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1 Introduction

In recent years a significant progress has been made towards understanding the excitation
spectrum of strings moving in five-dimensional anti-de Sitter space-time and, accordingly,
the spectrum of scaling dimensions of composite operators in the planar N' = 4 supersym-
metric gauge theory. This progress became possible due to the fundamental insight that
strings propagating in the AdS space can be described by an integrable model. In cer-
tain aspects, however, the deep origin of this exact solvability has not been yet unraveled,
mainly, because of tremendous complexity of the corresponding model. Another related
question concerns robustness of the integrability phenomenon in the context of the gauge-
string correspondence [1], as well as a relationship between integrability and an amount of
global (super)symmetries preserved by a target space-time in which strings propagate. To
shed further light on these important issues, one may attempt to search for new examples of
integrable string backgrounds that can be solved by similar techniques. One such instance,
where this program is largely promising to succeed, is to study various deformations of the
string target space that preserve the integrability of the two-dimensional quantum field
theory on the world sheet. Simultaneously, this should provide new interesting information
about integrable string models and their dual gauge theories.

There are two known classes of integrable deformations of the AdSs x S® superstring.
The first of these is a class of backgrounds obtained by either orbifolding AdSs x S° by a,
discrete subgroup of the corresponding isometry group [2, 3] or by applying to this space
a sequence of the so-called T-duality — shift — T-duality transformations (also known as



~v-deformations), giving a string theory on a TsT-transformed background [4, 5]. Eventu-
ally the deformations of this class can be conveniently described in terms of the original
string theory, where the deformation results into quasi-periodic albeit integrable boundary
conditions for the world-sheet fields.

The second class of deformations affects the AdSs x S model on a much more fun-
damental level and is related to deformations of its underlying symmetry algebra. In the
light-cone gauge this symmetry algebra constitutes two copies of the centrally extended
Lie superalgebra psu(2|2) with the same central extension for each copy. It appears that
the centrally extended psu(2|2), more precisely its universal enveloping algebra, admits a
natural quantum deformation psu,(2|2) in the sense of quantum groups [6, 7]. This alge-
braic structure is the starting point for the construction of a psu,(2[2) @ psu,(2[2)-invariant
S-matrix, giving a quantum deformation of the AdS5 x S° world-sheet S-matrix [6, 8]. The
deformation parameter ¢ is an arbitrary complex number, but in physical applications is
taken to be either real or a root of unity.

Since the quantum group deformations modify the dispersion relation and the scat-
tering matrix, to solve the corresponding model by means of the mirror Thermodynamic
Bethe Ansatz (TBA), for a recent review see [9], one has to go through the entire procedure
of first deriving the TBA equations for the ground state and then extending them to include
excited states. While this program has been successfully carried out for deformations with
g being a root of unity [10, 11], the corresponding string background remains currently
unknown. There is a conjecture that the g-deformed S-matrix tends in the limit of infinite
't Hooft coupling to that of the Pohlmeyer reduced version of the AdSs x S® superstring
[12]. Tt is not straightforward, however, to identify the S-matrix of the latter theory as
one has to understand whether the elementary excitations that scatter in this model are
solitons or kinks.

The case of real deformation parameter being of concern in this paper is not less
compelling. Recently there was an interesting proposal on how to deform the sigma-model
for strings on AdSs x S with a real deformation parameter 7 [13]. Deformations of this type
constitute a general class of deformations governed by solutions of the classical Yang-Baxter
equation [14, 15]. They are not solely restricted to the string model in question but can be
applied to a large variety of two-dimensional integrable models based on (super)groups or
their cosets [16]-[19].

The aim of the present work is to compute the 2 — 2 scattering matrix for the n-
deformed model in the limit of large string tension g and to compare the corresponding
result with the known g-deformed S-matrix found from quantum group symmetries, uni-
tarity and crossing [6, 8]. In the context of the undeformed model a computation of this
type has been carried out in [20].

The n-deformed model appears to be rather involved, primarily because of fermionic
degrees of freedom. Our strategy is therefore to switch off fermions and proceed with
studying the corresponding bosonic action. Of course, the perturbative S-matrix computed
from this action will not coincide with the full world-sheet S-matrix but nevertheless will
give a sufficient part of the scattering data to test in a non-trivial manner both integrability



(the Yang-Baxter equation) and matching with the g-deformed S-matrix. The contribution
of fermions is of secondary concern and will be discussed elsewhere [21].

Coming back to the bosonic action, we find that it corresponds to the string background
which in addition to the metric also supports a non-vanishing B-field. The deformation
breaks AdSs x S° isometries down to U(1)2 x U(1)3, where the first and second factors refer
to the deformed AdS and five-sphere, respectively. Thus, only isometries corresponding
to the Cartan elements of the isometry algebra of the AdSs x S° survive, much similar to
the case of generic v-deformations. As to the metric, its AdS part exhibits a singularity
whose nature is currently unclear. Computed in a string frame, the metric can include
a contribution of a dilaton and to extract the latter one needs to know RR-fields which
consequently requires considering fermions.

With the bosonic action at hand, it is straightforward to compute the corresponding
tree-level S-matrix. We then show that it perfectly matches with the gq-deformed S-matrix
taken in the large tension limit and restricted to scattering of bosons, provided we identify
the deformation parameters as

_ 2n
g=e"", V:1+n2.

This is the main result of our work which makes it quite credible that the n-deformed model
indeed may enjoy hidden psu,(2]2) @ psu,(2]2) symmetry for finite values of the coupling
constant g.

