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Abstract

We consider the long-standing problem of obtaining the 3-point functions of Toda CFT. Our
main tools are topological strings and the AGT-W relation between gauge theories and 2D
CFTs. In [i] we computed the partition function of 5D Ty theories on $* x S! and suggested
that they should be interpreted as the three-point structure constants of g-deformed Toda.
In this paper, we provide the exact AGT-W dictionary for this relation and rewrite the 5D
Ty partition function in a form that makes taking the 4D limit possible. Thus, we obtain a
prescription for the computation of the partition function of the 4D Ty theories on S*, or
equivalently the undeformed 3-point Toda structure constants. Our formula, has the correct
symmetry properties, the zeros that it should and, for N = 2, gives the known answer for
Liouville CFT.
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1 Introduction

The AGT(-W) correspondence [?-4] is a relationship between, on one side, the 2D Liouville
(Toda) CFT on a Riemann surface of genus g with n punctures and, on the other side, the
4D N = 2 SU(2) (SU(N)) quiver gauge theories obtained by compactifying the 6D (2,0)
SCFT on that same surface . The correlation functions of the 2D Toda W n conformal field
theories are obtained from by the partition functions of the corresponding 4D N = 2 gauge
theories as

ZS4 - /[da])zf\lf]gk(avma 61,2) i X <Va1 (Zl) e Van(’z"»T‘)da' (1)



The conformal blocks of the 2D CFTs are given by the appropriate instanton partition
functions, while the three point structure constants should be obtained by the S* partition
functions of the T superconformal theories. These partition functions were until recently [,
5] unknown, with the sole exception of the Wy, case, i.e. the Liouville case, whose three point
structure constants are given by the famous DOZZ formula [G,7]. The AGT(-W) relation
(I) holds after the mass parameters m of the gauge theory, the UV coupling constants and
the vacuum expectation values a of the scalars in the vector multiplet (the Coulomb moduli)
are appropriately identified with, respectively, the external momenta a of the primary fields,
the moduli z; of the 2D surface (i.e. the sewing parameters) and the internal momenta
over which we integrate. Finally, the IR regulators of the gauge theory, which are given by
the Omega deformation parameters €; », are identified with the Toda dimensionless coupling
constant via b = €, = 62_1. The AGT conjecture, i.e. the N = 2 case, was recently proven
in [R-3], while a lot of evidence and even proofs for specific cases exist [[4-I6] in support of
the AGT-W correspondence for N > 2.

Similarly, there exists a 5D version of the AGT(-W) relation” [I8,19] (see also [I,20-27])
which relates the 5D Nekrasov partition functions on S% x S! to correlation functions of

g-deformed Liouville (Toda) field theory:

4 1 = 2
ZS 5= /[da] ’Zf\)lle)k(av m, ﬂv E1,2) X <V0£1 (Zl) e Van (Zn)>q—T0da ) (2)
where B3 = —loggq is the circumference of the S'. Importantly, the integral of the norm
squared of 5D Nekrasov partition function is the 5D superconformal index ZS'xs 17 which as

discussed recently in [28] can be computed using the topological string partition function

255" = (100 ZRaP o 10| Zup(o)?. ®)

From both the 4D and the 5D AGT-W relations a very important element is missing:
the three point functions of the Wy Toda CFT. Computing the three point functions of
the Wy Toda CFT has been a long standing unsolved problem. From the the CFT side,
the state of the art is due to Fateev and Litvinov, who in [29-31], were able to compute the
3-point functions of Toda primaries for the special case in which one of the fields is semi-
degenerate, using [82]. On the gauge theory side, the 3-point functions correspond to the
partition functions of the T theories, but since these theories lack any known Lagrangian
description, the usual methods of computing the partition functions are not applicable.

In [1] we computed the partition functions of the 5D T theories on S* x S* by using

the web diagram provided by [33] and by employing the refined topological vertex formalism

1Originally suggested in [I7].



of [34,85]. We further argued that these partition functions should give the three point
functions of g-deformed Toda, which was also proposed earlier in [B6]. Our results were
checked by computing the 5D superconformal index, i.e. the partition function on $* x S,
using the prescription in [28] and comparing it to the result obtained via localization in [37].
The same partition functions were also obtained in [5] and the two computations agree. More
comparisons with the superconformal index were given in the recent work [3].

In this paper we show how to, in principle?, take the 4D limit, thus obtaining the 4D
T partition functions. Through the AGT(-W) relation, they are identified with the usual,
undeformed Toda three point functions. Our formula has the correct symmetry properties,
zeros and reproduces the known answer for the Liouville CFT. Furthermore, we carefully
study the 5D AGT-W dictionary. For that, it was very important to examine the known
g-Liouville case [23,88] for which for the first time we were able to write the formula with
the complete factors, thanks to the exact definition of the functions T, see appendix 2.

Our method of attacking the problem of solving Toda, even though indirect, is very
powerful for the following reasons. For 2D CFTs with only Virasoro symmetry the multipoint
correlation functions of Virasoro descendants can be obtained from the ones containing only
Virasoro primary fields [@0]. On the other hand, for the Wy Toda CFTs with N > 2
complete knowledge of the correlation functions of W y primary fields is not enough to obtain
the correlation functions of descendents. Fully solving Toda means being able to construct
the complete set of correlation functions both of primaries and descendants. Obtaining the
three point functions with descendants is very naturally done using topological strings and
is work in progress [d1].

Since this article relates two somewhat disjointed fields, each used to its own notations,
we wish to include a reader’s guide to the other sections. We begin in section B with a
presentation of the parametrizations and the precise relations between the partition functions
of section @ and the correlators of section B. In the following section B, we review shortly
the Toda CFT, introduce the associated notation and make some observations regarding
the symmetries of the correlation functions that to our knowledge are not available in the
literature. We finish section B by a discussion of the pole structures and the ¢-deformations of
the correlation functions. In section B, we give a short review of the derivation of the partition
functions of the Ty theories, rewrite them using the functions Y, that in our opinion are the
appropriate tools to use in this context. We then discuss their 4D limit. In sections B and

B we illustrate our claims for the two simplest cases with N = 2 and N = 3. The reader

2The specification “in principle” refers to the fact that there is still a missing ingredient which is to perform
the sums in (B9). This work will appear in a separate [89] publication, where we will show that some of the
sums can be computed.



can find a collection of useful formulas, notations and parametrizations in the in appendices.
Finally, the exact definition of the functions T, is given in appendix 2 together with a

discussion of their properties.

2 The AGT dictionary

The main goal of this section is to provide the dictionary needed to relate the topological
string amplitudes of section B to the Toda CFT correlation functions of section B. First,
we review the parameters of the Omega deformation. The circumference of the 5D circle is

B > 0 and the € background parameters are €; and €5 from which we derive
q:=e P, ti=efe, (4)

Furthermore, we need to also define®

_ q _ <t =
gi=elmi=y =47, yi=Vat=g7, (5)
with €4 := €; £ €5, and ¢ the g-deformation parameter. The combinations z and y are

the natural variables, fugacities of the 5D superconformal index. When we need to relate
the topological string partition functions to the Toda CFT correlators, the Q2 background

parameters need to be specialized as
€1 = b, €9 = b_l, (6)

which implies in particular that |¢| < 1, |q] < 1, |[{| > 1 and |z| < 1 since we take b to be
positive.

On the Toda CFT side, see section B, one uses the weights a; parametrized by (I¥) to
label the primary fields, while on the Ty theory side, one uses the positions of the exterior
branes, see section B and appendix B, as parameters. The rough relationship is illustrated
in figure 0 and the precise identifications are

N-—

N-1
. N+1-2
mi=(a1—Q,h¢)=NZa1 Z MQ’

— (g — ——NZaQ—&-Zjaé N+1 Q, (7)

N-1
i

n;

N—
(s — Q, hi) = Z . NLQ,

j=

3The combinations S ¢; are dimensionless, but not 8 or €; separately. In this paper we rescale them by
the dimensionful constant /€1€e2 while keeping their product Se; fixed so that each one of them S and ¢; are
separately dimensionless.
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Figure 1: This figure depicts the identification of the o weights appearing on the Toda CFT
side with the position of the flavor branes on the Ty side, here drawn for the case N = 4.

where h; are the weights of the fundamental representation of SU(XN). In appendix B the

reader can find all the group theory conventions. In particular, for N = 2, we have

mli*mzia%*g7 nli*nzifoéﬁLQ, 11:*12:06§+Q7 (8)
2 2 2
while for N = 3 we have
mi=2a1+0f —Q, me=—aj+ai, mg=-—o—20;+Q, 9)

with similar expressions for the n; and [;.
Having set up the parametrization, we are ready to present our full claim. For that it is
important to stress that from the Toda CFT 3-point structure constants C, see (24), we can

extract the Weyl-invariant structure constants € as

(29.p) 3

Clai,a,a3) = ([Wlﬂ(bz)bz_%z} b HY(ai)> x C(ay, az, as), (10)

i=1

with the functions Y («) defined in (E3) encoding all the information about the Weyl transfor-
mation. All the details needed are introduced in section B. We claim that the exact AGT-W
dictionary relates the Weyl-invariant structure constants € to the 4D Ty partition function
on §4 (25") as

(a1, a2, a3) = const x 21%4 (11)
where the constant part can be a function of N and of the Omega deformation parameters
but cannot be a function of the masses. The partition function on S* itself is obtained from

the partition function on S* x S, also called the 5D superconformal indez, by taking the

appropriate limit when the circumference 3 of the S goes to zero:

Zﬁ;l — const x éi% ﬂ_%sz‘lel. (12)



The partition function Z}?XS " is contained in (BD) and the power yn of the divergence
in (B3). Moreover, as far as the 5D AGT-W dictionary is concerned, we need (B) to set

b=e; = e, and obtain

C C
Cylar, an, a3) = M = const X M = const x (1 — q)’XNZf;XSl ,
(a1, az, ) Hj:l Yy(a;)
3 1 B =33 (ou,p)
[ Ya(ey) = const x [(1 )" (1-¢ 1)2‘7} T (1= ) B2 (13)

j=1

where again the constant parts can only depend on N and of the Omega deformation param-
eters but cannot be functions of the parameters that define the theory, i.e. the masses. The
€, are the g-deformed Weyl-invariant structure constants (63), J; the g-deformation of the
Weyl-covariant part of the structure constants (54) and Z]d\,ec the partition function of some
extra degrees of freedom (I0) that are included in the topological string calculation but then
decouple from the 5D theory. In [I] we refer to them as non-full spin content. Note that
the second line of (I3) is the same as equation (IA), where the constant factor is explicitly
written.

Finally, putting (I¥) and (I3) together, we obtain the final identification

o TR g g’
C(al,QQ,C(g) = const X (ﬂ,u’y(b )b ) gli)l’%) m (14)

where the limit is well defined up to an overall divergent term that only depends on 8 and
b. The above equation gives the complete relationship between the Toda 3-point structure

constants and the partition functions of the Tx theories.

