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bETH Zürich, Institut für Theoretische Physik, Wolfgang-Pauli-Str. 27, CH-8093 Zurich, Switzer-
land

cInstitut für Mathematik und Institut für Physik, Humboldt-Universität zu Berlin, IRIS Gebäude,
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1 Introduction

Determining the exact spectrum of a free string propagating on a generic given background
is a highly non-trivial problem. In particular, already the maximally symmetric AdS5×S5

space emerging in the canonical example of the AdS/CFT correspondence [1] results in a
very complicated world-sheet theory [2]. Fortunately however, in the case of AdS5×S5 it is
possible to treat the model as a quantum integrable field theory, presenting an opportunity
to study it using well established techniques (see [2, 3] for reviews).

Recently there was an interesting proposal on how to deform the string sigma model
on AdS5 × S5 in a way which maintains its classical integrability [4].1 The deformation is
controlled by a real deformation parameter η which is why we refer to the corresponding
model as the ‘η-deformed model’ or as a ‘string on

(
AdS5 × S5)

η’.
2 Our main interest lies in

the fact that the deformation breaks supersymmetry as well as all non-abelian isometries,
while still leaving us with an exciting possibility to solve the model exactly.

1Some earlier and related work on sigma model deformations can be found in [5–12].
2While the presence of κ-symmetry on the world-sheet is a quite nontrivial and stringy statement, it

has thus far not been concretely established that the resulting deformed target spaces are proper string
backgrounds. We will nonetheless continue to refer to these models as strings.
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Another interesting aspect of the η-deformed model is related to its hidden symmetries.
It is well known that in the light-cone gauge the symmetry algebra of the AdS5×S5 super-
string constitutes two copies of the centrally extended superalgebra psu(2|2). This superal-
gebra admits a natural deformation in the sense of quantum groups, denoted psuq(2|2)c.e.,
where q is the deformation parameter. This deformed algebra can be used to determine
the psuq(2|2)⊕2

c.e.-invariant S-matrix [13] which in turn can be viewed as a q-deformation
of the light-cone world-sheet S-matrix of the AdS5 × S5 superstring. A link between this
S-matrix approach based on symmetries and the physical η-deformed model has been re-
cently established in [14]. There it was shown that in the large tension limit (g →∞) the
tree-level bosonic S-matrix arising from the η-deformed model matches perfectly with the
q-deformed S-matrix provided the deformation parameter is identified as

q = e−ν/g , where ν = 2η
1 + η2 .

This observation supports the hypothesis that in the full quantum theory the symmetry
algebra of the η-deformed model is given by two copies of psuq(2|2) upon proper identifica-
tion of q in terms of η and the string tension. Armed with this hypothesis, in the present
paper we apply the Thermodynamic Bethe Ansatz (TBA) approach [15] to this η-deformed
model and obtain the equations governing its spectrum similarly to how this was done in
the undeformed case [16–19] and the case where the deformation parameter q lies on a
circle [20–22].

Without knowledge on how the deformation parameter q depends on η and g in full
quantum theory, we simply assume that q = ea and treat a as a generic (real) parameter.
We then introduce a second independent parameter ϑ (∈ [0, π]) as a particularly convenient
function of the (renormalized) coupling constant and q. As such we will be treating a two-
parameter family of models.

To derive the ground state TBA equations, we are naturally led to study mirror theories
which are obtained from the original ones by interchanging the role of space and time,
i.e. by doing a double Wick rotation [15]. In contrast to relativistic integrable models
the emerging mirror models are stunningly different from the original string models (the
dispersion relation, scattering and bound states, the definition of the physical region, etc.,
all differ considerably) [23].

The presence of the deformation parameter introduces a new twist in the relationship
between the original models and their mirror versions. We find that if we treat our (de-
formed) string models as a continuous family parameterized by ϑ, then the mirror model
corresponding to a string model with parameter ϑ0 is actually equivalent to a string model
with parameter π − ϑ0. In other words, the strings in this family are equal to the mirror
versions of other strings from the same family. We refer to this phenomenon as ‘mirror
duality’. In this paper we provide some evidence for this mirror duality by studying the
(exact) dispersion relation and scattering theory, as well as the semi-classical world-sheet
theory. In the latter case, as a byproduct we derive both the string and the mirror giant
magnon solutions, confirming the dispersion relations of the corresponding theories.
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Coming to the TBA equations, apart from the domains of the Y-functions we find that
there is no qualitative change with respect to the undeformed case. There is an infinite
number of Y-functions, and all of them except Y+ and Y−, are supported on a cylinder (the
interval (−π, π]), while Y+ and Y− are supported on the interval (−ϑ, ϑ). This distinguishes
deformations with q real from those with q being a phase, as in the latter case the number
of Y-functions can be finite [20–22].

The paper is organized as follows. In section 2 we summarize the relevant physical
properties of the q-deformed S-matrix. In section 3 we discuss our parametrization of the
model. Section 4 is devoted to demonstrating mirror duality of the scattering theory. In
section 5 we discuss mirror duality of the sigma model in the semi-classical regime and
find giant magnon solutions. In section 6 we propose the TBA equations for the deformed
model. Section 7 contains our conclusions and interesting avenues for further investigation.
Relevant technical details are gathered in four appendices.

2 The world-sheet S-matrix

Let us begin by introducing and summarizing the relevant properties of the exact world-
sheet S-matrix of the deformed theory.

As was shown in [14], the bosonic semi-classical two-body world-sheet S-matrix of the
η-deformed sigma model coincides with the semi-classical limit of the bosonic part of the
psuq(2|2)⊕2

c.e. invariant S-matrix constructed as3

S(p1, p2) = Ssu(2)S⊗̌S , (2.1)

where S is the psuq(2|2)c.e. invariant S-matrix [13] explicitly given in appendix A.1, and

Ssu(2)(p1, p2) = 1
σ2(p1, p2)

x+
1 + ξ

x−1 + ξ

x−2 + ξ

x+
2 + ξ

· x
−
1 − x

+
2

x+
1 − x

−
2

1− 1
x−1 x

+
2

1− 1
x+

1 x
−
2

. (2.2)

The dressing phase σ is a solution of the crossing equations discussed in appendix A.2,
making the full S-matrix crossing symmetric. To understand the meaning of the parameters
x± (with a subscript to indicate the particle) and ξ we recall that in this picture the
world-sheet excitations transform under two copies of the fundamental short representation
of psuq(2|2)c.e.. Now the fundamental representation of psuq(2|2)c.e. can be conveniently
parametrized in terms of the parameters x+ and x−, while the shortening condition is met
provided these parameters satisfy the constraint

1
q

(
x+ + 1

x+ + ξ + 1
ξ

)
= q

(
x− + 1

x−
+ ξ + 1

ξ

)
, (2.3)

where ξ and q can be viewed as free parameters labeling the centrally extended quantum
deformed algebra. We will relate these parameters to the string tension and deformation
parameter of the string background shortly.

3We closely follow the approach and notation of the undeformed string reviewed in [2].
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We will take the central elements U and V of psuq(2|2)c.e. in the fundamental repre-
sentation to be related to the energy E and momentum p of the world-sheet excitations in
the same fashion as in the phase-deformed case [20], namely

V 2 = q
x+

x−
x− + ξ

x+ + ξ
≡ qE , U2 = 1

q

x+ + ξ

x− + ξ
≡ eip . (2.4)

Also, there is a natural ‘coupling constant’ h in the algebra, related to ξ and q as

ξ(h, q) = − i2
h(q − q−1)√

1− h2

4 (q − q−1)2
. (2.5)

In terms of h the shortening condition reads

(V − V −1

q − q−1

)2
− h2

4 (1− U2V 2)(V −2 − U−2) = 1 , (2.6)

which is equivalent to (2.3) above via eqs. (2.4) and h(ξ, q).

Semi-classics

As indicated in the introduction, to match the world-sheet S-matrix of the deformed sigma
model in the semi-classical regime, the deformation parameter q needs to be real and related
to the deformation parameter η and the ‘effective string tension’ g as

q = e−ν/g , where ν = 2η
1 + η2 . (2.7)

This effective string tension g is introduced in [14] as a conventional normalization of the
deformed sigma model action such that it agrees with the ‘algebraic’ coupling constant h
introduced above,

g = h , (2.8)

at least in the semi-classical regime. We should note that the identification (2.7) of [14]
strictly speaking holds for all ν 6= 1, as the limit ν → 1 is not directly well defined. We
will come back to this point. The semi-classical dispersion relation is perfectly reproduced
in the limit g →∞ via the identification (2.4), provided we rescale p→ p/g as usual. We
will provide a further check of our exact dispersion relation at the end of section 5 when
we consider (mirror) giant magnons. Note that semi-classically

ξ = i
ν√

1− ν2
. (2.9)

Beyond the semi-classical regime

We will assume that the natural identification of the exact S-matrix as well as the energy
and momentum in terms of the central charges in eqs. (2.4) holds beyond the semi-classical
regime, though we should keep in mind that the precise identification of q as a function of
g and η outside the semi-classical limit is currently unknown, and not unrelatedly, that the
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relation between g and h might undergo nontrivial renormalization.4 One important fact
to note in this regard is that while q being real is necessary for unitarity of the q-deformed
S-matrix, it is not sufficient. In fact, if we parametrize

q = e−a , (2.10)

the S-matrix is unitary for
0 ≤ h2 sinh2 a ≤ 1 (2.11)

but loses its unitarity when we cross this bound. In other words, the real-q–deformed S-
matrix is unitary for imaginary ξ, but not when ξ is real. Interestingly, the semi-classical
identification (2.9) precisely covers all (positive) imaginary ξ, as ν is allowed to run from
zero to one, but note that ν = 1 is a subtle point since the unitarity bound is violated for
any large but finite g, and the bound is approached from the wrong side in the strict limit
g →∞. Working under the assumption that our q-deformed S-matrix really represents the
exact S-matrix of the deformed sigma model, it is also clear that the semi-classical relation
(2.7) as it stands with g = h can not hold in general, as it would result in a non-unitarity
S-matrix for small g. We presume that the precise interpolating forms of q(η, g) and h(η, g)
are such that unitarity is preserved, but at the moment do not have further constraints
to provide. It is for example entirely possible that the appealingly simple semi-classical
relation (2.7) holds for general η and g, but that the functional form of h(η, g) is such
that unitarity is nonetheless preserved, or vice versa that the identification h = g holds
as for the undeformed model, but that the semi-classical relation (2.7) gets corrected. For
instance, we might imagine that

a = arcsinh ν
h
, and h = g , (2.12)

which is nothing but the direct extension of the semi-classical identification of ξ and h

in terms of ν and g respectively. Without further data however, we should allow for the
most generic situation and hence we will only assume that q and h depend on η and g in
a definite and unitarity-compatible fashion. From this point on we will therefore work in
terms of the ‘algebraic’ quantities a (log q) and h (or ξ), which are closer to the relevant
parameters parametrizing our problem anyway. Since semi-classically a is naturally positive
(0 < q < 1) we will focus on this regime in the parameter space. Some definitions are more
naturally inverted for negative a (q > 1) as we will indicate where relevant. It is similarly
natural to focus on positive imaginary ξ, though our definitions are not sensitive to this
and some concepts are more elegantly expressed by allowing negative imaginary ξ. At the
end of the next section we will see that this region covers all unique S-matrices.