The paper is organized as follows. In the next section we recall the general form of the
action for the n-deformed model and use it to derive an explicit form of the Lagrangian
for bosonic degrees of freedom. In section 3, upon fixing the uniform light-cone gauge, the
corresponding Hamiltonian is derived up to quartic order in powers of fields and further
used to compute the tree-level S-matrix. This result is further compared to the one arising
from the g-deformed S-matrix (which includes the dressing phase) in the large ¢ limit.
Finally, in Conclusions we outline interesting open problems. Some technical details on the
derivation of the bosonic Lagrangian, perturbative expansion of the g-deformed dressing
phase and the form of the g-deformed S-matrix are collected in three appendices.

2 Superstrings on g-deformed AdS;5 x S°

According to [13], the action for superstrings on the deformed AdSs x S? is
S = / dodr &,

where the Lagrangian density depending on a real deformation parameter 7 is given by!

7 _%(1 + 772)(,}/04/3 _ 604/3) str [J(Aa)l_nj;%god(/lﬁ)} . (21)

!Note that our 77-dependent prefactor differs from the one in [13]. Our choice is necessary to match the
perturbative world-sheet scattering matrix with the g-deformed one.



Here and in what follows we use the notations and conventions from [22], in particular €77 =
1 and y*? = h®#\/—h that is the Weyl invariant combination of the world-sheet metric hag;
the component 777 < 0. The coupling constant g is the effective string tension. Further,
Ao = —g 1049, where g = g(7,0) is a coset representative from PSU(2,2[4)/SO(4,1) x
SO(5). To define the operators d and d acting on the currents A,, we need to recall that
the Lie superalgebra 4 = psu(2,2[4) admits a Z4-graded decomposition

¢ =490 gyl 9@ gyt

Here 4 coincides with 50(4,1) x so(5). Denoting by P;, i = 0,1,2,3, projections on
the corresponding components of the graded decomposition above, operators d and d are
defined as

d= P+ P, — P,

1 —n?
d=—-P +

P+ Py
1= 2+ 13

Finally, the action of the operator Ry on M € ¢ is given by
Ry(M) =g 'R(gMg™')g, (2:2)

where R is a linear operator on ¢ satisfying the modified classical Yang-Baxter equation.
In the following we define the action of R on an arbitrary 8 x 8 matrix M as

1 ifi<y
R(M)U = —1 6ijMz'j7 Gij = 0 if 7= ] 5 (2.3)
—1ifi>j
In the limit 7 — 0 one recovers from (2.1) the Lagrangian density of the AdS5 xS superstring.

Our goal now is to obtain an explicit form for the corresponding bosonic action. With
fermionic degrees of freedom switched off, formula (2.1) simplifies to

1

__9 2\3 (n0B _ ap (2)
L= —2(1+52)7 (1 = )str 4§ Ry (45)] (2.4)
where we have introduced 5
- Ui
=13 2

which as we see in a moment is a convenient deformation parameter.

To proceed, we need to choose a representative g of a bosonic coset SU(2,2[4) x
SU(4)/S0(4,1) x SO(5) and invert the operator 1 —nRgod. A convenient choice of a coset
representative and the inverse of 1 — nRy o d are discussed in appendix A. Making use of
the inverse operator, one can easily compute the corresponding bosonic Lagrangian. It is
given by the sum of the AdS and sphere parts

L =Lt L=LE+ L+ LC gV (2.5)



where we further split each part into the contribution of the metric and Wess-Zumino
pieces. Accordingly, for the metric pieces we obtain

¢ g ol ag( OatBst (14 p?) Dapsp DaC0p¢p?
- _91 _
Za 2( )2 ( 1 — 2p? +(1—i—p2)(1—%2,02) 1+ »2ptsin? ¢
D101 p* cos® ¢ 2 .2
2.
Ly isinr T Oatadstap?sin <), (2.6)
a9 0l ap (000050 (1—1r?) DarOpr Dapér*
S
Z 2( )2 ( 1+ 2272 (1 —7r2) (1 +32r2) 1+ s2rtsin?¢
Da105¢17% cos® & 9 . 9
2.
1+ s2rtsin? ¢ + 0a0205021" sin €) ’ (2.7)

while the Wess-Zumino parts £V and £VZ read

ptsin 2¢

W&)ﬂ/}laﬁ@ (2'8)

a

LWz — g%(l + %2)% ef

r sin 2¢

o . 2.
1+ »2r4 sin2§a 91958 (2:9)

AL —%%(1 + %2)% s
Here the coordinates t, 11, 12, ¢, p parametrize the deformed AdS space, while the coor-
dinates ¢, ¢1, ¢2, £, r parametrize the deformed five-sphere. Switching off the deforma-
tion, one finds that the AdSs coordinates are related to the embedding coordinates Z4,
A=0,1,...,5 obeying the constraint n48Z,Zp = —1 where n48 = (-1,1,1,1,1, —1) as

Zi4iZy = pcosCe™t | Zs+iZy=psinCe™V?, Zg+iZs=\/1+p2et, (2.10)

while the S5 coordinates are related to the embedding coordinates Y4, A =1, ..., 6 obeying
Y3i=1as

Yi+iYy =rcos€el® | Yz4iYy=rsin€e®?, Yi+iYg=+V1—r2e?.  (2.11)

It is obvious that the deformed action is invariant under U(1)? x U(1)? corresponding to
the shifts of ¢, ¥k, ¢, ¢r. One also finds the ranges of p and r: 0 < p < % and 0 <r < 1.
The (string frame) metric of the deformed AdS is singular at p = 1/s. Since we do not
know the dilaton it is unclear if the Einstein frame metric exhibits the same singularity.
The bosonic Wess-Zumino terms signify the presence of a non-trivial background B-field
which is absent in the undeformed case.

In the next section we are going to impose the light-cone gauge, take the decompact-
ification limit and compute the bosonic part of the four-particle world-sheet scattering
matrix. To this end, we first expand the Lagrangian (2.5) up to quartic order in p, r and
their derivatives, and then make the shifts of p and r as described in appendix A, c.f.



