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ABSTRACT: We study the form factors of the Konishi operator, the prime example of non-
protected operators in N' = 4 SYM theory, via the on-shell unitarity methods. Since the
Konishi operator is not protected by supersymmetry, its form factors share many features
with those in QCD, such as the occurrence of rational terms and of UV divergences that
require renormalization. A subtle point is that this operator depends on the spacetime
dimension. This requires a modification when calculating its form factors via unitarity
methods. We derive a rigorous prescription that implements this modification to all loop
orders and obtain the two-point form factor up to two-loop order and the three-point form
factor to one-loop order. From these form factors, we construct an IR-finite cross section
type quantity, namely the inclusive decay rate of the (off-shell) Konishi operator to any
final (on-shell) state. Via the optical theorem, it is connected to the imaginary part of
the two-point correlation function. We extract the Konishi anomalous dimension up to
two-loop order from it.


mailto:dhritiman@physik.hu-berlin.de
mailto:csieg@physik.hu-berlin.de
mailto:mwilhelm@physik.hu-berlin.de
mailto:gang.yang@physik.hu-berlin.de

Contents

5 O a &8 » @<

&

Introduction

Cross sections for two-point correlation functions in a nutshell
2.1 Renormalization of composite operators and their two-point functions
2.2  Two-point correlation functions and cross sections

Form factors for /g via unitarity

3.1 Some BPS form factor results

3.2 Tree-level two- and three-point form factors
3.3  One-loop two-point form factor

3.4 Two-loop two-point form factor

3.5  One-loop three-point form factor

Konishi vs. KCg

4.1 A subtlety in the dimension of intermediate states
4.2 Lifting intermediate states for form factors

4.3 Final Konishi form factors

BPS and Konishi cross sections
5.1 BPS cross section up to one-loop
5.2 Konishi cross section up to two-loop
5.2.1 One-loop result
5.2.2  Two-loop result

Conclusion and outlook

Fourier transformation of the propagator

Feynman integrals

Passarino-Veltman reductions

Checks of the three-point one-loop Konishi form factor
Phase-space parametrization

Anomalous dimensions via two-point form factors

G Renormalization-scheme transformations

Feynman diagrams

N

11
12
13
14
17
23

29
29
31
33

34
34
36
37
38

43

46

46

50

51

53

54

57

59




1 Introduction

So far, the framework of quantum field theories (QFTSs) is very successful in describing the
high-energy processes measured at colliders such as LHC. However, theoretical predictions
are usually restricted to the weak-coupling regime, which admits a perturbative expansion
in terms of the small coupling constants. The individual contributions to the perturbation
series can be calculated by employing Feynman diagrams. Thereby, a large proliferation
of diagrams is in general encountered when one proceeds to higher-order corrections, and
hence concrete calculations are mainly restricted to the first few orders.

The investigation of alternative techniques that bypass this limitation is thus of high
importance. It might not only allow to push perturbation theory to higher orders, but
could also deepen our understanding of fundamental principles and mechanisms encoded
in QFTs. The so-called ‘on-shell’ techniques are such an alternative. They allow one to
build amplitudes from other amplitudes with a lower number of external legs and loops
via recursion relations [2, 3] and unitarity [4, 5]. They have been successfully used in
supersymmetric gauge theories as well as in QCD, see [6-8] for pedagogical reviews and
references therein.

In particular, the maximally supersymmetric Yang-Mills (N = 4 SYM) theory with
gauge group SU(N.) in four dimensions plays an important role in the aforementioned
developments. According to the AdS/CFT correspondence [9-11] it has a dual description
in terms of a string theory, allowing its study also at strong coupling. Moreover, in the
planar limit [12], it shows signs of integrability at weak as well as at strong coupling, and it
is believed to be present even at any coupling; based on the conjectured integrability, new
predictions for the spectrum, i.e. for the anomalous scaling dimensions of gauge-invariant
composite operators were made, see [13] for a review. This rises the hope that the theory
is exactly solvable, and it is hence sometimes even referred to as the “harmonic oscillator
of the 215 century”.

Given the success of the on-shell techniques for amplitudes, it is an intriguing question
whether they can be applied for determining off-shell quantities such as correlation func-
tions or the anomalous dimensions as well. A bridge between the purely on-shell amplitudes
and the purely off-shell correlation functions is provided by form factors. They also contain
the information necessary to determine the anomalous dimensions. An n-point form factor
describes the overlap of an off-shell initial state, described by a composite operator, into

an on-shell final state consisting of n elementary fields. It is given by
Fo(l,....n) = / a1 n|O@)[0) = 6 (g =D pi) (1 nlO(O))0) ,  (1.1)
i=1

where the particles labeled by ¢ = 1,...,n carry individual on-shell momenta p; and the
operator O carries momentum ¢. If the number n and type of the external fields exactly
match those contained in O, the form factor is called minimal form factor. Minimal form
factors with n = 2 points are denoted as Sudakov form factors.

In the N' =4 SYM theory, the most intensively studied form factors are the ones of



the half-BPS operator
Ogps = tr(¢(I¢J)) ) (1.2)

where the parenthesis denote traceless-symmetrization of the flavor indices I,.J = 1,..., Ny
of the Ny scalar field flavors. This operator belongs to the stress tensor supermultiplet. Its
Sudakov form factor was first studied by van Neerven [14] and analyzed up to four loops
[15, 16] in the recent past. The Sudakov form factor exhibits exponentiation [17-19], a
feature which was seen to be the key for predicting the all-loop IR behavior of scattering
amplitudes [20].

The form factors of the stress tensor multiplet with general n external legs can be
analyzed in analogy to the scattering amplitudes with modern on-shell techniques. The
n-point form factor with the bosonic operator (1.2) was first studied in [21, 22], and later
generalized to the full stress tensor multiplet in [23, 24]. Up to one loop order, compact
expressions for general n-point MHV as well as some NMHYV form factors have been com-
puted in [21, 23-26, 33]. The two-loop three-point form factor was computed in [27]. The
form factors of half-BPS operators with k scalar fields (as well as the supermultiplet) have
been studied in [22, 28, 29], where n-point tree and one-loop MHYV results are presented
in [28] and the mininal form factors (for n = k) were computed at two-loop [29]. Form
factors have also been studied at strong coupling via the AdS/CFT correspondence [30],
and a Y-system formulation was given in [31] for AdSs and in [32] for AdSs.

The aforementioned studies have shown that form factors share very similar recursive
and analytic properties with scattering amplitudes, at least for the protected operators.
Moreover, the robust set of on-shell techniques for computing on-shell objects is also ap-
plicable here. This rises the hope that also fully off-shell quantities can be studied using
on-shell methods, and that such an enhancement of the toolkit allows to detect new features
of the theory. Indeed, it was found that certain correlation functions can be constructed
via generalized unitarity from amplitudes, form factors and their generalizations involving
several operator insertions [33]. In the recent parallel work [34], one of us has determined
at tree level the minimal form factors of a generic operator and at one-loop order their cut-
constructible parts. The one-loop results yield the complete one-loop dilatation operator
of the theory.

Scattering amplitudes as well as form factors are themselves not physical observables,
since they contain infrared (IR) divergences from the integration of loop momenta. Adding
the so-called Bremsstrahlung contributions, their IR divergences from the real emissions of
soft and collinear particles cancel the IR divergences coming from virtual loop corrections
according to the Kinoshita-Lee-Nauenberg theorem [35, 36], and one obtains an observable.
In particular, the cross sections are free of IR divergences and hence physical observables.
They are, however, in general not well defined in a CFT such as the N' =4 SYM theory,
where asymptotic states are ill defined. Some cross-section-type quantities have been de-
fined by using coherent states as asymptotic states [37]. Alternatively, we can consider the
decay of an initial off-shell state described by an operator O(q), which is timelike (¢? > 0)
into any final on-shell multi-particle state. The probability of this inclusive decay is the
total decay rate of O(q). This decay process may occur as part of a total cross section of



a scattering process in which O(q) is produced as an intermediate state.! The probability
for the inclusive decay of O(q) into a final state X with total momentum g = px is defined
by

oo(q) =Y (g —px) [(X]0(0)|0)[* (1.3)
X

where the sum ensures that that the quantity is inclusive, i.e. all contributions, which are
specified by the number and type of the particles in the final states are integrated over
the respective phase space and are summed up. This cross-section type quantity depends
on the matrix element (X]0(0)|0), which is precisely the form factor of O with final state
X. Via the optical theorem, (1.3) is related to the imaginary part of the (time-ordered)
two-point correlation function (0|O(z)O(0)|0) after transforming to momentum space.