3 Parametrization

Fundamental short representations of psuq(2|2)c.e. can be identified with points on a torus
[20], uniformizing the shortening condition on the central charges. Rather than working

4This possible nontrivial dependence of h on g is similar to the situation for the AdS4×CP3 sigma model
[24, 25]. It is important to note however that here the effect is due to the deformation parameter η and
must disappear in the limit η → 0.
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with this torus however, we can also map the most general solution of the shortening
condition to a cylinder with cuts. As the unitarity constraint is equivalent to imaginarity
of ξ, it is convenient to change variables from the unitarity-constrained h and a to ϑ and
a, where

ξ = i tan ϑ2 , (3.1)

meaning we parametrized
h sinh a = sin ϑ2 . (3.2)

We then introduce a rapidity u via

eiu := −
x+ 1

x + ξ + 1
ξ

ξ − 1
ξ

, (3.3)

which takes values on a cylinder (Re(u) ∈ (−π, π]). Up to inversion this gives us two
canonical x-functions on the cylinder, the ‘string’ x-function

xs(u) = −i cscϑ

eiu − cosϑ− (1− eiu)

√
cosu− cosϑ

cosu− 1

 . (3.4)

and the ‘mirror’ x-function5

xm(u) = −i cscϑ

eiu − cosϑ+ (1 + eiu)

√
cosu− cosϑ

cosu+ 1

 . (3.5)

Parametrized this way it readily follows from eqn. (2.3) that

x±(u) = x(u± ia) . (3.6)

These functions have branch points at ±ϑ, with the branch cut of xs running between
these points through the origin and that of xm running through π. These functions are
each others’ analytic continuation through their respective cuts, and in particular they
are equal on the lower half of the complex plane and inverse on the upper half. As in
the undeformed case we only really need one type of x-function to describe the general
solution of the constraint (2.3), taking the pair {x+, x−} to be given by {x+

s/m, x
−
s/m},

{x+
s/m, 1/x

−
s/m}, {1/x

+
s/m, x

−
s/m}, and {1/x+

s/m, 1/x
−
s/m} respectively. Still both functions

are relevant due to their differing cut structure and conjugation properties

[xs(u)]∗ = xs(u∗) + ξ

xs(u∗)ξ + 1 , [xm(u)]∗ = xm(u∗)ξ + 1
xm(u∗) + ξ

. (3.7)

Let us also note that changing the sign of ϑ(ξ) simply changes the sign of the x-functions,
and changing the sign of a trivially interchanges the values of x+ and x−. By rescaling
u → agu, identifying ϑ(a, g) via eqs. (3.2) and (2.8), and taking the limit a → 0+ these
functions and their domains readily become their undeformed counterparts with shifts
implemented by ±i/g.6 Explicit expressions for E and p and defined by (2.4) in terms of
u can be found in appendix A.1.

5For a < 0 it is more natural to denote the inverse of this function by xm.
6The limit a→ 0− of xm gives the inverse of the conventional undeformed mirror function, for xs there

is no such distinction.
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Properties of the exact S-matrix

In addition to being (physically) unitary, Hermitian analytic, and satisfying the Yang-
Baxter equation, on the u-cylinder it is easy to see that our q-deformed S-matrix is invariant
under a change of sign of ϑ(ξ) at fixed a(q)7

S(u, v;ϑ, a) ' S(u, v;−ϑ, a) , (3.8)

which follows from invariance of the S-matrix under a sign flip on the x-functions. In terms
of momentum this reads

S(p1, p2;ϑ, a) ' S(p1, p2;−ϑ, a) . (3.9)

Next, noting that under inversion of q at fixed ϑ we effectively interchange x+ and x−, it
is not too hard to convince ourselves that

S(u, v;ϑ, a) ' S−1(u, v;ϑ,−a) , (3.10)

anywhere on the string and mirror u-cylinders.8 This property might look a little strange in
the limit q → 1 (due to our normalization of rapidities), however noting that the momentum
switches sign under an inversion of q we can also represent this relation as

S(p1, p2;ϑ, a) ' S−1(−p1,−p2;ϑ,−a) . (3.11)

Put together with eqn. (3.9) this tells us that the S-matrix also inverts under inversion of
q at fixed h

S(p1, p2;h, a) ' S−1(−p1,−p2;h,−a) . (3.12)

These properties look like q-deformed generalizations of the parity transformation property
of the AdS5×S5 world-sheet S-matrix, see e.g. [2], but have little to do with actual world-
sheet parity as they do not leave q invariant. The relevant behaviour of our S-matrix with
regard to parity is

S(−p1,−p2;h, a) ' (B ⊗B) S−1(p1, p2;h, a) (B ⊗B)−1 , (3.13)

where B = A⊗A with A = diag(σ1, σ1), and σ1 is the first Pauli matrix.9 This shows that
the spectrum of our theory is parity invariant. The matching behaviour of the dressing
phase under the above transformations is discussed in appendix A.2.

7These statements should all be taken in the sense of the unitary equivalence discussed in appendix A.1.
8Note that this transformation involves changing the sign of a, and hence the transformation required

for the mirror transformation in the S-matrix on the right hand side. As the entire S-matrix is invariant
under x→ 1/x however, this subtlety is of little consequence at this particular point. It is important when
identifying the mirror momentum (see section 4) however, and is the reason for the sign change in the
equation just below also for the mirror theory.

9Not coincidentally, this is precisely the similarity transformation involved in the pseudo-unitarity of the
phase-deformed S-matrix [20, 22].
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The dispersion relation

With a proposal for the exact world-sheet S-matrix in hand, the other ingredient we need
is the dispersion relation. To get the world-sheet dispersion relations we extend the semi-
classics–compatible identification (2.4) to the full theory, and via eqn. (2.6) immediately
obtain

cos2 ϑ

2 sinh2 a E
2 − sin2 ϑ

2 sin2 p

2 = sinh2 a

2 , (3.14)

or just

E(p) = 2
a

arcsinh

√
sec2 ϑ

2 sinh2 a

2 + tan2 ϑ

2 sin2 p

2 (3.15)

for the positive energy branch. Note that this dispersion relation is invariant under changes
of sign of a and ϑ. It is clearly not relativistic, and is not invariant under the mirror
transformation

E → ip̃ , p→ iẼ , (3.16)

where p̃ and Ẽ are the mirror momentum and energy, respectively. This dispersion relation
does exhibit an interesting feature however. Namely, if we take eqn. (3.14) and combine
a double Wick rotation with a rescaling of the energy and momentum as E → ±E/a and
p→ ±p a (all choices of signs), the dispersion relation at ϑ = ϑ0 becomes precisely that of
our model at ϑ = ϑ0 +π, without the Wick rotations! This is very interesting as it suggests
a relation between world-sheet theories with ϑ ∈ (−π/2, π/2] and the mirror versions of
world-sheet theories with ϑ ∈ (−π,−π/2] ∪ (π/2, π], and vice versa. Let us discuss this
relation in more detail.

4 Mirror models and mirror duality

We can parametrize all real values of momentum and (positive) energy satisfying our
deformed dispersion relation (3.15) by a real rapidity u by identifying the x-functions
in eqs. (2.4) by the xs-function (3.4). Requiring the mirror transformation (3.16) to result
in positive mirror energies and real mirror momenta we find that this is accomplished by
the analytic continuation10

xs → xm . (4.1)

Let us stress that this mirror transformation relates a model at a given value of ϑ to its
mirrored cousin at the same value of ϑ. The resulting values of the central charges, denoted
Ũ and Ṽ , are related to the mirror energy and momentum via eqn. (2.4) coupled with the
mirror transformation (3.16), or just

Ṽ 2 = qip̃ , and Ũ2 = e−Ẽ . (4.2)

Now we saw that at the level of the dispersion relation (shortening condition) shifting ϑ by
π was somehow closely related to the mirror transformation. In fact, shifting u in the same

10This can of course be discussed on the uniformizing torus (see [20] or [22]), here we opted to keep these
technical details to a minimum. Also, note that the transformation requires an inverse on xm should we
wish to consider a < 0 in our current parametrization.
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mirror transformation

ϑ→ ϑ+ π

u→ u+ π

xs|ϑ=ϑ0

xm|ϑ=ϑ0

xs|ϑ=ϑ0+π

−ϑ ϑ

Figure 1. Mirror duality for the x-functions. The cuts of the xs function with ϑ shifted by π

(bottom) are of the same length as the original xm function (right). In fact, the corresponding
functions are identical upon shifting u (rotating) by π.

manner, at this level it is equivalent to the mirror transformation! We have illustrated this
idea in figure 1. Concretely we have11

xs(u+ π)|ϑ=ϑ0+π = xm(u)|ϑ=ϑ0
, (4.3)

anywhere on the cylinder with cuts. Since we will be considering these shifts often, let us
introduce the notation

f({u})|ϑ̃0
≡ f({u+ π})|ϑ=ϑ0+π , f({u})|ϑ0

≡ f({u})|ϑ=ϑ0
. (4.4)

Noting that ξ → 1/ξ, under this ‘duality’ transformation we then have

eip = U2 → Ṽ 2 = qip̃ , qE = V 2 → Ũ2 = e−Ẽ , (4.5)

as readily follows from the shortening condition rewritten as

q2x
+

x−
x− + ξ

x+ + ξ

x− + 1/ξ
x+ + 1/ξ = 1 . (4.6)

In other words we have

aE(u)|ϑ̃0
= Ẽ(u)|ϑ0 , while p(u)|ϑ̃0

= −a p̃(u)|ϑ0
. (4.7)

The relative sign in the relation between the momenta will be important later. Before
moving on, note that the parity transformations p→ −p and p̃→ −p̃ both correspond to

11In line with figure 1, note that since our rapidity is a periodic variable, branch points at ±ϑ are
equivalent, or ‘dual’, to branch points at ±(ϑ+ π), only our way of connecting the branch cut through the
origin or π distinguishes our string and mirror x-functions. Shifting the rapidity by π, the branch cuts of
the string and mirror functions coincide with those of the mirror and string functions at the dual ϑ value
respectively. The rest is a manner of conventions.
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u→ −u, with the x-functions satisfying

xs(−u) = − xs(u) + ξ

xs(u) ξ + 1 , and xm(−u) = −xm(u) ξ + 1
xm(u) + ξ

(4.8)

Moving our discussion beyond the dispersion relation and on to the scattering theory is a
little more involved but can be readily done.