3 Toda 3-point functions

We begin this section with a review of known facts about Toda 3-point functions of three
primaries that we will need in later sections. We follow [29-31] whenever possible. We then
discuss the symmetry enhancement of the Weyl invariant part of the 3-point functions as
well as it’s pole structure. We conclude the section with a generalization of these facts for

the g-deformed Toda.
3.1 Review

The Lagrangian of the Toda CFT theory is given by

N—-1
1 v (&
L= (0, 07p) + 1 Y €9, (15)
k=1



where ¢ 1= Zfi}l p;w; and ey, respectively wy are the simple roots, respectively fundamental
weights of SU(N). We have collected all useful definitions and notations in in appendix B
for the convenience of the reader. The parameter p is called the cosmological constant. The
theory defined by (IF) is invariant under the exchange b <+ b=!, which sends the cosmological

constant to its dual fi, defined in such a way that

-

2\ /v?
(riy(672)" £ (ruy (0?))F = fi= % (16)

The Toda CFT has a W y higher spin chiral symmetry generated by the spin k fields Ws = T,
Ws,...,Wx. The fields that are primary under Wy are denoted by V,, are labeled by a
weight of SU(N), i.e. an (N — 1)-component vector o and are given explicitly by

Vo 1= el®9), (17)

For the sake of avoiding some fractions, we shall parametrize the weights a of the fields V4,

entering the correlation functions as follows
N-1
a;=N Z alwj. (18)
j=1

The central charge of the Toda CFT and the conformal dimension of the primary fields are

(29 — o, @)

c=N-1+12(Q,Q)=(N-1)(1+ NN +1)Q*), Ala) = 5 , (19

where Q = Qp = (b + b~!)p with the Weyl vector p defined in (I2H). The conformal
dimension, as well as the eigenvalues of all the other higher spin currents Wj, are invariant
under the affine® Weyl transformations (I32) of the weights a;. Furthermore, the primary

fields of Toda CFT transform under an affine Weyl transformations o — w o a as follows
Vwoa - Rw(a)va (20)

with the reflection amplitude R given by the expression

RY(ax) 1= A(A:v(‘jl). (21)
Here, as in [B1], we define the function
Ala) := (mpy(b%)) e H F(1-b(a—Q,e))l (=b7"(a—0Q,¢)). (22)

e>0

40One should not confuse the affine Weyl tranformation, i.e. Weyl reflections accompanied by two trans-
lations, with Weyl reflections belonging to the Weyl group of the affine Lie algebra.



The 2-point correlation functions of primary fields are fixed by conformal invariance and

by the normalization (). They read

2m)N15(ay + as — 2Q) + Weyl-reflections
21 — 29| 38(e)

(Vo (21, 21) Vs (22, 22)) = : (23)

where “Weyl-reflections” stands for additional J-contributions that come from the field iden-
tifications (21).

In this article, we shall be mostly interested in the three point functions of primary fields.
Their coordinate dependence is fixed by conformal symmetry up to an overall coefficient

C(aq, g, a3) called the 3-point structure constants as

O(ala a2, a3)

<Va1 (217 21)‘/02 (ZZ, ZQ)VQS (2'3; Z3)> = |2(A1+A3—A2)

|2(A1+A2—A3) |2(A2+A3—A1) ’

(24)

|Z12 |213 |223

where z;; = z; — z;.

Due to the property (E0), the 3-point structure constants are not invariant under affine
Weyl reflections of the weights «;, but are instead covariant and transform like the primaries
themselves. As [B1], we will find it advantageous to talk about the Weyl invariant part of

the 3-point structure constants. For that purpose, it is useful to define the functions® Y as

_(enp)
Y(a) := {mw(b2)b2_2b2} ’ H T((Q— a,e))

e>0

N Ui j(N—g) NZLN=k (25)
_ [ﬂ',u’}/(bQ)b272b2} 26 2j=1 H H T (kQ - N(a o aitE))
k=1 i=1

where the product in the first line goes over all w positive roots of SU(N). These

functions obeys the same reflection property as the primary fields, i.e.
Y(woa)=R"(a)Y(a). (26)

The transformation property (28) under affine Weyl transformation can be easily derived for

reflections on the simple roots e; by noting that for any function f

[Tr(@-ae) = [T1(Q—ae—ej(ee) = [T FUQ-a,e) x f(—(Q-aey),
e>0 e>0 e>0
o (27)

where the transformation acts as w; o = a — (@ — Q, ¢;) e;. After that one uses Y(—z) =
T(z+Q) as well as equation (IC38) to show (PH). As a final remark on Y (a), we observe that
this function is zero if «¢ is a multiple of a fundamental weight and in particular it has a zero

(N—-1)(N-2)
2

of order if we set ¢ = kwy Or @ = KWN_1.

5For the Liouville case, these functions are also introduced by AGT [2] and labeled by f(a).



Now, we can introduce the Weyl invariant part of the structure constants
C(ah a2, 013)
29

[muny 6)2=2) “F T Y (au)

by dividing out the piece that transforms non-trivially under Weyl transformations. The

Q:(Oéhag,ag) = (28)

function € of the weights « is independent of the cosmological constant p and is invariant
under affine Weyl reflections in the . Anticipating a bit, we will show in the later sections
that the Weyl invariant part of the 3-point structure constants has a higher symmetry than
the naive affine Weyl symmetry of SU(N)3. In particular, for N = 2 it is invariant under the
SU(4) Weyl group, while for N = 3 it is invariant under the Eg Weyl group.

While the general formula for the 3-point structure constants of Toda CFT is not known,
they have been computed in special cases. The formula for the structure constants of Wy
for the degenerate case in which one of the three weights becomes proportional to the first or

the last fundamental weight, i.e. a3 = sw; or ag = »wy—1 is known from [29] and reads®

(29*2?:1 ‘liyt—")
b

Clog, ag, wn_1) = (7ru7(b2)b2_2b2) X
L YOV Y (o) T Y((Q — 01,€)) Y((Q — @z, 0))
[ 0%+ (@ — Q ki) + (aa — Q. hy))

We remark that in the limit in which the degenerate field becomes the identity, i.e. 3 — 0

(29)

one can show that the 3-point structure constants (29) converge to (23).
In the N = 2 case, the degeneration doesn’t matter since there is only one fundamental

weight anyway and (29) reduces to (we set 3 = 2a3) the famous DOZZ formula®

ESR S T(0) T2, T (20)
T, o — QT Yo, o — 2a)

which was conjecture by [B,7] and derived by [42,43].

Clan, az a) = (muy ()02 . (30)

3.2 Enhanced symmetry of the Weyl invariant part

In this subsection, we shall make a couple of observations on the symmetries of the Weyl
invariant part of the structure constants that to our knowledge are not found in the literature.
In the Liouville case (N = 2) the Weyl invariant piece of the structure constants (EX)

take the form

T'(0
ai, o, a3) = © :
T(al + oo + a3z — Q)T(Ozl + oo — ag)T(al — Qo + Ozg)T(—Oél + oo + 043)
(31)
6In [1] a more general formula was derived for N = 3 for the case of semi-degenerate fields a3 =

nwy — mbwi with m integer. We will not need it here.
"For N = 2 we set o; = 2a;w1, i.e. we omit the unnecessary second index and set oa% = 4.



At this point, we use (8) and replace the «; by the m1, nq and [; as

Q

ay =mi+ —, a2:*n1+9, ag =1 +

. 2
2 2 2 (3)
Setting then
Uy +u U2 + U Uy +u
my = 12 3, ny = 22 37 I = 12 2 (33)

and using the symmetries of the T functions leads to the following compact expression for

the Weyl invariant structure constants of the Liouville CFT

1/(0)
[Ty Y(ui+ %)

We observe that the above is invariant under the SU(4) Weyl group that acts as the per-

4
Clay, o, a3) = ,  where Z u; = 0. (34)
i=1

mutation group S* on the variables u;. We have thus uncovered the presence of a “hidden”
symmetry group.

The N = 3 case is considerably more involved. For reasons that will become apparent
shortly, we will label by an index j = 1, 2, 3 the weights hz(-j) of the three different SU(3)s that
appear, i.e. each o lives in its own copy of the SU(3) weight space labeled by j. Using [31],
we know that € is invariant not only under SU(3) affine Weyl reflections of the a;’s, but also

under the 27 new transformations

a; — o] — §ijkh§1)7 Qg — g — Cijkhgz), a3 — g3 — <ijkh](€3)7 (35)

where 4, j and k are fixed and we have defined
Sijk += (a1 - Q,hgl)) + (az — Q,h§2)) + (a3 — Q,hf’)> . (36)

We can now make the following set of observations. First, the affine SU(3) Weyl transforma-
tions in the a; become the usual SU(3) Weyl reflections when expressed in the variables m;,
n; and I; defined via (@), i.e. they act as the S® permutations. Using the parametrization

(@), we then observe that

3 3 3
Sijl =m; —n; + 1,  where Zmz = Zm = Z l; =0. (37)
i=1 i=1 i=1

Therefore, the transformation (B3) for a given choice of 4, j and k acts of the variables m,,

np and [, as

1
ma%ma_(mi_njﬁ‘lk:) (5ai_3>7

1
ny — Ny + (ml —n;+ lk) <5bj — 3) s (38)

1
lcﬁlc—(mi—anrlk) <5ck3>7

10



where no sum over i, j, k is to be taken. We now want to interpret the new transformations
(B3) as being the result of the (non-affine) action of the Weyl group of Eg. Since the Weyl

group is generated by the Weyl reflections associated to the simple roots, we only need to

consider those. We have 9 weights hl(-j ) subject to the three constraints Zle hgj ) = 0 and
we can build the Eg root system from them as

efo = n{" —nY, efe = pd) — nY, efo =" +hP + h,

efo = nP 4 nd?, el = n® 4 nY, el =0 —nd, (39)

where we refer to figure B for the numbering of the Fg simple roots. We observe that

6

1 2 3 4 5

Figure 2: The figure shows the Eg Dynkin diagram together with our labeling of the simple
T001S.

(efG, efﬁ) is the Cartan matrix of Fjg, if we require (hgk), hél)) = 0 if k£ # [. Therefore, we
have constructed the Eg root system within the space spanned by the hl(»j ). Furthermore, we
can obtain all the variables m;, n; and [; by taking the scalar products (Z?zl (a; — Q), ef"’),
where each ay — Q is expressed only through the hgk). We find that Weyl reflections for the
simple roots eiE6 with ¢ # 3 correspond to permutations of the m’s, n’s and I’s among

themselves. However, the Weyl reflection corresponding to e?)E6 transforms the variables as

my — mq + A, mo — Mo + A, msg — m3 — 2\,
ny — ng— A\, Ny — Ny — A, n3z — nz + 2\, (40)
i =1L — 2)\, lo =I5+ )\, I3 = I3+ )\, (4].)

where 3\ = mg —n3 + l;. We easily see that this transformation corresponds to (B3) for
i =3, j =3 and k = 1. The transformations corresponding to the other choices of i, j and
k can be obtained by acting with some other elE ¢ first. Hence, the Weyl transformations of
the three SU(3) can be combined with (B3) to generate the Weyl group of the entire Eg.
For the cases N > 4 the full enhanced symmetry of the Weyl invariant structure constants
is not completely known. We shall argue in the conclusions that the enhanced symmetry

should contain E7 in the case N =4 and Eg for N = 6.

11



3.3 Pole structure of the Weyl invariant part

We see from (B4), that the poles for the N = 2 Liouville case are all captured by the expression

-1 ) -1

IIG<§+<§3w—Q%Q> : (42)

he4da 2

i=1

where we used the function G(z) = ﬁ(x) with T(z) = G(z)G(Q — z) introduced in [E1], see

(r23). The weights h are SU(4) weights and in the fundamental representation 4 they are®
iy Ay A hy W = —p{Y 4 hP + R,
I I I S (U RO =

with the weights of 4 being the negatives of the above.
Moving on to the case with N = 3, it was argued in [81] that the pole structure of the
full correlation function C'(a, g, ae3) is given by

-1 —1

3 3 3
Claj,az,a3)=F H 3 (Z(ak -9, hﬁ’,?)) =5 H 3(m; —nj +1g) ,

i1,i0,i5=1 k=1 i,j, k=1

(44)
where § is some unknown entire function and the function 3 is defined in (E4), 3(z) :=
G(Q + 2)G(Q — z). Using the Fg Weyl symmetry of €, it follows that the poles of € are

contained in

-1

3 3
e, ez, 3) ~ 3000 T 30ms—ny+1) [[ 30mi—my)3(n —n)30L-1)|
i,j, k=1 i<j=1

(45)
where 3(0)3 is just convenient normalization. We recognize in this expression the weights of
the 78-dimensional adjoint representation of Eg expressed using the weights of SU(3)? C Eg,

1
[Thers G (Q + (Z?:l(ai - 9), h)) .

