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Abstract

This paper enfolds a medius analysis for first-order nonconforming finite

element

methods (FEMs) in linear elasticity named after Crouzeix-Raviart

and Kouhia-Stenberg, which are robust with respect to the incompressible

limit as

the Lamé parameter A tends to infinity. The new result is a best-

approximation error estimate for the stress error in L? up to data-oscillation
terms. Even for very coarse shape-regular triangulations, two comparison
results assert that the errors of the nonconforming FEM are equivalent to

that of

the conforming first-order FEM. The explicit role of the param-

eter A in those equivalence constants leads to an advertisment of the ro-
bust and quasi-optimal Kouhia-Stenberg FEM in particular for non-convex
polygons. The proofs are based on conforming companions, a new dis-
crete Helmholtz decomposition, and a new discrete-plus-continuous Korn

inequali

ty for Kouhia-Stenberg finite element functions. Numerical evi-

dence strongly supports the robustness of the nonconforming FEMs with
respect to the incompressibility locking and with respect to singularities and
underlines that the dependence of the equivalence constants on A in the com-

parison

of conforming and nonconforming FEMs cannot be improved. This

work therefore advertises the Kouhia-Stenberg FEM as a first-order robust
discretisation in linear elasticity in the presence of Neumann boundary con-

ditions.
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(a) CFEM (b) KS-NCFEM (c) CR-NCFEM
Figure 1.1: Three first-order FEMs for linear elasticity.
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1 Introduction

The textbook a priori error analysis of nonconforming finite element methods
considers an inconsistency term with the normal derivative of the exact solution
along edges and so requires H 3/2+¢ regularity of the exact solution for some pos-
itive €. This regularity request fails to hold for certain mixed boundary value
problems in linear elasticity and leaves the impression that nonconforming finite
element methods (FEMs) may be more sensitive for “near singularities” than con-
forming FEM [Bra(O7, p.111 and the web supplement]. The medius analysis of
[Gud10, CPS12] does not rely on elliptic regularity at all and proves quasi op-
timality for the linear elastic model problem of this paper in the sense that the
total error is dominated by the approximation error. The medius analysis extends
to non-constant coefficients A and u and higher space dimensions, while the more
involved precise analysis of the singular functions in case of non-convex polygons
appears to be limited to the simple linear elastic model problem at hand.

For a polygonal, bounded Lipschitz domain © C R? with closed Dirichlet
boundary I'p of positive length and (relatively open) Neumann boundary I'y :=
0Q \ I'p with outer unit normal v, the strong formulation of the Navier-Lamé
equations for volume forces f € L?(Q;R?) and applied tractions g € L*>(T'y;R?)
and homogeneous boundary conditions reads (in compact notation)

divCe(u)=f inQ,
u=>~0 onI'p,
Ce(u)v=g  onTy.

The fourth-order elasticity tensor acts as CA := 2uA + Atr(A)1,4, for positive
Lamé parameters u and A and for any general input variable A € R?>*? and the
linear Green strain is €(u) := (Du+Du')/2.

The conforming first-order finite element method of Figure 1.1a (also named
after Courant (CFEM)) converges, but suffers from the locking in the incompress-
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ible limit as A — oo [Bra07, BS08, Fal08]. This means for large values of A that
the L? error of the stresses shows the expected convergence rate for a very large
number of degrees of freedom only. To overcome this phenomenon, finite ele-
ment spaces should have good approximation properties for nearly incompress-
ible materials. One possibility is the choice of a higher polynomial degree of
the ansatz space (> 4) or the use of mixed methods. However, the lowest-order
conforming mixed method of Arnold and Winther [AWO02] still has 30 degrees
of freedom per triangle. An alternative approach are the first-order nonconform-
ing methods of Crouzeix and Raviart [BS92] or of Kouhia and Stenberg [KS95],
which do not show such a locking phenomenon and are therefore of great inter-
est. This paper enfolds a medius error analysis for the nonconforming FEM of
Kouhia and Stenberg (KS-NCFEM) of Figure 1.1b in the sense that mathematical
arguments from an a posteriori error analysis lead to a priori error estimates. The
notion of medius analysis was introduced in [Gud10] and leads to results, which
rely on no extra regularity of the weak solution and hold for arbitrarily coarse
meshes with certain minimal conditions (a)—(d) of Subsection 2.3. In this point,
the error analysis of this paper is a refinement of the error analysis in [KS95].
The main result of this analysis is the best-approximation property of the discrete
stress Oks := Cenc(uks) (eEnc or Dnc are the piecewise analogues of € or D)
with respect to the exact stress 6 := Ce(u) for the exact and discrete solutions
u € H'(Q;R?) and ugs € KS(7T); that is

|6 —okslli2(q)

N varenKig(fI) |6 — Cenc(vks)ll 2 (q) +0sc(f2, T) + 0sc(g2, E(I'y)).

The definitions of the data-oscillations osc( f>,7') and osc(g2, E(I'y)) and the pre-
cise definition of the Kouhia-Stenberg FEM space KS(7) follow in Section 2.
The notation A < B abbreviates an inequality A < CB with some mesh-size and
A-independent generic constant 0 < C < oo, The constant may depend on the con-
stant o > 0 in the conditions (a)-(d) of Subsection 2.3 and on u. Since the mul-
tiplicative constant (hidden behind <) does not depend on A, the aforementioned
error estimate also holds in the incompressible limit A — oo. In other words, the
quasi optimal convergence follows for the KS-NCFEM in the Stokes problem as
well.

The proof relies on a new discrete Helmholtz decomposition (Theorem 3.1), a
new discrete-plus-continuous Korn inequality (Theorem 4.1) and the conforming
cubic companion of the nonconforming discrete solution from Lemma 3.3. This
conforming companion J3vcr fulfils for all Crouzeix-Raviart functions vcr the
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integral mean properties

/ (VCR —J3VCR) dx =0 and / DNC(VCR —J3VCR)dx =0 forall T e T
T T
and some stability and approximation properties.

The nonconforming FEM of Crouzeix and Raviart (CR-NCFEM) [BS92] of
Figure 1.1c only allows a discretisation of the pure Dirichlet problem I'p = 0Q,
in which the (non-physical) stress 6 := CDu := uDu+ (A + p) div(u) 1242 appears
with its approximation GcR := @DNCuCR in the Crouzeix-Raviart FEM. The best-
approximation result of this paper reads

lo — Cenc(ucr)ll12() S 16— Ocrllr2(q) S 16— oG] 2(q) +0se(f, T).

Recent comparison results [Bra09, CPS12] lead to equivalences of approxi-
mation classes for the Poisson model problem. The best-approximation results
and further analysis of this paper lead to comparison results between the three
considered FEMs of Figure 1.1 with explicit dependence on the Lamé parameter
A in the equivalence constants. For the conforming discrete solution uc and the
discrete stress oc := Ce(uc), the comparison between KS-NCFEM and CFEM
reads

Ao —ocllpzg) S llo—oksllz g

(1.1)
S llo—ocll2q) +osc(f2, T) + osc(g2, E(I'w)).

A detailed investigation of the gap in the dependence on A, which is in fact sharp,

is included in Section 6. For the pure Dirichlet problem I'p = dQ the solutions of

CR-NCFEM and KS-NCFEM (with 6ks := CDncuks) exist and can be compared

by

|6 —0crll2(q) S 110 —0Oksll 2 (o) +0se(f,T) and

16 —Sksllz2(q) < 16 —Ocrll12(q) +0s¢(f2, T).

The paper focuses on the 2 dimensional case; the generalisation to higher di-
mensions is straight forward for CR-NCFEM and CFEM. The generalisation of
KS-NCFEM to 3D applies two nonconforming and one conforming FEM to the
three components or two conforming and one nonconforming; the mathematical
justification will be established in the near future [CH].

Within the scope of low-order methods, despite the equivalence results of this
paper, the explicit dependence on the Lamé parameter A strongly suggests the us-
age of nonconforming discretisations for nearly incompressible materials. If Neu-
mann boundary conditions are present, this advertises the usage of KS-NCFEM
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which, therefore, is apparently far too underrated in the engineering community
despite striking numerical examples in [KS95, CFOla]. It may appear strange to
employ some scheme which depends on the choice of the coordinate system, but
(in the presence of Neumann boundary conditions) the KS-NCFEM is the only
known robustly quasi-optimal first-order scheme.