Mirror duality of the scattering theory

We can understand how to relate the scattering theory of the dualized string theory to that
of the mirror theory through their respective bound state structures. As is well known from
the undeformed case, the bound state pole of the string S-matrix in the bosonic channel
(formally) corresponds to a zero in the fermionic channel of the mirror theory, and vice
versa. This means that under mirror duality we need bosonic zeroes and poles to turn into
fermionic poles and zeroes respectively. Since the notion of pole and zero in this context
exchange under a change of sign of momentum (recall relation (4.7)), the simplest way
this can be realized is for mirror duality to relate string and mirror S-matrices by flipping
the sign of momentum and interchanging bosons and fermions. Indeed, upon taking the
grading into account12 this is precisely what happens, namely(

D ⊗̌D
)
S(p1, p2)

(
D̂ ⊗̌ D̂

)
|ϑ̃0

= S̃(−p̃1,−p̃2)|ϑ0 , (4.9)

where D = (−1)FM ⊗M and D̂ = M ⊗ (−1)FM , F is the fermion number operator in
C2|2, and M is the matrix representation of the permutation (3412) of the basis of C2|2.
We can get eqn. (4.9) as follows. Firstly, the matrix part of the S-matrix simply flips the
signs of its momenta under the action of D, up to the fermionic scattering amplitude a3
given in appendix A.1, i.e.

DS(p1, p2) D̂ = a3(p1, p2)S(−p1,−p2) . (4.10)

This leaves the scalar factors to be matched. Let us recall

Ssu(2)(p1, p2) = 1
σ2(p1, p2)

x+
1 + ξ

x−1 + ξ

x−2 + ξ

x+
2 + ξ

· x
−
1 − x

+
2

x+
1 − x

−
2

1− 1
x−1 x

+
2

1− 1
x+

1 x
−
2

, (4.11)

and introduce the natural mirror scalar factor

Ssl(2)(p̃1, p̃2) = 1
Σ2(p̃1, p̃2)

x−1
x+

1

x+
2
x−2

x+
1 + ξ

x−1 + ξ

x−2 + ξ

x+
2 + ξ

x+
1 − x

−
2

x−1 − x
+
2

1− 1
x+

1 x
−
2

1− 1
x−1 x

+
2

, (4.12)

where

Σ(p̃1, p̃2) ≡
1− 1

x+
1 x
−
2

1− 1
x−1 x

+
2

σ(p̃1, p̃2) , (4.13)

12See e.g. section 3.1.2 of [2]. At the level of the graded S-matrix we really have a similarity transformation
by a graded tensor product of Ms.
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is the improved mirror dressing phase. We will always signify analytic continuation to
the mirror theory by explicit dependence on p̃. Formally Ssl(2) is just the bosonic scalar
scattering amplitude Ssu(2) times the fermionic matrix scattering amplitude (a3)2. Now
eqn. (4.9) follows from two copies of eqn. (4.10) multiplied by Ssu(2), provided

a2
3(p1, p2)Ssu(2)(p1, p2)|ϑ̃0

= Ssu(2)(−p̃1,−p̃2)|ϑ0 , (4.14)

or, in terms of the natural quantities,

Ssu(2)(p1, p2)|ϑ̃0
= Ssl(2)(−p̃1,−p̃2)|ϑ0 . (4.15)

Comparing expressions (4.11) and (4.12) and taking into account eqs. (4.6) and (4.8) and
the fact that ξ is inverted at ϑ + π, we readily see this holds provided we factor out the
corresponding dressing phases

σ2(pi, pj)Ssu(2)(pi, pj)
∣∣∣
ϑ̃0

= Σ2(−p̃i,−p̃j)Ssl(2)(−p̃i,−p̃j)
∣∣∣
ϑ0
. (4.16)

The most nontrivial statement is then that

σ(pi, pj)|ϑ̃0
= Σ(−p̃i,−p̃j)|ϑ0

, (4.17)

which holds within the so-called physical strip −ia < Im(u) < ia, as can be readily verified
numerically. Outside this region there is no immediate agreement because the cut structure
of these two objects is complementary by construction, due to the shift of u by π under
the duality (on the torus this is a shift by a quarter of the real period), but this is just a
matter of analytic continuation. In line with this, the crossing equations are compatible
when understood to have their dual crossing transformation implemented in the opposite
direction on the torus.

In the above discussion we could have traded the sign on momenta for inverse S-
matrices (cf. eqn. (3.13)), but we feel this might cloud the physical picture. Of course
these statements of mirror duality concretely translate to the diagonalized level.

Mirror duality of the Bethe-Yang equations

Let us start with the Bethe-Yang equations for our deformed string theory [20, 21]

1 = eipiJ
KI∏
i 6=k

Ssu(2)(pi, pk)
∏
α=l,r

KII
α∏

i=1

1
√
q

y
(α)
i − x+

k

y
(α)
i − x−k

√√√√x−k
x+
k

, (4.18)

where cf. eqn. (2.2)

Ssu(2)(p1, p2) = 1
σ2(p1, p2)

x+
1 + ξ

x−1 + ξ

x−2 + ξ

x+
2 + ξ

· x
−
1 − x

+
2

x+
1 − x

−
2

1− 1
x−1 x

+
2

1− 1
x+

1 x
−
2

, (4.19)

along with a set of auxiliary Bethe equations for each α

1 =
KI∏
i=1

√
q
yk − x−i
yk − x+

i

√√√√x+
i

x−i

KIII∏
i=1

sin 1
2(νk − wi − ia)

sin 1
2(νk − wi + ia)

, (4.20)

−1 =
KII∏
i=1

sin 1
2(wk − νi + ia)

sin 1
2(wk − νi − ia)

KIII∏
j=1

sin 1
2(wk − wj − 2ia)

sin 1
2(wk − wj + 2ia)

, (4.21)
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that arise in the standard manner by diagonalization of the transfer matrix through the
(algebraic) Bethe ansatz, here done with respect to a bosonic reference state (vacuum).
Here KI represents the number of world-sheet excitations, and the full set of excitation
numbers is directly related to the set of global charges of our string, as described at the
end of appendix A.1. As usual, y is related to ν as x is to u in eqn. (3.3), meaning we are
free to take y = (xs(ν))±1, as long as we allow for both options. Parity invariance of the
above equations follows by the relations (4.8), so that the full set of Bethe-Yang equations
inverts upon flipping the sign of all rapidities (including the νs and ws).

Upon dualization we would like these equations to be equivalent to the mirror Bethe-
Yang equations

1 = eip̃iR
K̃I∏
i 6=k

Ssl(2)(p̃i, p̃k)
∏
α=l,r

K̃II
α∏

i=1

√
q
y

(α)
i − x−k
y

(α)
i − x+

k

√√√√x+
k

x−k
, (4.22)

where the auxiliary Bethe equations are formally the same as eqs. (4.20) and (4.21),
but with fermionic excitation numbers K̃. These are equal to the bosonic ones, with the
exception that

KII = K̃I − K̃II + 2K̃III . (4.23)

To see that the Bethe-Yang equations are dual, first note that the duality transforma-
tion (4.4) formally leaves the auxiliary equations invariant (shift also the νs and ws by π

and identify y via (xm(ν)|ϑ0)±1 rather than (xs(ν)|ϑ̃0
)±1). To match individual states we

of course need to identify
{K} = {K̃} , (4.24)

under mirror duality, which is nothing but the action of D translated to the diagonalized
level. Next, by eqn. (4.15), dualization precisely turns the scattering terms in eqs. (4.18)
into the inverse of those in eqs. (4.22) (by parity). Combining this with the duality
relation (4.7) between the momenta, we find that the dualized string Bethe equations are
nothing but the mirror Bethe-Yang equations at ϑ = ϑ0 in inverse form, under the above
identification of charges (excitation numbers) and the identification

R = aJ . (4.25)

Let us emphasize that the relation between the momenta in eqn. (4.7) is taken into ac-
count by this rescaling of length; the momentum identification itself goes through without
rescaling. Provided we now take into account the energy rescaling in eqn. (4.7) the energy
spectra of these theories will also manifestly agree. This shows that our string theories
at ϑ = ϑ0 + π and their mirrored versions at ϑ = ϑ0 have identical dispersion relations
and scattering properties at any given a; they represent one and the same theory. We will
revisit the length identification (4.25) at a later stage.

One note regarding the physical parameter space is in order. Earlier we saw that
the (semi-classical) sigma model is parametrized by positive imaginary ξ. The duality
transformation as described above would take ξ out of this domain. To get back, we can
combine the transformation (4.4) with the sign change ξ → −ξ, which leaves the model
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string theory

mirror theory

ϑ0 π/2 π

ν0 1/
√

2 1

AdS5 × S5 ? ??

AdS5 × S5 ? ??