Finally, although not considered in this paper, we would like to mention that by
modifying (1.3), ‘event shapes’ such as energy or charge correlation functions were studied
in the A/ = 4 SYM theory [33, 39-41]. Also, Wilson coefficients for the deep inelastic
scattering were considered [42]. For simplicity, we will follow the terminology of [40] and
denote the cross-section-type quantity defined in (1.3) as total cross section, or simply cross
section.

In this paper, we will study the form factor (1.1) and the cross section (1.3) for the
Konishi operator as a first example for an operator that is not protected by supersymme-
try. Hence, UV divergences appear in addition to the aforementioned IR divergences that
already emerge for protected operators. The Konishi primary operator is given by

K= tr(¢[¢j) , (1.4)
where a sum over all I = 1,..., Ny scalar field flavors is implicitly understood. In strictly
D = 4 dimensions Ny = 6. The Konishi scaling dimension Ax = A,(CO) + ~x consists of
the bare dimension A,(g) = 2 and an anomalous dimension . It is a power series in the
coupling constant

2
2 GymdVe —vB\€
= dre B 1.5

which depends on the Yang-Mills coupling constant gv,;, the number of colors N, and is
the loop-counting parameter in the modified Dimensional Reduction (DR) scheme. In the
planar limit, the Konishi anomalous dimension is given by

i = 6[29% — 8¢* + 565 — 16(26 — 63 + 15¢5)g°

2 10 12 (1.6)
+ 16(158 4 723 — 54¢5 — 905 + 315¢7)g "] + O(g9™7) ,

! The operator may be of different physical origin. For example, it can be part of a vertex that couples to
a massive particle in an effective Lagrangian. Then, (1.3) yields the decay rate of this particle. A concrete
example from the Standard Model is an effective Higgs-gluons vertex H tr(F,., F*”) obtained by integrating
out a heavy quark loop, see e.g. [38]. The operator may be also be a (conserved) current describing a
two-particle scattering. Examples of this type are e”e™ annihilation into a virtual photon or Drell-Yan
scattering, where the two incoming particles are annihilated into a virtual photon or gluon, respectively,
exciting the QCD vacuum and decaying into e.g. quarks, gluons or leptons.



where the one- and two-loop contributions, which we reproduce as a check in this paper,
were obtained by explicit Feynman diagram calculations in [43, 44] and [45-47].2

The operator given in (1.4) is the so-called primary operator of the Konishi supermul-
tiplet. Its anomalous dimension given in (1.6) was mainly obtained by considering certain
descendent operators within the Konishi multiplet rather than the Konishi primary opera-
tor (1.4). This is possible, since all members of a supermultiplet have the same anomalous
dimension.? In fact, we will see that the Konishi primary defined in (1.4) and involving a
sum over the Ny scalar field flavors depends on the dimension D as Ny = 10 — D is re-
quired to ensure supersymmetry. This becomes important when regulating the divergences
by continuing the theory from D = 4 to D = 4 — 2¢ dimensions.

We will apply four-dimensional unitarity in order to compute the form factors. Within
this framework, all on-shell component fields can be conveniently combined into Nair’s
N = 4 on-shell superfield [63]. The on-shell superfield reads

A, B A B, C

®(p, ) = g+ (p)+1 Ya(p) +- 27!7 ban (p)+m#¢l) () +n'n*n’ntg_(p), (1.7)

where 7 are Grassmann variables that encode the flavor and helicity of the component
fields, and A = 1,...,4 is the SU(4) R-symmetry index. In the above superfield, the six real
on-shell scalars ¢; transforming in the fundamental representation of SO(6) are represented

as the anti-symmetric product representation of two fundamental SU(4) representations,
®AB = —¢pa, employing the isomorphism of the Lie-algebras so(6) and su(4).

Using (1.7), each n-point scattering amplitude with fixed total helicity can be efficiently
packed into a single superamplitude. In analogy, also the form factors for the BPS operator
(1.2) can be packed into super form factors if the BPS operator is expressed in terms of
the scalar fields ¢pap

Ogps = tr(¢papdcp) — %5ABCD tr(¢o"F dpr) (1.8)

where the last term subtracts the trace in the space of scalar flavors. Without loss of
generality we will focus in the rest of this paper on its particular component

Ogpps = tr(¢apdan) , (1.9)

where doubled indices are not summed. Expressing also the Konishi operator in terms of
the scalar fields ¢ 4p yields

Fo = %ABCD tr($apdep) = tr(@radse) — tr(dradar) + tr(radas) | (1.10)

2The Konishi anomalous dimension ~x is currently known up to five loops from field theory calculations

and up to nine loops from the conjectured integrability. The three-loop result was conjectured in [48] and
confirmed in [49, 50]. The four-loop result was determined by calculating the wrapping corrections to the
integrability-based asymptotic dilatation operator in [51, 52] and by a computer-based direct calculation
in [53]. The integrability-based four-loop expression of [54] matches this result. The five-loop result was
predicted from integrability in [55-57], and confirmed in [58] from an OPE analysis of the four-point
correlation function of stress-tensor multiplets. The results at six [59], seven [60], eight [61] and nine loops
[62] are so far only based on the conjectured integrability.

$Working with certain descendants which are non-singlet states of the SU(4) R-symmetry instead of the
primary operator (1.4), which is an SU(4) singlet, simplifies the calculations in both, the field theory and
integrability-based approach.



where the subscript 6 reminds us that the operator is identical to the Konishi primary (1.4)
only for Ny = 6, i.e. only in strictly D = 4 dimensions.

There is a subtlety originating from the fact that in D # 4 dimensions the Konishi
operator K in (1.4) cannot be identified with K¢ in (1.10). The four-dimensional unitarity
method applies to the operator Kg. In this formulation, the operator stays the same if the
encountered IR~ and UV-divergences are regularized by changing the spacetime dimension
from D = 4to D =4 — 2 Butin D = 4 — 2¢ dimensions the Konishi operator K is
not identical to the operator Kg. Hence, the unitarity-based results for Kg do not directly
yield those for the Konishi operator K. Instead, modifications have to be made which take
into account that one should have used IC and not g in order to obtain the results for the
Konishi operator regularized in D = 4 — 2e dimensions.

In the main part of the paper we elaborate on the ideas mentioned above. In section 2
we discuss two-point correlation functions of gauge-invariant local operators, their renor-
malization and the transformation to momentum space. We identify the imaginary part of
such a correlation function with the cross section defined in (1.3). Finally, we present the
general strategy of computing the total cross section for a given operator using its form
factors as the building blocks.

In section 3, we present our computation of the form factors for g at the one- and
two-loop orders, which are based on the unitarity method and on-shell superspace. Since
the Konishi operator is not protected, several new interesting features appear in the results,
such as the UV divergences and rational terms.

In section 4, we discuss in detail the aforementioned subtleties arising from the fact
that in D = 4 — 2¢ dimensions the Konishi operator K cannot be identified with Kg. We
derive a rigorous prescription of how to implement the substitution of g by K in the
results of the previous section.

In section 5, we present the computation of the cross section starting with the BPS
operator up to one-loop order as a simple example to make the reader become familiar with
our strategy. We find the expected non-trivial cancelation of the IR divergences between
real and virtual channels. Then, we compute the cross section for the Konishi operator
up to two loops. We extract the renormalization constant and hence the anomalous di-
mension from the UV divergence of the bare result. They match the known results. We
present the finite result for the renormalized cross section and discuss its dependence on
the renormalization scheme.