The outline of this paper is as follows. Section 2 introduces the precise no-
tation and states the main results, which imply the error estimates of this intro-
duction. Section 3 presents some preliminary results which include the definition
of the conforming companion and the new discrete Helmholtz decomposition.
Sections 4-5 prove the main results including the new discrete-plus-continuous
Korn inequality. Section 6 concludes the paper with numerical illustrations and
provides striking numerical evidence for the equivalence of the three first-order
methods and the claimed dependence on the equivalence constant as A — oo.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces and
their norms is employed and further notation can be found in the following table
for convenient reading.

ASB A < CB with a mesh-size independent constant C

Vi, v(k) the k-th component of v € R?

Ak, j) the component kj of A € R>*?

A(k) the k-th row (A(k,1),A(k,2)) of A € R?>*?

a-b = Y7 a(j)b(j) for a,b € R?

A:B =Y s=12A(j. k)B(j. k) for A, B € R?*?

12%2 unit matrix in R2*2

S set of symmetric matrices; S := {A € R>?|A=AT}

e(u) Green strain (Du+ (Du)")/2

C elasticity tensor; CA = 2uA + Atr(A) 1,4, for
Ac RZXZ

C modified elasticity tensor;

Cp(Q) (resp. Cy(2))

CA = pA + (u+ ) tr(A) 15, for A € R2¥2
space of continuous functions with homogeneous
boundary conditions on I'p (resp. I'y)

1% Vi={ve H(R?)|v|r, =0}

Dv, Vw, divy derivative (of a vector valued function v € V),
gradient of a scalar-valued function w € H'(Q),
divergence of v

Curl Curlv = (9v/dxp, —dv/dx;) € L*(€;R?) for

ve HY(Q),
Curlw = (Curlw(1);Curlw(2)) € L*(Q;R?>*?) for
weV
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T’ N’Z

N(o)
E(o)

7], |E|
Pk((I;Rm)

Ve
osc(f,T), osc(f,T)

osc(g, E(I'y))

Dnc, Ve, divne, Curlne
Ve(T)

CRp(T)

VCR(T)
KS(7)
KS*(7)

INC V- VCR(T)

(.7.)((:*1

shape-regular triangulation with set of vertices A
and set of edges £, cf. Subsect. 2.2

set of vertices in ®, AL(®) := ALN®
={E€E|ECO,E ZJn}

area of a triangle 7', length of an edge E

set of piecewise polynomials of degree < k,
Subsect. 2.2

o : L>(Q;R™) — Py(T;R™), L? projection on
piecewise constants, Subsect. 2.2

L? projection onto E-piecewise constants,

Subsect. 2.2

piecewise constant mesh-size, hg |7 := diam(7") for
all T

jump along an edge E, Subsect. 2.2

oscillations of f, osc(f,T) := ||hq (f —Tlof)ll;2(7)s
osc(f,T) := [lhq (f —Tof)ll;2(q)

edge oscillations, Subsect. 2.2

piecewise versions of D, V, div, Curl

conforming finite element space, cf. Subsect. 2.3
nonconforming Crouzeix-Raviart space, cf.
Subsect. 2.3

Ver(T) := CRL(T) x CRL(T)

finite element space of KS-NCFEM;

KS(7T) = (P1(T)NCp(Q)) x CRL(T), cf.
Subsect. 2.3

KS*(7T) = CRL(T) x (P (T)NCy(RQ)), cf. Sect. 3
nonconforming interpolation operator with
(Incv)(mid(E)) = fyvds forall E € £\ E(I'p)
(6,7)c1 == [o0: Cl1dx for 0,1 € L*(X;S)

2 Notation and Main Results

This section defines the linear elastic model problem, all the considered FEMs,

and states the main results.

2.1 Linear Elasticity

Recall that the elastic body occupies the bounded Lipschitz domain € with bound-
ary dQ = I'p UT'y. We assume that I'p consists of finitely many parts which
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lie on the outer boundary of € (on the unbounded connectivity component of
R?\ Q). The weak formulation based on the Green strain, seeks u € V := {v €
H'(Q;R?) |v|r, = 0} such that

a(v,u) ::/Qe(v):Cs(u)dx:/Qf-vd)H—/F g-vds forallveV. (2.1)

For the pure Dirichlet problem, i.e., I'p = dQ, an integration by parts and the
commutation of the derivatives for C3'(€; R?) functions shows that

/ g(e) : Ce(o)dx = / De : CDe dx

Q Q

onV x C5(Q;R?). The denseness of C(Q;R?) in V implies that the two bilinear
forms are identical on V x V. Thus, for the pure Dirichlet problem, the equivalent
weak formulation based on the full gradient seeks u € H& (Q;R?) with

/ Dv : CDudx = / f-vdx forallve H}(Q;R?). (2.2)
Q Q
Define the energy norm ||e||| := /a(e,e) in V and the scalar product

(0,7T)c-1:= / c:C ltdx for all 6,7 € L*(Q;S).
Q

2.2 Triangulations

Let 7 denote some shape-regular triangulation of a polygonal bounded Lipschitz
domain Q into triangles, i.e., @ = |J7 and any two distinct triangles are either
disjoint or share exactly one common edge or one vertex. Let E denote the set of
edges of 7 and 9\ the set of vertices. Define for ® C R? the sets A[(®) := AN ®
and E(o) := {E € ‘E|int(E) C o} for the relative interior int(E) of an edge E €
‘E. We assume that the boundary edges £(dQ) match the boundary conditions in
the sense that the boundary conditions change only at nodes I'p NT'y C A/. Let

P (T;R™) :={w:T —-R"|Vj=1,...,m, the component
vk(j) of v is a polynomial of total degree < k},
Pk(T;Rm) = {Vk Q— R™ | VT € T,vk|T c Pk(T;Rm)}

denote the set of piecewise polynomials; ITy : L?(Q;R™) — Py(7;R™) denotes
the L?-projection onto 7 -piecewise constant functions or vectors, i.e., (ITpf)|7 =
frfdx:= [, fdx/|T| for all T € T with area |T| and all f € L*(Q;R™). The
operator I1z denotes the L? projection onto E-piecewise constant functions or
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vectors, i.e., Igg|g = fzgds := [, gds/|E| for all edges E € E of length |E|.
The volume oscillations read

osc(f.T) = b (f ~ Moy and  ose(£,T) := llhr (f o) 2(ay

while the edge oscillations read

osc(g, E(Tw)):= | ¥ Ihyf (g =Tlxg)ll%s
EcE(Ly)

with the piecewise constant mesh-size hy € Py(‘T) with hg|r := diam(7') for all
T € 7. The jump along an interior edge E € E(Q) with adjacent triangles 7 and
T_,ie., E=T.NT_,is defined by [v|g := v|r, —v|r_. Given the homogeneous
Dirichlet boundary conditions, the jump along boundary edges E € E(I'p) reads
V] := v|r, for that triangle T} € 7 with E C T}

For piecewise affine functions vnc € P (7 Rz) the 7 -piecewise gradient Dncvne
with (Dncvne)|r = D(vnel|r) forall T € T and, accordingly, enc(vne) and divne (vae),
exists and Dncvne € Po(T:R?*?) and enc(vne) € Po(T;S) and divne(vae) €
Py(T).

2.3 Discrete Spaces

CFEM. The Courant finite element space reads
Vc((r) = (P] (T) ﬂCD(Q» X (P] (T) ﬂCD(.Q.)).

The corresponding (unique) Galerkin approximation uc € V¢ (‘T) satisfies
/ e(ve) : Ce(uc)dx = / f-vcdx+/ g-veds forall ve € V(7).
Q Q 1Y

CR-NCFEM. Define the P; nonconforming space
CR!(T) := {vcr € Pi(T) | vcr is continuous at midpoints of interior edges}.
The nonconforming Crouzeix-Raviart space reads
CRL(T) := {vcr € CR'(T) | vcr vanishes at midpoints of edges E € E(I'p)}.

Define for the discretisation of the pure Dirichlet problem I'p, = dQ of linear elas-
ticity the space
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z € 092
LS
E
H_
D)
FN FD
y €00 ANANUNRNNNN
(a) A situation excluded by (b) Triangulation which is ex-
condition (a). cluded by condition (b).
I'n
I'p
y € 0N z € 09
| |
I'p H I'p $ I'p /lv/
(c) A possible patch, which fulfils the condi- (d) A situation excluded by condi-
tion (c). tion (d).

Figure 2.1: Tllustrations of the conditions (a)—(d).

Since the kernel of exc : Ver (7)) — Po(7;R?*?) is in general not trivial, the weak
formulation based on the full gradient is in use for the discretisation and seeks
ucr € Ver(7) with

/ Dncver : CDcucg dx = / f-verdx  forall veg € Ver(T).  (2.3)
Q Q

Here, the piecewise gradient Dnc replaces the weak differential operator.