Figure 2. Mirror duality of the deformed light-cone string. Mirror duality states that the deformed
string theories (bottom line) labeled by ϑ are equivalent to double Wick rotated versions of these
same string theories at π−ϑ. This equivalence in particular singles out the special cases at ϑ = 0, π/2
and π deserving particular investigation.

invariant (cf. eqn. (3.9)). Mirror duality then relates ϑ and π − ϑ. This form of mirror
duality would introduce an ungraceful (inconsequential) minus sign in the duality relation
(4.3), but is more appropriate when considering the sigma model directly.

It is worth emphasizing that from the point of view of mirror duality there are three
distinguished models: the undeformed string at ϑ = 0, a self-dual model at ϑ = π/2, and
the ‘maximally’ deformed model at ϑ = π. However, the latter is currently not well-defined
as a sigma model. This is related to the fact that if we want to have sensible representations
(finite x±) in the limits ϑ→ 0 and ϑ→ π we need to simultaneously take q → 1 (a→ 0).
For ϑ → 0 this directly gives the undeformed model as indicated below eqn. (3.7). For
ϑ→ π, we can take a similar sensible limit at the level of the x-functions. Taking xs(uga)
with ϑ = 2 arccos g sinh a (instead of eqn. (3.2)) gives the undeformed xm function and
vice versa in the limit a→ 0. To get sensible central charges we need to rescale the energy
and momentum by a however, cf. relation (4.7). In this way the integrable model at ϑ = π

precisely becomes the undeformed AdS5 × S5 mirror model. However this limit is clearly
singular in light of the length rescaling (4.25) and the required rescaling of energy to match
spectra. This matches the fact that without further field redefinitions the limit ϑ → π of
the sigma model is singular, so that it could not be directly related to the finite AdS5× S5

mirror model. Still, since it is possible to extract our sensible undeformed mirror model
out of the overarching integrable model description in the limit ϑ → π, it would be very
interesting to see to what extent this can be translated to the sigma model. In general,
mirror duality of the integrable model translates to the physical equivalence illustrated in
figure 2. Let us now try to check these statements at the level of the sigma model.
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5 Mirror duality of the sigma model

Demonstrating mirror duality directly for the full light-cone quantum sigma model is be-
yond our current reach. We can however provide some evidence for mirror duality of the
sigma model at the semi-classical level. Along the way we will end up with the necessary
ingredients to consider giant magnon solutions on our η-deformed background, which we
will use to verify the dispersion relations of the string and mirror theories.

Let us recall that in the large g limit ξ tends to i ν√
1−ν2 ≡ iκ, so that in the semi-

classical regime the duality transformation ξ → −1/ξ is equivalent to κ → 1/κ. Since
semi-classically a = − κ

g
√

1+κ2 and is to be held fixed under mirror duality, we should simul-
taneously rescale g → g/κ. In short, in the semiclassical regime the duality transformation
of the two independent parameters of the sigma-model boils down to13

κ → 1
κ
, g → g

κ
. (5.1)

According to our previous discussion, this transformation of the original parameters of
the string sigma-model should be equivalent to a double Wick rotation of the world-sheet
coordinates

τ → iσ̃ , σ → −iτ̃ , (5.2)

which relates the original and mirror theory.
To study the duality transformation in the world-sheet approach, we fix a uniform

light-cone gauge depending on an auxiliary parameter ag and find the corresponding gauge-
fixed action. This is done in appendix A.3. As in the undeformed case, the most simple
expression for the gauge-fixed action is obtained in the gauge ag = 1 and it reads

S =
∫

dτdσ
[
− 1 +

√
Gφφ
Gtt

X + ẋµx′νBµν

]
, (5.3)

where

X = 1 +Gµν
( 1
Gφφ

ẋµẋν − Gttx
′µx′ν

)
− Gtt
Gφφ

(
GµνGτσ −GµτGνσ

)
ẋµẋνx′τx′σ , (5.4)

and xµ with µ = 1, . . . 8 are eight transverse physical fields parametrizing the η-deformed
background. The components of the metric as well as the Wess-Zumino term (B-field)
entering eqs. (5.3) and (5.4) are given at the end of appendix A.3. The action (5.3) is
rather involved because of the complexity of the metric. Therefore we will restrict our
attention to consistent reductions of (5.3) which are given by switching off all the fields
except one either on the deformed sphere or on deformed AdS. Later we will use the
corresponding reduced actions to construct giant magnon solutions.

In general it appears that the sphere metric components Gs
ii look different for different

i, cf. appendix A.3. Nonetheless, explicit calculation reveals that the resulting component
13Note that the self-dual point ϑ = π/2 corresponds semi-classically to κ = 1, leaving g invariant.
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Gs
ii is the same for any i if we consider a fixed i and switch off all the sphere and AdS fields

except yi. This shows that there exists a unique giant magnon. An analogous situation
holds for the AdS part; the form of the AdS metric components Ga

ii does not depend on
index i provided we only keep the AdS field zi non-vanishing.

Keeping only a single field from the sphere non-vanishing, for instance y1, and making
a change of variables y = y1/(1 + (y1)2/4), we find that the action (5.3) reduces to

Ss[g,κ] = g

∫
dτdσ

[
− 1 +

√
(1 + κ2y2)ẏ2 − (1 + κ2)(1− y2)y ′2 + (1− y2)2(1 + κ2y2)

(1− y2)(1 + κ2y2)2

]
. (5.5)

If instead we choose z1 to be non-vanishing and use the variable z = z1/(1− (z1)2/4), we
find

Sa[g,κ] = g

∫
dτdσ

[
− 1 +

√
(1− κ2z2)ż2 − (1 + κ2)(1 + z2)z′2 + (1 + z2)(1− κ2z2)2

(1 + z2)2(1− κ2z2)

]
. (5.6)

We know from the undeformed string that the giant magnon solutions of the mirror theory
arise from the AdS part of the corresponding action [23]. With this in mind, we apply the
double Wick rotation (5.2) to (5.6) and get the following action for the mirror theory

S̃a[g,κ] = g

∫
dτ̃dσ̃

[
− 1 +

√
(1 + κ2)(1 + z2)ż2 − (1− κ2z2)z′2 + (1 + z2)(1− κ2z2)2

(1 + z2)2(1− κ2z2)

]
. (5.7)

Now we are ready to compare the actions (5.5) and (5.7). First we apply the duality
transformation (5.1) to the action (5.5) which gives

Ss[g/κ, 1/κ] = (5.8)

= g

κ

∫
dτdσ

[
− 1 +

√
(1 + κ−2y2)ẏ2 − (1 + κ−2)(1− y2)y ′2 + (1− y2)2(1 + κ−2y2)

(1− y2)(1 + κ−2y2)2

]
.

Rescaling now the field y = κu and performing a change of variables

τ → κ√
1 + κ2

τ̃ , σ →
√

1 + κ2 σ̃ , (5.9)

we find that

Ss[g/κ, 1/κ] = S̃a[g,κ] , (5.10)

provided we identify the field u with z. The same relation holds for the single field actions Sa

and S̃s. Note that the interchange of the AdS and sphere actions under our mirror duality
is precisely what is reflected at the level of the Bethe ansatz by passing from the ‘su(2)’-
to the ‘sl(2)’-grading. To match the rescalings (5.9) with the energy and length rescalings
(4.7) and (4.25) respectively, note that the mirror time appropriate for the integrable model
is g τ̃ rather than τ̃ , and that in the above the spatial extent of the string was implicitly
rescaled to J/g (cf. eqn. (A.40)), which gives a factor of κ/g after dualization. The
analysis of these reduced actions suggests that in general we might expect

S[g/κ, 1/κ] = S̃[g,κ] (5.11)
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as the manifestation of mirror duality in the semi-classical regime. It is an interesting open
problem how to prove this statement for the whole model. Its non-triviality lies in finding
proper field redefinitions which would allow one to identify the dualized action with the
mirror one. Now let us use these reduced actions to construct giant magnon solutions in
both the original and the mirror theory.

Giant magnon

To find a giant magnon solution [29], we consider the action (5.5) and substitute a soliton
ansatz

y = Q(σ − vτ) ,

where v is the velocity of the soliton. This defines a reduced Lagrangian Lred for a one-
dimensional system where y ′ plays the role of particle velocity. The corresponding conjugate
momentum is π = ∂L

∂y ′ . The reduced Hamiltonian is then

Hred = πy ′ − Lred . (5.12)

Fixing the level Hred = 0 corresponding to motion in an infinite volume, we find the
differential equation

Q′ =
√

1 + κ2Q(1−Q2)√
1− v2 + κ2 − (1 + (1 + v2)κ2)Q2 , (5.13)

governing the soliton profile. We assume that |v| < 1 and that the motion happens between
two turning points

0 < Q < Qmax , Qmax =

√
1 + κ2 − v2

1 + κ2 + κ2v2 < 1 .

The density of the world-sheet momentum is p = ∂L
∂ẏ and on the soliton solution it reduces

to

py = −
√

1 + κ2Qv

(1−Q2)
√

1− v2 + κ2 − (1 + (1 + v2)κ2)Q2 . (5.14)

This gives rise to a total world-sheet momentum of

p = −2
∫ ∞
−∞

dσpy y ′ = 2
∫ Qmax

0
dQ |py | = 2 arccot v

√
1 + κ2

√
1 + κ2 − v2

. (5.15)

The energy of the soliton is obtained by integrating the Hamiltonian density H = py ẏ −L

which gives

E = g

∫ ∞
−∞

dσH = 2g
∫ Qmax

0
dQ H
|Q′|

= 2g
√

1 + κ2

κ
arctanhκ

√
1 + κ2 − v2

1 + κ2 . (5.16)

Solving for v in terms of p and substituting the answer into the expression for energy, we
find

E = 2g
√

1 + κ2

κ
arcsinh

∣∣∣κ sin p2

∣∣∣ = 2g
ν

arcsinh ν√
1− ν2

∣∣∣ sin p2
∣∣∣ , (5.17)

which is precisely the large g limit of the dispersion relation (3.15).
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Mirror giant magnon

To obtain the mirror giant magnon we can repeat the above computation, starting instead
from the action (5.7) and ansatz

z = Q(σ − vτ)

In this case the differential equation for the soliton profile corresponding to the zero energy
level of the reduced Hamiltonian is

Q′ =
√

1 + κ2Q(1− κ2Q2)√
1− v2(1 + κ2)− (κ2 + (1 + κ2)v2)Q2 . (5.18)

The motion happens between two turning points

0 < Q < Qmax , Qmax =
√

1− (1 + κ2)v2

κ2 + (1 + κ2)v2 <
1
κ
.