Finally, in section 6 we summarize the main results of our paper and the interesting
features associated with them. We also present some future directions and open questions.

In the appendices A-G, we elaborate on the various technical aspects of our compu-
tations as well as non-trivial features of our results which were not seen before in similar
computations for BPS operators or on-shell objects like scattering amplitudes. In the fi-
nal appendix H, we summarize direct Feynman-diagrammatic calculations of the one- and
two-loop form factors for both, the BPS and the Konishi operator, which served as checks
for our approach and guided us to the modifications discussed in section 4.



2 Cross sections for two-point correlation functions in a nutshell

In this section, we review some facts about the form of the two-point correlation function of
a renormalized composite operator in spacetime and in momentum space. Via the optical
theorem, its imaginary part yields a cross-section-type quantity. It can be directly obtained

from the form factors of the respective operator.

2.1 Renormalization of composite operators and their two-point functions

Gauge-invariant local composite operators can be regarded as external states of the N' = 4
SYM theory, and they can occur in correlation functions in the same way as the elementary
fields. Such correlation functions in general contain UV divergences, which are associated
with the presence of these operators, requiring their renormalization in analogy to that of
the elementary fields and vertices of the theory. In this paper, we only consider composite
operators that are eigenstates under renormalization. Such a renormalized operator is

given in terms of the bare operator as
OR = ZO(g, 6)(I)B ) (21)

where Zp is the renormalization constant. It depends on the coupling constant g and
absorbs the UV divergences, which appear as poles in ¢ when the theory is regularized
by changing the spacetime dimension from D = 4 to D = 4 — 2e. The renormalization
constant determines the anomalous dimension

- ¢ : 0
0= 9" =lim 0, 10820 - (2:2)
/=1

(0)

which is added to the bare scaling dimension A’ in order to obtain the conformal dimen-
sion Ap. Since o is finite when the limit € — 0 is taken in the above equation, the form

of Z» as a power series in g is fixed to

00 9¢ (1) (1)y2 (2
¢ g g g
Zo= exp( _gEE'Y((Q)> =1+ +g4<( 5?62) + > +0(¢%) . (23)
/=1

Conformal symmetry also completely fixes the form of the two-point function of the
operator Or. In Minkowski spacetime, it reads

M

NG,
T2t i)kome @ Do=Bo tro, (24

Gao () = (0|Or(2)Or(0)]0) =

where our conventions for the ¢0 description are given in appendix A. The parameter u has
the dimension of mass and is introduced in order to fix the mass dimension to Ag). The

coupling-dependent dimensionless factor M has a perturbative expansion as

M=) g*MO, (2.5)
=0

and it can be absorbed into the normalization of Og.



0(0) <> O(x) g .-C:@:)—

Figure 1: The two-point function in position space and momentum space.

We will work in momentum space, and hence need the Fourier transformation of (2.4).
According to appendix A, it is given by

i , I'(5 - Ao) M
20r(0%) 20,r(2) = (—1) " T T (o) (—g2 — i0) 2 ~20 270

(2.6)

When expanding the above expression first for small g and then for small €, one obtains
}k—poles for any & > 1, which for £ > 2 are proportional to powers of o [64]. Since
G20.r(x) is the finite (renormalized) Green function, these poles cannot come from UV
divergences. In fact, they arise from integrating over the origin x = 0 of spacetime,
where Gop r(x) is singular. This can be most easily seen for the half-BPS operator Ogpg
defined in (1.2). Since this operator is protected, ysps = 0, and all poles of order k > 2
disappear, but a simple %—pole remains. In momentum space, this pole is associated with
the one-loop bubble integral. It is obtained when inserting Fourier expressions for the

two scalar propagators? 0 connecting the two operators as depicted in figure 1

1
_x2+i0)176
and performing the integration over x in (2.6), which yields a J-function of momentum

conservation. For the tree-level two-point function, the steps are as follows:

1 . / dPi 1 1 @7
(=22 4+1i0)272¢  FT CmP12(1—q)?  e(—q*—i0)c '

This simple pole (for the BPS operator) and all the further eik—poles, k > 2, (for non-
protected operators) are absent when taking the imaginary part of the momentum-space
Green function (2.6).

As we will see in the next subsection, via the optical theorem this part yields a cross-
section-type quantity: the probability of the inclusive decay of the renormalized operator
Or with off-shell momentum. It has to be finite in the limit ¢ — 0, since it is free of IR

divergences and — due to renormalization — also of UV divergences.

2.2 Two-point correlation functions and cross sections

Via the optical theorem, the imaginary part of a two-point correlation function is related
to the inclusive decay width of the renormalized operator Or with off-shell momentum g¢,
where ¢2 > 0. As motivated in the introduction, we will simply denote this as cross section
oo,r in this paper. It is given by

oor = Im[2i Gaor(¢*)] =Y 6”(a—px) [(X|Or(0)[0) (2.8)
X
4In D dimensions, the scaling dimension of a scalar field is given by Ag)) = % —1=1-c¢



where one sums over all final on-shell states X, and the squared matrix element is given
by the product of two form factors

Fo.x = (X|0(0)[0) . (2.9)

The form factor is given by a perturbative expansion as
Fox = Zg”]—“}fx : (2.10)

where g defined in (1.5) is the parameter of the loop expansion. Concretely, in N =4 SYM
theory in the modified dimensional reduction (DR) scheme,® the coupling constant is given
n (1.5). Moreover, the summation over all final states X in (2.8) involves in particular
a summation over the number n of particles in the final state, i.e. of the n-point form
factors ﬁg}n over n. The number n is directly related to powers of the Yang-Mills coupling
constant gyy. In analogy to amplitudes (see e.g. [66]), the n-point form factors possess a
decomposition in terms of the possible color structures as

~(¢ n a a l
Foh (Qaipind) = g2 Y (T - T%0)FG) (Do, Mo })
0E€Sn/Zn (211)

+ multi-trace terms ,
where T% a =1,..., N2 — 1, are the gauge-group generators of SU(N.) normalized as
tr(T?T?) = 6% . (2.12)

In (2.11), the i* particle, i = 1, ..., n, with momentum p; carries the adjoint gauge-group
index a;. Via Nair’s superfield (1.7), its flavor and helicity are encoded in terms of the
Grassmann variables 7;, on which the color-ordered super form factors ]:g)n on the rhs.
also depend. 7

The imaginary part of (2.6) can be obtained by taking the discontinuity, which for
timelike (¢ > 0) momentum reads®

.
2 Tm (—q% — i04)% = (—¢® — i0)® — (—¢2 + i0)® = ik

= ST D) (*)* . (2.13)

Using this relation in order to determine the imaginary part of (2.6) and then inserting
the result into (2.8) yields

cor  M(g)D(AYID(Z —Ap)T

_ M) (A
@ M L@ (3 - al) T

(2.14)

where we have divided opr by its classical part 08) = Im[2¢ GSE%R( 3)]. Indeed, as

mentioned at the end of the previous subsection, both aé) and opr are free of %—poles,

®This scheme employs dimensional reduction as regularization and for the subtraction of the divergences
a modified minimal subtraction which absorbs the same finite terms in addition to the UV-divergences into
the renormalization constant as the famous MS scheme [65].

50ur conventions for the 0 description are given in appendix A.



since the poles are canceled by the extra I'-functions introduced via (2.13). This can also
directly be seen for the bubble integral in (2.7): its imaginary part is obtained by applying
a double-cut, which just yields a finite constant.

By taking the logarithm of (2.14), we can expose the dependence on ¢ as follows
R q°
lo g< (0)> zyologﬁ%-C%-O(e) , (2.15)

where the constant C' is scale-independent but depends on ¢ and the expansion coefficients
of the normalization factor (2.5) as

M@
C= 92< -(- 2%)7”)

MO -
M@ 1/ MO 2 3 _ 72 ) .
+g" <M(0> ) (M(0>> T % () - - Q’YE)'Y(Q)> +0(g°%) .