(A.18). Since we are interested in the perturbative expansion in powers of fields around
p = 0, the final step consists in changing the spherical coordinates to (z;, y;)i=1,... 4 as

Lﬁ = peos (e, Ll‘l = psin Ce™? 22 =22,

1-— 122 1- ZZZ

Y1 + iy2 ; Y3 +1iya ; 2 (2:12)
1,2 :Tcoséel(m’ 1,2 :TSin£€Z¢2a Yy =Y,

with further expanding the resulting action up to the quartic order in z and y fields. In
this way we find the following quartic Lagrangian

1
L= —%(1 +32) 4P [ - (1 +(1+5%)2% + (1 + %2)2(22)2> Datgt

22

+ (1 +(1- %2)2> OnziOp2i | + 2g2(1 + %2)%(@2, +23)eP0,210522

(2.13)

% = —%(1 + 527 40P [ (1 — (14522 + %(1 + %2)2(1/2)2) OadOp¢

1 1
n (1 — 51— %2)y2> BayiOsyi| — 292¢(1 + 5°)7 (43 + y3)e* DatnIpys

We point out that the metric part of this Lagrangian has a manifest SO(4) x SO(4) sym-
metry which is however broken by the Wess-Zumino terms.

3 Perturbative bosonic world-sheet S-matrix

3.1 Light-cone gauge and quartic Hamiltonian

To fix the light-cone gauge and compute the scattering matrix, it is advantageous to use
the Hamiltonian formalism. For the reader’s convenience we start with a general discussion
on how to construct the Hamiltonian for the world-sheet action of the form

s

S=-2[ dodr (’yaﬁﬁaXMagXNGMN - eaﬁaaXMaﬁXNBMN) , (3.1)

—r
where Gy and Bjsy are the background metric and B-field respectively. In the first
order formalism we introduce conjugate momenta

oS /
PM = m = —g”yoﬁagXNGMN +9gX NBMN. (3.2)
The action can be rewritten as
r Y 701 1
S = ., dodr (pMX + WCl + WOQ) 5 (33)

where C1, Cy are the Virasoro constraints. They are given by

Ci = pMX,M, (3.4)
Cy = GMNpryon — 29pm X" CGMYN By + gX'P X' BypBngGMY + g2 XM XN Gy



The first Virasoro constraint has the same form as in the undeformed case. In particular,
the solution for 2’ in terms of p,, z, will still be the same. When expressed in terms of
the conjugate momenta, the second constraint gets an explicit dependence on the B-field.
To impose light-cone gauge, one first introduces light-cone coordinates

r_=¢—t, x4 = (1 —a)t+ ag. (3.5)

The second Virasoro constraint can be written as

Cy =G p2 +2GT pip_ +GHipl

+*G__a? +2¢°G 2l 2" + ¢*Gyialt + My, (3.6)
where
G~ =ad’Gyy — (a—1)°Gy ', Gt =aGyy — (a—-1)Gy,', G =G, -Gy,
G__ =(a—1)2Gggs — a*Gy, Gio = —(a—1)Gyp +aGu,  Gip =Gy — Gu,
and H, is the part that depends on the transverse fields only
He = G"pupy + 9> X" X" Gy — 29p, X"PG" By, + gX'* X'? B\ B,,G" . (3.7)

Notice that the B-field is contained only in H,, since in the action it does not couple to
the derivatives of 1. We impose the uniform light-cone gauge

Ty =T, P+ = 1. (38)
Solving Cy = 0 for p_ gives the Hamiltonian
H = —p_(pu, ", 2""). (3.9)

Formally the solution for the Hamiltonian is still given by eq. (2.16) of the review [22],
with the only difference that now the components of the metric are deformed and that H,
has also the B-field contribution. Rescaling the fields with powers of g and expanding in ¢
one can find H,,, namely the part of the Hamiltonian that is of order n in the fields. Then
the action acquires the form

1
S:/deU <puj:”—7{2—g7i4—---> , (3.10)
where the quadratic Hamiltonian is given by

1 1 1
Hy = ipiJr §(l+%2)xi—|— 5(1+%2)ac’j. (3.11)



The quartic Hamiltonian in a general a-gauge is

1
Hy =~ <(2%2z2 — (14 A)y?)p? — (2257 — (1 + %2)z2)p2

4

+ (1 + %2) ((222 — (1 + %2) y2) 22+ ((1 + %2) 22— 2y2) y’z) >

— 2 (1+ %2)% ((3+23) (p2h = p2at) = (B +92) (Piavh —piovi))  (312)
(2a —1)

- (<p§ F52)? = (L 522 + 22

+2(143) (2 + p2) (Y + 2°) + (1+ )2 (Y + %) —4(1 + %2)(36’_)2)

Here we use the notation pZ = pgi, pz = pzi, where sum over 7 is assumed.
To simplify the quartic piece, we can remove the terms of the form p?y? and p§z2 by
performing a canonical transformation generated by

1+ 52
V= w /da(pyyz2 - pzzy2>, (3.13)

where the shorthand notation p,y = py,yi, .2z = p.,z was used. After this is done the

quartic Hamiltonian is

H4 — ( 5 )(22z’2—y2y'2)+ ( 5 ) (ZQy'Q—y2zl2)+7(22p§fy2p§)
1
— 22(1+5)2 [(23 + 21) (P2 — p2t) — (43 +93) (Pyuvh —pwavt)]  (314)
20 — 1
<8)<<p§ PR — (L2242 (315)

+ 2(1+57) () +p2) (Y2 + 2%) + (1+2)°(y% + 2%)° —4(1 + %2)@:’)2).

