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L? Best-Approximation of the Elastic Stress
in the Arnold-Winther FEM

C. Carstensen * D. Gallistl * M. Schedensack *

Abstract

The first part of this paper enfolds a medius analysis for mixed finite
element methods (FEMs) and proves a best-approximation result in L?
for the stress variable independent of the error of the Lagrange multiplier
under the abstract conditions (LBB), condition (C) and efficiency (E).
The second part applies the general result to the FEM of Arnold and
Winther for linear elasticity: The stress error in L? is controlled by the
L? Dbest-approximation error of the true stress by any discrete function
plus data oscillations. The analysis is valid without any extra regularity
assumptions on the exact solution and also covers coarse meshes and
Neumann boundary conditions. Further applications include Raviart-
Thomas finite elements for the Poisson and the Stokes problem. The
result has consequences for nonlinear approximation classes related to
adaptive mixed finite element methods.

Keywords mixed finite element methods, medius analysis, linear elasticity, Arnold-
Winther finite element Stokes problem, pseudostress
AMS subject classification 65M12, 65M60, 656N30

1 Introduction

Given bilinear forms a : X x X — Rand b: X XY — R in (real) Hilbert
spaces X and Y and a given right-hand side (G, F) € X* x Y*, the typical
mixed formulation seeks (z,y) € X x Y with

a(z,§) + b(&,y) = G(§) for all £ € X,

b(x,n) = F(n) for allp e Y. (1.1)

The discretisation of this formulation is preferred if constraints have to be
enforced, but also if the main interest is in a proper approximation of the
stress variable x € X |Bra07, BF91].
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Let X C H be embedded into a Hilbert space H with a possibly weaker
norm ||e||z (such as the L? norm rather than the H(div) norm) and let there
exist a (possibly mesh-dependent) norm ||e||, on a finite-dimensional subspace
Y;, of Y. Given a finite-dimensional subspace X;, C X with discrete solution
xp, € X}, this paper identifies the abstract conditions (LBB), (C), and (E) that
lead to the best-approximation result in the weaker norm || e || independent
of the approximation error of the Lagrange multiplier,

|z —2zp||g S min || — &,||g + data approximation. (1.2)
En€Xh

Here and throughout this paper, A < B abbreviates A < CB for some positive
generic constant C' which solely depends on the constants involved in (LBB),
(C), and (E) and is, in particular, independent of the mesh-size or the Lamé
parameter A.

The condition (LBB) is the stability from the Brezzi splitting lemma [Bra07|
for the discrete system with respect to the non-standard norms ||e||z and |e||.
The compatibility condition (C) for Xp, Y, and b is condition (C) from [Bra07|
and, in the case of the Stokes equations, equivalent to pointwise mass conser-
vation of a finite element method. The condition (E) is the efficiency estimate

sup_(F(m) = b(nm) /Il S e — 15 +dlata approximation.
N E€YR\{0}

This combination of arguments from the a posteriori and a priori error analysis
is called medius analysis [Gud10, CPS12| and leads to results which rely on
no extra regularity of the weak solution x € X and hold on arbitrarily coarse
meshes. The motivation for an L? theory of stress approximations stems from
the concept of nonlinear approximation classes in the optimality analysis of
adaptive mesh-refinement algorithms. Such a result was obtained by [HX12]
for the Raviart-Thomas finite element discretisation of the Poisson equation
for this purpose.

The prime goal of this paper is the medius analysis of the Arnold-Winther
finite element method for the linear elasticity problem. The second part of
this paper carries out the application of the abstract theory to this method.
Let Q@ C R" for n = 2 or n = 3 be a bounded polyhedral Lipschitz domain
with (closed) Dirichlet boundary I'p C 0% of positive surface measure and the
(possibly empty) Neumann boundary I'y = 09\ I'p with outer unit normal v.
Given a volume force f € L%(€; R"), applied surface tractions g € L?(T'n;R"),
and boundary data up € H'(€;R™), the linear elasticity problem (in its strong
form) seeks u € HY(Q;R"?) and o € H(div,;S) := H(div, Q)" N L23(£;S) with

—dive=f in Q,
o=Ce(u in Q,
() (1.3)
ulr, =up on I'p,
O']/|FN =g on FN
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Figure 1: Illustration of the 30 degrees of freedom of the Arnold-Winther FEM for the lowest-
order case k = 1 and n = 2 for the stress (left) and displacement (right). The three dots at
the three vertices of the triangle (left) represent point evaluations while the three dots in the
interior denote the integral means of the three components of Taw. The arrows represent
the moments of order < 1 of Tawvg. The dots in the interior of the right triangle indicate
the degrees of freedom for the two components of the P; displacement approximation.

Here and throughout the paper, S := {4 € R"*" | A = AT} denotes the space
of symmetric n X n matrices; the linear Green strain reads

e(u) == (Du+ (Du)")/2,

and, for Lamé parameters p > 0 and A > 0, the elasticity tensor C acts on
A € R™™ as
CA :=2uA + A(tr A) L, xn.

For nearly incompressible materials, the Poisson ratio A/(2(A+ u)) is close
to 1/2 and standard low-order conforming finite element methods (FEMs)
are known to suffer from locking. The error shows the expected convergence
rate only for very fine meshes with an impractically large number of degrees
of freedom. The difficulty for mixed FEMs consists in finding an appropri-
ate FEM space for the pointwise symmetric stress approximation. The sim-
plest pointwise symmetric mixed FEM (conforming in H(div)) is the FEM
of Arnold and Winther [AW02, AAWOS| with numerical benchmark compu-
tations in [CEG11, CGP12, CGRT08]. For the exact solution (o, u) of (1.3)
and its approximation (0w, ux), the error analysis of [AW02, AAWO0S| proves
quasi-optimal convergence

o — oawll maiv,0) + v = ullL2 @)

< min o—T ; + inf u — Vgl r200)-

S TAWeAWk(MHn)H aw | (div,0) Ukepk(T;Rn)H kllz2 ()
The constants hidden in the notation < are independent of the mesh-size and
the Lamé parameter A but may depend on the parameter p, on the domain
Q, as well as on the minimal angle of the shape-regular triangulation T with
piecewise polynomials Py (T;R™). Details of the Arnold-Winther FEM space
AW (T, gk+n) and the embedded treatment of the applied traction forces fol-
low in Section 4. The abstract result of this paper proves the quasi-optimal
estimate with respect to the L? norm of the stress

o—o0 < min oc—T + oscg(f, 7). 1.4
o= ol S _win o= raliaey Fosa(2 D). (L)
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For the definition of the (k-th order) data oscillations osck(f,T) see Subsec-
tion 3.3. The main result (1.4) may be contrasted with the well-established
refined estimate

lo = oawlle-1 < lo = Irollc- (1.5)

from [AWO02, unlabeled displayed formula between (5.4) and (5.5)] with the
Fortin operator I (called IIj in [AW02, (3.3)—(3.5)]). It is not difficult to
generalise this estimate (1.5) to

o—0 a < min o—T - 1.6
o~ onler < min = Talics (16)
div taw=—TIIg f

with a minimum over all discrete test functions 7, with prescribed divergence
div 74w = div oaw = —II;f. The point is that the minimum in (1.4) is free from
this restriction on the divergence in (1.6). On the expense of the extra data ap-
proximation term in (1.4) and the multiplicative generic constant, the estimate
(1.4) states some approximation result as (1.6) without the side condition on
the divergence of Tpw. The main mathematical argument is the stability of the
discrete mixed system with respect to the norms |[|-[| 2y and ||-||;, rather than
Il z7aiv, ) and [|-[|2(2), where the mesh-dependent norm |-l involves the
inter-element jumps of a piecewise smooth function. Similar mesh-dependent
norms were previously considered in [BOP80, BV96, BDW99, LS06, HX12|.