It is also renormalization-scheme-dependent as discussed at the end of section 5. However,
the log ¢? term is universal and scheme-independent. The anomalous dimension is given by
the coefficient of log Z—z. In this paper, we will verify this structure for the Konishi operator
up to two loops.

Strategy of computing cross sections

The cross section is obtained from (2.8) in more detail as follows:

J_Z/dps >y 26,;6 %D: . (2.17)
colors spins

helicities

n

This relation holds for both, the bare and the renormalized cross section, if Fn represents
the bare and the renormalized form factors, respectively. The evaluation of (2.17) requires
three main steps: (1) determining the form factors Fo, (2) taking the absolute square of
F, and (3) performing the n-particle phase space integrals. More concretely, (2.17) is
expanded in powers of g as follows:

042

s=> e 0= P [aps, M, (2.18)
£=0 n=2

where the squared matrix elements are given by

k x N~k
nﬁ) n' Z/Hd4anZ‘FN MHV, (z) {az‘,pi,m})fo’ll MHV, (£~ ”({az‘,p@',m}) ,
k=0 1=0
(2.19)

,10,



in which f}(f)({ai, pi,Mi }) is the ¢-loop n-point non-color-ordered super form factor defined
in (2.11), and F;({as, ps,m:}) is its complex conjugate.” We have indicated the maximally
helicity violating (MHV) degree, which depends on the degree of 7. For the BPS and
Konishi operator considered in this paper, the MHV form factors have degree 4 in n and
m = n — 2 is fixed. The squared matrix element involves sums over all numbers n and
types of external particles and their color degree of freedom. The sum over the types of
particles is given in terms of integrations over the fermionic variables 77;4, A=1,2,34,
and a sum over the MHV degree k.

Given the squared matrix elements, as a next step, the integration over the phase space
of the n particles in the final state has to be performed. The respective measure is given

by
n D

n

dps, = [ gﬂ%%m (p2) - (2m) P8P <q - Zpg) , (2.20)
=1 =1

where 6 (p?) = 6(p?)0(pg) with 6(pg) being the Heaviside step function that imposes the

positivity condition on pg. In appendix E, we give explicit parametrizations of the two-

particle and three-particle phase space integrals.

Finally, the sum over the different channels, i.e. over the different particle numbers n,
has to be performed. This leads to a cancellation among the different soft and collinear IR
divergences such that the final result is IR finite. If non-protected operators are involved,
as in the Konishi case, their renormalization constants have to be taken into account.

The use of the super form factors encoding the particle content and their polarizations
via the on-shell superfields (1.7) requires that the number of scalars N, = 6, such that they
fit in the antisymmetric product of two fundamental SU(4) representations. Moreover, in
order to preserve supersymmetry, this demands that the polarization vectors ¢! of the
gluons are kept four-dimensional when the spacetime dimension is continued to D = 4 — 2¢
dimensions. The scheme imposing these descriptions is called the four-dimensional helicity
(FDH) scheme [67, 68]. This is analogous to the procedure pursued in section 3 where we
sum the internal particles via the four-dimensional on-shell superspace. There are, however,
some subtleties when considering the case of the Konishi operator, since it has Ny = 6+ 2¢
scalar flavors in D = 4 — 2¢ dimensions rather than only 6 that are included in the on-
shell superfield. This has to be considered by modifying the result. The corresponding

prescription will be discussed in details in section 4.

3 Form factors for ICg via unitarity

In the previous section, we have defined the cross section for gauge-invariant operators O
in A/ =4 SYM theory in terms of its squared matrix elements. As discussed around (2.19),
the building blocks of these squared matrix elements are the non-color ordered super form
factors for the particular operator. In this section, we will present the building blocks

"Note that in (2.19) the complex conjugate of tree-level form factors is already encoded in changing O to

be its conjugate O and also changing the MHV degree from k to m — k. Therefore, the “*”

corresponds to
taking the conjugate of the £ > 1 contributions only. This will be explained in explicit examples in section

5. See the discussion around (5.6).
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necessary for computing the cross section of the Konishi operator (1.4) up to two loops,
which are the two-point form factor up to two-loop order, and the three-point form factor
at one-loop order.®

We use the notation for the non-color-ordered super form factors ﬁg}n({ai, DisMi})
and color-ordered super form factors -7:((’){)n({pi’77i}) as introduced in (2.11). We denote

the bosonic color-ordered form factors with fixed external states by Fg )n({pl}), and more

specifically for a precise external state, e.g. of two scalars and one gluon as Fg )(1¢, 24,3g)
. ¢

the n; expansion. We also introduce the normalized bosonic form factors fg )n as the ratio

. These can be obtained from ]:((,f )n({pi, n;}) by taking a specific term in

between the f-loop and tree-level color-ordered bosonic form factors

Fy) ({pi})
O ({pi}) = =9t 3.1

Our computation will focus on the colored-ordered form factors, and it is straightforward
to obtain the full non-color ordered super form factor from them.

The computation of form factors in this section are based on the on-shell superspace
formulation (1.7). Therefore, the operator in the form factor is K¢ defined in (1.10) and
not the Konishi operator K defined in (1.4). We denote the resulting form factors by F,(C?n.
As we will see in the next section, we have to modify the results presented in this section
to obtain the Konishi form factors. This will be discussed in detail in section 4.

3.1 Some BPS form factor results

We start by presenting some known BPS form factor results, which are also useful building
blocks for the Konishi form factors. Unless otherwise specified, the BPS form factor in this

paper will always refer to that of the half-BPS operator tr(¢? ) defined in (1.9), and we

use the abbreviation fé@svn = ]:ff()d)z )
AB/»

The n-point maximally helicity-violating (MHV) tree-level BPS super-form factor is
given by [23]
5(4)AB n )\z :
FOMIVG o n) = (35 Aa)
’ (12)(23)... (n1)

(3.2)

where §(HAB (3=; Aini) is understood as taking n in the delta function with only A, B indices,
or more explicitly

5(4)AB(Z Nii) = (Z@'jmf‘n;‘) (Z(klm}?nf) . (3.3)
i i<j k<l

Note that in this and all following expressions for form factors we do not explicitly write
the momentum-conserving delta function §(% (¢ =", pi), where g is the four-momentum
carried by the gauge invariant operator.

8The tree-level four-point Konishi form factor essentially agrees with the BPS result, as we will discuss
in subsection 3.2.
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We give the loop corrections to the BPS MHV form factor in terms of the normalized
form factor defined in (3.1). For the purpose of this paper, we only need the following

three results [14, 21, 22]:
p1
1
ép)s o = —2819 =< ; (3.4)
P2
2) :ZZ
éps 2= 5T ><ﬂ: (3:5)
p1 n P1 n p1
1) 512523 513 + 523 512 + 831
éPS73:_ 2 P2 —T><§p2 —T%I)Q
p3 3 3

+ cyclic perm. of {p1,p2,p3} -

(3.6)

Each graph corresponds to a Feynman integral which is defined in appendix B. Throughout
this paper, all external on-shell momenta labeled by p; are understood as outgoing.

For the two-point case, only the MHV configuration exists, while at three-point there

are the MHV and the next-to-MHV (NMHV) configuration. The NMHV tree-level form

factor can be obtained from (3.2) by first taking the conjugation A\ — X and n — 74, and

then applying a fermionic Fourier transformation as’
(4) 3 3=
( )NMHV 4 ~ Z 17 fli,c 5AB( Alnz)
(1,2, d*n; e~c . .

Both, the MHV and the NHMV three-point form factor, share the same loop correction
(3.6).

3.2 Tree-level two- and three-point form factors

We now turn to the Konishi form factor. In this subsection, we consider the tree-level form
factors for Kg. They are identical to those of the Konishi operator L. The expression for
Kg in (1.10) contains the individual fields ¢ 4ppcp where A, B, C, D assume distinct values
instead of ¢124 g as is the case for the BPS operator. For the tree-level bosonic form factor
with specified external particles, however, the index structure of the external scalars and
fermions do not play any role in the result, which is obvious from the Feynman diagram
computation. Therefore, the tree-level bosonic form factors for the Konishi operator are
identical to the corresponding BPS form factors.

