as

γwrap
10 =

1

2
Pwrap
8 γ̇2 +

1

2
Ṗwrap
8 γ2 + Pwrap

10 , (4.1)

where

Pwrap
8 = P2

2T8 , (4.2)

T8 =
(
− 5 ζ5 + 2 S2 ζ3 + (S2,1,2 − S3,1,1)

)
, (4.3)

γ2 = P2 = 4S1 . (4.4)

To find Pwrap
10 first of all we should write the full basis from the binomial harmonic

sums, which will form the suitable ansatz. At five loops we can write the following general

expression for the reciprocity-respecting function Pwrap
10 :

Pwrap
10 = S21 T10 + c1 S1

(
S1S2 − S2,1 − S3

)
T8 + c2 S41 T8 . (4.5)

The appearance of the structure with coefficients c1 and c2 are expected from the sug-

gestion, that the more general integrable system applicable for the computations of the

wrapping corrections represents as the set of (at least) two spin-chains, for which ABA are

known (note, that S1S2 − S2,1 − S3 = P4/8). During the computations of the wrapping

corrections at five loops in ref. [36] we assumed in advance the appearance of such terms,
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what allow to find a final result much faster. Using the maximal transcendentality princi-

ple one can find, that at five loops the basis for T10 will contain 1 + 1 + 2 + 23 + 26 = 76

binomial harmonic sums (multiplied by S21):{
ζ7, ζ

2
3 S1, ζ5 S2, ζ5 S21, ζ3 S4, ζ3 S3,1, ζ3 S2,2, ζ3 S2,1,1, ζ3 S1 S3, ζ3 S1 S2,1, ζ3 S21 S2, ζ3 S41,

S7,S6,1,S5,2,S4,3,S3,4,S2,5, S5,1,1,S4,2,1, S4,1,2,S3,3,1, S3,2,2,S3,1,3,S2,4,1, S2,3,2,S2,2,3, S2,1,4,
S4,1,1,1,S3,2,1,1,S3,1,2,1,S3,1,1,2, S2,3,1,1, S2,2,2,1, S2,2,1,2, S2,1,3,1, S2,1,2,2, S2,1,1,3,
S3,1,1,1,1, S2,2,1,1,1,S2,1,2,1,1, S2,1,1,2,1,S2,1,1,1,2, S2,1,1,1,1,1,
S1 S6,S1 S5,1,S1 S4,2,S1 S3,3,S1 S2,4,S1 S4,1,1, S1 S3,2,1,S1 S3,1,2, S1 S2,3,1,S1 S2,2,2, S1 S2,1,3,
S1 S3,1,1,1, S1 S2,2,1,1, S1 S2,1,2,1, S1 S2,1,1,2, S1 S2,1,1,1,1,
S21 S5,S21 S4,1,S21 S3,2,S21 S2,3,S21 S3,1,1, S21 S2,2,1,S21 S2,1,2, S21 S2,1,1,1,

S31 S4,S31 S3,1,S31 S2,2,S31 S2,1,1, S41 S3,S41 S2,1,S51 S2, S71
}
, (4.6)

where we extract explicitly S1 from the binomial harmonic sums starting with unity

S1,a,b,... → S1 Sa,b,.... Really we will not use for our computations the underlining sums

restricted only with the terms, which are not more then the first power of S1.
At the next step we take ansatz for Pwrap

10 from eqs. (4.5)-(4.6) multiplied by ci and

compute for them:

1) analytical continuation at M = −2 + ω;

2) analytical continuation at M = −1 + ω;

3) large M limit.

All above can be compute with the help of HARMPOL [71] and SUMMER [65] packages for

FORM [72].

After that we form a set of equations, taking an expressions for ansatz as a left-hand

side and the predictions from the Chapter 3 as a right-hand side. Thus, we obtain the

system of linear equations on the coefficients under the following quantities:

1) from generalized double-logarithmic equation (3.10) at M = −2 + ω:{ 1

ω9
,

1

ω8
,

1

ω7
,
ζ2
ω7
,

1

ω6
,
ζ2
ω6
,
ζ3
ω6
,

1

ω5
,
ζ2
ω5
,
ζ3
ω5
,
ζ4
ω5
,

1

ω4
,
ζ2
ω4
,
ζ3
ω4
,
ζ4
ω4
,
ζ5
ω4
,
ζ2ζ3
ω4

,
1

ω3
,
ζ2
ω3
,
ζ3
ω3
,

ζ4
ω3
,
ζ5
ω3
,
ζ2ζ3
ω3

,
ζ6
ω3
,
ζ23
ω3
,

1

ω2
,
ζ2
ω2
,
ζ3
ω2
,
ζ4
ω2
,
ζ5
ω2
,
ζ2ζ3
ω2

,
ζ6
ω2
,
ζ23
ω2
,
ζ7
ω2
,
ζ2ζ5
ω2

,
ζ3ζ4
ω2

}
(4.7)

2) from BFKL equation (3.7) at M = −1 + ω:{ 1

ω9
,
ζ2
ω7
,
ζ2
ω6
,
ζ4
ω5
,
ζ5
ω4
,
ζ2ζ3
ω4

}
(4.8)

3) from large M limit:

S2
∞

{
ζ7, ζ2ζ5, ζ4ζ3, S∞ζ6, S∞ζ

2
3 , S

2
∞ζ5, S

2
∞ζ2ζ3

}
, S∞ = S1(∞) (4.9)
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So, we have the system from 49 equations with 59 unknowns. However, some of them are

linear depended. Remove such equations, we are left with 40 equations on 59 unknowns.

As was pointed out in Introduction the obtained equations have a rather special form -

they give rise the system of linear Diophantine equations, because we are believe, that the

coefficients in ansatz, which we are looking for, are the integer numbers. To solve this

problem we will address to two methods from the numbers theory: LLL-algorithm and

Linear Programming.

4.1 LLL-algorithm

The Lenstra-Lenstra-Lovász (LLL) lattice basis reduction algorithm is a polynomial time

lattice reduction algorithm invented by Arjen Lenstra, Hendrik Lenstra and László Lovász

in 1982 [67]. The original applications were to give polynomial time algorithms for fac-

torizing polynomials with rational coefficients into irreducible polynomials, for finding si-

multaneous rational approximations to real numbers, and for solving the integer linear

programming problem in fixed dimensions.

Let’s give step-by-step description how to apply the LLL-algorithm to the solution of

our problem on the toy example. We will use LatticeReduce function of MATHEMATICA,

which realize LLL-algorithm.4

• We start from the system of equations:

x1 + x2 + x3 + x4 + x5 = 0
15

32
x1 +

27

32
x2 +

33

32
x3 +

39

32
x4 +

21

32
x5 =

9

16
(4.10)

• take matrix from the coefficients of above system of equations and right-hand side

term as last columns

• divide each row of above matrix to the greatest common divisor (GCD function):

SE =

(
1 1 1 1 1 0

5 9 11 13 7 −6

)

• multiply SE to some huge integer number, for example 88

• create unity matrix I with rank equal to the length of row in SE

• append transpose SE to the right side of the unity matrix I:

1 0 0 0 0 0 88 5× 88

0 1 0 0 0 0 88 9× 88

0 0 1 0 0 0 88 11× 88

0 0 0 1 0 0 88 13× 88

0 0 0 0 1 0 88 7× 88

0 0 0 0 0 1 0 −6× 88


4See Application on http://reference.wolfram.com/mathematica/ref/LatticeReduce.html

– 10 –

http://reference.wolfram.com/mathematica/ref/LatticeReduce.html


• apply LatticeReduce to this matrix

As result we obtain the following matrix:

RSE =



−1 0 1 −1 1 0 0 0

0 0 0 1 −1 1 0 0

−1 1 −1 0 1 0 0 0

0 1 1 −1 −1 0 0 0

0 0 0 0 −1 −1 −88 −88

−1 0 0 0 0 −1 −88 88


(4.11)

We interesting only with rows, which are non zero at position 6 (number of variables plus

one) and with the rest numbers at right equals zeroes. Only row 2 satisfies these criteria.