The analysis of this paper applies to the case k = 1,2 and carefully explores
the transformation behaviour of the local shape functions with a detailed anal-
ysis of the Piola transformation described in [AW02, AAWO0S|. The difficulty
for a possible generalisation to k& > 3 is that the local degrees of freedom are
not preserved under the Piola transformation, cf. Subsection 5.2 for more de-
tails. Further applications include the mixed finite element discretisation of
the Poisson and the Stokes equations.

The remaining parts of this paper are organised as follows. Section 2 states
the precise abstract problem and proves the abstract result. Section 3 intro-
duces the notation on the Navier-Lamé equations and regular triangulations.
Section 4 gives an application of the abstract result to the Arnold-Winther
FEM. Section 5 concludes the paper with some comments on extensions to
the nonconforming Arnold-Winther FEM, a nonconforming treatment of Neu-
mann data, the pure Dirichlet and Neumann problem, the application to the
pseudostress FEM for the Stokes equations, and the equivalence of two approx-
imation classes. Appendix A gives the necessary details on the basis functions
and local degrees of freedom for the Arnold-Winther FEM.

2 Abstract Result

Let (H, ||e||z) and (Y, ||e||y) be Hilbert spaces and X C H. Leta: HxH — R
and b : X XY — R be bilinear forms and F': Y — R and G : X — R be linear
and bounded. Let X (0) C X be some subspace of X and X (g) = 04+ X (0) for
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04 € X an affine subspace of X to model boundary conditions. The abstract
problem seeks (z,y) € X(g) x Y with

a(z,§) +b(&,y) = G(§) for all £ € X(0),

(2.1)
b(z,n) = F(n) for alln € Y.

Let X; C X, X3(0) := X, N X(0) and Y}, C Y denote some finite-dimensional
subspaces of X, X (0) and Y and set X} (g) := op,g+ X3 (0) for some oy, 4 € X,.
The discrete problem seeks (zp,yn) € Xp(g) x Y3 with

a(zn, &n) + (&, yn) = G(&n) for all &, € X;,(0),

(2.2)
b(xp,mn) = F(nn) for all ny, € Y},

The bilinear form B : (X, x Yy,) x (Xp, x Yp) — R associated with the system
(2.2) reads, for any x, &, € Xp, and yp, np € Yy, as

B((xn, yn), En,nn)) = alzn, &) + 0(zh, m10) + b(En, Yn)-

Define the kernel
Z :={§ € X(0) | Vn €Y, b(&,n) =0}
and its discrete counterpart

Zy, = {&n € Xp(0) | Vi, € Y, b(En, ) = 0}, (2.3)

Suppose that the subsequent hypotheses (LBB), (C) and (E) are valid. In
applications, the term dapx(F, G) will measure the approximation of the given
data F' and G.

Let ap, Ceont, My, vn and Ceg be positive real constants in the abstract con-
ditions (LBB), (C), and (E) sufficient for best-approximation in H. The condi-
tion (LBB) consists of the standard conditions (LBBla), (LBB1b), (LBB2a),
(LBB2b) from the Brezzi splitting lemma [BF91, Bra07| which characterise the
stability of the discrete system (2.2) with respect to the norms |||z and |||

LBB1la) 0 < ajp, = inf su a(pp, ;
( : " £heZh\{0}ph€ZhI<{o} (ons€n)/ lpnllel|€nller)

(LBB1b) Vp e X V¢, € Xp,(0)  al(p,&n) < Ceons |IpllH 1€ H3
(LBB2a) V¢, € X3(0) Y € Y b(&hymn) < Mal|allmllnnlln;

(LBB2b) 0 <y = i sup b ) /(& lmall).
mh€YR\{0} ¢, € X7, (0)\ {0}

The compatibility of X} and Y}, of [Bra07, Def. 4.6] reads
(C) z,C Z

The efficiency of the residual F' — b(&,, ) in the dual norm of (Y, |-||n) up to
some data approximation term dapx(F,G) reads
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Flm) — b(&n,
(E) vfh c Xh(g) sup (77h) (éh ﬁh)
M€Y \{0} 761l
Theorem 2.1 (best-approximation in H). Suppose (LBB), (C), (E). Any
solution (z,y) € X (g) xY to (2.1) and the discrete solution (xp,yn) € Xp(g) X
Yy, to (2.2) and any xj, € Xx(g) satisfy

< Ce ([l — &nllm + dapx(F, G)).

|z — zpllg < Capx (|2 — 2} || 1 + dapx(F, G)).

The constant Capx ~ 1 depends on oy, Yn, Mp, Ceont, Ceg from (LBB) and
(E).

The proof of Theorem 2.1 departs from an alternative formulation of con-
dition (C).

Lemma 2.2. Condition (C) is equivalent to
Vi €Y Ty, € Yy Vé, € Xn(0)  b(En,mp) = 0(Ens ) (2.4)
Proof. For the proof that condition (C) implies (2.4), consider the linear map

LYy, — (Xn(0)*, yn — b(e,yy) with dual L* : X;,(0) — Y;*. The closed
range theorem for the finite-dimensional image L(Y},) leads to

b(e,Yy) = L(Yy) = (ker L*)° = {¢ € (X(0))* | V&, € ker L*, ¢(&5,) = 0}

(cf. [Bra07| for more details on the polar set (ker L*)?). Hence, it suffices to
show that for all y € Y and all z;, € ker L* it holds b(xp,y) = 0. Since
ker L* = Zj,, condition (C) states ker L* C Z. This proves (2.4).

For the proof of the converse implication, assume (2.4) and let &, € Z,. For
any 1 € Y, (2.4) implies the existence of ny such that b(&n, 1) = b(&x,n;) = 0.
Hence, &, € Z. O

Proof of Theorem 2.1. The condition (C) and Lemma 2.2 imply that there
exists yy € Y) with b(&,,y — yy) = 0 for all §, € X,(0). Let zj € X(g).
The condition (LBB) and the Brezzi splitting lemma [BF91, Bra07| imply the
existence of (&, 7mp) € Xp(0) X Yy, with [|&]|% + [Innll? = 1 and

lzn — 23l + Nlyh — ynlln < CstanB((xn — 5, yn — ¥3), Enomn)). (2.5)

The constant Cyap, ~ 1 depends on ay,, Y, My, Ceont from (LBB). The contin-
uous and discrete equations (2.1)(2.2) plus X;,(0) € X(0) and Y}, C Y show
that

B((zn — xhs yn — yp)s (Ensnn)) = B((x — 5,y — yh)s (Enynin))
= a(:v - x;(wgh) + F(Uh) - b('x;;?nh) + b(fh, Yy — yz)

The design of y; implies that the last term vanishes. This, the conditions
(LBB1b), (E), plus [[&]I% + lnnll; = 1 imply

B((xh — 4 yn = Yn)s (§n>mn) < (Ceont + Cerr) (|2 — @ || + dapx(F, G)).

The triangle inequality concludes the proof. O

(2.6)
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Remark 2.3 (Nonconforming FEM). This remark explains why nonconforming
methods with X ¢ X are excluded from the analysis of Theorem 2.1. For
the sake of this exposition, assume homogeneous boundary conditions in the
sense that X (0) = X (g) and X;,(0) = Xn(g) as well as G = 0 throughout this
remark. Then some nonconforming variant of (2.5)—(2.6) reads

Coom Ulzn = 23l + Ny — wnlln) < B((xn — 23 yn — v1), (€nsmn)
= a(x — x}, &) + F(nn) — b2y, nn) — a(x, &) — b(En, y)-

The nonconformity &, ¢ X implies that the additional terms at the end, namely

a(@,&n) + (&, y) (2.7)

do mot vanish. Two examples for the Arnold-Winther FEM in Subsection 5.3
illustrate how (2.7) may lead to sub-optimal convergence rates in practical
applications.