Clag, a0, ax3) ~ (46)

The additional poles introduced in (E3) are completely canceled by the Weyl covariant part

in the formula (E8) relating them to the 3-point structure constants, because

E [T —1 3(ms —my)3(ni —ny)3(L; — 1)
Y(ar) <
k1;[1 (o) szl He>0(Qfak,e)F(b(Q—ak,e))I‘(bfl (Q*Oék,e))

(47)

8Note that in order to get the suitably normalized scalar product for SU(4), we need to define

3
(cxl,ag)SU(4> = (o1,02)5Y@ /2, i.e. we compute the scalar products as before and divide the answer
by two.
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where we have used (23) and (IZ4). The proportionality factor in (E7) depends only on
and b and has no zeroes or poles while the additional factors of I" in the denominator of ()
lead only to more zeroes of Hizl Y (ag). Thus, multiplying (E5) with the Weyl covariant
part, see (E8), in order to get the full 3-point structure constants will cancel the extra poles
that we introduced.

Finally, it is compelling to conjecture that for any N the poles of the Weyl invariant

structure constants should behave as
1
_ 3
Mhen G (252Q+ (XL (i = Q).1))

¢(a17(127a3) ~ (48)

for an appropriate representation R of SU(NV)3.

3.4 The g-deformed Toda field theory

One of our goals in this paper is to show how to use the topological string formalism to solve
the Toda field theory. This will require a careful study of the g-deformed Toda correlation
functions which topological strings naturally provide and to then learn how to take the
g — 1 limit. For this purpose here we generalize some of the formulas that we discussed in
the previous sections. An incomplete list of references includes [0, T8-27] . This section goes
hand in hand with appendix C2, where we define the ¢g-deformed version of the T functions
and discuss in detail its symmetry properties as well as its zeros. To our knowledge these
formulas do not exist in the literature.

We begin by stressing some defining properties that all the g-deformed formulas must

have:

e They must reproduce the exact undeformed formula in the ¢ — 1 limit. With no further

prefactor, unless stated otherwise. That will be the case of the Cy (9).
e For the N=2 case, they must give the known answers, insofar they are available [23].

e They must have exactly the same symmetries and transformation properties as the

undeformed ones under the (affine) Weyl, as well as the enhanced symmetry group.

e They must have their poles and zeros in the same place with the undeformed ones.
To be more precise, the g-deformed functions have more zeroes/poles, specifically a
whole tower of zeroes/poles for each zero/pole of the undeformed function as discussed
in (IG3). The tower is generated by beginning with the undeformed zero/pole and

2mi 2mi

translating it by Miggq = — M5 where m is a positive integer.

13



We moreover want to stress that the g-deformed version of Toda field theory does not have
a known Lagrangian description. Everything is defined algebraically in analogy to the usual
case via a deformation of the Wy algebra. Since no Lagrangian description is known for the
g-deformed Toda field theory, we can compute everything up to overall factors that in the
q — 1 limit give the cosmological constant. Thus, we define the 5D correlation functions up
to the mu~y(b?) term, since they together form the b — b~1 invariant combination. Explicitly,

we have for the g-deformed 3-point structure constants

QYo
Cylar, az, a3) 3 (rpy(b?) " 7 Clan, a,a3) . (49)

Obviously, after the ¢ — 1 limit is taken and the undeformed answer is obtained, it is clear
how one can put back the appropriate mu~y(b?) factors for a given correlation function, thus
obtaining the full result with all the factors.

As we already said in section Bl the Weyl invariant part € is independent of the cos-
mological constant and thus it’s ¢-deformed version should be straightforward. However,
the Weyl covariant part with which we need to multiply in order to obtain the full C; will
converge to its undeformed version, up to an wuy(b?) factor. In particular, the g-deformed
version of the functions Y defined in (E3) is

- -]

Yy(a) = [IT.((Q-ee)), (50)

_ 2Q
(1-q) -0

where the functions Y, are introduced in (IAR). Using (IGA), we find that this function

behaves under affine Weyl transformations as
Yy(wo @) = R¥(a)Y,(a) (51)
with the g-deformed version of the reflection amplitude

RY(a) := AA‘I@

qwoa) (52)

being composed out of
Ag(a) =[] T (1=b(a—Q,e)) Ty (=b7" (= Q). (53)
e>0
Note that also the g-deformed version of the reflection amplitude in the ¢ — 1 limit gives RY

up to an overall wuy(b?) factor. The g-deformed factor that we need to divide by in order to

get the Weyl invariant structure constants is

(2Q,p)
b

(1—qb>2(1—qb71)2b2 3 3
Jola, o, 03) = (1= ¢ 20+ H}/{](a,) = const x HYq(ai), (54)
i=1

i=1
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so that like in ()
Cq(ala a2, 03)

(’:q(al,ag,ag) = i (al s ag).
q ) )

(55)

The g-deformation version of the Fateev and Litvinov formula (E9) for the 3-point corre-

lation functions with one degenerate insertion reads

(29*2?:1 ai,p)
9 N AN
(1-¢)"(1-¢")
Cq(al, o, %wN—l) = (1 _ q)2(1+b2) %

(56)

L TN (9 T Yul(Q — a1, )Y, (Q — a2, )

1= To(% + (01 = Q. hi) + (o2 — Q. hy))
This formula to our knowledge does not appear anywhere else in the literature. We write
it down as the unique formula that has the properties mentioned at the beginning of the
section. First, it has its poles and zeros in the correct positions, see (IC34). Second, it has the
correct covariance properties under the affine Weyl symmetries of the non-degenerate fields
(62). Finally, for the N = 2 case, (B0) reduces to the g-deformation of the DOZZ formula
(up to the p dependence)

s I
2 p—1y2b% R
(1-¢")(1-4¢"")
(1-— q)2(1+b2)

Oq(ala a2, a3) =

1, (0TI, Yy (2e)
x 3 3 3
To(X im0 — Q) Hj:l To(Xoimy i — 2a;)

derived in [BG]. From it we can extract the g-deformed version of the Weyl invariant part

, (57)

using equation (BH),
15(0) 1;(0)

¢ ) ’ = = ! ’ 58
0 ) S P T o —20) T Tyt D)

which immediately gives the he correct undeformed @

1
Cylan,an,a3) 5 C(ay, s, as) (59)

as it is in equations (B1) and (B4) with no further factors.

4 The Ty partition function from topological strings

In this section we introduce the formula for the 5D T partition functions that we computed
in [@] and we discuss how they can be brought to a form that allows us to take the 4D limit

(8 — 0) in order to obtain the T partition functions on S%. Since the parametrization is
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crucial, we begin by carefully discussing it and the way it is read off from the web diagrams.
Some details of the computations are presented in appendix O

The Ty theories are isolated strongly coupled fixed points that one can discover by taking
the strong coupling limit of the SU(N)N=2 or of the U(N — 1) x U(N —2) x -+ x U(1)
linear quivers. The calculation of the T partition function is not possible using any purely
field theoretic method currently known, because the Ty theories have no known Lagrangian
description. The only applicable method is string theory and in particular 5-brane webs

[@2, 45] from which the answer is derived using topological strings.

4.1 The 5-brane webs

A very short review of 5-brane webs is in order. First, 5D A = 1 gauge theories can be
embedded in string theory by using type IIB (p, q) 5-brane webs [24,45]. All the information
needed to describe the low energy effective theory on the Coulomb branch is encoded in the
web diagrams, through which the 5D SW curves can be easily derived [22,44-46]. Further-
more, 5D A" = 1 gauge theories can also be realized using geometric engineering [47, 4], in
particular M-theory compactified on Calabi-Yau threefolds. This alternative description pro-
vides an efficient way of computing the Nekrasov partition functions of the gauge theories by
computing the partition functions of topological strings living on these backgrounds. Recent
reviews on the subject can be found in [d9,50]. In particular, the dual to the Calabi-Yau
toric diagram is exactly equal to the web diagram of the type IIB (p, ¢) 5-brane systems [51]].
The SW curves and the Nekrasov partition functions are parametrized by the Coulomb
moduli a as well as the UV masses m and coupling constants 7 of the gauge theory. These
parameters are encoded in the web diagrams as follows. On the one hand, deformations of
the webs that do not change the asymptotic form of the 5-branes correspond to the Coulomb
moduli @ and their number is the number of faces of the web diagram. On the other hand,
deformations of the webs that do change the asymptotic form of the 5-branes correspond to
parameters that define the theory, namely masses and coupling constants and they are equal
to the number of external branes minus three. Note that at each vertex there is a no-force
condition (D5/NS5 (p, q) charge conservation) that serves to preserve 8 supersymmetries.
Having said all the above, we can now return to the T theories. The first step to-
wards being able to calculate the T partition functions was taken by Benini, Benvenuti and
Tachikawa, who gave in [33] the web diagrams of the 5D Ty theories. Subsequently, in [[l] we
tested their proposal by deriving the corresponding SW curves and Nekrasov partition func-
tions. Most importantly, we were able to cross-check our results for the partition functions

against the 5D superconformal index that was recently calculated in [87]. For similar work
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see also [8,B%].
We now turn to the parametrization of the Ty web diagrams. The general parametrization
in contained in the appendix, see figure B and here we just give a short introduction. We

have one parameter al(-j ) for each face, or hexagon, of the diagram, that will also appear as
flz(-j ) = e’ They can be thought of as Coulomb moduli that will be integrated over

and are called breathing modes. The number of faces in the web diagram of the Ty theory

(N—-1)(N-2)

is 5 . In addition, we have 3N parameters m;, n;, [; labeling the positions of the
exterior flavor branes for the branes on the, respectively, left, lower and upper right side of

the diagram. From them, we define the fugacities

M, := e Pmi, N; = e P, L; =Pl (60)

that are subject to the relation

_ _ N ~ N N N
M =][Ne=]][Lr=1=>_me=> n=> l=0. (61)
k=1 k=1 k=1

k=1 k=1 k=1
From the mass parameters, we also define the “boundary” Coulomb parameters. They are
the Agj) with ¢ +j = N, with 4 = 0 or with j = 0 and are given as functions of the positions
of the flavor branes in (I13).
In the dual, geometric engineering description, the parameters above correspond to the
Kahler parameters of the Calabi-Yau threefold. On the web diagram, the Kéhler parameters
(9)

correspond to the horizontal, the diagonal and the vertical lines and are labeled by Qn;'ﬂ
fol)l and Ql(]l) respectively. They are derived quantities through the equations (IT9) and are
useful because they are the ones that enter in the computation of the partition function via
the topological vertex.