The super form factors, on the other hand, take different forms. Taking into account

all the components, the two-point super form factor reads'’

4

0 1 (12)? A By, C. D
f/(cﬁ)(lﬂ) = i1 > easeoinf) sy (3.8)
A,B,C,D=1
®Note the operator also becomes the conjugate one, tr((¢*?)?), where ¢4Z = %6ABCD¢CD.

9The normalization factor is fixed to be consistent with the definition of the operator Kg in (1.10).
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where €1234 = 1. The bosonic two-point form factor

0

(12)°
F —1

6)(1¢>127 24534) = _m ) (3.9)
can be obtained by taking the (nin?)(n3n3) component of the tree-level form factor f,(c(?g
in (3.8); it is identical to the BPS result as can be seen by taking the (n{nP)(ns'n?)
component of (3.2) at n = 2. There are two other possible scalar field configurations at the
external legs, namely {(¢13, $24), (414, P23)}, and for both these cases we obtain the same
bosonic form factor as above.
The three-point MHV super form factor is given by the following expression:

-1

TaEaET , 2, (12 ascobitn)0)

FO(1,2,3) =

+2(13)(23)eapcpminE (n§nP) + cyclic perm.)
(3.10)
It has two distinct configurations of the external states: scalar-scalar-gluon and fermion-
fermion-scalar. Taking the coefficients of (nin?)(n3n3) and nin3(n3ns), we find
(12)?

o ) o C (13)e3)
FIC?; (1¢1272¢>34739+) = _W ) FICos (11/1172102’3‘1’34) o _<12><23><31> ’

(3.11)
which are also identical to the corresponding BPS form factors. The NMHV form factor
can be obtained from the MHV result in a similar way as in the BPS case (3.7).

3.3 One-loop two-point form factor

In this and the following subsection, we compute the form factor of g at one- and two-loop
level by using four-dimensional unitarity [4, 5].

The general idea of unitarity in this context is to reconstruct loop corrections to the
form factors at integrand level from their discontinuities, i.e. by applying cut. Here, a cut
denotes setting a propagator on-shell according to

é — 218, (12) (3.12)
where 6, (17) was defined after (2.20). On the cut, the loop expression factorizes into a
product of (known) tree-level or lower-loop form factors and amplitudes. These have to
be summed over all possible particles exchanged in the cut channel, which can be done
by taking the super form factors as well as the super amplitudes and integrating over the
Grassmannian degrees of freedom in the cut legs. Then, one can apply the spinor algebra
to write the result in a form that can be identified as a sum of cut integrals. In this way,
an ansatz for the uncut integrals occurring in the loop correction is assembled. In general,
not all integrals appear in a given cut, and additional cuts have to be taken to complement
the ansatz. The complete ansatz has to be consistent with all possible cut. Finally, the
cut integrals have to be lifted to the uncut integrals, as discussed in appendix B.
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b1

b2
Figure 2: The simple (p; + p2)? double cut.

In the following, we apply this technique to the form factor of K¢ and start with the
computation of the one-loop two-point form factor. For the sake of explicitness, we choose
a fixed combination of external scalar states, namely {¢12,¢34}. As in the tree-level case,
the other two choices of external scalars {¢13, 24} and {P14, P23} lead to the same result.

. {4 4
We abbreviate F;(cg(ldnm 24,,) as FI(CG),(¢>,¢>)'

Only one cut needs to be considered: the two-particle cut in the channel (p; + p2)? =
¢>."1 Tt cuts the internal propagators carrying momenta [; and lp as shown in figure 2.
The building blocks on the two sides of the cut are the color-ordered two-point form factor
(3.8) and the color-ordered four-point MHV amplitude given in the standard MHV form
[69] as!?

A© = Oy Am)

(12)(23)...(n1) (3.13)

The sum over all possible particles exchanged along the cut is considered by integrating
over the fermionic coordinates of the exchanged particles as [ dgml’2 = [d*ny, d*n, while
keeping the external state fixed.

The ¢?-cut integral reads!'?

(1)
FK67(¢7¢)

2 = /dPSQ,{l} d8n11,2‘7:l(CO6)72(_l1’ —l2) X Az(,LO) (plap2’ l2, ll)‘(nan)(nSn‘l)
11 272

o (112)*(121)* + 4 1) {1 2) (la 1)(I2 2) + (11 1)* (12 2)*

dPS, (1) .

Ke,(#:6) " (11 1)(12)(2 12><z22zl>

Cis,9)

(3.14)
Since the external states are fixed to be {¢12, 34}, we take the (nin?)(n3n3) component
of the cut integrand. The phase-space integration measure, dPS; (3, is defined according
to (2.20), with the integration variables being the momenta of the cut propagators {l1,l2};
hence the subscript in the notation for dPS; ;3.

HThe other two two-particle cuts occur in the p? and p3 channels. Since these legs have p? = p2 = 0,
massless bubble integrals in these channels vanish identically in dimensional regularization. Hence, all
integrals can be detected by the ¢ cut.

12Recall that we are always suppressing the momentum-conserving delta function in the notation.

3For the reversing of momentum ! — —I, such as in f,(COG)’Q(fll, —l2), we follow the convention \; — —X\;
and 5\1 — 5\1 in the spinor helicity formalism.
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The cut integral can be simplified at the integrand level as'*

_ (112)(12)  (L2)({l 1)\ —512 (lh + p2)?
Cow = [ P <<l1 Neh) 0n m)f/ P2y <<z1 To? T >

Iy P1 ; P1
\ l + 2

= — 519 { + 6M $< ,
I P2 512 ! P2

2 (3.15)

where the flow of the momenta is as specified in figure 2. In the above equation, the

integral over the two-particle phase space is shown by the dashed cut line of the triangle
and bubble graph For the triangle graph, the denominator in the integrand is the uncut

propagator (CETTE and the numerator coefficient is —s;3. The shown bubble graph has

(A +
no uncut propagator, but is has a loop-momentum-dependent numerator factor, which is
written in front of the graph.

As described in appendix B, the cut integrals (3.15) can be lifted to the full integrals.

The full normalized form factor as defined in ) then becomes!®

p1
521
+ 6— , 3.16
Teo =2 | =32 =<] 1o =©<p2 (3.16)

where the factor of 2 is due to the permutation of the two external legs, and we use the short
notation s;;; = (pi+ lj)2. Note that the prefactors that depend on the loop momentum are
understood to appear in the integrand of the integral represented by the respective graph
it multiplies.

The bubble integral with loop momentum in the numerator can be reduced to the
scalar bubble integral via Passarino-Veltman (PV) reduction, see appendix C for details.
Thus, we obtain the form factor!'6

p1 p1
f = —2512 >< —6 @< .
rele m b (3.17)

(1)
fBPs,2

Note that the contribution to the form factor involving the triangle integral is the same as
the BPS form factor fé?s,z in (3.4). The integrals corresponding to the graphs are given in
appendix B. An independent computation of this result via Feynman diagrams is shown in
appendix H.

From the above calculation at one-loop, we see that the IR-divergent part of the form
factor of ICg is the same as the one of the BPS operator. The extra contribution coming
from the UV divergent bubble integral yields a non-vanishing anomalous dimension unlike
in the BPS case. We will equally organize all subsequent results for the form factor in terms
of part identical to the BPS form factor and an additional contribution that is unique to
the form factor of Kg.

The first line can be obtained via the Schouten identity (ab){cd) = (ac)(bd) + (a d){cb) for {I1 2)(l>1)
n (3.14).

5The coupling dependence can be recovered as shown in appendix B.