3 Preliminaries

This section provides the necessary preliminaries and notation on the Navier-
Lamé equations and regular triangulations.

3.1 General Notation

Throughout the paper, standard notation on Lebesgue and Sobolev spaces and
their norms applies and (e,®)2(q) denotes the scalar product in L*(9) (or
L2(S;R™) or L2(§; R™ ™). The subspace of L?(£; R™*") of functions with
divergence in L?(Q;R™) is H(div,$2; R™*"). For any measurable subset w C
Q, fw e dx denotes the integral mean on w with respect to the n-dimensional
Lebesgue measure. For 1 < k < n and some k-dimensional face G, fG e dsis the
integral mean over G with respect to the k-dimensional surface measure. The
duality pairing of H~/2(9Q;R") with HY2(9Q;R") is denoted by (e, )4,
The trace of a matrix A € R™"™ is denoted by tr(A) and the deviatoric part
of A reads devA := A — tr(A)l,xn/n. The dot denotes the product of two
one-dimensional lists of the same length while the colon denotes the Euclidean
product of matrices. The discrete norm |ef|, for piecewise polynomial L?
functions is defined in (4.1) below. The measure |e| refers to the Euclidean
norm of a vector or a matrix or, for a domain in R"”, to its n-dimensional
Lebesgue measure or its (n — 1)-dimensional surface measure.

3.2 Weak Mixed Formulation of Linear Elasticity

For the sake of this exposition assume that both I'p # () and 'y # () have a
positive (n — 1) dimensional surface measure; the results of this paper remain
true both for the pure Dirichlet problem I'p = 92 and for the pure Neumann
problem I'y = 9€) with the necessary modifications from Section 5.1.
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The weak mixed formulation of (1.3) is based on the spaces

X(g) :={r € H(div,%S) | 7v|ry = g} for the stress;
Y := L?(Q;R™) for the displacement.

Define the bilinear forms a : H(div, Q; S)x H (div, Q;S) — Rand b : H(div,;S)x
Y — R by

a(t, p) == (C™ 17, Pz and  b(7,v) = (divT,v)r2(0)

for any 7,p € H(div,;S) and v € Y. Recall the duality pairing (-, ), of
H=2(00; R") with H'/2(9Q;R™). The mixed formulation of the elasticity
problem seeks o € X (g) and v € Y with

a(o,7) +b(t,u) = (Tv,up)y, forall T € X(0),

3.1
b(o,v = —(f,v)r2q forallveY. (3-1)
@)

The unique solvability of (3.1) is well known [BF91, Bra07].

3.3 Triangulations

Let T denote some shape-regular simplicial triangulation of the bounded poly-
hedral Lipschitz domain €, i.e., Q = UT and 7 is regular in the sense that any
two distinct simplices are either disjoint or share exactly one common node,
edge or face (for n = 2 the edges coincide with the faces). For any simplex
T € T, F(T) is the set of faces and N(T') is the set of vertices of T'. Let F
denote the set of faces of T and N the set of vertices. Assume that T resolves
the boundary conditions in the sense that I'p = U{F € § | F C T'p}. For
w C R™ define the sets N(w) := NNw and F(w) := {F € F | int(F) C w}
for the relative interior int(F") of a face F' € F (e.g. the interior nodes are
denoted by N(€) and the interior faces by F(2)). The jump along an inte-
rior face F' € F(2) with adjacent simplices Ty and T_, i.e., F =Ty NT_, is
defined by [v]r := v|r, —v|7_. The jump along boundary faces F' € F(I'p)
reads [v]p := v|p, for that simplex Ty € T with F' C T... In this situation,
let v denote the outer unit normal of T on F. Given a simplex T" € T, let
v denote the outer unit normal of T'. For a face F' € F, the patch wp reads
wp:=int(U{T € T| F € F(T)}).
Define the piecewise polynomials by

P.(T;R™) := {p € L*(T;R™) |Vj = 1,...,m, the j-th component
p; of p is a polynomial of total degree < k},
P(T;R™) := {p, € L*(Q;R™) | VT € T, pi|r € Pu(T;R™)}.
Furthermore, let Py (T;S) (resp. Px(T;S)) denote the polynomials (resp. piece-

wise polynomials) with values in S. For any vertex z € N, the piecewise affine
and globally continuous function with 1 at z and 0 at all other vertices of N
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defines the conforming P; nodal basis function ¢,. The piecewise affines (into
the R?) with respect to F(I'y) read P (F(I'y); R?).

The L? projection Iy, : L2(€; R™) — Py (T; R™) onto piecewise polynomials
reads

Oy f:= argmin | f — pgllr2)-
PrEPL(T;R™)
The oscillations of order k of f are defined as oscy(f,T) := ||hg(1 — k) f|l r2(0)
for the piecewise constant mesh-size hy € Py(T;R), i.e., hy|r = diam(T") for
all T' € T. The diameter of a face F' € F is denoted by hp.

Let enc and Dy denote the piecewise action of € := sym D and the deriva-
tive D with respect to the triangulation T, i.e., for a piecewise polynomial
function pr € Py(T;R"), let exc(pi)|r = e(pklr) and (Dxopr)|r := D(pk|r)
for all T € T. For a piecewise polynomial tensor field 7, € Pi(T;R"*"™) the
piecewise action of the divergence is defined via (divye 7%) |7 = divne(7k|7) for
all T e 7.

4 [L? Best-Approximation of Arnold-Winther FEM

This section defines the Arnold-Winther FEM, and states the main result in
Subsection 4.1 with the proof of (LBB), (C) and (E) in Subsections 4.2-4.4 for
space dimensions n = 2,3. Recall that A < B abbreviates A < C'B for some
positive generic constant C' which may depend on the shape regularity of T
and the Lamé parameter p but neither on A nor on the mesh-size.

4.1 Arnold-Winther FEM

For the degree k = 1,2, the approximation of the displacement of the Arnold-
Winther FEM reads
Yy = Pp(T;R"™).

The local Arnold-Winther finite element space reads
AWL(T) := {Taw € Prin(T;S) | divTaw € Pp(T;R"™)}.

Let the function gg., define some suitable approximation of g by traces of
piecewise AW (T") functions which are globally in H(div,$2;S). In the case
of smooth consistent Neumann data, gii, can be defined via the degrees of
freedom of the Arnold-Winther finite element (see Figure 1 for n =2 and k =
0). For inconsistent Neumann data, a modification at the vertices is required
(as described in [CGRTO08]). Throughout this paper, we merely impose the
following condition.

(N) Forallv; € Pi(F(Cn); R*)NH (T3 R?) it holds [i. (9—gr+n)-v1 ds = 0.
The stress is approximated in

AWL(T, gtn) = {Taw € X(gk+n) | VT € T, Taw|r € AWK(T)} C X (gtn)-



Mizxed FEMs

The approximation properties of AW (T, gr+,) depend in a delicate way on
the choice of gi4+,. However, the main result in Theorem 4.1 requires only the
condition (N) and AW (T, gkin) # 0.

Define a discrete norm on Y} by

lvalls == llexc i) l32 @+ Y. hp'llvalellfage  for any vy € Yi. (4.1)
FeF(QUTp)

(In fact, if [|vp|lp, = 0, then vy is continuous and a rigid body motion with
vp|r, = 0 and, hence, the Korn inequality [Bra07, p. 298| implies v, = 0.)
The discrete mixed problem seeks oy € AWk(T, gkirn) and ug € Y} such
that
a(oaw; Taw) + 0(Taw, ug) =  (TawV,up)gn  for all Taw € AWL(T,0),

4.2
boawsvn) =  — (fyvn)r2@q) for all v, € V. (42)

The following theorem states the L? best-approximation result for the
Arnold-Winther FEM with

X5 (0) := AW.(T,0) C X(0) C H := L*(%;S),
Xh(g) = Awk(g’: gk+n)7
Y, := P(T;R") C Y := L}(Q;R")

and right-hand sides G(7) := (7v,up)yq and F(v) = —(f,v)2(q) for all 7 €
X(0) and v € L2(£;R™).