In order to familiarize the reader with the parametrization, we shall illustrate the simplest
cases N = 2 and N = 3 with some examples. The parametrization in those cases is contained
in figure B. For N = 2, we see that we have no Coulomb moduli and the K&hler parameters
obey the relation
M,y
M,

M

1) H) _ L
. Q D=2 62
Ny 191 (62)

oM oW —

1 1
;11 ’ an,)lQ’El,%. =

Using (B1), we find Qg?l = Llffl, QS% = Mj\lhil and Ql(;ll) = 1\71‘1;[7? For N = 3 we have

seven independent parameters: one Coulomb modulus A = Agl) and 3 x (3 — 1) independent

brane positions. A straightforward computation gives the nine Ké&hler parameters of the web
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Figure 3: The parametrization and Kdhler parameters of the Ty and T3 junctions. The
external “mass” parameters are shown in red, the “face” moduli in blue and the “edge” ones
in black.

diagram as
Q'Y = AT N, Q'Y = AN Ly, Q) = AN LY,
Q511)1 =AM N, QS% = AM;Lo, Qn L =ATIN; Ly, (63)
r—1 n7— 1 —1xr—17— 2 7 —
1(;1) =AM, 1Nl 17 Qz(;z) =A 1M3 1L3 1, 1(;1) = AN3L, g

It is easy to check that the above solutions obey the set of equations ([21) relating them to
the brane position parameters and that they furthermore satisfy the two constraints coming

from matching the height and widths of the hexagon of figure B

QuhQuit = Q@i QL@ = QuhQL. (64)
4.2 The topological vertex computation

Now that we have gained some understanding of the parametrization of the Ty web diagram,
we would like to compute its refined topological string amplitude. For this, we use the refined
topological vertex, choose the preferred direction to be the horizontal one and cut the toric
diagram diagonally into sub-diagrams called strips. The calculation was carried out in [,
here we just reproduce the results for the reader’s convenience. We consider the strip diagram
of arbitrary length L > 0, drawn on the left in figure @. The corresponding partition function

depends on the external horizontal partitions v = (v1,...,vr41), T = (71,...,71) as well as
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Figure 4: The left part of the figure shows the strip diagram, while the right one depicts the
dissection of the T diagram into N strips. The partitions associated with the horizontal,
,i=1,...,N—j
(9)

n;i?

diagonal and vertical lines are I/Z-(j), ,ul(-j) and )\Z(-j) with 7 =1,...,N —

respectively. The Kdhler parameters of the horizontal, diagonal and vertical lines are Q
Q(j) ©)

m;i? ;2

respectively with the same range of indices.

the parameters Q,, = (Qm:1,---, Q@m:r) and Q; = (Qp.1, ..., Q1) It takes the form

L+1

L
Z Qs Qi a) = Y [[(-Qmi) ™ (=Qu)™ TT Crene |
j=1

Api=1

L
V; (q7 t) H Cuk/\kﬂc (t’ C{),
k=1

(65)
where pur11 = Ao = (. We refer to [33] for a definition of the topological vertex Cruv- The

full topological string partition function is then given by

N
o r |V(T)| stri r r
2 =3TI(-eV)" 2, @%@ ta).

v r=1

(66)

The strip partition function (BH) was computed in [I]. In appendix O, we show that it is
useful to redefine the strip slightly, i.e. to “cut” the T junction in a different way by
moving some factors from one strip to its neighbors. These redefinitions do not change the
full topological string partition function of the T junction. The technical details are left to

appendix 0. Combining everything, we obtain
t t i
Z3P = 2R st (67)
where we have defined the “perturbative” partition function

M(A<T71)A(T71)
N—1 N—r - N—r—1 q(r) 5(r)
Tt ¢ A A
Z]%ert = H H A(rfl)g(r)%l o= Al fr=1) H M - F(r) ~Zr) >’
r=1 i<j=1 M(\/Tiﬂ‘l)MQ/Tif) i<j=1 q AiflAj+1

q aG—1) 7(r PG r—1
a AT VAT aA AT
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and the “instanton” one

()

i

Z]i\r]lst — Z ﬁ ]\A]T ( NTENfr ) ’

Nyy1Ly—ry1

ﬁ I:IT for‘l)y@” (ayil) + aﬁ'rf)l - az(:l) - Cl;-r) — 6+/2)
: T (69)
r—1) r—1 r—1) r—1
r=1i<j=1 Nf/gr_l)y,(;_ll) (CL,E + a§, ) — agil _ a§+1 ))
” r—1 r r—1
Nf<r>y(r,1) (az(- )4 a§» ) — agjl - agﬂ ) _ e+/2)
% i Vit ’
Nf?r),,(_r) (az(‘r) + aé'r,)l - al(l)l - ay) - e+>
2

; < )
where the al’) are defined via AY) = ¢=7%" . We put the words “perturbative” and “in-
stanton” inside quotation marks because for the T there is not really a notion of instanton
expansion. There is no coupling constant, since there is no gauge group. We recall that

(@

the boundary a;”’ are related to the masses via (II8). In writing (68) and (B9) we have

introduced the notation®
M(uit,q) = M(u) = [ (1 —ut™¢’),
i5=

1
.. B . ‘
NS, (mita) = N3, (m) =[] 2sinh & [m+ei(hi =i+ 1) +eli-u)] (70
(i,7)€EX

X(ll 2sinh§[m+61(j—ui)+62()\§—i+1)}.
i.j)€n

We refer to appendix 2, respectively T3 for more details concerning M, respectively Nfu.

As in [0}, we define the non-full spin content (also called U(1) factor in [H])
N ~ ~ ~ ~ ~ ~
zge = [ MOLM;YMYaN;N;HYMLL. (71)
i<j=1
We remark that for b = ¢; = —eg, we can write
|Z§,CC|2 :ASN(J;I—l) (1 _ q) N(N—1)8(2N2—5) Q2
3 - 72)
- 2p~ 1 —1, 26 (@k:P) (
x[[a-a¥ 9 (=) (1-¢")") " Yolew)
k=1

where we have used (@), the identity (I30) and the g-deformed function (80). Thus, up to
some ambiguities, there is a clear identification of the decoupled part |ZJ‘%,"C|2 with the Weyl

covariant part (B4) of the correlation functions, see (I3).

9We often drop the explicit dependence of these functions on the parameters t and q.
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The contributions (IW) decouple from the gauge theory and need to be removed in order

to obtain the S* x S! partition function. In particular, using (IIX), we find for the quotient

A(r) 1(m) A(r) 1(m)
N—-r—1 AiA; t A4
pert ~ N-1 [Tic;tn M(im«) 7 )M g5 =6
ZN _ H ') Ai—lAjJrl q Ai—lAj+1
dec F(r—1) () A(r) j(r—1)
NS, M<\/IA~'i<41>A~j(>l>M(\/z S 1))
= 1AL AT A (73)

N ™ tjlgi)jléj—l) ™ AEN—i)Agljl—jH)
< 11 4 A0 A0 AN D G

i<j=1 i—1

We now want to compute the norm squared of the above expression and write it in a way that
would make the 4D limit more accessible. First, from the definition (38) of the g-deformed

T function, we see that

€ 1 (1)
M2 = M7 62— @) 73 ) T (e ). (74)
Here and elsewhere, we shall use the notation
|f(ury e 6, Q)2 = funy e ues tq) flur w7t g7t (75)

For the remainder of the section we shall write T, (z) instead of Y (x|e1,€2). Since it will

appear often, it is convenient to define
_tt+
A= Mg =54 q) (76)

Furthermore, we need to carefully define the norm squared of the refined McMahon function

in order to avoid a trivial zero. We follow [28] and define

M(u; t, q)|2 B (e1—e)?
PELDE ) = (10— 48 AT ). (1)

u—1 1—u-1 o

The advantage of using the functions T, is the fact that they have a well defined 4D limit
B — 0 or ¢ — 1, while the M do not. We can apply this to the norm squared of (Z3) with

the result
2 _ N—r—1 () (r) (r) (r)
Z]Ii]ert A72N(N71)(1 ) Xy Jhl HiSjZI Tq (air_l + aj:—l - ai"" _ ajr )
dec = —q)res — € r— r r— r
2N =1 | it Yo (% +a{" 7V + a; —aY — a§‘21)

N—r—1 r r r r —1
ITic;ti Yo (“5 "+ af” —al”) - a§-+)1) N
x N-—r € (r) (r—1) (r) (r—1) H Tq (ni - n]) Tq (l] - l’L) 5
Higj:l Tq (% +ta;” +a; —Qi TG54 ) i<j=1

(78)
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with the exponent

2
2 : r—1 r—1 r—1 r—1
X/ — |: (a,E ) aé ) ,E 1 ) g : ) )

1
r—1 T r—1 r2 T r—1 T r—1
7<a1( )b a®) - el - §>>7(<>+< ) _ ol — §+1>)

NS (00 g ) ) €Y (79)
+ Z (ai ta; —a; 0y —ajy 7)}
i<j=1
N
€+\2 €1\ 2 €4\2
_'Z {(mi—mj-&-Q) +<nj—ni+7) +(li—lj+2):|,
1<j=1
that miraculously depends only on the boundary parameters
) N ) N €4\ 2 €12
Wy ==V =Y mi = > |(—mi+ ) + (-l + )
i=1 i<j=1
1 & al N(N — 1)(N —2) 50
- ﬁ Z [(nj - ”i)2 + (i — lj)Q] -2 ZnilN+1—i + 15 eﬁ_.
<j=1 i=1

Now we have all the ingredients in order to compute the partition function on S* x S'. First,
we should remember that we need [I,5,28] to add a copy |[M(t,q)|” of the norm squared
of the refined McMahon function for each one of the (1\/—1)2& faces of the diagram and
integrate over all the Coulomb moduli. Then, the partition function on S* x S' for the Ty

superconformal theory reads

i N-2N-1-k vt |2
ZEts ﬂdag) (v-1(v—2) | ZR Zinst |2 81
H H Imi q)| Z?\[ec | N ‘ ’ ( )
—F k=1

where we need to plug in (78) for the perturbative part |Zz‘irm/z?fc 2, while we use (69) for

710
the instanton part. The integrals over the ag) originate as contour integrals § % after
T k

the substitution Ag) = e*ﬁ“g). Observe that there are W

integrals to be done
which is equal to the number of faces of the web diagram and that in the simplest T, case

no integrals have to be done. Furthermore, in order to compute the final expression for the

N(N-1) ()

5 This can

partition function, we still need to perform sums over the partitions v,
unfortunately for now only be done exactly in the N = 2 case. Finally, the derivation of (61)
depended strongly on a choice of a preferred direction for the refined topological vertex. It
is conjectured [85,62], under a principle called slicing invariance, that the final answer will
not depend on the choice of the preferred direction. We can make three different choices
of preferred direction for the Ty web diagram and in section B, we shall do it for 7T3. In
the Toda field theory interpretation, each choice puts one of the primary fields on a special

footing.
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4.3 The 4D limit

Naively, taking the 4D limit requires simply taking 8 — 0. However, as we show in the
previous subsection for the perturbative part for NV > 2 and for the full partition function
for N = 2 (see also section H), in the limit most quantities diverge, but thankfully only with
an overall factor of (1 — ¢) raised to the appropriate power. We conjecture that this will
also be the case for the full partition function for every IV, even after the instantons are
accounted for. Our conjecture is supported by symmetry arguments, a careful study of the
N = 2 case and from the lessons we extracted form section B4, in particular equation (B@).
What is more, it is supported by [35], where it was conjectured that the refined topological
string partition function read off using the refined topological vertex from any web diagram
should always at the end be possible to be written as a product of M’s ™. Thus, we define

the partition function of the Ty theory on S* to be
Zf; = const X lim (B_% Zf;xsl) ) (82)
B—0

where by definition the power y is taken so that the limit is convergent. The constant
factor cannot depend on the parameters of the theory, i.e. the masses, though it can, and in
the cases checked does, depend on the Omega background parameters.