KS-NCFEM. The Kouhia-Stenberg approximation uxs € KS(7') := (Pi(T)N
Cp(Q)) x CR}(T) satisfies

/ SNC(VKS) : CENC(MKS)dx = / f~va dx+/ g-vadS for all vgs € KS(T)
Q Q Iy

(2.4)

The following conditions (a)—(d) are given for completeness and replace the
assumptions on the sufficiently small mesh-size of 7 and the assumptions (AD)
and (AN) of [KS95]. These conditions are for example fulfilled if at least one
vertex of each triangle lies in the interior of the domain. The existence of o >

9
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0 which fulfils the conditions (a)—(d) ensures, that the inf-sup condition and a
discrete Korn inequality hold.

(a) Forall E € E(Q) with AL(E) C N (9Q) it holds |ve(2)| > a.

(b) If Iy # 0 it holds AL NT'y # 0 or there exists at least one E € E(I'y) with
IVe(2)| > a.

(c) In the case that the two vertices of an interior edge E € E(Q) belong to
the boundary, i.e. A(E) C A(dQ), and |vg(1)| < a, consider z € N (E).
For the nodal patch @, :=int (U{7 € T |z € T}) let w;,m; C ®, denote
the two connected sets, which decompose the nodal patch in the upper and
lower part (i.e., ® N®; = E and ®; U, Uint(E) = ®,). Then there exist
edges Ex € E(doy) NVE(I'p) for k=1,2 with |vg, (1)| > o (see Figure 2.1c).

(d) If the entire Dirichlet boundary is nearly horizontal, i.e., for all E € E(I'p)
it holds |[vg(1)| < a, then there exist two adjacent edges on the Dirichlet
boundary, i.e., there exist E,F € E(I'p) with E # F and ENF # 0.

The generic multiplicative constants hidden in the notation < are allowed to de-
pend on a. Figure 2.1 illustrates the conditions (a)—(d).

2.4 Main Results

The main results below imply the statements of the introduction in Section 1.

Theorem 2.1 (best-approximation of KS-NCFEM). The exact and the discrete

stress 6 = Ce(u) and oxs = Cenc(uxs) for the exact and discrete solutions u € V
and ugs € KS(7T) satisfy

|6 —oxsll2(q)

< varenKiISl(‘T) |l — Cenc(vks) ||L2(Q) +osc(f2,T)+osc(g2, E(T'w)).

Remark 2.2. As one key ingredient for the proof of Theorem 2.1, the error es-
timate of Theorem 4.4 from Section 4 estimates the stress error of KS-NCFEM
by some best-approximation error of the stress and the derivative in the piecewise
constant functions plus some data approximation terms.

Theorem 2.3 (best-approximation of CR-NCFEM). Let G := CDu for the exact
solution u € H&(Q;RZ). For the pure Dirichlet problem T'py = 0 the discrete

stress Scr = CDNCUCR for the discrete solution ucr € Vcr(7) of (2.3) satisfies

16 —6cr|l12(q) S 116 — oG || 12(q) +0sc(f, T).

10
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Theorem 2.4 (comparison of CFEM, CR-NCFEM and KS-NCFEM). The exact
stress 6 = Ce(u) and the discrete stresses 6c = Ce(uc) and ogs = Cenc(uks)
satisfy

A o— ocll2q) S llo—oksll 2
S llo—ocll2q) +osc(f2, T) + osc(g2, E(I'w)).
For the pure Dirichlet problem I'p = 0Q the discrete stress 6cr = Cenc(ucr)

satisfies

o —ocrll2q) < |6 —o0oksll2(q) +ose(f, T).
In addition, the stress error of KS-NCFEM is comparable with the error of the
non-symmetric approximation 6 := CDu from (2.2) through

|6 —oksll12(q) < 16— Ocr |l 12(q) +0sc(f2, T).

3 Preliminary Results

The following discrete Helmholtz decomposition and some properties of a con-
forming companion are required below; cf. [FM90] for a first decomposition of
this type. To this end, define

CR*(‘T) = {VCR € CR(T) | VCR(mid(El)) = VCR(mid(Ez))
for Ey, E, edges of the same connectivity component of I'y },
VE(T) :={vc € PI(T)NH(Q) | vc is constant along
each connectivity component of I'y }.
Recall that the boundary conditions match the triangulation 7 of the possibly mul-
tiply connected planar Lipschitz domain Q with I'p C I’y for the outer boundary

I'p of Q (I'g 1s defined as the boundary of the unbounded connectivity component
of R?\ Q).

Theorem 3.1 (discrete Helmholtz decomposition). Let KS*(7) := CR*(7) x
VE(T). Then it holds

Py(T;S) = Cenc(KS(T)) @ (Curlne(KS*(T)) N Py(T5S))

and the sum is orthogonal with respect to the scalar product (e,e)c-1 1= fQo :
Cledx

Remark 3.2. For any v ¢ € KS*(7), the assertion Curlnc vig € Po(Z';S) is equiv-
alent to divnc vigg = 0.

11
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Proof of Theorem 3.1. For oks € KS(7') and Bgs+ € KS*(7) with Curlnc(Bks*) €
Py(T;S) let ac € Pi(T)NCp(Q), acr € CRL(T), Bcr € CR*(T) and Bc €
V& (T) with ogs = (0ic, 0cr) and Pgs+ = (Bcr,Bc). Then oks and kg« satisfy

(Ce(oks), Curlye Prs )1 = / enc(aks) : Curlne Bgs+ dx
Q
= / Dnc(oks) : Curlye Bgs: dx
Q
= / (Vo - Curlne Ber + Vncocr - Curl Be) dx.
Q

This and the L? orthogonalities

V(Pi(T)NCp(Q)) L2 Curlye (CR*(T)), 3.1)
VNCCRA(T) Ly Curl (VE(T)) |

imply the orthogonality (with respect to the scalar product (e, e)c—1)
Cenc (KS (‘T))_L ( Curlnc (I<S>l< (‘T)) N P()(T; S)) .

Given 6;, € Py(T;S), let ags € KS(7) solve
/ SNC(VKS) . CSN(j(OCKs)dx = / SNC(VKS) o)A dx for all VKS € KS(‘T)
Q Q

The j-th row ’Ch(j) = (’Ch(j, 1),Th(j,2)) € P()({I;Rz) of 1, :=0), — CSNc(OCKs) S
Py(‘T;S) is piecewise constant for j = 1,2. The discrete Helmholtz decomposition
for Crouzeix-Raviart and conforming P; functions [AF89] remains true for mixed
boundary conditions and interchanged discrete spaces as

P()(‘T;Rz) = VNC CRID(T) @CUI‘IVS({I);
Py(T:R?) = V(P (T NCp(Q)) @ Curlyc CR*(T).

(This can be proved, e.g., by the orthogonalities (3.1) and a dimension argument).
This guarantees the existence of pc € P1(7T) NCp(R), pcr € CR*(T), qcr €
CR},(7) and gc € VE(T) with

T4(1) = Vpc + Curlne pcr and Th(2) = Vnegcr + Curlgc.

(Here, Vpc, Curlnc pcr, VNcgcer, and Curlge are understood as row vectors.)
Since T, is orthogonal to Cenc(KS(7)) with respect to (e, e)~-1 and since T €
Py(T;S), the functions vc € P1(Z7)NCp(R) and vcr € CR})(T ) satisfy

/ (VVCQVNCVCR) . (’Ch(l);Th(Z))dx = / SNC(VC,VCR) Z’Chdx =0.
Q Q

12



Medius Analysis and Comparison Results in Linear Elasticity

This implies the L? orthogonalities
‘Ch(l)J_L2V(P1(‘T)ﬂCD(.Q)) and ‘Eh(Z)LLQVNCchD(‘T).

This and the orthogonalities (3.1) lead to
HVPCH%2(Q) = /QVPC (Vpc—14(1))dx=0.

Analogue arguments prove HVNCQCRH[z}(Q) = 0. Hence,

Ty = CurlNC(pCR,qc) € CurlNC(KS*(T)). ]

Lemma 3.3. There exists an operator J3 : CRL(T) — (P3(T)NCp(Q)) with the
conservation properties

/ (ver —J3ver)dx =0 forall T € T, (3.2.a)
T
/ (ver —J3ver)dx =0 forallE € ‘E (3.2.b)
E
and the approximation and stability properties

—1 ~
Hh‘f (ver — J3VCR) HLz(Q) ~ [[Vne(ver = J3ver) 12

~ : \V4 — 33
¢6H1£;2CD(Q)I| Ne(ver — 9)|l 2 (3.3)

< [Vneverllz2 (-

Remark 3.4. The conservation property along edges (3.2.b) and an integration by
parts reveal the conservation property of the gradients I1gVJ3 = Vc in the sense
that

/ VJ3vcrdx = / Vncverdx forall T € 7 and all veg € CRll)(‘I).
T T

Proof of Lemma 3.3. The design is based on three successive steps.