The following main result implies (1.4).

Theorem 4.1 (L? best-approximation for Arnold-Winther FEM). Suppose
that gi1n satisfies the condition (N). Then any Taw € AW (T, gptn) satisfies

lo = oawllL2(@) + IMxw = uklln S llo = TawlL2(0) + osex(f, 7).

The condition (C) follows immediately from div AW(7,0) C P(T;R"™).
The conditions (LBB) and (E) are verified in the remaining subsections. This
and Theorem 2.1 conclude the proof of Theorem 4.1.

4.2 Proof of (LBB1)

The following modification of [BF91, Proposition 7 in Section IV.3] follows
from [CD98, Theorem 4.1].

Lemma 4.2 (tr-dev-div lemma). Let ¥ be a closed subspace of H (div, Q; R™*™)
which does not contain the constant tensor 1,xy,. Then any T € g satisfies

[tr(T)lL2(0) S ldev 7]l 22 () + lldiv 7l 2(q).-

10
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Proof. The stated inequality is proven [CD98, Theorem 4.1] for the case n = 2.
The generalisation to n > 3 follows directly with the arguments of [CD98| and
[ASV88, ADMO06]. O

Recall the definition of the discrete kernel Zj, from (2.3).

Lemma 4.3 ((LBB1)). The bilinear form a is continuous and Zy-elliptic with
respect to the norm ||| 2(q). The respective constants do not depend on A or
the mesh-sizes in T, but possibly on the shape-reqularity of T.

Proof. The continuity follows from [C71A| < |A] for all A € R™ ™. Let Taw €
AW (T,0) with [, vp div Taw dz = 0 for all v, € Yj. Since div 7aw € Y3, this
leads to div 7aw = 0. Since AW(T,0) is a closed subspace of H (div, 2; R™*"™)
which does not contain the constant tensor 1,,x,, Lemma 4.2 yields

[ tr Taw 2 ) S [l dev mawll z2(0) + | div Taw |l 22(0) -

Since div 7aw = 0, this and | dev A|?> < A : C~! A conclude the proof. O

4.3 Proof of (LBB2)
The stability involves the mesh-dependent norm ||-||5, from (4.1).

Lemma 4.4 ((LBB2a)). The discrete bilinear form b is continuous with respect
to the norms ||| r2(q) and |||, in the sense that

b(TAw,'Uh) g HTAWHL2(Q) |||'Uhmh fOT‘ all (TAW7vh) € AW]C(‘J.I, 0) X Yh

Proof. An integration by parts and trace [DE12, Lemma 1.49] and inverse
inequalities [DE12, Lemma 1.44] lead to

(div Taw,Vn) 2(Q) = —(Taw, Dxctn)r2(0) + Z / [vplF - (Tawvr) ds
FeF(Qurp)’ ¥

—1/2
S leve@n)lz@lmawlizey + > b lllonlpll 2 Imawll 2o
FeF(QUl'p)

S lmawll 2@y llvslls- O

Theorem 4.5 ((LBB2b)). The bilinear form b satisfies the inf-sup condition

1<B8<  inf sup b(raw, vn) .
un€Yi\{0} o e AW, (T,0)\{0} ITaw lL2(0) lvnlln

Proof. Let vy, € Y} and define 7aw € AW (T,0) by the specification of the
degrees of freedom in such a way that the volume moments of degree < k — 1
coincide with those of —eyc(vp) and the moments of the faces of degree k
coincide with the moments of weighted jumps of [vy]p. Precisely (with the
notation of Appendix A) set the volume degrees of freedom as

L7 ¢(Taw) = —Lr(enc(vp)) for £ € L1 (T),

11
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and the face degrees of freedom as

n—1
L (.0) (Taw) = Iy o ( ][F [z = @2)™ [onlr d8>
j=1

for (F,n,a) € Itaces(T) with F = conv{z1,...,2z,} € F(QUTp) and set the
remaining degrees of freedom as

LT,K(TAW) =0 for £ € Inodes(T) U Ivol,2 (T) U Iedges(T)

for all T' € T. See Subsection A.1 for the precise definition of these functionals.
An integration by parts yields

(vn, div 7'AW)LQ(Q) = _(DNthvTAW)L2(Q) + Z / (V] F - (TawVr) ds.
FeF(urp) ¥
The definition of 7,w proves
—(DxcVh, Taw) 12(0) = ”5NC(Uh)H%2(Q)-

The hyper-face contributions satisfy, for any F' € F(QUI'p), that

/ ol - (rawve) ds = B [[on] 122
F
This leads to

b(Taw, o) r2(0) = llonll7- (4.3)

Let T € T and let 0y € AW (T') for £ € Iyo1,1(T) U Igaces(T') denote the shape
functions of the volume degrees of freedom and the face degrees of freedom on
T. Then, the representation of T,y |7 with respect to the shape functions reads

TAW’T = E LT,@(TAW)UE-
ee[vol,l (T)Ulfaces (T)

The triangle inequality and the scaling of the L? norm of the shape functions
of Theorem A.7 show

I7awllz2ery S ITIV? Z | Lre(Taw)|-
ZEIvol,l (T)UIfaccs (T)

Since [p.; — ¢-,|< 11in Q, a Cauchy inequality leads, for £ € Iyo,1(7), to

| L,e(Taw)| < ][IeNc(vh)l dx < T |lexc(vn)ll z2¢ry-
T
The same arguments reveals, for ¢ € It e5(T), that

|Lre(raw)| < bt |1FI7Y2 ([[on] pl 22 -
The shape regularity implies |T|*/2 hy! |F|7Y/2 ~ h;l/ ?. The combination of
the previous inequalities and the sum over all simplices results in
[Tawllz2(0) < llvnlln-

This and (4.3) imply ||7awllz2()lvrlln S b(Taw,vn). This concludes the proof.
O

12
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4.4 Proof of (E)

This subsection is devoted to the proof of (E) for the Arnold-Winther FEM
based on the following three lemmas.

Lemma 4.6 (efficiency). Any Taw € AWk(T, gr+rn) satisfies

1A (f 4 div maw) | 22() S [lo = Tawllz2() + osex (£, 7).
Proof. This follows from the well-established arguments of [Ver96]. t

Lemma 4.7 (discrete Korn inequality). Any vy, € Y}, satisfies

[ Dxcvnllrz@) < llvalln:

Proof. Tt follows from [Bre04, Eqn (1.19)] that

IDxcvnll ) S lonliar ) + lexc@liia o) + Z e llonl e lIZ2 )
FeF(Q

Since hr < 1, the boundary terms are controlled as

Yo lonllemy S D hEtlonllEaey < loali. [

FeF(Tp) Fed(I'p)

Let T(z) := {T € T | z € T} and define the enrichment operator J; :
Py(T;R") — (P(T;R™) N HY(Q;R™)) for vy € Py(T; R™) by

Jivo(z) = (card T(2)) 7! Z volr(2)

TeT(2)

for all z € N(QUT'y) and Jivg(z) = 0 for all z € N(I'p) followed by linear

interpolation on all simplices.