We recall that in the undeformed case the corresponding theory is invariant with
respect to the two copies of the centrally extended superalgebra psu(2|2), each containing
two su(2) subalgebras. To render invariance under su(2) subalgebras manifest, one can
introduce two-index notation for the world-sheet fields. It is also convenient to adopt the

same notation for the deformed case?
e "
7 = —%(23 +iz4), Z4 = %(21 +iz9),
Yl? = 1(ys — iya), Yl'i = 1(y1 +iy2), (3.17)
V2= —L(ys +iya), V2 = Ly —iys).

2This parameterisation is different from the one used in [22] and the difference is the exchange of the
definitions for Y!! and Y?2. This does not matter in the undeformed case but is needed here in order to
correctly match the perturbative S-matrix with the g-deformed one computed from symmetries.



In terms of two-index fields the quartic Hamiltonian becomes
Hy = HS +HYZ, (3.18)

where H§ is the contribution coming from the spacetime metric and H}'# from the B-field

HE = 201+ 3 )( YA VAL —YaaY“YzfzaY/bb)
+ 2(1+ 5 ) (Z ZC“)“Y’ Y YaayaaZ/BgZ/BB)
+ % (Zaa 20 Py PP = Yo Y ““ P, P
2 —1) (1 ~ : ' '
+ (6187) <4(PaaP““ + PaaP*)? = 4(1 4 5°)* (Yoo Y + Zaa 2°¢)? (3.19)

4 2(1 +%2)(Padpad +PadPad¢)(Ya/dylail +Z(;dZ,ad) _|_4(1 +%2)2(Ya/ayla[l +Z(/Xdzlad)2

4(1+%2)(Pady/ad +Padzlad)2>7

HYZ = 8is(1 + %2)% (234243(]3332/33 B P44Z’44) i Y12Y21(P11Y/11 _ P2gyl22)) '

Note that we have used the Virasoro constraint C in order to express =’ in terms of
the two index fields. The gauge dependent terms multiplying (2a — 1) are invariant under
SO(8) as in the underformed case.

3.2 Tree level bosonic S-matrix

The computation of the tree level bosonic S-matrix follows the route reviewed in [22], and
we also use the same notations. It is convenient to rewrite the tree-level S-matrix as a
sum of two terms T = T¢ + T"Z | coming from H{ and H}'# respectevely. The reason is
that T preserves the so(4) @ s0(4) symmetry, while T"'# breaks it. To write the results
we always assume that p > p/. Then, one finds that the action of T¢ on the two-particle



states is given by

1-2a L(p—p)?+1v%(w—u)?
G I\ / / N
T |YaeYy ;) = [2 (pw" —p'w) + 3 o e YacYy ;)
/ 2 !/
pp + viww
pw’ _ p’w (|YadYb/é> + |Y2’C'Ya/d'>) ’
1-2a L(p—p)?+ 1% (w—uw)?
T | Zos Z) = ) Zos 2"
| Zasy 55) [ (pw’" — p'w) 9 ' — pw ay ,35>
/ 2 !/
pp + riww / / (3.20)
- pw' — pw <|ZaSZﬁ"Y> + |ZﬁﬁZa5>) ’
[1-2a w? — w? |
G / _ / / 7l
T |YabZaﬁ> - 2 (pw - p CU) - pw/ _ p/w ’Ya,bZaﬁ> ?
[1-2a w? — w? ]
G RV AN / / RV
T |Za5Yal}> - 2 (pw —-p w) + pwl _ p’w ’Zaﬁyai7> ’
and the action of T"Z on the two-particle states is
TV VoY) = iv (ean [5eY1) + €6 Va5 ) o

wZz .
TV | Zas Z5) = v (€as | 295 Z05) + €35 205 Zh3))

where on the r.h.s. we obviously do not sum over the repeated indices. In the formulae
the frequency w is related to the momentum p as

1 1+ p?
w=(1+ %) 1+p2:\/1_€2, (3.22)

and we have introduced the parameter

> _2n
(14322  1+07

v= (3.23)
which, as one can see from the expressions above, is the natural deformation parameter.
In fact, as we discuss in the next subsection, it is related in a very simple way to the
parameter g of the q-deformed S-matrix: ¢ = e /9.

The S-matrix S computed in perturbation theory is related to the T-matrix as

S=1+~T. (3.24)
g

In the undeformed case, as a consequence of invariance of S with respect to two copies of
the centrally extended superalgebra psu(2|2), the corresponding T-matrix admits a factor-
ization

T;[PJ\}[Q;?N - (_I)EM(GN-FEQ)T]\I/;%dﬂ(Sg + <_1)€Q(€M+€P)5]€[5J%TA§]%_ (3.25)

~10 -



Here M = (a,a) and M = (a,d), and dotted and undotted indices are referred to two
copies of psu(2]2), respectively, while €ys and €,; describe statistics of the corresponding
indices, i.e. they are zero for bosonic (Latin) indices and equal to one for fermionic (Greek)
ones. The factor 7 can be regarded as 16 x 16 matrix.

It is not difficult to see that the same type of factorization persists in the deformed

case as well. Indeed, from the formulae (3.20) we extract the following elements for the

T-matrix

TSl = A58 + B 4SS + W eq026¢

T2 = D6)0% + E 8587 + W eap 6507, (3.26)
T = G 66, T3 = L8767,

where the coefficients are given by

1-2a Lp—p )+ 1% (w—uw)?
Alp,p) = —— (' = pw) + 7 o — P :
/ + V2ww/
B(p,p) = —E(p,p) =2
(. p) (p.p) P
1—2a L(p—p)?+ 1% (w—w)? (3.27)
D(p,p) = (' —p'w) — - :
4 4 pw’ — plw
1-2a 1 w? —w?
G / — _L / _ - _
(p’p ) (p 7p) 4 (pw p w) 4pw' — plw

Here W corresponds to the contribution of the Wess-Zumino term and it actually does not
depend on the particle momenta. All the four remaining coefficients mé,mg,%d,md
vanish in the bosonic case but will be switched on once fermions are taken into account.