The total world-sheet momentum of the mirror soliton is

p̃ = 2
√

1 + κ2

κ
arctan

(
κ
√

1− (1 + κ2)v2

v(1 + κ2)

)
, (5.19)

while for the energy we obtain

Ẽ = 2g arcsinh
√

1− (1 + κ2)v2

κ2 + (1 + κ2)v2 . (5.20)

Expressing Ẽ in terms of p̃, we find

Ẽ = 2g arcsinh
∣∣∣∣∣ 1κ sin κ√

1 + κ2
p̃

2

∣∣∣∣∣ = 2g arcsinh
∣∣∣∣∣
√

1− ν2

ν
sin νp̃2

∣∣∣∣∣ . (5.21)

Upon rescaling τ̃ → τ̃ /g this dispersion relation matches the large g limit of the mirror
version of (3.15) (keeping p̃/g fixed there, analogous to the undeformed case [23]).

6 The Thermodynamic Bethe Ansatz

As in the undeformed case, the finite size ground state of the deformed string theories
can be obtained from the free energy of their mirror models, and these free energies can
be computed by means of the TBA. Deriving the corresponding TBA equations is a text-
book procedure once the appropriate string hypothesis has been formulated (see e.g. [30]).
As we might expect on representation theoretical grounds, in the present case there is
no qualitative change in the string hypothesis as we move from the AdS5 × S5 mirror
model to our current real-q–deformed mirror model. As such, our string hypothesis will be
identical to the one for the AdS5×S5 superstring [16], up to parametrization of course. As a
consequence, also the TBA equations are qualitatively identical to those of the undeformed
string [17–19]. The change in parametrization can be described very simply; all particle
types that lived on the real rapidity line, now live on the real rapidity interval (−π, π],
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and the y-particles that lived on the interval between the branch points of the undeformed
x-functions at ±2, now live between the branch points of the our x-functions at ±ϑ.14 At
the level of the simplified TBA equations [31] the deformation can be (almost completely)
implemented in a particularly simple fashion. The deformation amounts to taking the
convolutions to be

f ? h(u, v) =
∫ π

−π
dt f(u, t)h(t, v) , (6.1)

f ?̂ h(u, v) =
∫ ϑ

−ϑ
dt f(u, t)h(t, v) , (6.2)

f ?̌ h(u, v) =
∫ −ϑ
−π

dt f(u, t)h(t, v) +
∫ π

ϑ
dt f(u, t)h(t, v) , (6.3)

noting that all Y-functions now live on a u-cylinder (with cuts), and replacing the standard
kernel s(u) = (4 cosh πu

2 )−1 by its doubly periodic analogue

s(u)→
∑
n∈Z

s
(
u+2πn
a

)
=
∑
n∈Z

1
4a cosh π(u+2πn)

2a
≡ s(u) . (6.4)

Of course s is just a suitably normalized Jacobi elliptic dn function

s(u) = K(m′)
2πa dn(u) , (6.5)

with real period 2π and imaginary period 4a, where K(m′) is the elliptic integral of the
corresponding complementary elliptic modulus.15

The equations

The ground state energies of our deformed strings are given by

E(J) = −
∫ π

−π
du
∑
Q

1
2π

dp̃Q

du
log (1 + YQ) , (6.6)

where p̃Q is the momentum of a Q particle mirror bound state, defined in appendix A.4
along with the other kernels used below, and the Y-functions YQ are solutions of the
simplified TBA equations

log YQ = log YQ+1YQ−1 ? s + log

1 + 1
Y

(1)
Q−1|vw

1 + 1
Y

(2)
Q−1|vw

 (6.7)

− log(1 + YQ−1)(1 + YQ+1) ? s ,

for Q > 1, while for Q = 1

log Y1 =
∑
a

log
(

1− 1
Y

(α)
−

)
?̂ s− log

(
1 + 1

Y2

)
? s− ∆̌ ?̌ s , (6.8)

14This last fact follows by the usual arguments, using the conjugation property of xm, parametrizing the
resulting allowed values of y (those being |y|2− 1 = (y− y∗)ξ) and substituting this in the definition of our
rapidity, eqn. (3.3). See also the discussion around eqs. (A.17-A.21)

15To manifestly match the normalisations note that K(m′) =
∑

l∈Z
π

2 coshπ2l/a .
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where

∆̌ =LĚ +
∑
a

log
(

1− 1
Y

(α)
−

)(
1− 1

Y
(α)

+

)
? Ǩ + 2 log(1 + YQ) ? ǨΣ

Q (6.9)

+
∑
a

log
(

1− 1
Y

(α)
M|vw

)
? ǨM .

The Y± functions (for y-particles associated to (xm(u))∓1) appearing above satisfy

log
Y

(α)
+

Y
(α)
−

= log(1 + YQ) ? KQy , (6.10)

log Y (α)
− Y

(α)
+ = − log(1 + YQ) ? KQ + 2 log(1 + YQ) ? KQ1

xv ? s + 2 log
1 + Y

(α)
1|vw

1 + Y
(α)

1|w

? s ,

while the YM |(v)w functions satisfy

log Y (α)
M |vw = log (1 + Y

(α)
M+1|vw)(1 + Y

(α)
M−1|vw) ? s− log(1 + YM+1) ? s (6.11)

+ δM,1 log

1− Y (α)
−

1− Y (α)
+

 ?̂ s ,

log Y (α)
M |w = log (1 + Y

(α)
M+1|w)(1 + Y

(α)
M−1|w) ? s + δM,1 log

1− 1
Y

(α)
−

1− 1
Y

(α)
+

 ?̂ s , (6.12)

where Y0|(v)w = 0.
As usual we can define an operator s−1, which now acts as

f ◦ s−1(u) = lim
ε→0

f(u+ ia− iε) + f(u− ia+ iε) , (6.13)

so that
(f ? s) ◦ s−1(u) = f(u) , for u ∈ (−π, π] , (6.14)

Applying s−1 to the above TBA equations directly gives the Y-system.16

The ground state energy

Since the full symmetry algebra of our deformed string theory is currently not known, we
do not know whether the ground state is a protected state (indeed, in the undeformed case
this relies on psu(2, 2|4) symmetry, not just the light-cone symmetry psu(2|2)⊕2). Still, we
can ask whether the ground state TBA equations have a simple and natural solution with
zero energy, which is indeed the case. Since our kernels are identically normalized (on their
appropriate intervals) to the corresponding undeformed kernels, and chemical potentials
resulting from twisting enter the TBA equations [32, 33] (see also [22]) identically as well,
the considerations of [34] (see also [33]) go through directly, and we conclude there exists

16As for the undeformed string, there is no Y-system equation for Y+, and to get the Y-system equation
for Y− we need the identities KQy

− ◦ s
−1 = KQ1

xv + δQ,1 and KM ◦ s−1 = KM1 + δM,1.
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a solution of the ground state TBA equations with all YQ = 0, and hence zero energy,
given by the same constant Y-functions as in the undeformed case. It thus appears that
the ground state remains a protected state in our deformed theories.

In fact, we can now also take a look at the length duality (4.25) from the TBA point
of view. As discussed in [34], in the undeformed case analyticity of the Y-functions in
the TBA equations requires quantization of J (the inverse mirror temperature), matching
its origin as quantized angular momentum. This arises because the Y-functions contain
a factor of e−JẼ , which is only meromorphic on the torus for (half-)integer J . Though
not argued in [34], a TBA description of the thermodynamics of infinitely long (J → ∞)
(undeformed) strings would similarly naturally require quantization of the inverse string
temperature R, arising from factors of e−RE . These quantizations of R and J with respect
to E and Ẽ respectively are precisely compatible with the length duality (4.25), given the
relation (4.7). In short, mirror duality in the TBA picture means that the thermodynamics
of certain strings are related to the ground state energies (spectra) of others, and the
corresponding quantization conditions arising from analyticity requirements are precisely
compatible.

7 Conclusions and outlook

In this paper we have constructed the ground state TBA equations for strings on the(
AdS5 × S5)

η background. Our construction relies on the assumption that the q-deformed
scattering matrix found by requiring quantum group symmetry is the exact S-matrix for
strings on

(
AdS5 × S5)

η for finite values of the coupling constant. In the process of investi-
gating the mirror theory obtained from the original one by a double Wick rotation, we have
found an interesting duality transformation. This transformation relates a mirror theory
at a fixed value of the deformation parameter ϑ to a string theory at π− ϑ. This property
is respected by the dispersion relations, S-matrices, and the Bethe-Yang equations. Also
semi-classical considerations are compatible with the existence of this duality. This setup is
further corroborated by the giant magnon solutions we have constructed for the deformed
string and mirror theories. Interestingly, in the spirit of Zamolodchikov, mirror duality
means that we can study the spectra of certain strings via the thermodynamic proper-
ties of others, for example raising the question whether concepts such as the Hagedorn
temperature simply fit into this story or can be used to gain interesting new insights.

There are several directions extending our investigations. First, it would be interesting
to understand how the duality transformations acts at the level of the full sigma-model,
i.e. without restriction to a single-field case. The main difficulty here lies in constructing
the field redefinitions that would recast the dualized string action in the form of the mirror
action. Next, the analysis of giant magnons could be extended to the finite size case to
gain insight on the finite-size corrections to the dispersion relation at strong coupling. It
should also be possible to apply the recently developed quantum spectral curve method
[35, 36] to the models at hand, and obtain further insights into the finite-size spectrum.
In particular, it would be fascinating to shed light on the functional form of q(η, g) that
enters the exact S-matrix of the η-deformed model. Also, as already indicated it would be
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exciting if the limit ϑ → π can be sensibly realized at the level of the sigma model, given
that this limit is so closely related to the AdS5 × S5 mirror model.