Lemma 4.8 (approximation and stability estimates). Any vy € Y}, satisfies
ITovnlln < lvalln- (4.4)
Any vy € Po(T;R™) satisfies
1h5 (1 = Ji)vol 2 () + [ Dxedivoll 2y S lvolln- (4.5)

Proof. For F' € F(Q) let T, T € T with F = T, NT_. Define the two
seminorms pi, po on Py({T4,T_}; R™) for wy, € P,({T4,T-};R™) by

pi(wr) == hip | Hown] el 2 ()
p2(wp) = || Dacwnl| 2 (wp) + b 2 Newn) el 2

If po(wp) = 0, then wy, is constant and continuous on wg. This implies
Hown |1, = Howp|7_ and, hence, p1(wy) = 0. Since p; and p are seminorms,

13
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there exists a constant C > 0 with p; < Cpy. A scaling argument proves that
C =1 is independent of the mesh-size. This proves

e Mown) rll 2y S | Dxcwnllize) + be Nwnl el (46)

The same arguments apply for F' € F(I'p) and prove (4.6) for wp = int(1})
for the one simplex Ty € T with ¥ C T;. The sum over all edges and the
bounded overlap of wg yield for any vy, € Y}, that

> hEMMovn]plliage S IDxcvnlliz + D be llvalrll7zmy-
FG?(QUFD) FG?(QUFD)

This and Lemma 4.7 prove (4.4).
For the proof of (4.5), note that vy € Py(T;R"™) implies for z € F' € F(I'p)
that

o ()I? = hE" "Vl [vo] 11225

This and the arguments of [BS08, Lemma (10.6.6), p. 296| prove

1hs'(wo = Jrwo)lFey S D PR llvol el 2 (e
Fes(Qurp)

An inverse inequality proves
[ DxeJivoll 2y S byt (vo — Jivo)ll 2 (-
This concludes the proof. ]
The proof of (E) concludes this subsection.

Lemma 4.9 ((E)). Any vy, € Yy, with |op|ln = 1 and any Taw € AWkK(T, gr1n)
satisfy

(f +divraw, vn)r2() S llo = Tawllr2(0) + osck(f, 7).
Proof. Let vy, € Y, with |Jup|ln = 1 and consider

(f + le TAW 5 'Uh)L2(Q) (4 7)
= (f + div 7aw, (1 — HO)'Uh)LQ(Q) + (f + div Taw, Hovh)Lz(Q). .

The piecewise Poincaré inequality, Lemma 4.6 and the discrete Korn inequality
from Lemma 4.7 control the first term of on the right-hand side of (4.7) as

(f +divraw, (1 = o)vn) 2y S lha(f + div maw) | 22(0) | Dxcvrll z2(0)
S llo = Tawllz2 () + osek(f, T).
Lemma 4.8 implies for the second term on the right-hand side of (4.7) that

(f + div Taw, Hovh)L2(Q)
= (f + div 7aw, (1 = J1) gy + Jlnovh)Lz(Q) (4.8)
S ”hg‘(f + div TAW)HLZ(Q) + (f + div Taw, Jlno’l)h)LQ(Q).

14
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An integration by parts, —divo = f, and Lemma 4.8 reveal for the last con-
tribution in (4.8) that

(f + div Taw, J1llovn) 2 (@) = (0 — Taw, €(J1llovn)) r2(0) S lo — Tawllz2()-

In the integration by parts, the boundary term fFN((a — Taw)V) - J1illgup ds
does not arise because g, fulfills the condition (N). The combination of the
foregoing displayed inequalities with Lemma 4.6 concludes the proof. O

5 Comments

This section discusses possible generalisations of Theorem 4.1 as well as appli-
cations to other finite element methods.

5.1 Pure Dirichlet and Pure Neumann Problem

The pure Dirichlet problem I'p = 0f2 involves the stress space
X := {7 € H(div,Q;S) ’ JotrTdz=0}.

The arguments for the proof of Theorem 4.1 remain valid and, hence, Theo-
rem 4.1 also holds in the case of pure Dirichlet boundary conditions.

The pure Neumann problem I'y = 0 specifies the displacement up to
rigid-body motions only. Hence, the space of the displacements reads

YV :=L*(R")/RM and Y, :=P(T;R)NY

with the space of rigid-body motions RM on €. The discrete solution (0w, uk)
to (4.2) and the exact solution (o,u) satisfy the L? best-approximation of
Theorem 4.1. The proof follows that of Section 4 with the analogue [Bre04,
Eqn (1.18)] of Lemma 4.7.

5.2 Arnold-Winther FEM for k£ > 3

For k£ > 3, the analogues to the volume degrees of freedom from Section A.1.2
read f,.7aw : ¢dx for ¢ € e(P(T;R™)). For k > 3 it holds e(Px(T;R")) &
Py,_1(T;S). For a shape function o, of a face degree of freedom with fT Oaw :
¢dx = 0 for all ¢ € e(P(T;R™)), it is not obvious that the term f7 G aw : ¢ da

for ¢ € (P (T;R™)) scales in the correct way or even vanishes. This disables
the analysis of Theorem A.7 and, hence, k > 3 is excluded in Theorem 4.1.

5.3 Nonconforming Arnold-Winther FEM

This subsection supports the conjecture that the analysis of Theorem 4.1 does
not hold for the nonconforming Arnold-Winther FEM. The nonconforming
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symmetric finite element spaces of [AW03] for the pure Dirichlet problem and
n = 2 for the stresses read

Yoo = {r e g | yh € Fur ) S BE) and |

VF € Vv e P (F;R?), [Lv-[r]lpvpds =0

and byo(Tve, vp) = (divae Tnes Un)r2(Q) for ve € Xne and v, € Pi(T; R2).
The discrete mixed system seeks (onc, ux) € Xne X P1(T;R?) such that

CL(O’NC, TNC) + bNC(TN07 uk-) — O for all TNC (S XNC?

(5.1)
bxc(One, Un) = —(f,vn)r2@) for all v, € Py(T;R?).

The stability of the discrete system (5.1) with respect to the norms |[|-||2(q) and
Il follows from the arguments in Section 4. The additional term from (2.7)
reads |a(c, pp)+bnc(pn, u)|. This additional term disables a best-approximation
result as in Theorem 4.1 for the nonconforming Arnold-Winther FEM. This
is in accordance with the numerical experiments of [CEG11| where it was ob-
served that the approximation of o by oyc¢ is only of first order. The same
observation on reduced convergence rates is also valid for the reduced noncon-
forming finite element of [AW03].

5.4 Nonconforming Treatment of Neumann Data

Although the proof of (E) in Subsection 4.4 requires only the condition (N) on
the Neumann data, the abstract result in Theorem 2.1 relies the conformity
in the strong form X} (0) € X(0). One possibility of circumventing the nodal
interpolation of possibly inconsistent Neumann data is to fix only the moments
of order k of Towv|p for all FF € F(I'y) as in [CGRT0S|

AW xo(T, 9) = {maw € H(div, 4 S) | VT € T, Taw € AW (T') and
Vo € Pr(F(Tn); R™), / (9 — TawV) - vk ds = 0}.
I'n

The discrete problem seeks oaw € AWy, no(7T, g) and uy, € P(T;R™) such that

a(UAw, TAW) + b(TAW7 Uk) = <TAWV7 U’D>8Q fOr a.ll TAW E AWk,NC(T7 0),
bloaw,vk) =  — (fyvk)r2() for all vy € Pp(T;R™).

The conditions (LBB), (C), and (E) can be verified with the methodology of
Section 4. However, since AWy, yo(7T,0) € X(0), a direct application of The-
orem 2.1 is not possible. The following extension explains the sub-optimal
convergence observed in the numerical experiments of rates in [CGRT08, Sub-
section 3.2]. For a smooth solution u € H2(;R") (resp. H3(;R")), the
approximation error of the theorem below is merely O(h) (resp. O(h%/?)) in
accordance with all numerical experiments in [CGRTO08|.