Step 1. The operator J; : CRL(7T) — P;(T)NCp(Q) acts on any function
vcr € CRL(T) by averaging the function values at each node z € A/(QUTy)

Jiver(z) = ’T(Z)rl Z ver|r(z) forall z € N(QUFN) (3.4)
TeT(z)

13
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with 7 (z) :={T € T | z € T'}. (This operator is also known as enriching operator
in the context of fast solvers [Bre96].) The arguments of [CEHL12, Theorem 5.1]
prove the approximation property

Hhr}l (ver —J1VCR) R < Z £ H[VCR]E”iz(E)
@) E€E(QUI'p)
S ), IE| “[VNC"'CR‘TE]EHiz(E) (3.5)
EcE(QUIp)
~ veH! (gl)lfl%ch(.Q) || NC (VCR V) ||L2(Q)

This and an inverse estimate imply the stability property

IVNe(ver = Jiver) 20y S - (fél)ich(Q) IVNc(ver =)l 2)- (3.6)

Step 2. Given any edge E = conv{a,b} € E(QUTIy) with nodal P; conform-
ing basis functions @4, ¢, € P;(7) NC(Q) (defined by @,(a) = 1 and @,(z) =0
for z € AL\ {a}), the quadratic edge-bubble function

bg := 60,0

has the support ® and satisfies . bg ds = 1. For any function vcg € CR}(T) the
operator J> : CR},(T) — P»(T)NCp(Q) acts as

Jover ;= J1Ver + Z (][ (VCR —J1VCR) ds) bE.
E

ECE(QUIy)

An immediate consequence of this choice is

][JQVCRdS = ][ verds forall E € ‘E.
E E

An integration by parts shows for the vertex Pz € A (T) \ E opposite to E €
E(T) in the triangle T the trace identity

][ (ver —J1vCR) ds
E

1
= ][ (ver —J1ver) dx+ Ej[(x_PE) -VNe (ver — J1ver) dx.
T T

14
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The scaling |[bg||;2(q) < hr shows

Hh;l Y (]i(VCR—JWCR)dS)bEHLZ(T)S )3

E€E(T) E€Z(T)

][ (ver —J1veR) ds
E

< hr'tlver = Jiverllrzr) + 11 Vne(ver = Jiver) 2 r) -

This and (3.5)—(3.6) yield

Hh;l (ver — J2veR) < min o) |Vne(ver —v) ”LZ(Q) . (3.7)

L2(Q) ™ veH' (Q)NCp(

The stability property of J> follows with an inverse estimate

-1
IVNe(ver = J2ver) |12 0) S th[ (ver — J2VCR) 12(9)

< min Vne(ver — v )
"’veﬂl(g)mcD(Q)H Nc(ver = V)2

(3.8)

Step 3. On any triangle T = conv{a,b,c} with nodal basis functions @,, @p,
@, the cubic volume bubble function reads

br 1= 600,050, € H)(T).
and enjoys the scaling ||Vbr||;2(q) ~ 1. Define

J3ver = Jover + Z (][ (ver _JZVCR>dX) br.
T

TeT

Then J3 fulfils the conservation properties (3.2) and

y < ][T (ver — Javer) dx> by

TeT

2 2

~
~

L2(Q) TeT

(][T (ver — J2ver) dx)

2
Q)

S Hh;l (ver —J2veR)
This and (3.7)—(3.8) imply
IDxe(ver = J3ver) [ 2 (o)

< [|Dne(ver —Javer) ) +

Y ( ][T (ver — J2VeR) dx) Vbr

TeT L2(Q)
< min Ve (ver — Vv .
S cn@in o IVNe(ver = V)2 ()
This and some Poincaré inequality lead to (3.3). O]

15
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Lemma 3.5. Any vgs € KS(7') satisfies

/Q(H()G —0Kks) : eNc(vks)dx < ( ||(c —T1y5)(2) ”LZ(Q) +osc(f2,7)
+osc(g2, E(I'w))) [ Vnevks ()]l 12 -

Proof. Given any vgs € KS(7) let vks = (vc,ver) be with ve € P (7)NCp(Q)
and vcr € CRL(7). Lemma 3.3 guarantees the existence of J3vcr € P3(7) N
H'(Q)NCp(Q) with

/(VCR —J3vcr)dx =0 = / Vnc(ver —Javer)dx  forall T € T
T T (3.9)

and [|Vnc(ver —J3ver)llr2 o) S IVnever|l2 i) -

Since I1yo is piecewise constant, the integral mean property (3.9) implies

/HOG ISNC(O,VCR)dXZ/HOGiENC(O,hVCR)dx
Q Q

= / (ITp)c — o) : D(0,J3vcR) dx+/ G : €(0,J3vcR) dx.
Q Q

Since G is the stress of the exact solution and J3vcr € H'(Q)NCp(Q), the Cauchy-

Schwarz inequality implies

/(HQG—G) ZD(O,J3VCR)dx—|-/ o: 8(0,J3VCR)dx
Q Q

< H(G—H()G)(Z)HLz(Q) HVJ;;VCRHLz(Q)—I—/f2J3vCRdx—|—/ g2J3vcrds.
Q

I'y

The triangle inequality and the stability property (3.9) show

IVI3verllz2 (o) < [IVJ3ver — Vnever [l ) + [ VNever 2 (q)

S IVneverll ) -
The combination of the above inequalities yields
/ oG : enc(0,ver) dx
Q
S o —T100)(2) |20y IVNeverllz2(qy +/ f2J3VCRdx+/ g2J3verds.
Q r

N

16
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Since ¢ and oks are the stresses of the exact and the discrete solution, it follows
/ (H()G — GKS) : SNC(VKS) dx
Q
= / (H()G — GKS) : SNC(OWCR) dx
Q

=/H()GZENc(O,VCR)dx—/szCRdx—/ gvaRdS.
Q Q Iy

The combination of the previous displayed formulas proves

/Q<HOG — GKS) : SNc<VKS)dx
S (o =Too) (2)l 20y IVNeverlliz(q) (3.10)

+/ f2(J3ver —VCR)dx+/ g2 (J3vcrR — ver) ds.
Q I'n

Since the integral mean of J3vcr — ver vanishes on triangles, the trace inequality
[BS08, p.282] followed by a Poincaré inequality yields for E € E(I'y) and T € T
with E € E(T)

Iy (sver = ver)llzqe)
< bz (Faver = ver) lz(r) + Ve (Jsver — ver)llzry
< [[VNe(3ver = ver) ez (r)-
Since the integral mean of J3vcr — vcr vanishes on edges, this leads to

1/2
/ &2 (Jsver —ver) ds S 142 (g2 — Tlego) 2 ) [ Vne (sver — ver) iz
E

Since the integral mean of J3vcr — ver vanishes on triangles, (3.10) implies

/ (H()G — GKS) : SNC(VKS) dx
Q

< (6 —Too)(2) [ 12(q) +0sc(f2, T) +o0sc(g2, E(Tw))) | Vneverll o) -
This concludes the proof. [

The nonconforming interpolation operator Inc : V — Ver(7) is defined by
(Incv)(mid(E)) = fzvdsforall E € E\ E(I'p) and fulfils the integral mean prop-
erty DncIne = IoD in the sense that

Dnclnev|r = ][Dvdx forallT € T andallv eV. (3.11)
T

17
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Lemma 3.6. Any Bxs+ € KS*(T) with Curlne Bys* € Po(7;S) satisfies

/ enc (Incu — uks) : Curlnc By dx
Q

S [(Du—ToDu)(1)]| 12(q) [|Curlne Brs* (1)l 12 -
Proof. According to the definition, Bgs: (1) € CR*(T) and PBgs+(2) € VE(T). The
orthogonalities (3.1) and Curlnc Bgs+ € S show, for any 0¢c € P;(7)NCp (L), that

/ enc (Incu — uks) : Curlne Bis- dx
Q
= / (VNCINCM(I) — V(l)c) . CLII']NC BKS* (1) dx.
Q

Since 0c € P;(7) NCp(Q2) is arbitrary, this implies

/ enc (Incu — uks) : Curlne Pxs+ dx
o

< . Vel 1)-V Curl (1 '
_¢C€Pl(m71)gCD(Q)H neneu(1) = Vo 2 g [[Curlne Brs+ (1)l 2(q)
(3.12)

The integral mean property (3.11) of Inc and [CEHL12, Theorem 5.1] show
i Vel 1)-V < ||Vu(1) — Vnch 1
occr i @ [VneIneu(1) = Vocl| 2y < [[Vu(1) = VeIneu(1) | 2
= [IVu(1) = o Vu(1)[| 12 () -
(3.13)
The combination of (3.12)—(3.13) concludes the proof. ]

4 Proof of Theorem 2.1

The main step in the proof of Theorem 2.1 is the error estimate

lo— GI<S”L2(Q) Slo— HOcHLZ(Q) + || (Du —TloDu)(1) HL2(Q)
+osc(f2,7)+osc(g2, E(Tn)).

from Theorem 4.4 below. The discrete-plus-continuous Korn inequality from The-
orem 4.1 below allows the control of the non-symmetric term ||Du — IToDul| 2(Q)
in terms of the symmetric stress error |6 — Cénc(vks)|[;2(q)- This proves Theo-
rem 2.1.