6For convenience, we will from now on refer to the normalized form factor as form factor too.
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Vanishing one-loop form factors

Before proceeding to two-loops, we briefly discuss two other possible form factors with gluon
1

g2) and FC) (1,240, At

tree level, they are zero since no Feynman diagram for this configuration exists. At higher

or fermion external states, namely the form factors F ,(36)(19_ , 2

loops this is not obvious. Here, we use unitarity to show explicitly that they are zero

at least at one-loop order. Consider the g?-cut as in (3.14), but to obtain F,(Clc)\)(lgf,Qg L)

and F,(Cle)(lwl,2¢234) take the components nin?nini and ni(n2n3n3) of the cut integrand,
respectively. This yields for the two cases

l
= z’/dPS 1) (bl : ) (3.18)
2 212 (1) o) (19 2) 512 by ‘

(1)

Ke,(9-,9+) ;
la
. 3 1){112) (12 1)* + 3( 1)*(l2 1) (l2 2)
F - / p
Kowntm)| o =1 | P92 0200 ) (1 1) (2 2)
l1
Iy p1 i D1
\ 1]11]2
=i 3(1]11]2] ><E]i +z’6M =<D< . (3.19)
I P2 512 : P2

When we lift these expressions to the full triangle and bubble integrals and perform the
PV reduction, we obtain zero. Since we use four-dimensional unitarity, we also have to
check that there is no contribution from potential rational terms. A similar (but simpler)
study as in appendix D shows that rational terms are indeed absent.

Finally, there is an easy way to see that Fi,(14_,24,) = 0 to all loop orders. Using
the gauge freedom, we can choose the polarization vectors of the outgoing gluons as ¢; =
z’:“;— o A A2. It is then obvious that the form factor must be zero, since it is proportional to
&; -pj or €1 - &9.

)

One can also compute F; ,(Cl(g 9) directly by using Feynman diagrams. A simple compu-

tation gives

2er - ea) - ELPDEL P oz (3.20)

(1) _
F’C67(gvg) B

where the integral IP[¢2] = 2+ O(e) is given in (B.7) for po — 0 and the relabeling p3 — po.
This result applies for the polarization vectors EfQ taken to be in general 4 — 2¢ dimensions.
Since I3[¢?] is finite and its prefactor is of order O(e) (as it vanishes when D = 4), the

form factor itself F (1)

Ke.(9,9) is of order O(e). This is consistent with the unitarity-based

calculation.
3.4 Two-loop two-point form factor
Next, we compute the two-loop two-point form factor of Kg. As in the one-loop case, we

specify the external states to be {¢12, ¢34}.

Two-particle cut

We first study the two-particle cut in the g?-channel. We follow a similar procedure as the
one being used in computing the BPS form factor [27]. We first quote the ¢?-cut integral
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b1

b2
Figure 3: The (p; + p2)? double cut at two loops that contributes to the planar ladder

integral. The building blocks are the color-ordered one-loop amplitude and the color-
ordered tree-level form factor.

given by the equation (2.6) of [27]'7

= /dPSQ,{z} dgﬁll,gfg)g(—l1, —12)(4A§1)(p1,p2,l2,l1) +A511)(p1,l17p2,l2)> ;

(3.21)
where the building blocks are the two-point tree-level form factor (3.8) and the one-loop
color-ordered four-point amplitudes [70]

Az(ll) (p17p27p37p4) - A4(10) (p17p27p37p4)(_ 812323)1-4&1) (p17p27p37p4) . (322)

The tree-level super amplitude Aio) (p1,p2,p3,p4) in (3.22) contains all the dependence on
)

the fermionic coordinates, and the term multiplying it is a massless scalar box integral I il
defined in (B.6).'®

Let us briefly explain (3.21); see [27] for a derivation in full details. The above cut
integral is obtained by taking the product of the non-color ordered four-point amplitude
and the two-point form factor. The one-loop four-point amplitude contains a single-trace
contribution, as well as a double-trace contribution which is sub-leading in color. However,
after the contraction of the color factors with the two-point form factor, both contribute
to the cut integral with the single-trace color factor 6% = tr(T® Tb).19 The final building
blocks in the cut integral are the color-ordered form factor and amplitude as given in
(3.21). The two contributions in the parentheses of (3.21) are depicted in figure 3 and 4
respectively.?’. We consider them one by one below.

We first study the contribution from the first term in the parentheses of (3.21), which
is shown in figure 3. Using the one-loop result (3.22) for the amplitude and taking the

1"Note that (3.21) applies to any composite operator with two elementary fields, in particular to the form
factor of Kg.

¥ The minus sign in (3.22) is related to the convention of the box integral we use in (B.6).

9The enhancement of the power in N. of the apparently suppressed double-trace term in the amplitude
is the wrapping effect analysed earlier for the spectral problem [71].

20The factor 4 in the first term comes from the different contributions of the color factor contractions,
two of them come from the single-trace four-point amplitudes, the other two other from the double-trace
four-point amplitude, as explained in [27]. A different way to understand the factor 4 is to look at the
two-particle cut with the one-loop form factor on the left hand side and the tree-level amplitude on the
right hand side. It then arises from twice applying the reasoning that gave us the factor 2 at one loop.
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Figure 4: The ¢*-cut at two loops that contributes to the crossed ladder integral. The
building blocks are the the color-ordered one-loop amplitude and the tree-level form factor.

external states to be {¢12, ¢34}, the corresponding cut integral can be written as

r® ‘I - /dPSz oy 4o FO (=11, =10) A (p1, pa, 1o, 1)
Ko (#:6)| 42 , 127 K24 D LT i mgnh) (3.23)

x (—)s1zs1, Iy (p1,pa, 12, ) -
The first line in (3.23) given by the product of tree factors is the same as the cut integrand

of the previously studied one-loop case in (3.14). Therefore, we can perform exactly the

same calculation as in (3.15) to obtain

(2) L 0 —S12 | . S2 (1)
Fisoo)| e = ~Fos0) /dPSQv{l}< PR 3121>8123”114 (1, p2, 12, 1)

h P (3.24)

= o o) (3%2 N 63”132h> ><ﬁ':]j: '
p2

la

The above cut integral can be lifted to the two-loop planar ladder integral. This

integral can be drawn in two different ways, namely

p1 p1
><]i ) g: : (3.25)
P2 P2

Furthermore, there are two other planar graphs by permuting the external legs p; <> ps.
So, all together we have 4 diagrams drawn in four different ways, which all give equivalent
planar ladder integrals. This provides a diagrammatic interpretation of the factor 4 in
the first term of (3.21). As we will see later in the triple cut, it is also very important to
separately draw the ladder graphs in different ways according to (3.25) in order to compute
the cut integrand correctly.

Next we consider the second term inside the parentheses in (3.21), which is depicted
in figure 4. The corresponding cut integral is given by

2 I 0 0
F/(C6)7(¢7¢)‘q2 - _/dPSZ{l} dgnll,gfl(ce),z(—ll, —52)«44(1 )(101, l1,p2,12) (3.26)

(1)
x s1251, 4y 7 (p1, U1, P2, 1 ’
12511144 ( Lol P2 2) (n}n%)(’]gng)
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Following similar steps as in the previous case, the cut integral is expressed as a two-particle
cut of the two-loop crossed ladder integral as shown below

9 11
FI(CG),(¢7¢) = FC 00y (512 = B0, ) 7 {» " (8:27)

Now, lifting the cut integral (3.27) together with the previous planar contribution in (3.24),
as described in appendix B, we find the following contribution to the two-loop form factor
of ICG

l p1 l p1
(2),1 (2),11
AfOL T = (35— 6sus) 4><]:[ + ><< . (3.28)
p2 p2

where, as explained around (3.25), the factor 4 is included for f,(gﬁ)(l .0)"

There is another g?-cut which is similar to the one in figure 3. It has the one-loop
two-point form factor on the left hand side and the tree-level four-point amplitude on the
right hand side. This case is a bit subtle. Naively, one would assume that only the one-loop
two-point form factor with scalar external states F’ I(C ) (6,0) CaN Occur on the left hand side,
since the other possibly contributing form factors with gluon and fermion external states

(1) 1)
F’C6,(gﬂg+) and FKGv(wl P234)’

There are non-vanishing contributions from these two cases: only the integrated one-loop

respectively, vanish. However, this turns out to be incorrect.

form factors are zero, but the integrands are not, as we can see from (3.18) and (3.19). One
should take their integrands into account in the unitarity cuts, and then obtains a result
which is consistent with the one found from the ¢?-cut of figure 3.2!