Theorem 5.1. Any Taw € AW no(7T,0) and any v1 € Pi(F(In);R™) satisfy
—1/2
lo = oawllza) S lo = Tawllzg) + 0sen(f, T) + by 2w = v1) 20y
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Proof. As pointed out in Remark 2.3, the nonconformity in the discretisation
of the Neumann data results in the additional term (2.7) which reads (with
& = PAW)

a(o; paw) + b(paw, u)
for some paw € AWy xc(T,0) with [[pawl[z2(0) < 1. The integration by parts
and the boundary condition of py show for any vy € Py (F(In); R?) that this
equals

a(0, paw) + b(paw, 1) = /

. - (pawv) ds = / (u—v1) - (paw?) ds.

I'n

A trace and an inverse inequality show that this is controlled as

a(0, paw) + b(paws 1) S 1h5 7> (w = vl 2y loawllz2()-

The remaining terms are analysed in the proof of Theorem 2.1. Hence, further
details are omitted. O

5.5 Equality of Approximation Classes

The notion of optimality of adaptive FEM in the literature is based on the
concept of an approximation class [CKNS08, BDD04]. Given some s > 0 and
an initial regular triangulation Ty, the set T(IN) of admissible triangulations T
with card(T) < card(Tp) + N leads to the following seminorms

(0, )4, awrEnm = sup min N*v/|jo — oaw||2 + osc(f, T)2, (5.2)
NeN TeT(N)
|(0, f)| A, bapx = sup min N°? min : \/HO’ — Taw||? + osc(f, T)?

NeN TeT(N) TAWEAW (T, g 1 &

with the approximation classes

AXTTEM = {(5, ) € H(div, 8S) x L*(R) ||(0, )] a.,awFEM < 00 },

S$,9k+n

ARP = {(0, f) € H(div, % S) x L*(R") | (0, f)|a

5,9k+n < OO}

s,bapx
The set ASAZZESM concerns the approximation by the Arnold-Winther FEM and
oaw in (5.2) is the finite element solution with respect to the mesh T and the
data f, while Ag’zlfin describes the approximability of o by arbitrary functions
in AW (7, gn+x) (independent of any scheme). The approximation properties
of functions in AWg(T, g,+r) may be sensitive to the utilised approximation
of the Neumann data g by g, 1.

Theorem 5.2 (AP = AAWFEM) - Given any f € L2(Q;R™), g € L2(Ty; R™)
and up € HY(Q;R™) with the exact solution (o,u) to (3.1), then, for any s > 0,

(0, f) € ANWFEM it und only if (o, f) € AP2PX

and [(0, f)la,awreM = (0, F)|A, pape-  The equivalence constants depend on
the domain ) and on the shape-regqularity of the triangulation 7.

Proof. This is an immediate consequence of the best-approximation result of
Theorem 4.1. O
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5.6 Stokes Equations

Theorem 2.1 immediately applies to the Arnold-Winther FEM of [CGP12] for
the Stokes equations which corresponds to the formal limit A — oo with C™ o
replaced by the deviatoric part devo. This section therefore focuses on the
pseudostress-velocity formulation of the Stokes problem of [CTVW10, CW07,
CWZ10, CKP11],

dive+f=0 and devo=DuinQ, wu=uponIp.
This leads to (2.1) with the spaces
H = LQ(Q;Ran)7

X :={r € H(div, Q;R™") | [ tr7dz = 0},
Y := L?(Q;R").

For any 7,p € X and v € Y, the bilinear forms read
a(t,p) := (dev T, p)r2q) and b(7,v) = (divT,v)r2(0)-

Givenup € HY(Q;R") and f € L?(;R"™), set G(7) := (Tv,up)gq and F(v) :=
fQ f-vdzx. Tt is well-established that the system (2.1) has a unique solution
(o,u) € X x Y. With the well-known Raviart-Thomas finite element space of
degree k > 0 from [BF91, Bra07, BS08| let X;, := RT¢(7)" N X and Y}, :=
P (T;R™).

Theorem 5.3 (L? best-approximation for the Stokes equations). The pseu-
dostress o € X and its approzimation oy, € X}, satisfy the L? error estimate

lo—onllrz) S _inf [lo = 7ullr2(0) + osck(f, 7).
ThEX]

Proof. The proof follows from (LBB), (C) and (E) and Theorem 2.1 for the
norms ||e| g = [|e[|z2(q) and [|e||, given, for any v, € Y}, by

lonlly, == IDxc (o)l 72y + Y. PE'llvalelZe e (5.3)
FeF(Qul'p)

The ellipticity condition (LBBla) is a direct consequence of Lemma 4.2;
the continuity (LBB1b) follows from the Cauchy inequality. For any 7, € X},
and v, € Y}, a piecewise integration by parts proves that

b(th,vp) = — (13, Dchh)LQ(Q) + Z / [vp]F - (Thyr) ds.
Feg(urp)’ ¥

As in the proof of Lemma 4.4, the trace and inverse inequalities control the
term b(7p,vp) by [|7allz2(q) llvalla- This leads to the proof of the continuity
(LBB2a).
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n=2, n=2 n=3 n=3,

k=1 k=2 k= k=2
nodal dofs 9 9 24 24
volume dofs 3 9 6 24
face dofs 12 18 36 72
add. volume dofs - 1 6 21
add. edge dofs - - 90 120
sum 24 37 162 261

Table A.1: The numbers of degrees of freedom.

For the proof of the inf-sup condition (LBB2b), it is stated in [BV96,
Lemma 2.1|, [LS06, Lemma 2.1] that for any v;, € Y}, there exists some 7}, €
RT4(T)" with

b(7n,vn) = llvall  and |7l r20) < lonlln-

Set 7, := (7, — ! (Jq tr 7, dz) 1nxyp) € Xj, and observe that b(7,, vs) = |Jvj||7
and ||[7nllz2() < |7all2(q)- This establishes the inf-sup condition (LBB2b).
The bubble function technique due to [Ver96] allows the proof of the efficiency
estimate

[hg (f + div )l r2) S llo = 7allz2(@) + osck(f, T)

for all 7, € X,. The techniques of Lemmas 4.8-4.9 prove condition (E). ]

Theorem 5.3 allows the following refinement of [CGS13, Thm. 3.5] where
n =2 and k = 0: That theorem holds for a nonlinear approximation class (in
the notation of [CGS13])

AL = {(0, f,9) €H(div, % R**?)/R x L*(Q;R?)
x (H' (S R?) N H'(E(09);R?)) | [(0, f, 9)lar < oo}

with |(o, f, g)|ar =

dg 1/2
N*® inf  inf dev(o— 2 2(f, 7T 2 (22, E(00 .
N vel%l(N)Tpsé%s(fr)(H ev(=1vs) [z +ose*(1.T)vose (. (09 )

The refinement is that 7pg in the preceding definition of the seminorm is opti-
mal in the L? norm while in [CGS13, Thm. 3.5] it is the finite element solution
with respect to 7.

A Local Degrees of Freedom of AW-MFEM

This appendix discusses the scaling of the shape functions of the Arnold-
Winther-FEM. Subsection A.1 first recalls the local degrees of freedom.
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A.1 Definition of the Local Degrees of Freedom

This subsection recalls the local degrees of freedom for the two-dimensional case
n = 2 and the three-dimensional case n = 3 from [AW02, AAWO08|. There it is
proven that the local degrees of freedom are linearly independent functionals
on the space AWy (7). The number of the different degrees of freedom can be
found in Table A.1.

Let ej := (0x|k € {1,...,n}) € R™ denote the canonical unit vectors for
J € {l,...,n} and set ej; = €; ® e}, = eje;r € R™™. The indices for the
upper triangle part of an n X n matrix read as

Ho={(G, k) e{1,...,n}* | j < k}.

For T' € T, the local degrees of freedom are defined via the following groups of
linear functionals for any Taw € AW (T).