The remaining parts of this section prove first Theorem 4.1 and then Theo-
rem 4.4.

18
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Theorem 4.1 generalises the discrete Korn inequality from [KS95] in that the
underlying function space is V 4+ KS(‘7') and not just KS(7). The Remark 4.1.v
of [CFO1b] gives the general warning that the Korn inequality in the form of the
following Theorem 4.1 is only stated but not proven completely in [BB9§].

Theorem 4.1 (discrete-plus-continuous Korn inequality). For a triangulation ‘T
which fulfils the conditions (c) and (d), any vnc € V +KS(7T) satisfies

[IDnevnellzz o) S llene(vne) ll2(q) -

Remark 4.2. The discrete-plus-continuous Korn inequality could be proven for
slightly weaker conditions as the conditions (c)—(d) from Subsection 2.3 as in the
situation of Figure 2.1d. In those situations, the proof of Theorem 4.1 considers
some larger neighbourhoods of the patches. In the situation of Figure 2.1d, it
is not guaranteed that those patches do not become arbitrarily large under some
refinement strategies and so the constant from the discrete Korn inequality is not
uniformly bounded. For the ease of this presentation and the sake of clarity, the
slightly stronger versions (c)—(d) are assumed.

The proof of Theorem 4.1 considers a set of vertices Z C A defined by z € Z
if and only if at least one of the following conditions (i)—(iii) is fulfilled with ot > 0
from the conditions (c)—(d) of Subsection 2.3.

(i) z€ N(Q),

(i) z € N(0Q) with [vg(1)| > a for all E € E(w,) for the nodal patch @, :=
int({T €T |zeT}),andif {E € ETpN®;)) | |ve(l)| <a}| =1, then
{E € ETpna;)) [ [ve(1)] > o} >0,

(iii) z € A(9Q) and there exists an edge E € E(®;) with A(E) C A[(dQ) and
IVe(1)| < o, which decomposes the patch ®, in the two domains ®;, ®;
(i.e., @1, ®; connected with ®; N®; = E and ®; Um, Uint(E) = »;). For
each of the two domains ®; and ®, there exists E| € E(dw;) N‘E(I'p) and
E; € E(don) N‘E(I'p) on the Dirichlet boundary with |vg, (1)| > o and
IVE,(1)| > o as depicted in Figure 2.1c.

Recall that the generic multiplicative constants hidden in the notation < may de-
pend on a.

The set Z contains all interior nodes and some nodes on the boundary, for
which some local discrete Korn inequality holds on the nodal patches. The proof
of Theorem 4.1 below uses that under the conditions (¢)—(d) of Subsection 2.3
the set Z is large enough to prove the theorem even if that set is empty and the
mesh is very coarse (without any interior node). The first step of this proof is the
subsequent lemma.
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TS y z € 09
\‘/
(a) An excluded infinitesimal (b) Situation of Figure 4.1a embed-
rigid body motion. ded in a triangulation, excluded by

condition (c).

(c) Interior patch.

Figure 4.1: llustration of critical situations for Lemma 4.3.

Lemma 4.3 (characterisation of rigid body motions). Let T be a triangulation
which fulfils the conditions (c)—(d) of Subsection 2.3 and define Z as above.
Then any vks € KS(7') with enc(vks|w,) = 0 on the nodal patch o, for z € Z
is continuous on ®; For E € E(Q) with [Vg(1)| > o any vks € KS(T) with
enc(Vks|og) = 0 on the edge-patch o := int (U{T €eT|Ec€ E(T)}) is contin-
uous on M.

Proof. The critical situation concerns horizontal edges as depicted in Figure 4.1a.
For interior nodes the rigid body motions are fixed through two midpoints of those
horizontal edges (see Figure 4.1c). For nodes on the boundary condition (iii)
guarantees that the rigid body motions are fixed by the boundary conditions. In
the case of the edge-patches such critical situations are excluded. 0

Proof of Theorem 4.1. Define I'p := U{E € E(I'p) | [ve(1)| > o or there exists
F € E(I'p) with F # E and F NE # 0}. The point of departure is the discrete
Korn inequality for piecewise H' functions [Bre04, Equation (1.19)]

[Dnevnellzz (o)

S llence(vwe)llpzq) + Ivwell 2w, + Y, |E|T! H[VNC]EHI%Z(E)'
EcE(Q)

20
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For any vertex z € Zset T(z) :={T € T |z € T} the set of all triangles with ver-
tex z and define E, := {E € E(QUTp) |z € E andif E € E(Tp) and |[vg(1)| <
o then |E(I'p)| > 1} and let @. := int (T (z)) be the nodal patch. On KS(7 (z)) :=
{vks € Pi(T(2),R?) | 3wks € KS(7T) s.t. vks = wks|w, } the maps

p1(vks) Y, EI Ivks)ellz e
EcE,
and pz(va) = inf HSNc(VKs—V)HLz(m) (4.1)
veV(m,) <

define two seminorms, where
V(o) :={w e L*(0;R?) | Iv € V with w = v|e,}.

The triangle inequality implies that infimising sequences v, € V(®,) in (4.1)
are bounded in H'(w,;R?). Since V(w,) is a closed subspace of the reflexive
space H! (m,;R?), there exists a subsequence v,, and a function ve, € V(®,) with
Vi, — Veo. This and the weak lower semi continuity of the norm [|&(e)||2(, ) on
V(®;) imply that the infimum is in fact a minimum.

If p2(vks) = 0 for vgs € KS(7(z)), then there exists some v € V(®,) with
enc(vks) = €(v). Therefore, wgs := v —vks € Pi(7(z);R?) is a piecewise rigid
body motion. This implies

ve P (T(2):;R)NC(w;R?) € KS(T(2))

and therefore wis € KS(7 (z)). Lemma 4.3 implies that wgs € C(w,;R?) is con-
tinuous. Hence, vgs = v —wks € C(0;;R?) and vgs|g =0 for E € E, UTp and
therefore pj(vks) = 0. Since p; and p; are seminorms on the finite dimensional
space KS(7'(z)), there exists a constant C(‘7(z)), such that p; < C(7(z))p2- A
scaling argument shows, that the constant C(7(z)) is independent of the mesh-
size and depends on the minimal angle in 7'(z) and on o > 0 from the conditions
(c)—(d) only. B

For E € E(QUTp) with [vg(1)| > o, a similar argument shows the inequality
p1 < pa for the two seminorms (of vks € KS(7(z)))

p1(vks) = [E|"*||[vkslell 2z and
P2(vks) := Ve‘l}%f lenc(vks —V)||L2 (0F) -

Notice that for all E € E(QUTIp) with [vg(1)] < a, the conditions (c)—(d)
guarantee the existence of a node z € Z with E € E,. Since the length of edges
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E e Z(FD)
z € Z and the bounded overlap of the patches show

Ivksllzeyy + ) X EI I xslellz

EcE(Q)
. Y B! H[VKS]EHI%Z(E)
N Y B IkslElg + Y Y B I vks)ell
E€E(QUIp) €ZECE,
ve(1)]>a

< Vlg‘g lenc(vks = v)ll12(q)

For vnc € V4+KS(7) and v € V and vks € KS(7') with vne = v+ vks it holds
[vNcle = [vks]e and vne|rp, = vks|r,- The inequality (4.2) implies

Ivwellagy t, ) X |EFINcellzg < inf llexc(vrs = w2
E€E(Q) we

< [lexc(vno)lz2(q) - O
The remaining part of this section proves Theorem 4.4.
Theorem 4.4. It holds
lo—oxsll2) S 1o —Too | 2(q) + || (Du —TToDu) (1) || 2 g
+osc(f2,T)+osc(g2, E(T'w)).