The matrix 7 is recovered from its matrix elements as follows
T~ PQ M N _ ~cd ra b 0 pa B8 cd 1a B8 d o b
T =Tun Bp @ Eq = Toy B¢ ® Ej+Tys B @ B +T,5 B¢ @ By + Toy By © By,

where E]\A/} are the standard matrix unities. For the reader convenience we present 7 as an
explicit 16 x 16 matrix>

3See appendix 8.5 of [25] for the corresponding matrix in the undeformed case.
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Here the non-trivial matrix elements of 7 are given by

Ai=A+B, A=A, A4=B-W, As=B+W, As=D+F, (328)
A6:D+E, .,47:D, AgZL, Ag=FE—-W=-As, Ap=E+W =-A4.

We conclude this section by pointing out that the found matrix 7 satisfies the classical
Yang-Baxter equation

[T12(61, 02), T13(01,03) + Ta3(02,03)] + [Ti3(61,03), T23(02,03)] = 0 (3.29)
for any value of the deformation parameter v.

3.3 Comparison with the g-deformed S-matrix

In this subsection we show that the perturbative bosonic world-sheet S-matrix coincides
with the first nontrivial term in the large ¢ expansion of the g-deformed AdSs x S® S-matrix,
in other words with the corresponding classical r-matrix.

Let us recall that up to an overall factor the q-deformed AdSs x S® S-matrix is given by
a tensor product of two copies of the psu(2|2),-invariant S-matrix [6] which is reviewed in
appendix B. Including the overall factor S,y which is the scattering matrix in the su(2)
sector, the complete S-matrix can be written in the form [§]

e P2&r—P&) g 4 f g 1€ g7 —af 1= oy

2 = + —— 1o
T12 Ty +8xy +§ x) —wy 1 — ——

S =Su@S5®S, Sap = (3.30)

where S is the psu(2|2),-invariant S-matrix (B.3), ® stands for the graded tensor product,
a is the parameter of the light-cone gauge (3.5), o is the dressing factor, and & is the
g-deformed dispersion relation (B.9) whose large g expansion starts with w. The dressing
factor can be found by solving the corresponding crossing equation, and it is given by [§]

1612

012 =€ ;O :X(‘T;—’I;)_’—X(‘Tl_vx;) _X(xii_7x2_) _X(xl_vx;)’ (3.31)
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where

_ 41 1 T (1+ 2 (u(z) —u(z'))
x(21,22) = iz P omig oy quz(l—%(u(Z)—u(z/))) (3.32)

Here T'y(z) is the g-deformed Gamma function which for complex ¢ admits an integral
representation (C.1) [8].

To develop the large g expansion of the q-deformed AdSs x S® S-matrix, one has to
assume that ¢ = ¢/9 where v is a deformation parameter which is kept fixed in the limit
g — oo, and should be related to v. Then, due to the factorisation of the perturbative
bosonic world-sheet S-matrix and the g-deformed AdSs x S® S-matrix, it is sufficient to
compare the 7T-matrix (3.26) with the T-matrix appearing in the expansion of the “square
root” of S

1/2 i
SuliyLgS =1+ T (3.33)

where 1, is the graded identity which is introduced so that the expansion starts with 1.
The only term which is not straightforward to expand is the Sy scalar factor because
it contains the dressing phase #15. The scalar factor obviously can contribute only to the
part of the T-matrix proportional to the identity matrix. Since in the expansion of the
psu(2|2),-invariant S-matrix (B.3), 1,5 = 1 + ér, the element 71} is equal to 0 (because
a1 = 1), it is convenient to subtract T;}'1 = A;1 from the 7-matrix, and compare the
resulting matrix with the classical r-matrix. One should obviously remove the off-diagonal
terms from the classical r-matrix which appear due to the presence of fermions in the
full superstring action (2.1). With this done, one finds that they are equal to each other
provided v = iv, and therefore ¢ = e~*/9 is real. Thus, to show that T = 7 one should
demonstrate that A is equal to the 1/g term in the expansion of Sle{ (22).
should find the large g expansion of the dressing phase 615 which is done by first expanding

To this end one

the ratio of I'2-functions in (3.32) with u(z) and u(2’) being kept fixed. This is done in
appendix C, see (C.9). Next, one combines it with the expansion of the ﬁﬁ terms
! 2

which appear in the integrand of (3.31). As a result one finds that the dressing phase is
of order 1/g just as it was in the undeformed case [26]. We have not tried to compute the
resulting double integrals analytically but we have checked numerically that the element
Aj is indeed equal to the 1/g term in the expansion of S;L{ (22)
satisfies v < 1/v/2. At v = 1/1/2 the integral representation for the dressing factor breaks
down but it is unclear to us if it is a signal of a genuine problem with the g-deformed

if the deformation parameter v

S-matrix. In fact it is not difficult to extract from A; the leading term in the large g
expansion of the dressing phase which appears to be very simple

V2 (w1 —wa) +p3 (w1 — 1) —pf (w2 — 1) n

29 (p1 + p2) (3.34)

012 =

It would be curious to derive this expression from the double integral representation. Note
that doing this double integral one also could get the full AFS order of the phase.
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4 Conclusions

In this work we successfully matched in the large tension limit the tree-level bosonic S-
matrix arising from the sigma-model on the deformed AdS5 x S° space with the g-deformed
S-matrix obtained from symmetries. There are many other important issues to be ad-
dressed.

We identified NSNS background fields in the string frame. More studies are needed
however to extract RR fields since the latter couple directly to fermionic degrees of freedom.
Rather intricate field redefinitions should be performed to bring the deformed action to
the standard one for Type IIB superstring in an arbitrary supergravity background, thus
allowing the identification of the full bosonic background. It might be easier in fact just
to use the NSNS background fields and the type IIB supergravity equations of motion to
find the full supergravity background [21].