A.1.1 Nodal Degrees of Freedom

The first group of degrees of freedom are the nodal values of 7,w. Define the
index set Inodes(T) := N(T") x H. The functional Ly, is defined by

L7 o(Taw) := Taw(2) : €qp for £ = (z,(a, B)) € Lnodes(T).

A.1.2 Volume Degrees of Freedom

The second group of degrees of freedom concerns volume moments. Define

{0} x H if k=1,

Loo1(T) =
11(7) {{O,...,n}xﬂ{ if k= 2.

For T = conv{zi,..., 2,41} the moments of degree zero read

Ly o(Taw) = €ap : ][ Taw AT for £ = (0, (o, B)) € Lyo1,1(T)
T

and for £k =2 and 1 < j < n, the moments of degree one read

LT,K(TAW) = €qp ][(‘sz - ‘Pzn+1) Taw dx for £ = (j,(a,B)) € Ivol,l(T>-
T

Remark A.1. The volume degrees of freedom for k > 2 are defined in [AW02,
AAWO08]| as the moments [ Taw : ¢ dx for ¢ € e(Py(T;R™)). Note that for
k =2 it holds e(P>(T;R"™)) = P, (T';S) on each simplex 7.

A.1.3 Face Degrees of Freedom

The third group of functionals consists of the face moments of 7,. Define

Ttaces(T) = (Fym,0) € F(T) x Ng ™' {1,...,n} | > my <k
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For F' = conv{z1,...,2,} the moments of degree 0 < Z 1 n; < k read
Ly o(Taw) = e ][ H(gozj — ©2,) " Taw ds | vp, for £ = (F,n,a) € Igaces(T).
F i

A.1.4 Additional Volume Degrees of Freedom

Let Iyq2(T) == {1,...,dim(My(T))} (with the convention {1,...,0} := 0)
and
My(T) := {1 € Pyyn(T;S) | divr =0 and v =0 on 0T’} .

In the lowest-order case k = 1 for n = 2, My(T) = {0} [AW02, AAWO0S|. Let
(#5)jel,0, be a basis of My(T) and define the functionals

L7 j(Taw) := ][ Taw : ¢j dx for j € L1 2(T).
T

A.1.5 Additional Edge Degrees of Freedom

There exists additional degrees of freedom for the edges of T' for n = 3. Let
&(T) denote the set of edges of T" and define

Loages(T) :={(E. j,, ) € &(T) x {0,....k + 1} x {1,2}* | (@, ) # (2,1) }
U (F(T) x &(T) x {0,...,k+1}).

For an edge E = conv{a,b} of T' C R3 let v; and v5 be linearly independent
normal vectors of . The moments of degree j of the normal directions read

LT,E(TAW) = ][ (30 ‘Pb) V Taw V33 ds for £ = (E7j704w6) € Iedges(T)'
E

For a face F' € F(T) with edge F, let sp denote a unit tangent along E. The
moments of degree j of the tangent-normal directions read

Ly (Taw) := ][ (¢a gpb) sE Taw VF ds for { = (F, E, j) € Leqges(T).
E

A.2 Scaling of Shape Functions

This subsection studies the dependence of the L? norm of shape functions of
AW (T) on the mesh-size. Let T € T and T some reference simplex and let W :
T — T be an affine transformation with W(x) = Bz +b. This transformation
does not map AWy (T) to AW, (7)) in general. Therefore, the Piola transform is
employed for B~ := (BT)™1: Given o,y € AW(T), its Piola transformation
reads

Gaw = B~ (0awo U)B .

The following Lemmas A.2-A.6 discuss the transformation of the local de-
grees of freedom under the Piola transform.
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Lemma A.2. Let z € N(T) be a vertex of the simplex T'. If Ly (oaw) = 0

~

for all £ € Lyodes, then Lz ,(Gaw) = 0 for all £ € Lyoges(T).
Proof. This follows from (o aw o ¥)(¥~1(2)) = 0. O

~

Lemma A.3. Gwen (j, (o, ) € Lio1(T), the transformation of the volume
degrees of freedom reads

Lﬁ(j,(aﬁ))(azxw) = €apB <Bl< Z LT,(j,('y,zS))(UAW)e'yé)BT>~
(v,0)eH

Proof. This follows from a transformation to 7. O

~

Lemma A.4. The transformation of the face degrees of freedom for F = U(F)
and (F,n, &) € Itaees(T) reads

n
L’f,(ﬁ,n,a) ((/J'\AW) = ‘BTVF|71€0[ . _Bi1 Z LT,(F,T),’Y) (UAW)e’y
v=1

Proof. The transformation to F' = conv{zi,...,z,} yields
n—1
Lf,(ﬁn,a)(aAW) = Ca ]i H(@Zj —z,)" (B_IUAW) ds B_TVﬁ'
j=1

Since B_Tuﬁ is orthogonal to F and |B vp| = \B_Tyﬁ]_l, this leads to

n—1
Lfv(ﬁv”ha) (&AW) = ’BTVF|71 €a - ]{? H(SOZ]' - szn)nj (BilUAW) ds Vg
7j=1
n—1
= ]BTVF|—1 €q - B! ][ H(szg' — . VVoawds | vp
F -
7=1

= ’BTVF|_1€Q . B_1 ZLT7(F77]7,Y) (O'Aw)ery . D
y=1
Lemma A.5. If Ly j(ocaw) = 0 for all j € Lyq2(T), then ij(EAW) =0 for
all j € Lygo(T).

Proof. Let éﬁ\j denote the basis function of Mk(f) associated with ij. A
transformation and a calculation reveal
L o1 (Gaw) = ]{F(;AW (B™ T (¢j 0 U HB 1) dux.

A further calculation reveals div((B*T(t/b\j o U HBT)) = 0 if dive;, =
[AW02, AAWO0S]|. Let F € F(T) be a face of T and F = U~1(F) ¢ (
with normal V5. Since B _lﬁﬁ is orthogonal to F, the symmetry of (B~ (¢;
U~ B~1) proves (B*T(gj o U~HB~1) € M (T). This proves Lﬁj(?f\Aw) =
0. O
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The following lemma concerns only the case n = 3.

Lemma A.6. Ifn =3 and Lr¢(oxw) = 0 for all £ € Ioqges(T), then Lz ,(Gaw) =

0 for all £ € Ioqges(T).

Proof. Let (E, j, a, B) € Iogges(T') and E = U~Y(E) = conv{c, d} with normals
U1, Uy associated to the edge degrees of freedom of T. The definition of the
Piola transform and a transformation yield

LT\,(\II—l(E),j,Oc,B) (8AW) = ]ij(SD\II(c) - SO\I/(d))jI/)c—ur(B_l(O-AW © W)B_T)Dﬂ ds
- éww ~ ow@) (B T0w) Toun(B~ 95 ds.

Since B~ "7, is orthogonal to E for v = a, 8 and L1, (E,ja,8 (0aw) = 0, this
vanishes. The same arguments prove (with the normal Vg -1y of U—L1(F) and
the tangent sz of E)

L3 (w1(m),9-1() ) (Taw)

= ]{5(90\1/(0) — pu(a) (B™'35) T oaw (B~ "Dy-1(p)) ds.

(A.1)

Since B~ vy is orthogonal to W~(F) and B~ 5 € span{sg,v1,v2}, (A1)
vanishes as well. O

For the remaining part of this section, let o,y € AWg(T) be a shape
function of a volume degree of freedom and 7y € AW (T') a shape function of
a face degree of freedom for some simplex T € T, i.e., there exists €y € Lyo1,1(T)
and {1 € Ipyees(T) with

LT,Z(O'AW) = 5208 and LT,Z(TAW) = 5415

for £ € Inodes(T) U Lyo1,1(T) U Ttaces(T) U Lyo12(T) U Ledges(T). The following
theorem proves that the shape functions scale in the expected way.