Finally, the deformation of the classical sigma model we built on belongs to a general
class of deformations governed by solutions of the classical Yang-Baxter equation. Among
these there are also deformations of so-called Jordanian type. Recently, these deformations
have been considered in the context of the string sigma model in [37, 38]. It would be
interesting to attempt to generalize our considerations to these Jordanian deformations
as well. Of course, it would be very interesting if these deformations can be translated
through AdS/CFT.

Note added

While the work presented in this paper was already finished [43], the interesting paper
[44] appeared, discussing the limit κ →∞ (ν → 1) of the deformed background geometry.
There it is shown that upon appropriate rescalings the deformed geometry is T-dual to
that of dS5 ×H5, which can be obtained by a “double Wick rotation” from AdS5 × S5. To
avoid confusion let us emphasize that this double Wick rotation acts on the target space
fields, and is hence a priori different from the Wick rotations of world-sheet coordinates
that we are discussing. Of course, in the light-cone gauge the two concepts can become
intertwined, but note that the AdS5×S5 mirror theory is unitary, while the authors of [44]
indicate problems with unitarity in their case. To our current knowledge the Wick rotation
statements of [44] refer simply to the analytic continuation of H5 and dS5 to AdS5 and S5

respectively. Let us also note that the possible non-unitarity indicated in [44] (as discussed
on their page 7), may have a natural explanation from our point of view, as discussed below
eqn. (2.11). Given the interesting nature of the limit ν → 1 (ϑ→ π) discussed in the main
text, it would clearly be interesting to further investigate the relation between the results
of [44] and our present work.
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A Appendices

A.1 The S-matrix

Here we briefly present the psuq(2|2)c.e. invariant S-matrix. We use Eij to denote the
4× 4 matrix with a one in entry (i, j) and zeroes everywhere else. Next, we introduce the
following definition

Ekilj = (−1)ε(l)ε(k)Eki ⊗ Elj , (A.1)

where ε(i) denotes the parity of the index, zero for i = 1, 2 (bosons) and one for i = 3, 4
(fermions). The matrices Ekilj can be used to write down invariants with respect to the
action of two copies of suq(2). If we introduce

Λ1 =E1111 + q

2E1122 + 1
2(2− q2)E1221 + 1

2E2112 + q

2E2211 + E2222 ,

Λ2 =1
2E1122 −

q

2E1221 −
1
2qE2112 + 1

2E2211 ,

Λ3 =E3333 + q

2E3344 + 1
2(2− q2)E3443 + 1

2E4334 + q

2E4433 + E4444 ,

Λ4 =1
2E3344 −

q

2E3443 −
1
2qE4334 + 1

2E4433 ,

Λ5 =E1133 + E1144 + E2233 + E2244 , (A.2)
Λ6 =E3311 + E3322 + E4411 + E4422 ,

Λ7 =E1324 − qE1423 −
1
q
E2314 + E2413 ,

Λ8 =E3142 − qE3214 −
1
q
E4132 + E4231 ,

Λ9 =E1331 + E1441 + E2332 + E2442 ,

Λ10 =E3113 + E3223 + E4114 + E4224 ,

the psuq(2|2)c.e. S-matrix is given by

S12(p1, p2) =
10∑
k=1

ak(p1, p2)Λk , (A.3)

where the coefficients are

a1 =1 ,

a2 =− q + 2
q

x−1 (1− x−2 x
+
1 )(x+

1 − x
+
2 )

x+
1 (1− x−1 x

−
2 )(x−1 − x

+
2 )

a3 =U2V2
U1V1

x+
1 − x

−
2

x−1 − x
+
2

(A.4)

a4 =− qU2V2
U1V1

x+
1 − x

−
2

x−1 − x
+
2

+ 2
q

U2V2
U1V1

x−2 (x+
1 − x

+
2 )(1− x−1 x

+
2 )

x+
2 (x−1 − x

+
2 )(1− x−1 x

−
2 )

a5 = x+
1 − x

+
2√

q U1V1(x−1 − x
+
2 )
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a6 =
√
q U2V2(x−1 − x

−
2 )

x−1 − x
+
2

a7 =i (x+
1 − x

−
1 )(x+

1 − x
+
2 )(x+

2 − x
−
2 )

√
q U1V1(1− x−1 x

−
2 )(x−1 − x

+
2 )γ1γ2

a8 =i U2V2 x
−
1 x
−
2 (x+

1 − x
+
2 )γ1γ2

q
3
2x+

1 x
+
2 (x−1 − x

+
2 )(x−1 x

−
2 − 1)

(A.5)

a9 =(x−1 − x
+
1 )γ2

(x−1 − x
+
2 )γ1

a10 =U2V2(x−2 − x
+
2 )γ1

U1V1(x−1 − x
+
2 )γ2

.

The central charges are given in eqn. (2.4), and the parameters γi are

γi = q
1
4

√
i(x−i − x

+
i )UiVi . (A.6)

It is important to note that the dependence of the S-matrix on the variables γi, i = 1, 2, is
gauge-like. Indeed, introducing the diagonal matrix Γi = diag(1, 1, γi, γi), we find[

Γ1 ⊗ Γ2
]
Sγi=1

12 (z1, z2)
[
Γ−1

1 ⊗ Γ−1
2

]
= S12(z1, z2) , (A.7)

where Sγi=1
12 is the above S-matrix with γ1 and γ2 set to one. This means that at the

level of the spectrum we can forget about the γ factors, which is what is alluded to when
discussing the invariance and inversion properties of the S-matrix in section 3, as these are
affected by the branch choices in the γ factors. Note that for coincident arguments the
S-matrix reduces to the (graded) permutation.

Excitation numbers

We also give here the relationship between the unbroken isometries of our deformed model
and excitation numbers appearing in the Bethe-Yang equations (4.18)-(4.21). These exci-
tation numbers are related to the global conserved charges as

J1 = J , J2 = ql + qr
2 , J3 = ql − qr

2 , (A.8)

H1 = H , H2 = sl + sr
2 , H3 = sl − sr

2 , (A.9)

with
qα = KI −KII

α , and sα = KII
α − 2KIII

α . (A.10)

Here the Ji are conserved U(1) charges that become the angular momenta on S5 in the
undeformed limit, and H2 and H3 are the analogous quantities on deformed anti-de Sitter
space (the sα would be spins). H would be the target space energy related to the world-
sheet energy E as H = E − J .
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Momentum and energy

The energy and momentum of the deformed string sigma model are expressed in terms of
u as

p = 1
i

log
sin 1

2(u+ ia)
sin 1

2(u− ia)

1 +
√

cos(u+ia)−cosϑ
cos(u+ia)−1

1 +
√

cos(u−ia)−cosϑ
cos(u−ia)−1

, (A.11)

and

H = 1
a

log
cos 1

2(u+ ia)− i sin 1
2(u+ ia)

√
cos(u+ia)−cosϑ

cos(u+ia)−1

cos 1
2(u− ia)− i sin 1

2(u− ia)
√

cos(u−ia)−cosϑ
cos(u−ia)−1

. (A.12)

A.2 The q-deformed dressing phase

As introduced in eqn. (2.2) the dressing phase needs to satisfy the crossing equation

σ(z1, z2)σ(z1, z2 − ω2) = q−1x
+
1 + ξ

x−1 + ξ

x−1 − x
+
2

x−1 − x
−
2

1− 1
x+

1 x
+
2

1− 1
x+

1 x
−
2

, (A.13)

which by unitarity is equivalent to

σ(z1 + ω2, z2)σ(z1, z2) = q−1x
−
2 + ξ

x+
2 + ξ

x−1 − x
+
2

x−1 − x
−
2

1− 1
x+

1 x
+
2

1− 1
x+

1 x
−
2

. (A.14)

To obtain a natural deformation of the AdS5 × S5 dressing phase [40] we can follow the
methods of [26], as already done in the phase deformed context in [27] (see also appendix
D of [21]). The undeformed dressing phase is conventionally written in the form [41]

σ(z1, z2) ≡ eiθ12 = exp i
(
χ(x+

1 , x
+
2 )− χ(x−1 , x

+
2 )− χ(x+

1 , x
−
2 ) + χ(x−1 , x

−
2 )
)
, (A.15)

where when both particles are in the string region, the χ-functions are given by [42]

χ(x1, x2) = Φ(x1, x2) ≡ i
∮
|z|=1

dz

2πi
1

z − x1

∮
|w|=1

dw

2πi
1

w − x2
log

Γ(1 + ig
2 (u(z)− u(w)))

Γ(1− ig
2 (u(z)− u(w)))

.

In the picture of [26], the ratio of Γ-functions arises as the solution to a difference equation,
while the integration contours arise as the values of the xs-function along its cuts on the
u-plane. In the q-deformed context, the deformed difference equation is naturally solved
by a ratio of Γq2 functions [27], and while in the phase deformed context the integration
contours stay the same, here the integration contours are modified.17 As a result, our
Φ-functions are given by

Φ(x1, x2) = i

∮
C

dz

2πi
1

z − x1

∮
C

dw

2πi
1

w − x2
log

Γq2(1 + i
2a(u(z)− u(w)))

Γq2(1− i
2a(u(z)− u(w)))

. (A.16)

17Of course for some (most) external arguments these deformed contours may be homotopically equivalent
to unit circles. However, only the modified integration contours result in a nice analytic structure analogous
to the undeformed dressing phase.
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where we have rescaled the rapidities in accordance with our conventions, and z and w run
along the contour specified by the solution to the equation

C : |y|2 − 1 + (y∗ − y)ξ = 0 . (A.17)

We can parametrize this circle of radius
√

1− ξ2 with its center shifted by ξ as such, giving

y =
√

1− ξ2eiϕ + ξ , (A.18)

or we can substitute polar coordinates (for −y) to get

y =
(√

1− sin2 ϑ
2 cos2 φ− sin ϑ

2 sinφ
)

eiφ

cos ϑ2
. (A.19)

The rapity along this contour is then given by

u(y(ϕ)) = i log
1 + i sin ϑ

2 e
iϕ

1− i sin ϑ
2 e
−iϕ , (A.20)

u(y(φ)) = −2 arcsin(sin ϑ
2 cosφ) , (A.21)

as follows by its definition (3.3). Both parametrizations reduce directly to the standard
parametrization of the circle and, upon rescaling, the rapidity in the limit ϑ→ 0.