The above result obtained by using only the two-particle cuts is not guaranteed to
give the full form factor. One problem is that the numerator coefficient of the crossed
ladder integral may have an ambiguity up to terms proportional to (2. Due to the on-shell
condition of the cut propagators, such terms are not detected by the double cuts. Moreover,
there may be other basis integrals which cannot be detected by the double cuts. Both these
issues can be fixed by studying the three particle cuts, which we do next.

Three-particle cut

The three-particle cut, or triple cut (TC), across the g?-channel is shown in figure 5. Unlike
for the BPS form factor, the triple cut will indeed give some new contribution to the form
factor of Kg, which is not detectable by the previous double cut.

21Gince the non-planar ladder does not contribute to this cut, one only obtains the contribution coming
from the planar ladder integral in (3.28).
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l3 b2
Figure 5: The two loop (p1 + p2)? = ¢? triple cut.

The cut integral is given as

3
2 0),MHV 0),NMHV
) uole = [ P80 Tatm (FE3™ (-t —to =t AP ot

(0),NMHV (0),MHV
+fK6,3 (—ll,—lz,—lg)AE] (p17p27l37127l1)>‘(nin%)(ngng)
_ (0 :
- FK67(¢7¢) ZCTC '
(3.29)

Note that besides the MHV form factors and amplitudes also the NMHYV form factors
and amplitudes appear as building blocks. The two terms in the above sum are in fact
conjugate to each other.

After performing the fermionic integrations®? and some spinor algebra, the cut integral

can be simplified at the integrand level into the following form:?3

2 2 2
879 — 6517, S92 8§79 — 6517,59 879 — 651,59
Crc = /dPS3,{l} ( - — 2 — 12 L2l

521351112 S1513 511181112 51513 5213511125113
2 2

+312 — 6511, 891, N 879 — 6811, 81, N 18 18sy,  18sy, )
8111 8111351513 8111521351113 $12 51251415 51251513

(3.30)

Note that the first five terms in (3.30) can be obtained directly from the result de-
termined by the two-particle cut in the previous paragraph, namely the planar ladder
contribution in (3.24) and the crossed ladder in (3.26). Let us first look at the first term
in (3.28), the contribution from the planar ladder, which contains the numerical prefactor
4. As mentioned earlier, this factor 4 stems from the four different ways of drawing the
planar ladder graph. The two configurations shown in (3.25) contribute to the above triple
cut. In order to account for all the possible triple cuts on these two diagrams, we cut each

22To obtain the cut integrand in a compact form, it is convenient to take the product of the bosonic
form factor and amplitude expressions and sum over all helicity configurations, since the NMHV result of
both three-point form factor and five-point amplitudes take simple MHV form. We have checked that the
expression obtained in this way is equivalent to the expression by using super form factor and amplitudes
and doing the fermionic integration directly.

2In practice this form can be obtained easily as follows. First, one can write down immediately the
contribution of the first five terms by using the result (3.28) obtained from the double cuts, as explained
below. Then, subtracting them from the cut integrand, the remaining terms take a very simple form which
can be easily simplified into the last three terms.
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Figure 6: Triple cut of the integrals that correspond to the first five terms in (3.30). The
flow of the momenta is as specified in figure 5.

in two ways as shown in figure 6. Thus, the first four terms in (3.30) correspond to the
first four diagrams in figure 6, which are just the planar ladder integrals. The remaining
fifth term in (3.30) correspond to the last diagram in figure 6, which is the crossed ladder
integral with only one possible triple cut. Hence, the first five terms in (3.30) do not result
in any new contribution but reproduce the double-cut result in (3.28).

The remaining three terms in (3.30), however, are new contributions to the two-loop
ansatz detected by the three-particle cut. They can be expressed as the three-particle cut
of the following three integrals:

l
{ p1 h, p1
(2) - 1 Sty _ /S 8211
Tsiod|or = 18| 55 .
o cT 512 p2 S12 p2
l;S l;i 3 31

These above three cut integrals can be lifted to full integrals, which can be simplified
further at the integral level to give a single scalar integral:

P
@ _ 18

fKG, (6:6) (3.32)

812 p2
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Complete two-loop result

Now, we combine the results from all the cuts, (3.28) and (3.32), and obtain the two-loop
two-point form factor,?*

(2) _ (2),111
FRoxo) _4f1C6 (¢:9) +fic6 ¢¢ ) T 25K (6.0)

l p1
= —6(1 +p1)*(I + p2)? ><]i[ ><< >
p2
p1
36
2l =)
512 P2

/

(3.33)

(2)
fBPS,Q

where the integrals corresponding to the graphs are given in appendix B. Note that we have
multiplied f (2), IH
legs p1 <> po. As in the one-loop case, we have presented the result by separating a part
that is identical to the BPS form factor f]fp)&2 given in (3.5).

The double and triple cuts we have considered should be able to detect all possible basis

) by 2 to include the contribution from the permutation of the external

integrals up to potential rational terms that might be missing when using four dimensional
unitarity. Comparing our result (3.33) with the one which we obtained from the Feynman
diagrams of appendix H, we have confirmed that such rational terms are absent.

As will be explained in section 4, the result given by (3.33) is, however, only for the
operator Kg defined in (1.10), but not for the Konishi operator K defined in (1.4). This
subtlety will be discussed in details in section 4. We will see that by a rigorous prescription
we can modify the above result in order to obtain the Konishi form factor.

3.5 One-loop three-point form factor

In this subsection, we compute the one-loop three-point form factor of 4. The computation
is similar to what we have done for the previous two-point case. We need to consider cuts
in all possible kinematic channels, which, apart from the g?-cut employed earlier for the
two-point form factors, contain also the su;-cut, as shown in figure 7. Combining the results
from both cuts ensures that no contribution to the ansatz is missed.

Unlike for the BPS form factor, the loop corrections to the tree-level form factor of g
are in general different for different configurations of external particles. Therefore, we need
to consider the form factors with specific configurations of the external states individually.
We consider the scalar-scalar-gluon and fermion-fermion-scalar cases.?> We will discuss the
scalar-scalar-gluon case in some detail. The fermion-fermion-scalar result can be obtained
in the same way and we only present the final result.

24The above result matches the one in the unpublished notes of Boucher-Veronneau, Dixon and Penning-
ton [72].

ZThere could also be other external states with combinations of different fields, such as
FI(les)(lg772g+739+) and Fi(cz)(lw172w234739+)' Such form factors, however, do not contribute to the two-
loop cross section studied in section 5 as the corresponding tree-level results are zero, and we will not
consider them in this paper.
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Iy
(a) The ¢*-cut. (b) The sqp-cut.

DPc DPec Py

Figure 7: The cuts needed to compute the one-loop three-point form factor of Kg.

1
FI(CG) (1¢AB 260D 3g+)

We first consider the form factor of g with scalar-scalar-gluon external states. For the
sake of explicitness, we focus on F,(Ci)(1¢12,2¢34,3g . ), which we abbreviate as FI(Clﬁ),( b:6.0)"
As shown in figure 7, we need to consider both the g?-cut and the s,-cut. Furthermore,
since the operator is a color singlet, we need to consider all possible cyclic permutations of
external on-shell legs in the cuts, as they contribute to the same color-ordered form factor.
Explicitly, we need to consider three cases for each channel in figure 7:

{a7 b, C} — (I) {1¢>127 2¢347 3g+}7 (H) {2¢347 3g+7 1<Z512 }7 (IH) {39+7 1¢>127 2¢34} . (3'34)

In total, there are six cut channels to consider: (a-I), (a-II), (a-IIT) and (b-I), (b-1I), (b-III),
such that (a-I)-(a-IIT) are the g?-cut while (b-I)-(b-III) are the sg-cut. Note the (I) and
(ITT) cases are actually related to each other by a flipping symmetry.