Remark 4.5. It remains as an open question whether or not one can neglect the
term ||(Du —IoDu)(1)||;2(q) in the upper bound in Theorem 4.4; it is not clear
how to control this term by the stress error.

The inf-sup-condition from Theorem 4.6 below plays an important role for the
independence from A in the proof of Theorem 4.4.

Theorem 4.6 (inf-sup-condition, [KS95]). Let T satisfy the conditions (a)—(b).
Then it holds

4.3)

Po diVNC VKS dx
ol s swp 107
weseKS(TN {0} [IDNevks|lrz(q)

forall py € Po(T) if Ty # 0 and for all po € Po(T) with [ podx =0 if Ty =0.
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Proof. The first paper [KS95] on this nonconforming finite element method aims
at an asymptotic result for sufficiently fine mesh-sizes and therefore reasonably
ignores the possibly pathological cases on coarse meshes. Following the argu-
ments of pp. 208-210 in [KS95], one can verify that the condition (a) is stronger
than the condition (AD) of p. 198 in [KS95] but avoids the modification of the
domain necessary in Step 4 of the proof in [KS95]. In fact, the proof in [KS95]
reduces the discrete stability to that on the continuous level but changing the mesh
results in changing the domain. One possible critics is that the change of the con-
tinuous inf-sup constant with respect to the change of the domain is neglected
without a detailed discussion in [KS95]. The conditions (a)—(b) of this paper are
sufficient to argue on the original domain in a way analogue to [KS95, p208-210].
Since there is no additional idea in the proof, further details of this technicallity
are omitted. ]

Proof of Theorem 4.4. The triangle inequality implies that it suffices to consider
the difference ||TIyc — oks|| 12(q)- The L? orthogonal decomposition in the iso-
choric and deviatoric part reads

o6 — ks 1720y = lldev(TToo — 0ks ) | 72y + (1/4) [[tr(TTo6 — Oks) 122 1720y -

For I'y = 0 the homogeneous boundary conditions of u and uxs allow an integra-
tion by parts for the second term. The continuity condition |, rluxs]e ds =0 for all
E € E(Q) leads to

/tr(HOG) dx=0= / tr(oks) dx, (4.4)
Q Q

i.e. tr(TIpo — oks) € Py(T)/R. Theorem 4.6 guarantees for I'y =0 and I'y # 0
the existence of vks € KS(7') with || Dncvks||;2(q) = 1 and

Htr(HQG — GKS) HL2(Q) 5 / '[I‘(H()G — GKS) diVNC VKS dx
Q

= / (H()G — GKS) : DNCVKS dx — / deV(HQG — GKS) : DNCVKS dx.
Q Q
The application of Lemma 3.5 to the first term of the right-hand side yields
[tr(Tlo0 — Oks) |2 () < [1(6—T106)(2)[| 2 (q) +0s¢(f2, T) + 0sc(g2, E(I'y))
+ [|dev(ITo6 — oks) [l 120 -

It remains the analysis of [|dev(IToo — Oks)|[;2(q)- Algebraic manipulations show

devCA : devCA < A : CA for all A € R>*2. Applied to the above situation this
reads

HdeV(HoG — GKS) Hiz(g) S / (H()G — GKS) . SNC(INCM — uKs) dx. (4.5)
Q
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The point is, that Cdev A does not depend on A. Theorem 3.1 guarantees the exis-
tence of aks € KS(7') and Bgs+ € KS*(7') with the property, that Curlnc Pxs €
Py(‘T;S) and I1po — oks = Cenc(oks) + Curlne ks Lemma 3.5 and 3.6 yield

/ (ITIpo — oks) : enc(Incu — uxs) dx
Q

= / SNc(OCKs) : (H()G — GKS) dx—l—/ CurlNC BKS* L ENC (INcu — uKs) dx
Q Q

< (1Moo —0)(2) [l 2(q) +o0sc(f2, T) +o0sc(g2, E(Iw))) [[Vneoks (2)]] (o)

+[[(Du—TloDu) (1) [ 12(q [ICurlne Brs* (D2 -
(4.6)
A similar argumentation as in the decomposition of 1oy — okg in the iso-
choric and the deviatoric part in the beginning of the proof bounds the term
||Curlne Prs+(1) sz(g) by (CurlncBks+, C! Curlne Bks*) -1~ For this purpose
Curlyc Bks is L? orthogonal decomposed in the isochoric and the deviatoric part,
ie.,

| Curlne Bks: H%z(g)
= ||dev(Curlne Bks)l2(q) + (1/4) [|tr(Curlne Bys+) 12x2 1 72 -

For I'y = 0 the function okg satisfies

/tI'((CSNc(OCKs))dx:(2y+27u)/diVNc(OcKs)dx
Q Q

(4.7)

= (2,u—i—27\,) Z [OCKS]EVE ds=0.
EcEJE

It follows with (4.4) fQ tr(Curlnc Pxs* ) dx = 0. The inf-sup-condition for Kouhia-
Stenberg functions, Theorem 4.6, guarantees for 'y = 0 and 'y # 0 the existence
of vks € KS(T') with [[Dncvks|lz2(q) = 1 and

[tr(Curlne Brs )l 12(0) < /Q tr(Curlnc Bks+) divne vks dax.

It follows for Bgs+ = (Bcr, Bc) with Ber € CRA(T) and Be € Py (T) NCy (L) and
vks = (vc,ver) with ve € Pi(T)NCp(Q) and ver € CRL(T), that

[tr(Curlne Brs+) [l 12
S / (Curlne Bxs+ — dev Curlne Bs*) : Dncvks dx
Q (4.8)
< ||dev Curlne Bl 2 () [[1PNevEs 2 (q)

+ / Curlnc BCR -Vvedx+ / Curl BC -VNCVCeR dx.
Q Q
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Since Vvctg vanishes on I'p, an integration by parts leads to

/ Cul‘lNC BCR . VVC dx
Q

/BCR ds Vve -1g + Z /BCRdSVvC~TE:O.
EG‘Z E

EG'E FN

Since VB¢ - t¢ vanishes on E € E(T'y),

/ Curl B¢ - VNever dx
Q

= ) verds (VB te)+ Y, [ver)g ds (VBe - 1E) = 0.
EcE(p)’E EcE(Q)/E

Together with (4.7)—(4.8) it follows
[tr(Curlne Brs+) |12 (q) + [|Curlne Brs+ [l 12(q) < Ildev Curlne Bis+ |12
Since devCA : devCA < A : CA for all A € R?*? it follows as above
[|Curlne Pk HiZ(Q) S (Curlne Bis+, Curlne Prs+) o
Theorem 4.1 implies
[Vncoks(2)l72(q) < llenc(axs)l72(q) < (Cenc(oks), Cenc(0ks))c-1

The orthogonality of the decomposition I1pc — oxs = Cenc(oks) + Curlne Bs+
with respect to (e, )~ implies together with the above estimate that

IVNcoks (2)l2(q) + | Curlne Brs* [l 22 (o)

1/2
S (/ (H()G— GKS) : SNC(INCM_ MKs)dx) .
Q

Inequality (4.6) proves

1/2
(/ (HQG — GKS) L ENC (INCu — uKs)dx>
Q

S Moo —6)(2) [ 2(q) +0s¢(f2, T) + 0sc(g2, E(T'w))
+||(Du—HoDu)( Mz

This and (4.5) conclude the proof of Theorem 4.4. [
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5 Proof of Theorems 2.3 and 2.4

The first part of this section proves Theorem 2.3 while the second one proves
Theorem 2.4.

The proof of Theorem 2.3 is based on the following lemma. It corresponds to
Lemma 3.5 for Crouzeix-Raviart functions.