In what follows we want to use symmetries and the known limits for the partition function

to argue that the exponent yx of 3 is given in terms of the quadratic Casimir of SU(IV)3

3

N
xv == > [mi—m)* +(nj —n)* + (li = ;)] = =NY (i~ Qai-Q). (83)

i<j=1 i=1
First, for the N = 2 case, we can explicitly calculate the exponent and we find

2 3
Xo=— 3 [mi=my)*+(n;—n)®+ (L —1;)°] ==2> (i —Qa;—Q)  (84)

i<j=1 i=1
where we have made use of formulas (@) and (I30). Moreover, for the perturbative part
(BO) we can also explicitly calculate x/y and we find that it is quadratic in the masses.
What is more, we know the answer for the case with one degenerate insertion (B8), it is
expressed in terms of Y -functions, which when combined with ([) tells us that the power
XN is a quadratic function in the masses. Furthermore, both Zf; and Zﬁxsl are invariant

under (affine) Weyl reflections of SU(N)? and since the constant term is independent of the

100ne might worry that the product would be infinite, but our symmetry argument that yn should be
given by the quadratic Casimir suggests that cancellations will always happen so that the degree of divergence
XN is finite!
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parameters, the power yn has to be Weyl invariant as well. Therefore, we have to have™

3
XN = Clz(ai7ai _QQ)+CQ7 (85)
i=1
where the ¢; are constants that symmetry cannot fix. The second constant co = —3N (Q, Q)

in (B4) can in any case be reabsorbed in the constant prefactor of (82) as it does not depend
on the masses. For ¢; we compare with (66). When the [-parameters are degenerate™

2

M( Ly )Hi]\;j:IM (zﬂéj) M (é%)

Ln-1

Y, 1M< “IN, LT ()N>

Since the [-part is degenerate and some zeroes from the non-full spin content have canceled

Cq(our, g, 7wy —_1) = const x (86)

some poles from the index in order to obtain (BB), we don’t expect to get the correct I-
dependence in . Thus, if we ignore [, subtract the remaining non-full spin content in the
numerator for the m and n parts and compute the power of the 8 divergence using (I), we

obtain
N
- Z (mZ n; + ) Z —m;)? + (n; — n;)*] + const (87)

which sets ¢; = —N and supports our claim (B3).

We would like to conclude this section by stressing that even though in the present paper
we do not show how to do the sums, we know that their outcome will be a product of
functions M, exactly as in (88), but of course for the general non-degenerate case with more
Ms. That was already conjectured in [B5] for any topological partition function coming from
a toric diagram, see [53] for a more recent discussion. This statement is just the refinement
of the Gopakumar-Vafa formula [64,55]. This is fully in agreement with our claim that the

power xn has to be at most quadratic in the masses.

5 Liouville from topological strings

In this section we show in detail how one can start from the partition function of 75 that we
computed in section @ and derive the known Liouville 3-point function. This exercise allows
us to draw experience and learn some tricks that we shall be able to use for N > 2, fix our

conversions and test the dictionary we presented in section B.

HUsually the eigenvalue of the quadratic Casimir is written (o, c + 2p), where p is the Weyl vector. After
a rescaling of the weight «, this is the same as (B3).

121n that case l; = %%— WQ fori < N anly = —%%—i— %Q, implying » =Ilny_1 —Iny + Q.
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For N = 2 there are no Coulomb moduli. The perturbative part (BR) is

m((A7))

dert _ _ _ _ _ (88)
A(I)A(O) A(O)A(l)
M(\/% OAgml )M(\/% IAél)l )
while the instanton one (B9) reads
lv|
= <\ T 0 1 1) e 1 0 1) e
5~ (L) % W ! )~ N af? )
ape oy (B8 ﬂ )
—~ \ L2N> N7, (0)
so that (64) becomes after replacing the A’s with the mass parameters via (I18)
Ztop . M(Mlz)
2 C LM ¢ Ny
B € B €
o Z (i1N1)|V| NV@(ZI +my —ny — %—ﬁ)N@V(TM +mq — 1 — 7"’)
p N, (0)
We can use the identity of equation (CZ2) to perform the sum over partitions and get
M(MPHM(NEEHIM(L3
g _ (1) MNP M(ER) o

MO [OME [OMER [oMOn L )

1

Setting b = €1 = €, and using the definition (IBR) of the Y, functions as well as the

parametrization (@), we get from (EI) the following expression for | Z5°P|?

|ZEoP2 = A1(1 - q)2Q(Z?:1 0i-Q) - H?:l 3Tq(204i) (92)
Yo an — Q) [Tz Yoo ar — 20v)

where we have used the symmetry Y,(z) = T,(Q — z). Up to an infinite constant prefactor,

the same formula was obtained in equation (3.73) of [23] as well as equation (5.10) of [86]. We

can use the expression for the derivative (I64) found in the appendix as well as the McMahon

function (IZ2) to combine some factors into T (0) leading to
1 - q)QEi -0 10 TTo_, Tq(20)
BIME AP Y (3, an — QT Yoy an —2ai)

This result is almost the g-deformed structure constants. In fact, we see by looking at (B7)

that

ziovp? = (93)

|ZzP ) (94)

Cylar, az, a3) = [ﬁlM(t, q)2 ((1 B qb)zlr1 (1 B qbfl)gb) QZiaz]

which is the g-deformed version of (Id) for Ts.
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Already in [I] we computed the superconformal index for the T5 theory. It is obtained

from |Z5°P|? by dividing with the non-full spin content |Z$°°|? that corresponds to degrees

of freedom that decouple from the 5D theory.

= lA4(1 - Q)4(m%+n?+lf)T < +m1+ny + ll) Ty <

x Y, (?—l—ml—nl—i—ll

2

Stx st
22

< —mi+n+1h

lA“ Yiaa 1HT < +uz> (95)

In particular, we find by comparing with (63)
Cy(an, az, 05) = AT (0)(1 - ) 225 (96)
as promised in (). The index (83) of the T theory can be expanded in powers of 2 = /1

with coefficients that can be interpreted either as sums of characters of SU(2) xSU(2)xSU(2)
or of SU(4). Specifically, we find:

4 1
Zég =14 X(2,2,2)T + [X(B,l,l) +X@,3,1) +X@1,1,3) +X(3,3,3) T XZ(Q)X(2,2,2)] ® + O(z%)
=1+ G745 0 o+ [142300 +xFO 450 (97)

SU SU
+x2() (G0 +x8 (4))} z? + O(a?),

where we have the SU(2)? characters X(mj,msms) = Xms (M) Xma (N1)Xms (L1) and the
SU(4) characters depend on the four variables U; with H?Zl U; =1 that are given by

Ml = Ma Nl = M7 -Z’l = \/m (98)

We thus also see by comparing with (84) that the index ZQS *xS" Jas the same symmetry as

the Weyl-invariant structure constants of the Liouville CFT (B4), as was expected.

6 Wj; from topological strings

In this section, we want to review our result for the 3-point structure constants of primaries

for the case N = 3 in its full glory and to investigate its symmetries and structure.
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6.1 Slicing invariance

We begin with slicing invariance. In figure B, we depict the three possible ways of choosing
the preferred direction. Each one is labeled by the mass parameters that become prominent
for that choice. The one we have used in section B for the determination of the strip partition

functions is M. For the choice M of the preferred direction, we can compute the sum over the

~
I
(1)
Ay l/él) <
t Mél) 2 N
i AP v : X
] WL g
AT 1/£ ) M(2> 1 P
I 1
t o t X
i Pyl F

Figure 5: This figure shows the three different possible preferred directions for the Ts junc-
tion. Fach one is labeled by the Kdhler moduli of the non-full spin content that is factorized.
We also indicate the names of the partitions entering the instanton sums and to avoid clutter,
we only do it for the middle one.

partitions )\Z(-j ) and ,u , but not over 1/ Slmllarly, for the choice N, we cannot perform the

). From equations (B8) and

sum over the )\Ej ) and for the choice L we cannot do it for the u(]
(69), we can read off the partition function for the M choice. After some rearrangements,

we find the cumbersome expression

top _
Zq =

L
TR (A8 ) (i)
([AMlLd) (\[AMQL,)M \/EA—lMgligl)M( gAszifl)

1, M M - NoLy\ ° (ML, ¢
XM(MMl)M(MMl)M(MM1> VoL Vil 9
14ivig 143 24Vlg ; N3L2 7 ( )

Nf}”y;” (a+ng—ly —<+/2) Nfil)uiﬂ (a+ng — 1y —e+/2)

N,[j(z)l,(z) (0)
1 1
[T N <1>w (a=mn1 —my —<+/2) Ngl,m (@a+ I3 +myp —<+/2)
2

X B B 3 B )
Ny{”uf) (0) Nyényél) (0) N,,§1>y;1> (2a —n1 +13) Nu§1>u{1> (—2a+n; —I3)

X
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where A = e=F2 = flgl) is the relabeled Coulomb modulus.
A direct computation using the topological vertex shows that the topological amplitude

Z5°P for the choice N of preferred direction can be obtained from (49) after the substitution
Mg = Na—, N — M, le = —la—k, (100)

after exchanging t <+ q. Furthermore, the amplitude Z;Op for the last remaining possible

choice of preferred direction is obtained by setting in (H9)
mr — —l4,k, Ng —> —My—j, lk — Ny, (101)

without exchanging t <+ q. Since it is thought and in some cases shown [85,562] that the choice
of preferred direction is irrelevant, the transformations (0) and () must be symmetries

of the topological amplitude, i.e. we conjecture that (€9) is invariant under them:
Z3P (myg, e, Ug) = Z5°P (nac gy mge, —la—g) = Z5°P (—la— g, —ma_p, ). (102)
6.2 Weyl invariance

The slicing invariance of the partition function can help us prove the Weyl covariance of the

structure constants. Using (A9) and the properties of the T, functions, the index

2
dA 2P
zZ§'xst :f M(t,q)* |22 10
; s M0 | S (103)
reads
xh e /a 3 -t
2! _]{ dA (1—¢q) == To(er) |:Hi<j:1 Ty(ni —n;)Tq(ly — li)}
’ 2miA A8 [E_, Yola—mi —ny +e+/2)Ty(a+ my + ls + +/2)
T N 1% e Rl s
Tq(2a—n1 —|—13)Tq(—2a+n1 — lg) Z N2L1 : N1L2 :
Tq(a +ng —la+ €+/2)Tq(a +ng — 11 + 6Jr/2) = N3l~/2 Ngizg,
(104)
me,,u) (atng —ly —<+/2) me,,@) (atng =l —c+/2)
X 1 2 1 1
B
NV§2)D£2) (O)
H2:1 Nf(l)@ (a—ny —my — ¢+/2) Ngy(m (a+ I3 +my — <+/2) 2
X 1 2 ,
Nf(l),,(l) (0) meu(l) (0) meu(l) (2a —ny +13) meu(l) (—2a+mny —I3)
1 1 2 2 1 2 2 1
where we the exponent of (1 — ¢q) is
3 3 cn2 cn2
Xs=-2>"mi- > [(nj—nﬁ;) +(li—lj+7+) }
z=31 i<j=1 \ ) (105)
1 €
N [(n = 1) + (L = 15)*] =2 mila—i + ;
i<j=1 i=1

28



agreeing with (80). The additional factor of €2 /4 in (ITH) comes from the factor of [ M (t, q)|°.
In deriving expression (M), we have used () and (I77).