Next, the matching of S-matrices, successful at tree level, can be further extended by
computing admittedly more complicated loop corrections to the tree-level scattering matrix
of the light-cone sigma-model; this also requires taking fermions into account. It is natural
to expect that the deformation parameter v undergoes a non-trivial renormalization to fit
the parameter ¢ entering the exact, i.e. all-loop, g-deformed S-matrix.

It is also interesting to find explicit spinning string solutions of the n-deformed bosonic
sigma-model. Due to the singularity of the n-deformed AdS a particularly interesting
solution to analyse would be the GKP string and its generalisation [27, 28]. Then, in
the case of AdS, substituting the spinning Ansatz in the sigma-model equations of motion
leads to the emergence [29] of the Neumann model, a famous finite-dimensional integrable
system. One may hope that studies of the n-deformed sigma-model in this context may
reveal new integrable finite-dimensional systems which can be described as deformations of
the Neumann model. Furthermore, known finite-gap integration techniques can be applied
to obtain a wider class of solutions that generalize the solutions of the Neumann system.
Normally they are described by a certain algebraic curve which is supposed to emerge from
the Bethe Ansatz based on the exact gq-deformed S-matrix in the semi-classical limit. This
would serve as another non-trivial check that the two models, one based on the explicitly
known deformed action and the other based on the exact quantum group symmetry, have
a good chance to describe the same physics.

One can also adopt the logic of the undeformed case construction and use the exact
g-deformed S-matrix to engineer the mirror TBA equations for real ¢; a solution of this
problem is under way [30].

With the knowledge of a complete supergravity background and its symmetries for
the deformed case, one can approach perhaps the most interesting question about the dual
gauge theory. Since the deformation affects the isometries of the AdS space, the theory will
be neither conformal nor Lorentz invariant. Since there is a B-field on the string theory
side, one may expect that this theory is a non-commutative deformation of A’ = 4 super
Yang-Mills in the sense of the Moyal star product with a hidden quantum group symmetry
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which would include the two copies of the psu,(2[2) algebra. It would be fascinating to
construct such a theory explicitly.
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A The inverse operator and bosonic Lagrangian

To find the bosonic part of the deformed Lagrangian one needs to choose a coset represen-
tative g, and invert the operator 1 — 7ty od. We find useful the following parametrisation
of a bosonic coset element

go = <9a 0 ) 80 = AYR)EQ)S,(p), 85 = Mor) E(E)8:(r) - (A.1)

Here the matrix functions A, = and § are defined as

cos¥ sing 0 0
3.3 in & o
7 —sint cost 0 0
A e — h 5 E = 2 2 9 A2
(o) eXp(kz::l 5 Pk k) (v) 0 0 cos§ —sing (A.2)
0 0 sin¥ cos¥
p+ 0 0 p-
. 0 pyr —p— O VpP+1+1
o(p) = , pr=r— (A.3)
0 —p— p+ O V2
p— 0 0 py
ry 0 0 ar_
- 0 T+ —ir_ 0 \/1I|:\/1—7”2
g-(r) = : , TE=——————, (A.4)
0 —ir— 74 0 V2
1r_ 0 0 T4+

where the diagonal matrices h; are given by

hy = diag(—1,1,-1,1), he = diag(—1,1,1,—1), hg = diag(1,1,—1,—1). (A.5)
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In the undeformed case the AdSs coordinates ¢t = 3, ¥1, Y2, (, p are related to the
embedding coordinates Z4, A =0,1,...,5 obeying the constraint n4ZZ,Z5 = —1 where
nAB = (-1,1,1,1,1, —1) as follows

Zi+1iZs = peosCeV' | Zs+iZy=psinCe™?, Zy+iZs = /1 + p2e't, (A.6)

while the S5 coordinates ¢ = ¢3, ¢1, P2, &, r are related to the embedding coordinates
YA A=1,...,6 obeying Yj =1as

Yi+iYy =rcoséel® | Ya4iYVy=rsin€e®?, Ys+iYsg=V1-—r2e?. (A7)

An important property of the coset representative (A.1) is that the Ry operator is inde-
pendent of the angles ¥, and ¢y:

[1]

Ry, (M) = Ry(M). @:(@“ 0), Ba = ZO(0), G =ZO&0).  (AS)

0 gs
To compute the Lagrangian one needs to know the action of the operator 1/(1 —nRy o d)
on the projection M) and Myqq of an su(2|2) element M. This action on odd elements
appears to be g-independent

1 14+nRod

W(Modd) =T (Moda) - (A.9)

This action on M®?) factorizes into a sum of actions on M, and M where M, is the upper
left 4 x 4 block of M@, and M, is the lower right 4 x 4 block of M. One can check that
the inverse operator is given by

1 S8 +ntfs +n°hdy  mRyod+n?Rzodo Ryod
(Ma):(lJr??fsl 772f42 n 253 g g . g )(Ma)7
1—nRzod (1 —can?)(1 — dqn?) 1—cqn
(A.10)
L ( )=(1+773f§1+774f22+775h§3 77Rf;°d+772R§°dORéOd)( )
1 —-nRyod ° (1 —csn?)(1 — dsn?) 1—csn? o
(A.11)
Here
4p? 4p* sin® 492 47 sin?
Ca_7p22, da:*p Qg’ Cy = — VR d5:7 257 (A12)
(1—=n?) (1—=n?) (1—=n?) (1—=n?)
k k—2
flia(Ma) = ((Rgo )" = ca(Rg 0 d)" ) (Ma), (A-13)
k k—2
Fiaa(Ms) = ((Rgod)* — cs(Rg 0 d)" ™) (Ms), (A.14)
dq and ds appear in the identities
flg+2,k = daf]g,k_z ) flg+2,k = dﬁflg,k—2 , k=4,5,..., (A'15)
and hgs; and hi; appear in
53 = f53 — daf31, 53 = f33 — dsf3 - (A.16)
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The bosonic Lagrangian can then be easily computed and is given by (2.5-2.9). To find
the quartic Lagrangian used for computing the bosonic part of the four-particle world-sheet
scattering matrix, we first expand the Lagrangian (2.5) up to quartic order in p, r and their
derivatives