Let us note that the numerical mismatch reported in [14] between the semi-classical
expansion of this dressing phase and the explicit sigma model result for ν > 1/

√
2 appears to

be due to an unfortunate branch choice obtained by combining the differences of rapidities
entering in (A.16) under a single logarithm via their definition (3.3). While this is harder to
observe when using unit circles as integration contours, in terms of the deformed contours
we can readily see that the single logarithm picks up a cut for ν > 1/

√
2. With our current

conventions we perfectly match the scattering phase of the semi-classical sigma model.

Properties of the dressing phase

The dressing phase has two simple properties that readily follow from the integral represen-
tation of the Φ-function in the ‘string-string’ region, and elsewhere by analytic continuation.
Firstly the Φ-function is invariant under a change of sign of ξ

Φ(x1, x2,−ξ, q) = Φ(x1, x2, ξ, q) . (A.22)

To show this, we simply note that both the x-functions and the integration contour flip sign
when ξ does. This means that after changing variables in Φ(x1, x2,−ξ, q) from z and w to
z̃ = −z and w̃ = −w respectively, and identifying x1, x2 and u (cf. eqn. (3.3)) in terms of
their left hand side counterparts, we get exactly Φ(x1, x2, ξ, q). From this it immediately
follows that the entire dressing phase is invariant under a change of sign on ξ. Secondly,
the Φ-function picks up a sign when inverting q

Φ(x1, x2, ξ, 1/q) = −Φ(x1, x2, ξ, q) . (A.23)
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This follows by relating Γq−2 to Γq2 via

Γq−2(z) = q−z
2+3z−2Γq2(z) , (A.24)

and noting that apart from this the arguments of the two Γq2 functions effectively inter-
change, so that we get

Φ(x1, x2, ξ, 1/q) = (A.25)

i

∮
dz

2πi
1

z − x1

∮
dw

2πi
1

w − x2

(
log

Γq2(1− i
2a(u(z)− u(w)))

Γq2(1 + i
2a(u(z)− u(w)))

− i(u(z)− u(w))
)
,

where as always a = log q. The first part of this integral is nothing but −Φ(x1, x2, ξ, q),
while the extra u(z)−u(w) term integrates to zero since in the contour in the w integration
of u(z) can be shrunk to nothing, and vice versa. Of course in the dressing phase the
arguments of the Φ-functions depend on q, but since x+ and x− interchange under inversion
of q this does not affect the combination entering the dressing phase (cf. eqn. (A.15)),
meaning it inverts under inversion of q. Another property of the dressing phase is that it
inverts under a parity transformation, i.e.

σ(−u,−v;h, a) = σ−1(u, v;h, a) . (A.26)

Due to the more involved parity transformation properties of the q-deformed x-functions
this is not an obvious statement. Still it is easy to see that the crossing equation inverts
under a parity transformation, with the crossing transformation then implemented in the
opposite direction on the torus of course. Eqn. (A.26) can of course be readily verified
numerically.

The mirror dressing phase

To obtain the mirror dressing phase from the above expressions, we need to analytically
continue the χ functions out of the string region, or in other words through the cuts of
the x-functions. At the level of the x-variables the relevant distinction is whether they
lie in the interior or exterior of C. Let us label these regions R by a lower index for each
particle, where the lower index takes value 0 if both the associated x− and x+ variable lie
in the interior and value 1 if x− is in the interior but x+ is in the exterior. The line of
real momenta in the mirror theory is contained in the region R1,1 and will be of primary
interest to us, we will not need the remaining cases here.

In terms of the above integral representation, if we move from R0,0 to R1,0 or R0,1
the pole of the integrand at z = x1 respectively w = x2 crosses the integration contour.
Concretely, the discontinuity of Φ in its first argument is given by

Ψ(x1, x2) ≡ i
∮
C

dz

2πi
1

z − x2
log

Γq2(1 + i
2a(u1 − u(z)))

Γq2(1− i
2a(u1 − u(z)))

. (A.27)

The discontinuity in the second argument is analogous. This Ψ-function has discontinuities
in both its first and second arguments, and in particular to get to R1,1 from R1,0 we need
to add

i log
Γq2(1 + i

2a(u1 − u2))
Γq2(1− i

2a(u1 − u2))
. (A.28)
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In total the analytic continuation to R1,1 results in the χ functions

χ(x+
1 , x

+
2 ) = Φ(x+

1 , x
+
2 ) + Ψ(x+

2 , x
+
1 )−Ψ(x+

1 , x
+
2 )

+ i log
Γq2(1 + ig

2 (x+
1 + 1

x+
1
− x+

2 − 1
x+

2
))

Γq2(1− ig
2 (x+

1 + 1
x+

1
− x+

2 − 1
x+

2
))
,

χ(x+
1 , x

−
2 ) = Φ(x+

1 , x
−
2 )−Ψ(x+

1 , x
−
2 ) ,

χ(x−1 , x
+
2 ) = Φ(x−1 , x

+
2 ) + Ψ(x+

2 , x
−
1 ) ,

χ(x−1 , x
−
2 ) = Φ(x−1 , x

−
2 ) . (A.29)

We should note that the resulting mirror dressing ‘phase’ is not unitary, while of course
the full mirror scalar factor and in particular also the improved mirror dressing phase are.
Using these expressions we can easily check mirror duality of the dressing phase in the form
of eqn. (4.17) numerically.

A.3 Gauge-fixed action

In this appendix we fix the uniform light-cone gauge and find the corresponding gauge-fixed
action. For the case of AdS5 × S5 this has been done in [39], here we will use a different
method.

We start by considering a generic action of the form

S = −g2

∫ r

−r
dσdτ

(
γαβ∂αX

M∂βX
NGMN − εαβ∂αXM∂βX

NBMN

)
, (A.30)

where GMN and BMN are the background metric and B-field respectively. This action can
be rewritten in terms of light-cone coordinates as

S =
∫ r

−r
dσdτ

(
p+ẋ

+ + p−ẋ
− + pµẋ

µ + γ01

γ00C1 + 1
2gγ00C2

)
. (A.31)

Here C1 and C2 are

C1 = p−x
′− + p+x

′+ + pµx
′µ, (A.32)

C2 = G−−p2
− + 2G+−p+p− +G++p2

+ (A.33)
+ g2G−−x

′−x′− + 2g2G+−x
′+x′− + g2G++x

′+x′+ +Hx ,

where we have taken into account that for the background we consider B+− = 0. Diffeo-
morphism invariance results in the Virasoro constraints Ci = 0. The light-cone components
of the inverse metric are

G++ = G−−
G++G−− −G2

+−
, G+− = − G+−

G++G−− −G2
+−

, G−− = G++
G++G−− −G2

+−
,

and the quantity Hx is the part that depends on the transverse fields only

Hx = Gµνpµpν + g2x′µx′νGµν − 2gpµx′ρGµνBνρ + g2x′λx′ρBµλBνρG
µν . (A.34)

– 27 –



Next we impose the light-cone gauge

x+ = τ, p− = 1. (A.35)

Then the Hamiltonian density H = −p+ follows from the constraint C2 = 0

H = 1
G++

[
G+− +

√
(G+−2 −G++G−−)−G++(g2G−−x′−x′− +Hx)

]
. (A.36)

We write this Hamiltonian in the form

H = G+−

G++ + 1
G++

√
W , (A.37)

where

W = (G+−2 −G++G−−)−G++
[
(Gµν + g2G−−x

′µx′ν)pµpν +

+ g2x′µx′νGµν − 2gpµx′ρGµνBνρ + g2x′λx′ρBµλBνρG
µν
]
.

Next, the Hamiltonian equations of motion for xµ read

ẋµ = ∂H
∂pµ

= − 1√
W

[
(Gµν + g2G−−x

′µx′ν)pν − gx′ρGµνBνρ

]
.

We can write them in the form

Mµνpν = −
√
W ẋµ + gGµτx′σBτσ , (A.38)

where we have introduced the matrix M with entries

Mµν = Gµν + g2G−−x
′µx′ν .

From (A.38) we find the canonical momenta in terms of velocities

pµ = −M−1
µν (
√
W ẋν − gGντx′σBτσ) . (A.39)

Upon substituting this expression for the momentum back into W, we obtain an equation
for W

W = (G+−2 −G++G−−)−G++
[
W M−1

µν ẋ
µẋν −

−g2M−1
µν G

µτGνσx′αx′βBταBσβ + g2x′µx′νGµν + g2x′λx′ρBµλBνρG
µν

]
,

which has the solution

W = 1
1 +G++M−1

µν ẋµẋν

[
(G+−2 −G++G−−)−

−G++
(
− g2M−1

µν G
µτGνσx′αx′βBταBσβ + g2x′µx′νGµν + g2x′λx′ρBµλBνρG

µν
)]
.
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Hence, the gauge-fixed Lagrangian is

L = pµẋ
µ −H = −G

+−

G++ + gM−1
µν G

ντ ẋµx′σBτσ −
1

G++ (1 +G++M−1
µν ẋ

µẋν)
√
W .

Finally, the matrix M can be inverted by using the Sherman-Morrison formula

M−1
µν = Gµν − g2G−−

GµτGνσx
′τx′σ

1 + g2G−−Gτσx′τx′σ
.

We can use this formula to bring the Lagrangian to the form

L = −G
+−

G++ −
1

G++

(
1 +G++M−1

µν ẋ
µẋν

)√
W + gẋµx′νBµν ,

where

W = (G+−2 −G++G−−)1 + g2G−−Gµνx
′µx′ν

1 +G++M−1
µν ẋµẋν

.

To treat the spatial and temporal derivatives on equal footing we perform a rescaling
σ → gσ so that upon final simplification the gauged-fixed action takes the form

S = g

r/g∫
−r/g

dτdσL , (A.40)

where

L = −G
+−

G++ −
√
− X

G++G−−
+ ẋµx′νBµν (A.41)

and

X = 1 +G++Gµν ẋ
µẋν + G−−Gµνx

′µx′ν +
+ G++G−−(GµνGτσ −GµτGνσ)ẋµẋνx′τx′σ . (A.42)

This is a gauge-fixed action for an arbitrary background (GMN , BMN ) with vanishing light-
cone components of B. Note that in the limit r → ∞ the coupling constant g enters into
the action just as an overall scaling factor. Furthermore, the part of the Lagrangian which
contains the B-field, as well as the last term in eqn. (A.42) are invariant under the double
Wick rotation. Finally, it is easy to see that taking a flat Minkowski metric the action
reduces to the standard one for eight free bosons.