Indeed, this is the solution, which we were looking for. This example is related with the

rational part of the wrapping corrections for the four-loop anomalous dimension of twist-2

operators, which was calculated in ref. [34]. That is, we try to obtain the expression

∆wrap, rational
8 (M) = S−2,1 −

S−3
2
− S−2S1 − S1S2 −

S3
2

(4.12)

from the values at M = 1 and at M = 2 for the following basis with the binomial harmonic

sums

{S3,2,S2,3,S2,2,1,S2,1,2, S3,1,1} . (4.13)

Obtained results is looks like:

∆wrap, rational
8 (M) = −S2,1,2 + S3,1,1 . (4.14)

Note one important future of LLL-algorithm (and all other similar algorithm): a de-

sired numbers should be small, at least most of them, because algorithm is looking for the

vectors with minimal Euclidean norm. Therefore, for the reconstruction of the five-loop

anomalous dimension of twist-2 operators we should eliminate some possible large num-

bers from the result, which we are looking for. From the four-loop anomalous dimension

of twist-2 operators [34] and the five-loop anomalous dimension of twist-3 operators [44]

we can find such large numbers as the coefficients in the front of terms in the basis with

zeta-numbers ζi. To avoid possible difficulties we can eliminate the variables from the

system of equations, which should be a large numbers as we believe. However we should

keep as much equations as possible because each equation preserves information that its

solution should be an integer numbers, i.e. if we exclude some of variables we can obtain

after solution that these variables will not integers. First of all we should eliminate the

variable related with S21ζ7 term from the basis (4.6) as the most dangerous. Moreover,

because we do not know overall normalization of the result, we can try a different variants

for the normalization, for example in the form 2−i, which will a prefactor of the right hand

side of our equations (or we can rescale the binomial harmonic sums (1.3)). For the i = 9

we obtain the solution with rather small sum of absolute values and with a lot of zeros

{ 4, 1,−6,−40,−4, 8,−8,−4, 0, 12, 0, 0, 0, 0, 0, 0, 2, 0,−2, 4, 4,−10, 0, 0, 4,−2, 0, 4, 4,−4, 4,

−4,−4, 4,−4, 0, 2, 0, 0, 0,−2, 0, 0, 0, 0, 0, 0, 0, 0,−2, 2, 0, 0, 0, 0, 0, 0, 0,−16, 0, . . .} , (4.15)
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where first two numbers corresponds c1 and c2 and the rest numbers are listed according

to the basis (4.6) with missing S21ζ7 term, which can be obtained from one of the initial

equations (its equals 105). Indeed, this solution (multiplied by common factor 29−4 = 32)

gives the result, which is the same as was obtained earlier in ref. [36] with the calculation

of the finite size effects.

In this way we get the result for the wrapping effect part of the five-loop anomalous

dimension of twist-2 operators without any calculations at all, using only the properties

of harmonic sums and the available information, obtained from the already known results

from the low orders of perturbative theory.

4.2 Linear Programming

We have found also other method, which can be applied for the solution of the system of

linear Diophantine equations. As we pointed out the LLL-algorithm seeking the vectors

with the minimal Euclidean norms. However, it seems, that the more correct criteria is

a minimization of the sum of absolute values of coefficients instead of the sums of their

squares. In this case our problem is reduced to Integer Linear Problem, which is particular

case of Linear Programming or Linear Optimization. Formally, linear programming is a

technique for the optimization of a linear objective function, subject to linear equality and

linear inequality constraints. We have a lot of constraints (equations) and want to find

the best solution, which satisfied some global condition, in our case - the minimum of

the sum of the absolute values. MATHEMATICA has a functions, which are related with an

optimization. Most simple is Minimize. Application of Minimize is rather straightforward

and we will not described it here.

In general, Minimize function tries to find the global minimum in the multidimensional

space (equal to the number of variables) under the required conditions and then move to

the nearest integer solution. In our case we will have 58-dimensional space and such task

can not be solved with MATHEMATICA in a reasonable time. However we have found some

interesting future of the solution for the five-loop anomalous dimension of twist-2 operators.

In principal, we can use some additional information about anomalous dimension. Namely,

we used the results for the one impurity state for the twist-2 operators in the β-deformed

N = 4 SYM theory, which are known even up to six-loop order [34, 35, 57]. This result

corresponds to the value of the anomalous dimension of the twist-2 operators in N = 4

SYM theory at M = 1. Exclude the variables related with S21ζ7 and S21ζ5S2 terms from the

basis (4.6) solving the most simple equations with these variables we obtain the system in

which, as we believe, all unknowns should be less then 24 = 16 (we also rescaled all binomial

harmonic sums in basis (4.6) by factor 25 = 32). Run NMinimize under this conditions we

have found, that the obtained numerical solution is much close to the solution, which we

should obtain. In other words the global minimum of the multidimensional problem lies

near the exact solution!