L= =552 (7 = 010511+ (14 52)p" (Lt 52 p) + Dapdsp(1+ (2 = 1))

+ Oath1Ogth1 p? €05 € + DathaDshap? sin? € + 0aCOpCp?| — 32€7 p sin 2001195C )

(A.17)
L = —g(l + 547 (17 [0a0050(1 — (14 52)r2(1 = 5212)) + Bardar(1 + (1 = )1?)
+ 8a¢185¢1r2 cos® & + 8a¢285¢2r2 sin® & + (9@{8557"2} + 6Pt sin 2§8a¢185§) .
Further, we make a shift
2 2
p%p—%pz)’, r—>r+%r3 (A.18)

so that the quartic action acquires the form
L= -1 4 52)3 aﬂ[—a t0 t(1+(1+%2) 24 L2142 4) +
a 9 v al0p p 2 p
+00p030(1 = 02 = % 0") + (07 = %0 (Outh1 05101 05> € + Datindatho sin® € + 0aC ¢ )|

—i—g%(l + %2)%eaﬁp4 sin 2¢0,1105¢ , (A.19)

2 = =5 (51000030 (1 = (L4587 + 1201+ 5200 +

2
—|—8a7‘857“<1 +7r2 4+ ”727‘4) + (1"2 + %7“4) (aaqﬁlﬁﬁgbl cos? € + Oa 20802 sin® ¢ + 8045855)}
—%%(1 +32)2 Pt sin 26001 05 . (A.20)

Changing the spherical coordinates to (z;, y;), see (2.12), and expanding the resulting action
up to the quartic order in z and y fields we get the quartic Lagrangian (2.13). Notice that
the shifts of p and 7 in (A.18) were chosen so that the deformed metric expanded up to
quadratic order in the fields would be diagonal.

It is also possible to choose a coset representative precisely in the same way as is done
in the undeformed case, see [22] for details. Accordingly, for the metric pieces we obtain

£C = —%(1 + 5429 | = GuOatOgt + G200z05% + G 200212052 +
+ GSQ) (ZgaaZ4 — 24aaZ3)(236524 — 246523)} , (A.21)
L5 = —%(1 +52) 2y {Gqﬁqbaad)aﬁﬁb + Gy OayiOpyi + G yidayiv;Oay; +

+ G (430014 — Y1003) (Y308Ys — y485y3)] - (A22)
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Here the coordinates z;, ¢ = 1,...,4, and t parametrize the deformed AdS space, while the

coordinates y;, ¢ = 1,...,4, and the angle ¢ parametrize the deformed five-sphere. The

components of the deformed AdS metric in (A.21) are?

o s/ . (1 - 22/4)?
tt — ’ = )
(1= 22/0)72 =227 =TT AEE D gy
2, .2 2 /4)2 2 :
ta+0-2/4) (2) Zi
G = PGy G o eP = T
) (- 22421+ 27 /4)2 ’ T2 /)
For the sphere part the corresponding expressions read
o = (1—y7/4)? o (1+y7/4)
(14 y7/4)% + 2y SR O S A BRI

2 2 2 2 2
ys +yi— (1L+yi/4) 2 _ 2 Yi
R

1
Gg ) = %ZGd)d)ny m .

Obviously, in the limit s — 0 the components Ggi) and Géi) vanish, and one obtains the
metric of the AdS; x S, c.f. fomulae (1.145) and (1.146) in [22]. Finally, for the Wess-
Zumino terms the results (up to total derivative terms which do not contribute to the
action) are

(232) + Zz)aa218622
(1= 27/4)% + 5223 (25 + 23)

2 2
1 + y4)0ay108Yy2
IWZ — _9g:(1 + %2); o (3 :
: (L4 2 /9% + 2292 (y3 + 1)

LWVZ = 2g3(1 + %2)% P
(A.25)

To complete our discussion of the bosonic Lagrangian of the deformed theory, let us
note that in the undeformed case the action is invariant with respect to two copies of
SO(4), one linearly acts z; and another on y;s. As is seen from the expressions above, this
symmetry is broken down to four copies of SO(2) ~ U(1). Thus, together with the two
U(1) isometries acting on ¢t and ¢ the deformed action is invariant under U(1)3 x U(1)3.

B The psu(2|2),-invariant S-matrix

The S-matrix compatible with psu(2]2), symmetry [6] has been studied in detail in the
recent work [10, 11]. To make the present paper self-contained, in this appendix we recall
its explicit form following the same notation as in [10].
Let E;; = Ez] stand for the standard matrix unities, 7,5 = 1,...,4. We introduce the
following definition
By = (1) VP, @ B, (B.1)

where €(i) denotes the parity of the index, equal to 0 for ¢ = 1,2 (bosons) and to 1 for
i = 3,4 (fermions). The matrices Fj;; are convenient to write down invariants with respect

4Note that the coordinates y; and z; are different from the ones appearing in the quartic Lagrangian
(2.13) because the non diagonal components of the deformed metric do not vanish.
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to the action of copies of su,(2) C psu,(2(2). If we introduce