Now the invariance of Z5 *x5" under the Weyl reflections of SU(3)? is almost trivial to
check. Affine Weyl transformations on the a; act as usual Weyl transformations on the m;,
n; and l;, i.e. they simply permute them. For the choice M of preferred direction shown in
(@), we can easily see that the expression is invariant. However, while the invariance of
(I0@) under the Weyl group of the first SU(3) is easy, the Weyl reflections of the remaining
Weyl groups act non-trivially. At this point we need to use the fact that slicing invariance is
a symmetry of the problem and by applying first (IT) or (M) on () before acting with

the Weyl reflection we can prove the complete invariance under Weyl reflections.

6.3 The index and Ez symmetry

While the invariance under Weyl reflections of the SU(3)’s are easy to see, the symmetry
Be
under FEg transformations is not. For this, we expand in x = e~3 before performing the

integration. As shown in [0,5] this leads to the index computed in [37], that reads

255" = 14 x8a® + () (1587 + |1+ Xbao + xaW)(1 +x58) | @

+ [ealy) (1+ XE8 + XEao + X55as) + Xa(y) (1 + x5 )| 2 + [2xF8 + X5z + XE3ros

+xa() (2+ 2xF8 + xE%o + 2xFha0 + Xosas ) +xs(v) (14358 ) | o° +OGT). (106)
The fugacities M, N and L enter the Eg characters as follows. We have an embedding
SU(3)? C Es and with the fundamental 3 representation of the first SU(3) having the char-

acter ys = M + My + M3 with similar expressions for the other SU(3) factors. The character

of the 78-dimensional adjoint representation of Fg then decomposes as

X78 = X811 + X181+ X118 + X383 + X@E.85) (107)
where X (5, j2.js) = szl X?f(3)~ The other characters can be decomposed in a similar

fashion, see appendix C of [l] for more details.

Since we wish to identify the index as the g-deformed Weyl invariant structure constants
and since we showed in section B2 that the Weyl invariant structure constants have an Fjg
symmetry, we have an additional piece of evidence in our favor. Furthermore, we can use the
fact that (E3) captures all the poles of the Weyl invariant structure constants and that the

position of the poles does not change under g-deformation to write another formula for the

29



index™. Specifically, we make a guess for the g-deformation of (EH) and write

Z§4X51: 3 T —17 3 7 ~ ar—1 7 N—1 FFo1y’
3q(1)3Hi,j7k:13(J(MiNj Lk)Hi<j:13q(MiMj Bq(NiNj Bq(LiLJ )
(108)
where -
3o(uitq) = [ (1—ut ) (1 —u e g (109)
i,j=0

is up to a constant the g-deformation of 3 and the compensating factor F3 is an unknown

entire™ function with the expansion in z given by

Fy=1+xa(y)a’ + [x;a(y) - ngﬁo} ot + [X4(y) - (xfsﬁ + Xféo) Xz(y)} z?

(110)
+ [Xs(y) - (stﬁ + xfé’o) xs(y) + (Xf§s4 + Xpoer + X?éo)} 2% 4+ O(x").
So far, we have no closed expression for the function F3.
We end this section with one last remark. Our claim (II) states that
(a1, ag, a3) = const x lim [3*X3Z§4XSI. (111)

B—0

4 1
We see in (H) that Zg? *5" s invariant under an Eg symmetry and we saw in section B2

that € is invariant under that symmetry as well. A direct computation shows that x3 given

by (83) ,

X3 = — Z [(mi - mj)2 + (n; — ni)® + (I; — lj)2:| (112)

i<j=1

is invariant under the Eg Weyl tranformations (B8) as well.

7 Conclusions and Outlook

In [I] we calculated the 5D partition function of the non-Lagrangian Ty theories on S* x St
using topological strings. In this paper we take the next very important step and argue that
it is possible to take the 4D limit (3 — 0 i.e. ¢ = e=? — 1), thus obtaining the partition
function of the 4D non-Lagrangian T theories on S*. Taking the 4D limit is not as simple
as one might naively think and it is definitely not as easy as for theories with a Lagrangian
description.

The first step in overcoming this difficulty was realizing that one can bring formula (GB)

into the form (B2) in which the individual building blocks are only the Y, functions and the

13To be more precise, as we discussed in section B2 and can be seen in equation (32) of the appendix 3,
after the g-deformed versions of the functions have more poles. For for each single pole of the undeformed
function, they have a whole tower of poles.

That the function F3 is entire follows from the facts that 1) the function § in (5.5) of [B1] is entire and
2) the Weyl covariant part has no poles.
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“Nekrasov functions” Nﬁu for which the 4D limit is well defined as individual functions (IG1)
(r7a). Our formula for the partition function (1) is then written as a product of the factors™
|28 [z * and |Z}{}St|2. The first factor |28 /z ¢

that only includes products of the YT, functions times a divergent factor of (1 — q)¥N/erez,

? could be explicitly brought into a form

Thus, taking the limit is straightforward after we divide by (1 — q)XW <1¢2. However, for the
|Z}{,‘St |2 piece we have a further obstacle to overcome. The sums that contain the “Nekrasov
functions” NIBW diverge if one naively takes the 4D limit, in contrast with the usual sums in
theories with Lagrangian description. Schematically, instead of having a coupling constant
quv = €*™7Uv as for theories with a Lagrangian description, where one can commute the

limit with the sum, as for example in

B B
2 : 5D\ 1] N,uul (al) U N,uVL (aL) B—0 4D\ 1l N#Vl (a‘l) e NIWL (aL)
S , 113
w ( UV) N;BL)\l (bl) T Ni)\L (bL) 7 ( UV) NM/\l (b1) - - N/‘)‘L (bL) ( )

for the case of the Ty theories (that are isolated non trivial fixed points) there is no of gy
but rather a combination e=#% of the mass parameters (M = e~#™) and instead of (II3) we

have

N/B A NfB
Z (e—ﬁw) 1l Zyl (a1) guL (aL) ﬁ_—>(>) POV % finite (114)
I Nias (01) -+~ Ny, (br)

that makes the sum diverge as SP°V°". Explicitly obtaining this power would require per-
forming the sums in (69). In this paper we do not do that, except for the N = 2 case
where the sum is given by (I72). However, by carefully studying the symmetry properties
of the 3-point functions for general IV, the properties of the T, functions and the known
N = 2 case we manage to obtain this power of the divergence (8H). Our result is tested
against the g-deformed version of the Fateev-Litvinov formula with one semi-degenerate in-
sertion (BB). Combining everything, we propose that the 4D limit of the superconformal
index (82), multiplied with S raised to the appropriate power —xx, will be finite and equal
to the partition function of the Tl theory on S*. Moreover, we explicitly computed in (I2)
the decoupled part ’ZJ‘%FC|2 and it is finite after extracting a divergent factor of 8 raised to
the power 2e Y, (g, p) — xn. Finally, the full topological string partition function itself is
finite after the divergent factor of 5 to the power 2ey Y, (g, p) has been removed.

Via the AGT-W correspondence, we translate our formula for the T partition function
to the 3-point structure constants of three generic primaries of the Toda field theories, both
for the undeformed (4D AGT-W) as well as for the deformed (5D AGT-W) Wy algebra.
We give explicitly the parameter identification from the topological string parameters to the

gauge theory ones in appendix Bl and then to the 2D Toda parameters in equations (). We

15As we already stress in the main text, using the worlds “perturbative” and “instanton” is an abuse of
terminology.
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identify the 3-point structure constants of the Toda CFT with the topological string partition
function in (). A very nice byproduct of our work is our ability to give the exact definition
of the g-deformed T, functions together the all their factors, which to our knowledge do not
appear in the literature. This discussion appears in appendix C2.

Moreover, we identified in (I3) &,, the Weyl invariant part of the g-deformed 3-point
structure constants, with the 5D superconformal index ZS4XSI, a powerful gauge theory
object™. This identification allows us to predict that the Weyl invariant part of the g¢-
deformed 3-point structure constants should have not just SU(N)? symmetry but also an
extended symmetry as predicted by [62-624] due to the existence of non-trivial UV fixed
points for the 5D gauge theories. We have explicitly checked in the Liouville case that the
Weyl invariant part of the DOZZ formula (B4) enjoys SU(4) enhanced symmetry, and that for
the N=3 case the Weyl invariant structure constants have Eg enhanced symmetry. Checking
that the Weyl invariant 3-point structure constants for higher N enjoy some, other than just
the Weyl group of SU(N)3, enhanced symmetry is an important future direction™

The formula we give for the 3-point functions at this point is very implicit, since there
are still integrals and sums that need to be performed. In a separate publication [3Y], we
will show how at least some of the sums can be performed. In so doing, we will be able
to explicitly calculate our degree of divergence yny that we conjectured in (B3). Moreover,
beginning with our formulas and specializing some of the a’s we should be able to obtain
the formulas of [29-31) for the cases of degenerate or semi-degenerate primaries and for the
semiclassical limit b — 0. Conversely, our formulas predict highly nontrivial relations for the
sums of “Nekrasov functions” Ngu by for example requiring that our formulas reproduces
(B3) in the semi-degenerate case.

In this paper we give the Toda 3-point functions with three primaries, which however
is not enough to solve Toda. To achieve that, we need to also compute the correlation
functions of descendants, which as we discussed in the introduction is not as immediate as
in the Liouville case. However, it is straightforward to see from the point of view of the

topological strings what needs to be done in order to compute them. Specifically, we need

16The superconformal index in any dimension is the partition function of protected operators and is inde-
pendent of the coupling constants of the theory, implying that it remains invariant under S-duality. In 4D
the superconformal index S3 x S was proven to be equivalent to a 2D TQFT [66-50]. It is very possible that
something very similar will also be proven for the 5D superconformal index S* x S (see [&1] for some progress
in this direction) and thus the Weyl invariant part of the g-deformed 3-point function could be discovered
to obey special properties not visible from the CFT point of view, but realized only once one is using the
superconformal index interpretation.

17The authors of [5] were able to discover that some specialization (called “Higgsing” in the gauge theory
jargon) of the parameters in the Ty theory leads to an E7 symmetry, while in [BR] a similar specialization of
the parameters in T leads to an Eg symmetry. These specializations change the Ty geometry significantly
and in particular reduce the number of Coulomb moduli to one. It would be very interesting to see the
meaning of this on the CFT side.
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to take the Ty web diagrams from figure @ and evaluate them with the refined topological
vertex without putting empty Young diagram to the external legs. This will provide the
general Ding-Tohara algebra interwiners. The Ding-Iohara algebra [65] in the free boson

representation (with N free bosons) is known to become
A=Wy oH (115)

where H is the Heisenberg algebra which is exactly the algebra that is needed to describe
what is obtained from AGT-W [I0,[4]. In particular, it is quite easy to obtain the 3-point
function of two primaries and one descendant and in fact the answer is just (64) without
putting empty Young diagrams for v(9). Such 3-point functions are already going to give us,
via bootstrapping many higher point functions. Solving this problem is work in progress [d1].