Because the Linear Optimization is very actual at the present time there are a lot of

specials programm, which realize this procedure in a rapid way with the usage of special

algorithm and which can be run under modern computer clusters with parallelization.

Usually Linear Optimization works with a positive integer quantities and an available

– 12 –



programs are restricted only to positive integer numbers. But because we do not know an

exact sign of the coefficients in ansatz we should symmetrize the corresponding variables,

doubling the number of unknowns. It would be very interesting find such a symmetry,

which can fix these signs.

5. Conclusion and discussion

In this paper we reconstruct the five-loop anomalous dimension of twist-2 operators in

N = 4 SYM theory using a known constraints from the BFKL equation, generalized

double-logarithmic equations and from the large spin limit with the help of numerical

methods and without any special computations.

In principal described methods can be used for the solution of a similar problems, where

desired results is looking in a known basis and some information about the properties of

this results are available. In spite of simplicity the LLL-algorithm gives a desired results

in a more simple way. As an example of its application we have reconstructed the next-

to-leading order (NLO) wrapping correction to the anomalous dimension of the twist-

2 operators in the β-deformed N = 4 SYM theory from the results of ref. [73], which

can be find in Appendix A. Note, however, that LLL-algorithm can not find a desired

solution if the rank the system of equations is much less, then the numbers of variables.

Linear Programming is more exact method, but more time-consuming. We used its for

the reconstruction of the non-planar contribution to the four-loop anomalous dimension of

the twist-2 operators in N = 4 SYM theory from our results [74, 75] and some additional

constraints for which the usage of LLL-algorithm is beyond its applicability 5. Probably,

we should combine these two methods using an output of LLL-algorithm as an input (first

approximation or initial solution) of linear programming methods.

It seems, that at six loops an available information is not enough, because the basis

from the binomial harmonic sums growth faster, then the number of constraints. There

are some possibilities, which can help to solve this problem. First of all we can used some

information, which is available for low values of M : six-loop anomalous dimension for one-

impurity state in β-deformed N = 4 SYM theory [57], six-loop anomalous dimension for

Konishi [76, 77, 78] and other, but this information will based on the methods, which we

do not want to use. Another possibility is try to find an additional symmetry, which can

reduce the basis, either extend the number of constraints, for example, from the studying

of large M limit or an expansion near M = 0 [79].
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A. NLO wrapping corrections in the β-deformed N = 4 SYM theory

In this Appendix we give a general expression for the next-to-leading order (NLO) wrapping

correction to the anomalous dimension of the twist-2 operators in the β-deformed N = 4

SYM theory from the results of ref. [73] reconstructed with the help of LLL-algorithm.

The wrapping corrections in the leading order for twist-2 operators can be written as (see

eq. (4.5) in ref. [73]):

Ewrap
LO (M) = 4g6 sin2(2πβ)

S1(M)S−2(M)

M(M + 1)
(A.1)

The results for the wrapping corrections in the next-to leading order can be find in the

table from ref. [73] for the first ten even values of M . To reconstruct a general expression

we write down the following basis:{
S1
S1S−2
M

,S1
S1S−2
M + 1

, S1S2S−2, S1S1S−3, S5,S4,1,S3,2, S2,3, S3,1,1,S2,2,1, S2,1,2,S2,1,1,1,

S1S4,S1S3,1, S1S2,2, S1S2,1,1,S21S3,S21S2,1
}

1

M(M + 1)
, (A.2)

where first four terms come from the reciprocity (γ0E
wrap
LO ) ′. We need only four first values

from the table of ref. [73] to obtain with the help of LatticeReduce functions the following

vector:

{16, 0, 16, 16, 0,−1,−1, 0,−2, 1,−1, 0,−2, 4,−2, 0, 1, 0, 4, 0, 0, 0, 0} (A.3)

which give the desired result:

Ewrap
NLO(M) = g8 sin2(2πβ)

1

4M(M + 1)

[
16

(
S1
S1S−2
M

+ S1S2S−2 + S1S1S−3

)
−S4,1 − S3,2 − 2S3,1,1 + S2,2,1 − S2,1,2 − 2 S1S4 + 4 S1S3,1 − 2 S1S2,2 + S21S3

]
. (A.4)

One can easely check with other values from the table of ref. [73] that this is indeed the

correct answer.
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