Lemma 5.1. vcr € Ver(7) satisfies

/Q(G—ECR) : Dncverdx S <||6_H06HLZ(Q)+Osc(f7T)) IDncver |2 -

Proof. Lemma 3.3 implies with a piecewise Poincaré inequality for J3 (applied
componentwise)

/9(6 — 8CR) : DNeVerR dx = /Q(@(DNCINCU) — GCR) : DNcVer dx

= /Qf (]3VCR—VCR)dx-{—/Q((E(DNclNCu) —(NY) :DJ3vCRdx
< g (f = Hof)l 2o | (J3ver —ver) /bl 2 (5.1)
+ TS — Sl 2 (0 [I1DT3verll 2 (0

S ose(f,T) ||Dncverlli2(q) + To0 — 6|l 12(q) IDNever 2 (q) [

Proof of Theorem 2.3. The point of departure is an inequality of [CR12, Lemma
3.8],

”8_6CRHi2(Q) S /Q(G_GCR) : (Du— Dncucr) dx + theriZ(g)- (5.2)

Define the bubble function by := (@7, ¢7) € P3(T ;Rz) with @r as in the proof of
Lemma 3.5. The property [, brdx =~ |T | implies

lhg fll2er) < 0se(f, T) + lha o f1| o7

/bT~H0fdx
T

~osc(f,T)+

The scaling ||br [|;2(7) & he|r and an integration by parts show

< b7l If — Tlof 2 + \ [or-sas

/bT-Hofdx
T

S osc(f,T)+

/DbT : (0 —Ipo) dx
T
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Since ||Dbr|| 2y~ 1and (A+A"): (A+AT) <4A: At follows

/DbT : (6—Tlgo) da| S [lo— Moo 27,
T

< [l6 — oG || 2
Altogether
1 fll 27y < 0se(f,T) + (|6 —TIoG|| 127

This, (5.2) and Lemma 5.1 imply

~ ~ 2
|6 —ocrllz2()
< / (6—1]06) : (Du—noDu) dx+/ (6—6CR) :DNC(INCu—uCR)dx
Q Q
~ ~112
+0s¢?(f,T) + |6 — oG| 2o
<116 =16 72 () +0se>(f, T)
+(llo— H06||L2 ) FHosce(f,T)) [Dnc(incu —ucr) | 12(q)
where the last inequality follows from |[Du —IoDu(2(q) < [|6 —oG||;2() The
Young inequality 2ab < a.a*> + o~ ! b? for o > 0 implies
(8~ 1633, + 05¢(£,7)) [1Dneinci — ucr) 20

2
< 1/(40) (|6 — o6 || 12(q) +0sc(f, T)) ™ + | Dnc (Incu — ucr) 1 72(q
For sufficiently small o the last term is absorbed. It follows
16 —Scrll 2 () S 16— T10G]| 2 () + 0sc(f, T). 0

The remaining parts of this section are devoted to the proof of Theorem 2.4,
which is based on the following proposition.

Proposition 5.2. For uxs € KS(7) and 1 <A it holds

min_[[luxs — velne S A2 min||uks — v][nc-
ve€eVe(T) vev

Proof. The arguments of [CEHL12, Theorem 5.1] prove the crucial point, namely

S B e minllD B
VCeﬂég(lT)H Ne(vks —ve)llz(g) & min [Dne (ks —v)ll12(q)

27



Medius Analysis and Comparison Results in Linear Elasticity

(This is proven for scalar functions and the pure Dirichlet problem in [CEHL12]
but the local arguments in the proof are still valid for the weaker boundary condi-
tions and for two components.) The estimate

Ivisline S 212 [lenc(vis)llz2q) < A% [IDxevisl2 )
and
IDne(vks = V)2 () < llvks —viine

conclude the proof of the proposition. [

Proof of Theorem 2.4. The proof follows in three steps.

Step 1. The inclusion V(7)) C KS(7) and Galerkin orthogonality show together
with Proposition 5.2

lluxs —ucllne < min _[[luxs —vellne
ve€eVe(T)
<A minfus = vl < A2 lu— ucs .
veV
This implies the following inequality for the energy norm
llu—ucll < llu—uxs|ine + lluc — uxsIne S (1+A1)lu—uxs|Inc.
Since |CA|* <A (A : CA) it follows

lo—ocll 2iq) S M2l — uc|| < Miu— uksne < Mo —oksll2q)

Step 2. The inequalities

lo—0ksll2) S 16— 0cll 2 () +0se(f2, T) +osc(g2, E(I'y)),
|6 —oksll2(q) < 16— Ocrll2(q) +osc(f2, T) (if I'p = 0Q)

are direct consequences of Theorem 2.1 and 4.4.

Step 3. The inequality (A+A"): (A+AT) <4A: A implies

(G—GCR) : (G—GCR) 5 (6—6(31{) : (G—GCR).
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From Theorem 4.1 it follows for ks := @DNCuKS

16— Skl 720
= 1 || Dne (u—uks)ll72q)
+ (2u(M+ 1) + A+ 1)) [[divae (u—us) 720
S 48 [|enc (i — uks) | 720y + (4uh+ A7) [ dive (u — uxs) |72

2
= [lo—oksllz2(q) -

Altogether,
|6 —0ocrll2(q) S 16— 0crll2()
S |16 —6Sksll2(q) +ose(f, T)
< o= oksll 2 (q) +ose(f, T).
This concludes the proof of Theorem 2.4. 0

6 Numerical Investigations

This section provides numerical evidence that the claimed equivalence of Gcr
and okg is independent of the parameter A for the pure Dirichlet problem in linear
elasticity and that the dependence of the equivalence constants in (1.1) on A =
1.6 x 10* for k = 6,7, 8,9 cannot be improved.

6.1 Preliminaries

Throughout this section, the elastic modulus is £ = 10° and the Poisson ratio
varies between v =0.4,0.49,0.499,0.4999 with corresponding values of u=E/(2(1+
v))and A= EV/((14V)(1—2v)) = 1.6 x 10* for k = 6,7,8,9. The initial trian-
gulations 7y of all four numerical examples are depicted in Figures 6.1 and 6.3.
The discrete problems are solved on a sequence of triangulations 7y obtained by
successive red-refinements; a red-refinement of a triangle subdivides each trianle
into four congruent sub-triangles via straight lines through the edges’ midpoints
as depicted in Figure 6.1a.

Since the error is known only in the first example, the averaging error esti-
mator defined in [CFOla, Eqn (2.17)] serves as an error indicator. Although the
proofs of efficiency and reliability from [CFO1a] provide no information about the
efficiency and reliability constants, there is numerical evidence that the averaging
error estimator often yields results very close to the exact error [CFO1a]. The first
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example confirms this observation and so partly justifies the use of this error esti-
mator for the further examples. Let |T| denote the area of a triangle T € 7 and tg
the tangent of an edge E € E. The residual error estimators

1/2
Nec(uc) := ( Y (!T\ Hf”i%r)ﬂﬂl/z Y H[CC]EVEHiz(E)))

TeT E€E(T)\E(Ip)

1/2
Ncr (ucr) = < )y (!T| 172y +1T12 Y H[DNCMCR]ETEHiz(E)))

TeT E€E(T)\E(Ty)
Nks (uks) = ( )y (!T\ Il +1T1 Y | [Dncuksetellf2 )
TeT E€E(T)\E(IN)

1/2
+r* % H(LO)-([GKs]EVEWé(E)))

EcE(T)\E(T'p)

for CFEM, CR-NCFEM and KS-NCFEM are reliable and efficient [CFO1a, CR12].
In contrast to [CFO1a], the normal jump of the second component of the stress is
omitted for KS-NCFEM in the spirit of [DDP95].

A close investigation on the dependency on the parameter A for v = 0.4, 0.49,
0.499 and 0.4999 in the comparison result (1.1) considers the quotients

q(v,0) = |lov=0¢"|| ooy /lov =0kl o) foré=1,...,9.  (6.D)

Here and in Subsection 6.2 and 6.4, 6, denotes the exact stress for the Poisson
ratio v and Gév and GQ‘S’ denote the discrete stresses of CFEM and KS-NCFEM
for the Poisson ratio v and the /-th times red-refined triangulation Z; := red”) (7).
(For the experiment from Subsection 6.4 the quotients are approximated by the
corresponding values of the averaging error estimator.)

6.2 Academic Example

Under homogeneous pure Dirichlet boundary conditions, the unit square Q =
(0,1)? is loaded with the applied force

Floy) = —2um? cos(my) sin(my) (2 cos(2mx) — 1)

Y=\ 2um? cos(mx) sin(mx) (2 cos(2my) — 1)

(written as a function of the coordinates x and y) so that (2.1) leads to the exact
smooth solution

_( mcos(m ) sin®(1ux) sin(7y)
u(x,y) = (—ncos(%X) sin?(my) sin(:'jx)) .
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0

0 1
(a) Red-refined triangle (b) Initial triangulation 7y on
the unit square in Subsec-
tion 6.2.

Figure 6.1: Red-refined triangle and the initial triangulation 7y of Subsection 6.2.