We would like to finish by remarking that for many reasons it seems to be much more
advantageous to study the g-deformed version of the Toda field theories instead of the un-
deformed ones. For example, the functions T, behave in a sense a bit better than the T
ones, since for example the product formula (I[A8) is much simpler that (IZ9) and (I432).
Furthermore, in the g-deformed case, we can use the topological string formalism to compute

the partition functions, tools that are not directly available in the undeformed theory.
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A Parametrization of the Ty junction

We gather in this appendix all necessary formulas for the parametrizations of the Kéhler
moduli. First, the “interior” Coulomb moduli Agi) = e_ﬁagj) are independent, while the

“border” ones are given by

i J i
7(0 ~ (4 v T(N—i =
AV =T My, AP =T Ne. AN =T] L. (116)
k=1 k=1 k=1
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The parameters labeling the positions of the flavors branes obey the relations

N ~ N ~ N ~ N N N
HMkzHNkZHLk=1<:>ka=an=Zlkzo.
k=1 k=1 = k=1 k=1 k=1

k=1

Therefore, fl(()o) = flg\?) = A(()N) =1 and we can invert relation (IIQ) as

- Az(‘O) q_ A(()i) P AgN_i)
vTo(0) 0 v gG-1) v G(N—it1) "
AT, g O

All placements are illustrated in figure B.

N
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Figure 6: Parametrization for T'n. We denote the Kahler moduli parameters corresponding
to the horizontal lines as Q(J) to the vertical lines as Ql(fi), and to tilted lines as fol)l We

n;i’

denote the breathing modes as flz(-j), The index j labels the strips in which the diagram can

be decomposed.

The Kahler parameters associated to the edges of the Ty junction are related to the /L(j )
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as follows

1G) 7(9) 70) 7G-1) AG=1) 7()
Qu) — A A () _ AP A7 QW) — AT A (119)
3t Agjfl);lgafll)’ Ly AE”lA J=1)’ m;i Az('j)figil) '
For each inner hexagon of (B), the following two constraints are satisfied
RO =Qaiven . Qlleni = lhnQlla (120)
Furthermore, we find the following identities relating them to the masses:
M Ni %) (N z) -Z/z
Qe == Qo ==- QL= (21
. M; 1 LT N Lipa

Using the above, we find the following expressions for the products appearing in the T

partition function:

- 2
i (A A A0
HQm (r)kH_H ( ) _ A4
AT AT, T A,
i (AUY j(r=1) F(r=1)
HQ&) (r)k:H ( k ) _A 4;
O D400 " Z0-D Gt
i Ay Ak+1 A Ajn (122)
r—1) r—1) 7(r 1) F(r—1) 7(r)
o HQ(T) _A A Ai Ajf1 _ AU A
msj A - r—1) 7(r—1 F(r—1) 7(r) "’
A>A<1>A571>A; )T ATTIAD
jr-1) fr-1) =1 f() 4D
o H QN = DAY ATV A _ A4
L [1 A(r D =1 =1 A(r) A0=1°
k=i+1 7 j+1 J+1

Furthermore, the following two follow directly from ([ZT) and are used in the derivation of

the “perturbative” part of the topological string partition function (BS)

v ADACH N A0 400

HQ"”] = r—1 r)’ H Ql(rk) - ﬁ (123)
( )A( k=i AE 1AN rlrl

B Conventions and notations for SU(N)

The purpose of this appendix is to summarize our SU(NN) conventions. The weights of the
fundamental representation of SU(N) are h; with ZZ]\LI h; = 0. We remind that the scalar
product is defined via (h;, hj) = d;; — % The simple roots are

€L Zthfhk_i_l, k:]_’.“’N,]_’ (124)
and the positive roots e > 0 are contained in the set
AT i={h = b} ={e} T U{eitea} P U Ufer+ - +ena1}. (125)
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The Weyl vector p for SU(NN) is given by

1 1 & YN+
_52625 > (h =y —— h =wi 4+ wy_1, (126)
e>0 i<j=1 i=1

and it obeys (p,e;) = 1 for all 5. The N — 1 fundamental weights w; of SU(IN) are given by

=> h, i=1...,N-1 (127)

and the corresponding finite dimensional representations are the i-fold antisymmetric tensor
product of the fundamental representation. They obey the scalar products (e;,w;) = d;, i.e.

they are a dual basis. Furthermore, we find the following scalar products useful

N+1 . AN =) 11—+ <
(o hy) = —5— =34 (pwi) = =5 (hj,wl)—{ LA (128)
as well as )
min(¢, ) (N — max(z, j N(N? -1

After some work, one can prove using the scalar products (IZ8) and ([29) that

*Z a17 a27 (a17a2)a (130)

e>0
for any two weights «;.

The Weyl group of SU(N) is isomorphic to Sy and is generated by the N — 1 Weyl
reflections associated to the simple roots. If a is a weight, we define the Weyl reflections
with respect to the simple root e;

(eu a)

W, = — 2
(elaei)

e, =a—(e,a)e;. (131)
Furthermore, we define the affine Weyl reflections with respect to e; as follows
wioa:=0+w;-(a—Q)=w;-a+Qe;=a—(a—Q,e)e;, (132)

where Q := Qp = (b+b"1)p.

C Special functions

For the reader’s convenience, we gather here the definitions and properties of all special

functions used in the main text.

36



C.1 The T function.

The purpose of this part of the appendix is to summarize the known identities for the functions
used in the undeformed Liouville and Toda CFT. We begin with the function Y(z) which is
defined for 0 < R(z) < Q = b+ b~ ! as the integral

log T (x) = /OOO dt (Q - 1:)2 oo S (5-2)] . (133)

4 bt
t 2 sinh 3 sinh 57

It is clear from the definition that

Y()=TQ-z), T <‘°22) = 1. (134)

One can show from the alternative definition below that the following shift identities are

obeyed

T(z+0b) = v(@b)b 2" (z),  Y(z+b"1) =~(xb e 1T (x). (135)

where y(z) 1= Ffl(f)w). An useful implication is

I(14bz)l(b~ ')
F(l - bx)f‘( — b—la:)

Y(z+ Q) =p20 0= Y (x), (136)

which is used in the derivation of the reflection amplitude (ET). It follows from (I:3H) that T

is an entire function with zeroes at
r=-—mb—nydb"t, or x=(ng+1)b+ (ng+ 1)1, (137)

where n; € Np.
The function YT can be connected to the Barnes Double Gamma function I's(z|w,ws).
First, we define T's(z|w,ws) via the analytic continuation (the sum is only well-defined if

R(t) > 2) of

log Ty (s|lwy,ws) = lgt Z (s +nwr + nng)t] , (138)
ni,n2=0 =0
From this definition, one can prove (see A.54 of [66]) the difference property
(s + wi|wy,wa) _ V2m Iy (s + wa|wy,ws) _ V2m (139)
Iy (s|wr,wz) w;%’%r<wiz>’ L (slw, ws) wlwilféI‘(wil)

In order to express the T function using the Barnes double Gamma function, we have to first

define the normalized function

. Da(afp,b7h)
Ty(z) == TR (140)
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The log of the function I'y(x) has an integral representation as

Q 2
° dt et — =% ( 2 z) € _z
logI' = — — —t_ 2 . 141
og I'y(z) /0 t | (A—et)(1—et) 9 ¢ t (141)

Then, using (@0) we can express the Y(z) as

v
Iy (2)To(Q — )

This, together with the difference properties of I's proves the shift identities (I33). Also of

Y(z) = (142)

interest is the function G(z) introduced in [31] with the properties

pY/2—bx ) bb_lel/z .

G(x +b) = ——TI'(bx)G(x), Gx+b )= —F—T(0 "2)G(x). 143
(z +b) N (bx)G(z) ( ) N (07 2)G(x) (143)
The zeroes of this function are x = —mb —nb~! for m, n € Ny. If we normalize it by setting

G(%) = 1, then we have G(z) = Fbl(z). Furthermore, [31] also introduce the function 3 as

bb’lm—bm
32)=GQ+2)G(Q —z) = TwF(bx)F(b_lx)T(x). (144)
w

One very often encounters a product formula for the function I'y = thn2 (x +wing +

wang) ! that is unfortunately not quite correct. To get the product formula for 'y (x) work-
ing, one has to use (A.62) of [66]. Specifically, we set for R(s) > 2
’ 1
o) = Y (145)

win waong )
a0 Wi 1+ wang)

where the prime removes the value (n1,n2) = (0,0) from the sum. The function x(s|wi,ws)
can be analytically continued for all s € C except for s = 1 and s = 2 where there are poles.

We have the residues

1 /1 1
Res(ifslonea) s =1 =3 (2 1), Restx(oboeanhs =2 = L (1a0)
and the finite parts
1 1/1 1
Res(w,s:l) = —ngl—i—f ——— long—l—f—i-f——log%r
s—1 w1 2 w1 w2 2LLJ2 2w1
_'/“w(“y+D dWﬂ%y+Dd
b Jo e2my — 1 y
X(8lwr, wo) ) ¢2) ¢ 1
AL 2) s=2) = —1-1
Res( —_9 % w% + 203 + o (v og wsa)
; > Cy(2 7, +1 (2, —Z +1
B e e TC VA FU
w2 Jo e —1
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where v is the digamma function, + is the Euler - Mascheroni constant and (g (s, q) is the
Hurwitz-¢ function with ((s) > 1 and R(q) > 0)

> 1

Cu(s,q) == ;W (148)

Finally, using the shorthands « := Res(w,s =1)and 8 := Res(% s =2)+

Res(x(s|w1,w2),s = 2) we obtain

2

B2 , x _ x
e~ AT+ 5 e@iniTwany  2(wingtwyng)?
Da(w|wr,wa) = Y H T z : (149)
ni,ne>0 winitwang

C.2 The ¢g-deformed T function.

In this subsection, we wish to summarize some results involving the g-deformed Y functions.
First we begin by defining the shifted factorials™ (we require for convergence that |g;| < 1
for all ¢)

o0

(9C;Q17~~-,(Ir)oo = H (1_qui1 qu) (150)

i1=0,...,i,=0

We can extend the definition of the shifted factorial for all values of ¢; by imposing the

relations
1
—1
T5q1y--+5q; 5+-+5qr)oo = 151
( ) (¢ q1, -+ @) (151)
Furthermore, they obey the following shifting properties
(x;QI7~-~7QT)oo
q5T5415---54r )0 = 152)
( ! ) (z;qla"'7Qj—17Qj+17-"aQT’)oo (
We then define the function M(u;t, q) as
1‘[” (1 —uti—1gi)~t for [t| < 1,|q| <1
—ut =gt for [t| < 1,|q| >1
. o . -1 _ Hz] 1(1 ut ) OI‘||< > 19
M(u;t,q) = (ug; t,q) g = Hzg 1(1 —ut— q] for |f| >1, ‘CI| <1 (153)
[[5,= (1 —ut™?q*7)~" for [t > 1,[q| > 1
converging for all w. This function can be written as a plethystic exponential
Muitq) =exp | 3 ] (154)

m (1—tm)(1—q™)

m=1

which converges for all t and all q provided that |u| < q~'*+0Ual=D(U=1) Here and elsewhere

O(x) = 1if z > 0 and is zero otherwise. The following identity is obvious from the definition

M(u;q,t) = M(u¥/q;t,q). (155)

18 A good source for the properties of the shifted factorials is [67].
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From the analytic properties of the shifted factorials (Ixl), we read the identities

1 1
L) = ’ g = ——— 156
MEELD= Mg M) Mgt 150
while from (32) we take the following shifting identities
M(ut;t, q) = (ug; oo M(u; t,9),  M(ud;t,q) = (ud; Yoo M(us t, q). (157)

We define the g-deformed Y function as

0 _ sxtnier+naer _ €+ —xT+nier+nge
(1—g¢ )1 —gq )

Tyl es) =(1 — g 75 ) ]

(1 _ q5+/2+n161+n262)

ny,no=0
? (158)
:(1—(])_%(”3_6;) M
M(y /53t 9)

where we have used the definition (I73) for the norm squared. If follows from the definition that
Tg(c+/2]€1,€2) = 1, that Ty(zl|er, e2) = Ty(er — x|er, €2) and that Yy (zler, €2) = Ty(z|eg, €1).