Now we are ready to specify the general form of the gauge-fixed action for the string
on η-deformed AdS5 × S5. Before gauge fixing the light-cone Lagrangian corresponding to
(A.30) is

L = −g2γ
αβ
[
G++∂αx

+∂βx
+ + 2G+−∂αx

+∂βx
− +G−−∂αx

−∂βx
− +

+Ga
ij∂αz

i∂βz
j +Gs

ij∂αy
i∂βy

j
]

+ LWZ . (A.43)
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Here xµ ∈ {zi, yi}, where zi and yi with i = 1, . . . , 4 are the transverse coordinates of the
deformed AdS and five-sphere respectively, while LWZ is the Wess-Zumino term compris-
ing the contribution of the B-field. The light-cone coordinates x± are defined as

x+ = (1− ag)t+ agφ , x− = φ− t , (A.44)

where ag is a parameter of the generalized light-cone gauge. The light-cone components of
the metric are

G++ = Gφφ −Gtt , G+− = agGtt + (1− ag)Gφφ ,
G−− = (1− ag)2Gφφ − ag2Gtt , (A.45)

and

G++ = ag
2G−1

φφ + (1− ag)2G−1
tt , G+− = agG

−1
φφ + (1− ag)G−1

tt ,

G−− = G−1
φφ − ag

2G−1
tt . (A.46)

Below we have collected the other components of the metric including Gtt and Gφφ as well
as the Wess-Zumino term.

Metric and Wess-Zumino term

Let the coordinates zi, i = 1, . . . , 4, and t parametrize the deformed AdS space, while
the coordinates yi, i = 1, . . . , 4, and the angle φ parametrize the deformed five-sphere.
Introduce the following auxiliary functions for the AdS part

Gtt = (1 + κ2)1/2(1 + z2/4)2

(1− z2/4)2 − κ2z2 , Gzz = (1 + κ2)1/2(1− z2/4)2

(1− z2/4)4 + κ2z2(z2
3 + z2

4)
,

G
(1)
a = κ2GttGzz

(1 + κ2)1/2
z2

3 + z2
4 + (1− z2/4)2

(1− z2/4)2(1 + z2/4)2 , G
(2)
a = κ2Gzzz

2

(1− z2/4)4 . (A.47)

For the sphere part the corresponding expressions read

Gφφ = (1 + κ2)1/2(1− y2/4)2

(1 + y2/4)2 + κ2y2 , Gyy = (1 + κ2)1/2(1 + y2/4)2

(1 + y2/4)4 + κ2y2(y2
3 + y2

4)
,

G
(1)
s = κ2GφφGyy

(1 + κ2)1/2
y2

3 + y2
4 − (1 + y2/4)2

(1− y2/4)2(1 + y2/4)2 , G
(2)
s = κ2Gyyy

2

(1 + y2/4)4 . (A.48)

In the formulae above z2 ≡ zizi and y2 = yiyi. In terms of these auxiliary functions, the
light-cone components of the deformed AdS metric read

Ga
11 = Gzz +G

(1)
a z2

1 , Ga
33 = Gzz +G

(1)
a z2

3 +G
(2)
a z2

4 ,
Ga

22 = Gzz +G
(1)
a z2

2 , Ga
44 = Gzz +G

(1)
a z2

4 +G
(2)
a z2

3 ,
Ga

12 = Ga
21 = z1z2G

(1)
a , Ga

34 = Ga
43 = z3z4(G(1)

a −G(2)
a ),

and analogously for the deformed sphere
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Gs
11 = Gyy +G

(1)
s y2

1, Gs
33 = Gyy +G

(1)
s y2

3 +G
(2)
s y2

4,
Gs

22 = Gyy +G
(1)
s y2

2, Gs
44 = Gyy +G

(1)
s y2

4 +G
(2)
s y2

3,
Gs

12 = Gs
21 = y1y2G

(1)
s , Gs

34 = Gs
43 = y3y4(G(1)

s −G(2)
s ).

Finally, the Wess-Zumino term is given by LWZ = LWZ
a + LWZ

s , where

LWZ
a = 2gκ(1 + κ2)

1
2 εαβ

(z2
3 + z2

4)∂αz1∂βz2
(1− z2/4)4 + κ2z2(z2

3 + z2
4)
,

LWZ
s = −2gκ(1 + κ2)

1
2 εαβ

(y2
3 + y2

4)∂αy1∂βy2
(1 + y2/4)4 + κ2y2(y2

3 + y2
4)
.

(A.49)

A.4 S-matrices and kernels

Let us briefly list the energy, momentum and scattering phases the kernels entering our
TBA equations are based on. The energy and momentum of mirror bound states of Q
particles are given by

ẼQ(u) = − log 1
q

x+ + ξ

x− + ξ
, p̃Q(u) = −ia log qx

+

x−
x− + ξ

x+ + ξ
, (A.50)

where x± are the mirror bound state x-functions xm(u ± iQa). This follows by fusing Ũ
and Ṽ , cf. eqn. (4.2). Next, the basic S-matrix S1 and more generally its fused forms SM
and SMN are given by

SM (u− v) =
sin 1

2(u− v − iMa)
sin 1

2(u− v + iMa)
, (A.51)

SMN (u− v) =SM+N (u− v)S|M−N |(u− v)
min (M,N)−1∏

m=1
S2
|M−N |+2m(u− v) . (A.52)

Fusing the scattering matrix of y± particles with fundamental particles over a Q-particle
bound state directly gives

SyQ− (u, v) = qQ/2
x(u)− x−(v)
x(u)− x+(v)

√
x+(v)
x−(v) , (A.53)

SyQ+ (u, v) = qQ/2
1

x(u) − x
−(v)

1
x(u) − x+(v)

√
x+(v)
x−(v) , (A.54)

where x± are the parameters for a Q-particle mirror bound state; x±(v) = xm(v ± iQa).
Analogously we define the S-matrices for scattering of mirror bound states with y-particles
as

SQy− (u, v) = qQ/2
x−(u)− x(v)
x+(u)− x(v)

√
x+(u)
x−(u) , (A.55)

SQy+ (u, v) = qQ/2
x−(u)− 1

x(v)

x+(u)− 1
x(v)

√
x+(u)
x−(u) . (A.56)
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Fusing this S-matrix over the constituents y-roots of an M |vw string gives [20]

SQMxv (u, v) ≡ qQx
−(u)− x+(v)
x+(u)− x+(v)

x−(u)− x−(v)
x+(u)− x−(v)

x+(u)
x−(u)

M−1∏
i=1

SQ+M−2i(u− v) , (A.57)

where x±(v) = x(v ± iMa) and x±(u) = x(u± iQa). The fused version of the main scalar
factor, SQPsl(2), is more involved but completely analogous to the phase-deformed case, and
can be obtained from the expressions in [21] (see also [22]) by rescaling the rapidity and
replacing |q| = 1 by q ∈ R where appropriate.

Kernels

Now let us define our integration kernels, beginning with

KM (u) ≡ 1
2πi

d

du
logSM (u) = 1

2π
sinhMa

coshMa− cosu , (A.58)

KMN (u) ≡ 1
2πi

d

du
logSMN (u) = KM+N +K|M−N | + 2

min (M,N)−1∑
j=1

K|M−N |+2j . (A.59)

These kernels have the following properties

KN (δN,M − INM ? s) = s δM,1 , (A.60)
KML(δL,N − ILN ? s) = s IM,N , (A.61)

where s is defined in the main text in eqn. (6.4). These properties readily follow by Fourier
series. Next, we also have

KQM
xv (u, v) ≡ 1

2πi
d

du
logSQMxv (u, v) , (A.62)

KMQ
vwx (u, v) ≡ − 1

2πi
d

du
logSQMxv (v, u) , (A.63)

KQy
β (u, v) ≡ 1

2πi
d

du
logSQyβ (u, v) , (A.64)

KyQ
β (u, v) ≡ β 1

2πi
d

du
logSQyβ (v, u) . (A.65)

It is convenient to consider linear combinations of the last two kernels, namely

KQy
− (u, v)−KQy

+ (u, v) ≡ KQy(u, v) = K(u+ iQ/g, v)−K(u− iQ/g, v) , (A.66)

KQy
− (u, v) +KQy

+ (u, v) = KyQ
− (u, v)−KyQ

+ (u, v) = KQ(u, v) , (A.67)

KyQ
− (u, v) +KyQ

+ (u, v) ≡ KyQ(u, v) = K(u, v + iQ/g)−K(u, v − iQ/g) . (A.68)

where

K(u, v) = 1
2πi

d

du
log

x(u)− 1
x(v)

x(u)− x(v) , (A.69)
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and KQ is defined in (A.58). We can readily verify that the more involved kernels have
properties similar to the basic ones above, namely

KQN
xv (δN,M − INM ? s) = δQ−1,M s + δM,1KQy ?̂ s , (A.70)
KMP
vwx (δP,Q − IPQ ? s) = δM+1,Q s + δQ,1ǨM ? s , (A.71)
KyP (δP,Q − IPQ ? s) = δQ,1(2K̄ ? s + s) , (A.72)
KP (δP,Q − IPQ ? s) = δQ,1 s , (A.73)

The kernel K̄ appearing in the above is defined as

K̄(u, v) = θ(|u| − r) 1
2πi

d

du
log

x(u)− 1
xs(v)

x(u)− xs(v) , (A.74)

and
ǨM (u, v) ≡ K̄(u+ iMa, v) + K̄(u− iMa, v) . (A.75)

Details on the fused dressing kernel KQP
sl(2) and the associated ǨΣ

Q can be readily obtained
from the phase-deformed case [20–22] upon appropriate replacements.

While we chose not to present them in this paper, the canonical TBA equations can
be directly written down using these kernels, following the discussion in section 6.
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