Theorem A.7. The above degrees of freedom with the aforementioned shape
functions oy and Taw on T € T satisfy

loawllL2(ry + ITawll 27y S |T‘1/2-

Proof. Let 04w and Taw as above denote the Piola transform of o,y and 7aw.
Let oy € AWk(f) for ¢ € IVO171(T\ ) U Ifaces(f) denote the shape functions of
the volume degrees of freedom and the face degrees of freedom on T. Since
the Piola transform preserves the polynomial degree and the symmetry of
oaw and Taw and the polynomial degree of their divergence, T w € AWk(f)

23



Mizxed FEMs

and Taw € AWk(f) are Arnold-Winther functions on the reference simplex.
Lemmas A.2-A.6 then prove

Gaw= Y. Li,Gaw)os

Ze[vol,l(T)
- 2 cos: (BT X Irgoan(@awen | BT | or
Z:(j»(ang))elvol,l(f) (’\/76)69{

This and HUZHLQ@) < 1 yield
~ —1)2
HUAWHLz(f) = ’B e
The combination with |B| ~ |B~!|~! plus a transformation lead to

loawll 2¢ry = |TY? |oaw o Ul 27
=T ||BGaw B |l o) S |TIM2.

The same arguments and |BTvp|™' < |B7!| prove Tawll 27y S 7|1/ O

Remark A.8. Theorem A.7 can alternatively be proven by the explicit compu-
tation of the local mass matrix in [CGRTO08| for n = 2 and k = 1.

Acknowledgements

This work was supported by the DFG Research Center Matheon and the Berlin
Mathematical School. The authors thank Professor Dietrich Braess for valu-
able comments.

References

[AAWO08] Douglas N. Arnold, Gerard Awanou, and Ragnar Winther. Finite elements for
symmetric tensors in three dimensions. Math. Comp., 77(263):1229-1251, 2008.

[ADMO06]  Gabriel Acosta, Ricardo G. Duran, and Maria A. Muschietti. Solutions of the
divergence operator on John domains. Adv. Math., 206(2):373-401, 2006.

[ASVSS] Douglas N. Arnold, L. Ridgway Scott, and Michael Vogelius. Regular inversion
of the divergence operator with Dirichlet boundary conditions on a polygon.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 15(2):169-192 (1989), 1988.

[AWO02] Douglas N. Arnold and Ragnar Winther. Mixed finite elements for elasticity.
Numer. Math., 92(3):401-419, 2002.

[AW03] Douglas N. Arnold and Ragnar Winther. Nonconforming mixed elements for
elasticity. Math. Models Methods Appl. Sci., 13(3):295-307, 2003.

[BDD04]  Peter Binev, Wolfgang Dahmen, and Ron DeVore. Adaptive finite element meth-
ods with convergence rates. Numer. Math., 97(2):219-268, 2004.

[BDW99]  Dietrich Braess, Wolfgang Dahmen, and Christian Wieners. A multigrid algo-
rithm for the mortar finite element method. SIAM J. Numer. Anal., 37(1):48-69,
1999.

24



[BF91]

[BOPSO]
[Bra07]
[Bre04]

[BSO08]

[BV96]
[CDYS

[CEG11]

[CGP12]

[CGRTO8]

[CGS13]

[CKNSO08]

[CKP11]

[CPS12]

[CTVW10]

[CW07]

[CWZ10]

[DE12|

Mizxed FEMs

Franco Brezzi and Michel Fortin. Mized and hybrid finite element methods,
volume 15 of Springer Series in Computational Mathematics. Springer-Verlag,
New York, 1991.

I. Babuska, J. Osborn, and J. Pitkéranta. Analysis of mixed methods using
mesh dependent norms. Math. Comp., 35(152):1039-1062, 1980.

Dietrich Braess. Finite elements. Cambridge University Press, Cambridge, third
edition, 2007.

Susanne C. Brenner. Korn’s inequalities for piecewise H' vector fields. Math.
Comp., 73(247):1067-1087, 2004.

Susanne C. Brenner and L. Ridgway Scott. The mathematical theory of finite
element methods, volume 15 of Texts in Applied Mathematics. Springer, New
York, third edition, 2008.

Dietrich Braess and Riidiger Verfiirth. A posteriori error estimators for the
Raviart-Thomas element. SIAM J. Numer. Anal., 33(6):2431-2444, 1996.

Carsten Carstensen and Georg Dolzmann. A posteriori error estimates for mixed
FEM in elasticity. Numer. Math., 81(2):187-209, 1998.

C. Carstensen, M. Eigel, and J. Gedicke. Computational competition of sym-
metric mixed FEM in linear elasticity. Comput. Methods Appl. Mech. Engryg.,
200(41-44):2903-2915, 2011.

Carsten Carstensen, Joscha Gedicke, and Eun-Jae Park. Numerical experiments
for the Arnold-Winther mixed finite elements for the Stokes problem. SIAM J.
Sci. Comput., 34(4):A2267-A2287, 2012.

C. Carstensen, D. Giinther, J. Reininghaus, and J. Thiele. The Arnold-Winther
mixed FEM in linear elasticity. I. Implementation and numerical verification.
Comput. Methods Appl. Mech. Engrg., 197(33-40):3014-3023, 2008.

C. Carstensen, D. Gallistl, and M. Schedensack. Quasi-optimal adaptive pseu-
dostress approximation of the Stokes Equations. SIAM J. Numer. Anal.,
51(3):1715-1734, 2013.

J.M. Cascon, Ch. Kreuzer, R. H. Nochetto, and K. G. Siebert. Quasi-optimal
convergence rate for an adaptive finite element method. SIAM J. Numer. Anal.,
46(5):2524-2550, 2008.

Carsten Carstensen, Dongho Kim, and Eun-Jae Park. A priori and a posteriori
pseudostress-velocity mixed finite element error analysis for the Stokes problem.
SIAM J. Numer. Anal., 49(6):2501-2523, 2011.

C. Carstensen, D. Peterseim, and M. Schedensack. Comparison results of fi-
nite element methods for the Poisson model problem. SIAM J. Numer. Anal.,
50(6):2803-2823, 2012.

Z. Cai, C. Tong, P. S. Vassilevski, and C. Wang. Mixed finite element methods
for incompressible flow: stationary Stokes equations. Numer. Methods Part.
Diff. Egs., 26(4):957 — 978, 2010.

Zhiqgiang Cai and Yanqgiu Wang. A multigrid method for the pseudostress formu-

lation of Stokes problems. SIAM J. Sci. Comput., 29(5):2078-2095 (electronic),
2007.

Zhigiang Cai, Chunbo Wang, and Shun Zhang. Mixed finite element methods
for incompressible flow: stationary Navier-Stokes equations. SIAM J. Numer.
Anal., 48(1):79-94, 2010.

D. A. Di Pietro and A. Ern. Mathematical aspects of discontinuous Galerkin
methods, volume 69 of Mathématiques & Applications (Berlin) [Mathematics &
Applications]. Springer, Heidelberg, 2012.

25



[Gud10]

[HX12]

[LS06]

[Ver96]

Mizxed FEMs

Thirupathi Gudi. A new error analysis for discontinuous finite element methods
for linear elliptic problems. Math. Comp., 79(272):2169-2189, 2010.

JianGuo Huang and YiFeng Xu. Convergence and complexity of arbitrary order
adaptive mixed element methods for the Poisson equation. Sci. China Math.,
55(5):1083-1098, 2012.

Carlo Lovadina and Rolf Stenberg. Energy norm a posteriori error estimates for
mixed finite element methods. Math. Comp., 75(256):1659-1674, 2006.

Riidiger Verfirth. A review of a posteriori estimation and adaptive mesh-
refinement Techniques. Advances in Numerical Mathematics. Wiley-Teubner,
1996.

26