Furthermore, from the shifting identities for M, we can easily prove that

1—2¢; ta
1— 2 .
To(z + eler, €2) = (1_(132) Yaez (weg ) Ty (e, e2), (159)

together with a similar equation for the shift with e5. Here, we have used the definition of

the g-deformed I' and v functions

o (D) Ly(x) 120 (@775 @)oo
L (z):=(1—¢) " , V() = 4 =(1—gq r , 160
valid for |¢| < 1. They obey I'y(z+1) = —11__’1; I'y(x), implying v4(z+1) = 7(17‘1('?_(;;2‘7%)%(@.

Because of the normalization of Y, (z|e1, €2) and since the factors of the right hand side of

(I59) have a well defined limit for ¢ — 1, we find by comparing functional identities that™

Fz(%|61,62)2

1
Y, (x + er|er, €o QT.’I}EI,EQ = .
a | ) (=l ) Fg(x\el,eg)F2(6+ — x|61,62)

(161)

In particular, the function Y (z) defined in subsection T is equal to Y (x|b, b~ 1). We shall of-
ten just write Y4 (z) instead of Yg(x|e1, €2) and indicate in the text whether the ¢; parameters
are arbitrary or whether b = ¢; = ;'

For the rest of the section, we set b = €; = €5 *. One very useful implication of (I59) for

the derivation of the reflection amplitude (52)

_17 2z
(1—g ) (1—¢")" T -1 (1+bz)Tg (b~ )

Ty(z+Q) = 1-q)@ T (1= bx)Tg (=0~ 1)

Ty(), (162)

19The g — 1 limit has also been checked numerically for the case b =¢; = e;l.
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which reduces to (IZ338) in the limit ¢ — 1. We finish this part of the appendix with two small

remarks. First, the zeroes of T, are given by

21 211
T = —Ni€ — No€y + ——m, z=(n1+1)er + (na + 1)ea + ——m/, (163)
log q log ¢

where n; € Ny and m and m' are integer. We thus see by comparing with (I37) that for
each zero of T we have a whole tower, Kaluza-Klein like, of zeroes of T,. The new zeroes are
g-dependent, but the ones that are also zeroes of T, i.e. those with m = 0 are g-independent.

The tower of zeros is obtained by beginning with the g-independent m = 0 zero and shifting

2mi . 2mi
logq B

x = 0. Since the zero of Ty(x) at z = 0 is due to the factor (1 — ¢”) in the numerator of

by multiples of . Second, we will need to evaluate the derivative of T,(x) at

(I58), we find that the only piece of the derivative that survives is

/ B
1, (0) = T2 qTq(b). (164)
C.3 The finite product functions

In this subsection €; and €5 are general. In the definition of the topological string amplitudes,

we often need to use the following two functions given by finite products

L) v 1
Zu(t7q> = H (1 — tyﬂ'_i+1qui_j) ,
i=1j=1
Nau(@Qit,q) = ﬁ LoQu Mg (165)
Ap 54 '7i’j:1 1 —in_lqj
= [I a-qus—igh=+1) T (1 - @t uti-tq ),
(6.5)€X (i.)en

We shall use in the following |A| := Zf(:ﬁ) Ai and [|A||? = Zf(:)‘l) A2, where £()) is the number
of rows of the partition \. We observe that in some cases the function Ny, behaves like a
delta function, for instance N ,\@(é) = Npr(1) = §5g. Furthermore, we find a relation allowing
us to express the product of two Z,, through

[ . 2, _ _
Notit) = (/1) 550 (2,00 2000) (166)

Using the identities
min{£(X),£(p)}

Z i= S (INP+ 1), Z Wi = Z Aibbis (167)

(B,5)€X (i.)ex =1

N | =
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we find the exchange identities

t
N)\,LL(Q;qvt) = Nut)\‘(Qa;t7q)7

[A[+] gl
_ _ 12N | 1A IR | PN 1A t
N (@ Lt q) = (-Q 1\/?) t 2 q 2 Nm\(Qa;f,Q)-

From [, 86] we take the following summation formula

5 (i) Moo (/500 N (1/302) _ M(@i@s) M (50:0)

m Now(1) - M(y/5s) M(1/£010:05)

(168)

(169)

In the 4D limit, it is often useful to use the rescaled N functions that we refer to as “Nekrasov”

functions (Q = e=#™)

[M+Im]

NAM(Q;W):(Q\/?) i t

112 112 2 2
Hef2=128 12 a2 —1iell
4 4

Nfﬂ(ma €1, 62)7
where, using the parametrization (#), the new functions are given by

Nflt m 61,62 H 2Sll’1h m+€1(>\17]+1)+62(27[£§)}
(i,9)€X
X H QSinhg [m+e(j — i) + (N —i+1)].
(4.7)En
The new function obeys the simpler exchange identities
B
NY,.

Nfu(_m; €1, 62) — (_1)|)\|+|#|Ni/\(m — €1 — €2; €1, 62),

(m; —€g, —61) = Nit}\t (m — €1 — €25€1, 62)3

Nfu(TTL7 €2, 61) = thut (m7 €1, 62)7

as well as the summation formula

5 =)
DR o B 22
“w

M (e—ﬁ(ml+m3))M (e—ﬁ(m2+m,3—e+))

(170)

(171)

M (e—ﬁ(ms—%’o M (e—ﬁ(m1+m2+m3 =)

(172)

7

We finish this section by remarking that in the limit 8 — 0, the functions Nf u behave as

B—0
Ngu 2 gNHIEING,,

where we have defined

Nap(m;er, e2) = H [m+e (X —j+1)+eli—pl)]
(3,5)EX

X H [m+e1(j — i) + e2(X —i+1)] .
(6.3)en
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Thus for instance ratios of Nf u that are balanced in the sense that the same partitions appear

in the numerator and in the denominator have proper limits for g — 0.

D Computation of the Ty partition function

In this part of the appendix, we wish to put together the computations that bring us from

equations (B3) and (BB) to (62), (6R) and (B9). We define the function

Ro(@ita) = [ (1—629"%‘%]"%‘“’ = Q\[tq N Q\ffq (175)

ij=1
and, after using some Cauchy identities, we rewrite (B3) as equation (4.67) of [i]:

LAl tuz

lelt‘rl:ip(Qm3Ql;t q Ht Vt qa

2
HT,H

Zr, (4, q)

n'::]h

ﬁ Rufrj (Qm;j k;i Qm;le;k)erijrl (Ql;i Hi:i—i—l Qm;le;k)
>< .
i<j=1 Rufz}j+1 (Hi:z Ql;ka;k \/E)
L—1 j T\ -1
X H er‘rﬂl ( H QUi Qmik+1 a) . (176)
k=1

i<j=1
The complete T diagram is made out of N such strips, as depicted in figure @ and written
down in equation (B8). We remind that 1/](-0) = () for all j, see the right part of figure @
We can redefine the strip partition function without affecting the topological string partition
function (-) by moving half of the Z from one strip to the another. Specifically, we move

)2
vill? 1k H

the Z,. +(q, t) 7 of the left lines to the right ones, so that they become Zﬂ; (q,t)t

for
the strip on the left. This redefinition doesn’t change Zy, since the partitions to the extreme
left of the Ty diagram are all empty. Putting it all together, we get a new strip partition

function,

2
WH ;12

L
Z3N(Q,,, Q) =[] t Zr,(6,0) Z7(0,1)

Jj=1

y ﬁ vt (Qmj H Qm;le;k>RTij+1 (Ql i iz @man@y; k)
i<j=1 Rutv; (Hi:i Qz;ka;k\/g)
X H RTtTJH(HQlem k+1\/§)1- (177)

i<j=1
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We can get rid of the Z functions using (IBH). Putting things together in the products and
replacing the R functions by using (C73), we get

J
lelt'll:ip/(Qm7Ql7t q H M ! HQl;ka;k+1
q
k=i

i<j=1
L M(Hi;szlemk) ﬁ(_ t>7'k|
i<j= 1M(\/7ngl_[ Qm;le;k) ([Qu ki1 Qm;le;k) k=1

q
1£[ um(\/iQm;ij;Qm;le;O T@Vj+1<\/;Ql;i i:i_HQm;le;k) 178)
pul vvss (Thms Que@uit )N, (S THZ) QuaQuipin)

We can straightforwardly obtain (B8) by taking only the M dependent terms of the strip
partition functions, plugging them in (68) and replacing the Kéhler parameters @, and @,
by the A’s using the formulas (23) of appendix Bl Thus, we get the “perturbative part” of
the topological string Ty partition (BR), i.e. the part that is independent of the partitions
entering the sum.

Using the functions N? defined in (ICZD), the relations (I70) and performing a shift of the
factors from one strip to the one standing on its left, which implies the following change:

L lvil+lvjpal I7il+I7541l

(TORMEES {0 R

i<j=1 i<j=1

we can write the “instanton” part of the redefined strip as

L L Imjl=lvjtal EEe
zstrip, inst //(Q Q,:t, |‘rk\ Q 2 Q.. 2
vT my D q m;i L3
k=1 i<j=1

- , ,
Doy (ki sk + Y i — 3)'\'51%1( i Ak T D okmi1 Gmik — 5)
leiljj+1 (Z‘]jczl (ql’k’ + qm;k)) TiTj (Z ql k + Zk‘ 1+1 qm k= +)

, (180

(i
1

1 O] ;i ) . o (i)
where we have used qu?j = e Pami Ql(,? = ¢ P and fo:)j = ¢ P, Before we move on,

let us remark that

Bl
<
<

Lo iml-lvil I‘nl TR L L ’
H Qi ° H H Qm;j H Quk H H Qm;j H Quk
i<j=1 i=1 \j=1 k=i i=1 \j=1
(181)

Armed with (I=0), we can compute (69). We have

N

‘U(T)‘ strip, ins r
vt =11 (*ng)) Z3P Q). Q" q). (182)

r=1
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First, we consider the part of the sum of ZW¢ that doesn’t involve the N functions. It
consists solely of the Hr 1 ( Q(T )|u<7')| term (The minus sign will be canceled by the
H,l;‘:l(—l)h’“' part of (IX0)) of (I82) and of the product of (IXM) over all the strips, where v
is to be replaced by v("=1 and 7 by v("). Explicitly, this part of the summand has the form
(the length L of the strip is given by N — r, where r numbers the strips from left to right)

() =1

i

N N-r ‘Vgr)lN—T i N—r K N—r+1 [i-1 N—r 2
TIIT ()" 'IT (TIew IMew)  I0 (I1e% IT ek
r=1 i=1 i=1 \j=1 k=i i=1 j=1 k=i
() 1w
T (o) (ffa Ta) (o T
n;t m;j

_

r=1 i=

\VE’)\

T [l Mdmiran )
- i—1 ~(r+1) N r—1 ~(r+1

r=1 i=1 Hg 1Q + =1 l(;kJr )_

\VY)\ 1)

N Ner | A(T)A(T) ? N N—r L
1 N-r 1] [ N.Ly_, ] (183)
- e F(r+1) 7(r—1 T(r+1 -

o | AYTVAYTYAGTD AGTY it | Nes1Ln g

where in the second line we have used the fact that ©(°) consists entirely of empty partitions,
in the fourth we have used the very useful formulas (IZ3) and in the last equation have used
Taking now the last line of (IR3) and adding the remaining N? parts, we get the full

instanton part of the T partition function that we wrote in (E9).
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