Given the initial mesh 7y of Figure 6.1b with one interior node and 8 interior
edges, the three FEMs with the number ndof of degrees of freedom lead on each
triangulation 7y to the discrete stresses Gc,OcRr,0ks; on the level zero, for in-
stance, ndof = 2 for CFEM, ndof = 16 for CR-NCFEM, and ndof = 9 for KS-
NCFEM. The convergence history plot of Figure 6.2 displays various errors and
error estimators versus the number of degrees of freedom (ndof) for the Poisson
ratios v = 0.4 (red), 0.49 (blue), 0.499 (green), 0.4999 (cyan) for the three FEMs.

The graphs of the averaging error estimators and the exact error of CR-NCFEM
and KS-NCFEM for all values of v lie on top of each other, as well as the values
of the residual error estimator for KS-NCFEM and also the values of the residual
error estimator for CR-NCFEM.

For the initial triangulation 7y of Figure 6.1b with two degrees of freedom
in CFEM, the averaging error estimator strongly underestimates and is omitted.
Apart from that case, the values of the averaging error estimator are very close
to the exact error. This example therefore serves as an empirical validation of
the averaging error estimator in the following examples where it is expected to
indicate the (unknown) errors in high accuracy.

Equivalent convergence rates are observed for all three FEMs with a strong
dependency on A for CFEM while the errors in KS-NCFEM and CR-NCFEM
are of similar size. Table 6.1 displays the quotients (6.1) and reveals a linear
dependency on A. This is clear numerical evidence that the dependence of A in the
first estimate of (1.1) and in Theorem 2.4 is sharp.
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errors and error estimates
S

w

—_
o
T

27 Il Il Il Il Il Ll L
10 1 2 3 4 5 6

10° 10 10 10 10 10 10
ndof

Figure 6.2: Estimated errors of CFEM (residual estimator (e), averaging estimator (A\), and exact
error (0)), CR-NCFEM (residual estimator (¢), averaging estimator (H), and exact error (¢)), and
KS-NCFEM (residual estimator (x), averaging estimator (x), and exact error ([J)) for v = 0.4
(red), 0.49 (blue), 0.499 (green), 0.4999 (cyan) on uniform red-refined meshes for the unit square
from Subsection 6.2.

Table 6.1: Quotient g(v,£) from (6.1) for CFEM and KS-NCFEM in Subsection 6.2

v=_| (=1 2 3 4 5 6 7 8 9
0408461 1588 2411 2947 3.165 3229 3246 3250 3251
049 | 0.6717 3327 9.667 1795 2484 2846 2971 30.05 30.14
0.499 | 0.6498 4.053 17.61 5626 127.5 207.0 2640 2893 297.3
0.4999 | 0.6476 4.150 19.52 7829 277.7 7788 1556 2301 2755
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60

44

0

(a) Initial triangulation 7y on (b) Cook’s membrane and initial triangu-
the L-shaped domain in Sub- lation 7 in Subsection 6.3.
sections 6.4-6.5.

Figure 6.3: Initial triangulations 7 in Subsections 6.3-6.5.

6.3 Cook’s Membrane Benchmark

This benchmark in linear elasticity concerns the domain € of Figure 6.3b with
the vertices (0,0), (48,44), (48,60), (0,44) and the Dirichlet boundary I'p :=
conv{(0,0), (0,44)} and I'y := 0Q \ I'p. The applied forces are f =0 in Q and
g(x) = (0,1) if x(1) = 48 on the right vertical edge of dQ while g = 0 on the
remaining two parts of I'y. The Neumann boundary of the problem excludes
CR-NCFEM. The estimated errors of CFEM and KS-NCFEM are plotted against
the number of degrees of freedom in Figure 6.4. For v = 0.49,0.499,0.4999 the
values of the averaging error estimator for KS-NCFEM lie on top of each other,
as well as the values of the residual error estimator for KS-NCFEM.

The locking behaviour of CFEM and the robustness of KS-NCFEM (with re-
spect to A) is clearly visible in the sense that the preasymptotic range for CFEM is
so big that it covers the full range of our computational feasibilities with the effect
that for v = 0.4999 all the computational values are not even better than the initial
stress approximation (relative to the L? norm).

Notice that the jump of the boundary conditions at the vertex (0,44) causes
a solution u ¢ H?(Q;R?) in agreement of the reduced convergence rates (under
uniform mesh-refinement) and, hence, the conditions of [KS95] are violated.

6.4 L-shaped Domain Without Locking

This example shows that the equivalence constant in the second inequality of (1.1)
cannot be replaced by any negative power of A. The underlying domain of this
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error estimates

10" P

10 10 10 10" 10 10 10
ndof

Figure 6.4: Estimated errors of CFEM (residual estimator (o) and averaging estimator (A\)) and
KS-NCFEM (residual estimator (x) and averaging estimator (x)) for v = 0.4 (red), 0.49 (blue),
0.499 (green), 0.4999 (cyan) on uniform red-refined meshes for Cook’s Membrane from Subsec-
tion 6.3.
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Table 6.2: Approximated quotient g(v, ) from (6.1) for CFEM and KS-NCFEM in Subsection 6.4

v=_ (=1 2 3 4 5 6 7 8
04 [ 1123 1502 1762 1931 2037 2097 2.123 2.118
049 | 1348 2057 2705 3291 3.807 4252 4.641 4.989
0499 | 1.371 2130 2790 3342 3.869 4393 4.882 5.334
04999 | 1373 2.138 2.803 3336 3.783 4211 4666 5.127

example is the L-shaped domain Q := (—1,1)?\ [0,1] x [~1,0] with ['p = 0Q
and the initial mesh 7y of Figure 6.3a. The piecewise constant volume force f
reads
(0,—1) ifx<Oandy>0,
fley)=q(1,=1) ifxy=>0,
(0,0) if x,y <0.

Figure 6.5 displays the averaging and residual error estimators for a sequence
of red-refined triangulations against the number of degrees of freedom. For v =
0.49,0.499,0.4999 the values of the averaging error estimator lie on top of each
other for all three FEMs, as well as the values of the residual error estimator. In
Table 6.2 the quotients from (6.1) are approximated by the corresponding values
of the averaging estimator. The values of these quotients are all of the same order
of magnitude; this indicates no dependency on A in the second inequality of (1.1).

Since f is a gradient, we do not expect and do not observe the locking be-
haviour while A increases over several orders of magnitude.

6.5 L-shaped Domain with Neumann Boundary Conditions

This example confirms our theoretical findings in case of a non-empty Neumann
boundary. The boundary conditions change type at the re-entering corner point.
This causes the fact that one cannot expect a regularity of H 3/2+€ for some posi-
tive €. The empirical convergence rate 1/6 of Figure 6.6 in terms of ndof clearly
indicates that u & H3/ 2(Q;R?). This situation excludes even a mathematical justi-
fication via a straight-forward though technical generalisation of the error analysis
from [KS95].

The domain Q and the initial triangulation 7y is as in Subsection 6.4, while
the volume force f reads

(0,0) ifx<Oundy>0,
f(x,y):==4(0,1) ifx,y>0,
(1,0) ifx,y <O0.
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error estimates
al.I

10_5’

3

10 T I

10 10 10

ndof

Figure 6.5: Estimated errors of CFEM (residual estimator () and averaging estimator (A\)), CR-
NCFEM (residual estimator (4) and averaging estimator ((J)), and KS-NCFEM (residual estimator
() and averaging estimator (x)) for v = 0.4 (red), 0.49 (blue), 0.499 (green), 0.4999 (cyan) on
the L-shaped domain from Subsection 6.4.
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error estimates

10 2 3 4 5 6 7 8

10" 10 10 10 10 10 10 10
ndof

Figure 6.6: Estimated error for CFEM (residual estimator () and averaging estimator (A)) and
KS-NCFEM (residual estimator (x) and averaging estimator (x) for v = 0.4 (red), 0.49 (blue),
0.499 (green), 0.4999 (cyan) on the L-shaped domain from Subsection 6.5.

The boundary is divided in the Neumann boundary I'y := {(x1,x2) € 9Q | x; > 0}
with applied tractions g = 0 and the Dirichlet boundary I'p = dQ \ I'y. Figure 6.6
displays the estimated errors in terms of the number of degrees of freedom. For
v =0.499 and 0.4999, the values of the averaging error estimator for KS-NCFEM
lie on top of each other, as well as the values of the residual error estimator for KS-
NCFEM. The equivalence of KS-NCFEM and CFEM up to a multiplicative factor
which scales linearly in A is visible also for this singular problem. The numerical
experiments provide striking empirical evidence for the robustness with respect to
the locking behaviour and to possible singularities and mark the superiority of the
somehow bizarre but simple and well-justified KS-NCFEM.
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