Ay
Ao
A3

Ay

A5
Ag
Az

Ag

Ag
Ao

q
= FEi111 + §E1122 +

1

2
1

1
= —Fii22 — gE1221 — —Fo112 + - E2o11,

2

1
= F3333 + gE3344 + -

2 2q 2

2 2( 2 2

1

1
= —FEj3344 — gE3443 — —F13314 + - Ey33,

2

2 2q 2

= F1133 + Er144 + Eo233 + Eo244,
= E3311 + E3322 + Eaa11 + Eaa22,

1
= Fi324 — qE1423 — 5E2314 + Eo413,

1
= FE3142 — qE3214 — 5E4132 + E4231 ,

= E1331 + Era41 + Ea332 + Eoga2,
= F3113 + E3293 + Ey114 + Ea224,

the S-matrix of the g-deformed model is given by

O

S12(p1, p2) Z (p1,p2) Ak s

where the coefficients are

ay

a2

as

a4

as

ae

az

asg

ag

aio

UaVawf — oy | 2UsVaw; (af —a3)(1—ayaf)

1 1 q
~(2—¢*)Fram + 5E2112 + §E2211 + E2920,

1
2 — ¢*)E3443 + = FEy334 + gE4433 + Eqa4 ,

UVia g Vi (e - a3) (1 @y 1)
oy —ay
VaUiVi(zy — 3)
VaU2Va(zy —x3)

- F
Ty — Lo

ig (o] — 1) ] —af)(f — a3)

2 VAU Vi(z] — z3)mve
2 UsVawy oy (o) — 23)7172

3 _ —
g q2$1+$§r(951 - 95;)(951 Ty —1)
(z7 — 2 )%

(z] —23)n
UaVo(ay — 23 )m
UiVi(z] — 2372
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Here the basic variables 2* parametrizing a fundamental representation of the centrally
extended superalgebra psu,(2|2) satisfy the following constraint [6]

(o)l (e

where the parameter £ is related the coupling constant g as

_ i gla—qh) o
¢ RN = (B-6)

The (squares of) central charges are given by

Ui2 ]..CU +§ eipi V2: ix;—i—f
qx; +¢

(B.7)

and the parameters -; are

Vi = qi\/zg(%; — 2 )UiVi. (B.8)
The g-deformed dispersion relation £ takes the form

2 2
2 £/2 _ —E/2 1/2 _ —1/2
g —1\2 q q 2 . 9D q q
1—* — —_— — 100 B— e — . Bg
( L(a—a ))( = 1/q > g 5 ( = 1/q ) (B.9)

Finally, we point out that in the g-deformed dressing phase the variable u appears which
is given by

1 +o &+
S

C Expansion of the g-deformed Gamma-function

We take ¢ = e/9, keep z fixed and send g — oo. We are interested in the leading term
only. At the end we analytically continue to imaginary v. We have [§]

. FqQ(l + gx) — o /OO £< 2 (efth _ 61):625) 3 g (efuxt _ evmt) 3 ) (efvxt _ 6’L)It>
- v 2 2
Lg2(1—gx) o 1 (eTt — 1) (e —1) v(em —1) gm (e%t — 1)
gm (ef'uxt o ev:rt) v (efvzrt o ev:}ct) 29506% 2gl’€t(ﬂ—+%) e~ vzt _ cuat e~ vzl _ Quat
+ Tt 1\2 o vt 7+ Trt_l+ w1 + vt + Tt _ 1 )
v (e 1) gﬂ(e?—l) e e e —1 e

(C.1)

We understand integrals of the form [;° dtF(t) as in [23]

/Oo th(t)E/ A p) n(—1), (C.2)
0 Co
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\‘/

Figure 1: The integration contour Cy in the integral fCo At P(t) In(—t).

2me

where the integration contour Cy goes from +o0o0+i0 above the real axis, then around zero,
and finally below the real axis to +o0o0 — ¢0, see Figure 1. Then the terms on the second
line of (C.1) can be easily computed by using the functions introduced in [24]°

oo dt e 13 22 3z 22 15
‘}712(23,(1):‘/O t(emf—]_)Q_]_Q+2_2_’y<_Z+ —l—(z—l)logF(Q—z)

2 12
2
+¢(72)(2 —z) —log(A) — %log(27r) — <22 —z+ 1;) loga,

o dt et
Fi(z,a) = /0 ?ﬁ:Fg(qul,a)—Fg(z,a)

1 1 a
= —y(z — 5) +1logl'(1 — 2) — zloga + 5 log (277) , (C.3)

0

F[)(Z) n

where (=2 (2) is given by
2 (2) = / dtlogT (1) | (C.4)
0

and A is Glaisher’s constant which satisfies log(A) = 1/12 — ¢/(—1) and ¢ is the Riemann
zeta function.

Thus, the terms on the second line of (C.1) are equal to

i =22 (FQ (—w,ﬂ) —F <x,ﬂ)> + = (FQ (—gw, U) —F (933’ U))
v m m gm g g
+ 292 Fy (U,W> + 29z Fy (1 - U,7T> + I (-g% U) - " (gm, U>
g g g g

+ F (—1;::,71') - R (1::,71') . (C.5)

The integral on the first line of (C.1) is convergent at ¢ = 0, and one can expand the
integrand in powers of 1/g. One gets for the leading term

. > dt ,2sinh(vxt 4 sinh(vxt 27 sinh(vxt
g [ (2 (vzt) (rt)) o)

t Tut? vt(l—em™)  y (et —1)2

®The function F» is a simple modification of the one introduced in [24].
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These integrals can be computed by using the functions

o dt et 1
Ho() = [ 5 5 = 35 log(—2) + 27 - 3), (1)
0t ezat 2 P 1 22 z 1
A Y\ I (AR R
Gi(z,a) /0 I at(ei = 1) og( H( 5 T3 12) Og(a)+7< 5 T3 12>
(1= 2) 4 %(1 — 2)log(2n). (C.8)

Summing up ¢ and io and taking the large g limit one gets for the leading term

og m A g( — 22 + 2xlog(g) + z(log(—z) + log(x))) (C.9)
+ ng(w(‘z)(l - ) -0+ ).

The analytic continuation of this expression to imaginary x and v is straightforward.
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