(a-I)-cut:

This is the g-cut in figure 7 with the choice of external legs {pq, py, pc} corresponding to
the particles {14,,,24,,,3¢, }. As in the previous subsections, the cut integral is given by

the following equation,

F,(Clﬁ)7(¢’¢7g) o /dPSQ,{l} dSnll,Qfl(Coe)Q(_ll’_ZQ)AéO)7MHV(p17p27p37127ll) () ()
_ g ; /dPS (112)%(121)* + 4(l 1) (11 2)(l2 1) (12 2) + (11 1)* (12 2)* (13)
Ko»(6,6,9) 2. (11 1)(315) (I3 1) (12)2°
Cla-1)
(3.35)

where the tree-level form factor F,(Ci),(¢7¢7g) = F,(C%)(1¢12, 24545 3¢, ) 1s given in (3.11).

The above result can be reduced to an appropriate cut of integrals by using some
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spinor algebra. Without going through the detail, we present the result below:
n l p1
_ S128 s s ;
Cour) = 512523 E<< s12 + 513 % .
2 /
lo P3
b D1
_ [813 +s23  3s, ((s13+ 823)3111 + 312323)} ><E]§ p2 (3.36)
2 512 : 3
1 P1
s [ (q2 - 2513) (513 + S11,) _ S13 (513531, — 8128212)] =®< -
5Ty 51225123 . P3

This is the ¢? cut in figure 7 with the choice of external legs {pa, ps, pc} corresponding to a

(a-IT)-cut:

different order of particles, namely {24,,,34,,14,,}. The cut integral can be computed as

g+

(1)

= /dPSz,{l} dgmm}",(coﬁ)g(—h,—IQ)AéO)’MHV(me?nPl,l2711) -

Ko:(6:6:9) | (a-11) i) (m3n3)
() : (1 1)*(122)” + 4(L 1) (1 2) (12 1) (12 2) + (11 2)*(12 1)
= Fos.0.0) /dpsl{l} (11 2)(21)(11) (Ig 1) '
c(a-H)
(3.37)

After some spinor algebra, the above result can be expressed as cut of the following inte-

grals,

I

l1 p2

c 823831 ) 512 + $12 t 13 512 + S23 ;
(a-11) , - T 5 b3
p1 P1

2 lQ

I
81115215 — S21;S11
_ 3<1 _|_ 1 2 1 2) p3
5125123 . 1

& (3.38)

(b-I) cut:

This is the (¢—p3)? cut in figure 7 with the choice of external legs {pa, pp, pc} corresponding
to the particles {14,,,24,,,3¢, }. In this case, one of the building blocks is the tree-level
three-point form factor in (3.10). The cut integral is given by,

F,(les),(¢7¢7g)‘(b_l) = /dPSQ7{l} d877112.7:,(co6)§v{Hv(—l1,—12,]93)./45‘())(1?1,]92,&,11) () ()
O / s, 2)2(15 1)2 + 430, 1) (11 2) (I 1){12 2) + (13 1)2(152)2 (13)(23) '
Ko,(¢,6.9) * 2 (11 1)(212) (3 12) (11 3) (12)2

CL)
(3.39)
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It can be written as cut of integrals as

p3 P
512513 512523 b

C o= 2T p1 - = b2
(b-I) 2 ,;é . 2 g s

p3
N [_ 513 + 523 N 3511, ((513 + 823) 821, + 312313)] ><]2 p1 (3.40)

2 512° I p2

i P1

Ll - 813 + S23 n 35211 ((513 + 823)51l1 + 512523) ; > p2

2 sty
p3

(b-II) cut:

This is the case of the (¢ — p1)? cut, the last of the independent cut channels, in figure 7
with the choice of external legs {pq,py, pc} corresponding to the particles in the order of
{2¢34:39., 141, }- The cut integral is given by

1) _ 8 (0),MHV (0)
FICg,(qb,qb,g){(b—H) = /dPSZ{l} d 77112]:,CG 3 (=l —la,p1) Ay (pz,p:s,lz,h)‘( 12) (i)
| h1)(2) = (122 1)” (31)
=FO / PS, 1
Kotoon' | o0 B0 (21)
C(t:-rm
(3.41)
which leads to

1

C(b - 512823 i? 523531 y
(3.42)

512 + S12 + 513 <{ _ S12 + $12 + S13 <E s

As previously mentioned, the cuts (a-III) and (b-III) give similar results to (a-I) and
(b-I), and can be obtained by a flipping symmetry, namely {p; <> p2}. Hence, we will not
give them explicitly.

From the cuts to the full form factor

We find that all the above cut results are consistent with each other, i.e. the prefactors of
the graphs are identical when the same graph appears in different cut channels apart from
terms that vanish due to the on-shell condition for the cut momenta. Given all these cut
results, it is straightforward to lift the cut integrals, as described in appendix B, to obtain
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the full form factor26

l

fl(Cls) o) = {3[(5123 - 28132) (s13+su)  s13 (813231 — S12821) 1] =<>< Z;
T 512 5125123 2 D3
3591 (s11(513 + 523) + 512523) l " 1
+ 8%2 ><§ Zz + {pl e P2}} + prs73 )

(3.43)
where f]gjs’?, denotes the BPS part that is given in (3.5). We point out that the above
result applies to form factors with any other non-zero scalar-scalar-gluon configuration

1
FI(C6) (1¢AB 12600539+ )-

1
FI(CG) (11/)1 ’ 2¢2 ’ 3¢>34)

For the form factor with fermion-fermion-scalar external states like I, I(CIG) (Lpys 2495 354 ), ODE
can proceed in the above steps for computing the cut integrand in all possible channels
and lifting the cut result to the full answer. Without giving details, we present the final

result, denoted by f ;(clﬁ) (W ,8)

p2 P2
f(l) _ ) 3s: _gfq_f2—s1
’C67(¢7¢7¢) 2 " 3 523 " 3
! p1
N 3<812821 — 1383 21— 831> =<>< o
5235123 523 D3
4 1 P1
s s S1283] — S13S i
+3< 12 13 i 12531 13 2l> P +{p1 sz}}
2 523 p3
3 D2
523531 1
p1

Note that in the above result not all the contribution from box graphs are incorporated in

(3.44)

the analogous BPS part given in (3.5), unlike in the expression for the scalar-scalar-gluon
form factor (3.43). Also, in the first line of the equation there are new one-mass triangles
which do not exist in (3.43).

PV reduction and some interesting features of the results

We have obtained the full integral expressions for the form factors (3.43) and (3.44) of
Kg. The results are obtained by using unitarity method fully at the integrand level. As
a result, the integrals still contain loop-momentum-dependent numerators. Such integrals
can be reduced further via PV reduction, see appendix C for details.

26 Recall that the prefactors that depend on the loop momenta are understood to appear in the integrand
of the integral represented by the respective graph each prefactor multiplies.
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After PV reduction, the results (3.43) and (3.44) are simplified to

p1 D3 b1
f(l) — _3 |:1 + M] =<:>< P2 — M
Ke.(6.6.9) (513 + 523)2 by (513 F823) o

12813823
s12(s13 + 523)

1
1 S12 — 813 | S12 — S23 =< )<
f;(cﬁ),(w,w,@ =3 <312 + 513 + S12 + 823> Z,
" o p3
_3<1+M> >Q< —3<1+M> >O<
$12 + 813 p3 S12 7+ 523/, p1
P2
+ 3‘922& Fin< ><§ ps ) + Fives (3.46)
p1

where all relevant integrals are given in appendix B, and the finite box function is defined
in (4.8).
There are several interesting features in the above results we would like to comment

e+ 1 (3.45)

on.

e Going back to the expressions (3.43) and (3.44), we notice that besides a part identical
to the BPS form factor fBi’S,37 there are still triangle or box integrals left, which
separately contain IR divergences. This might cause a net IR divergences in addition
to the one contained in fé?s,:sa i.e. it would spoil the universality of the IR divergence.
However, as evident from the results (3.45) and (3.46), these additional IR divergences
cancel after PV reduction and hence the only the universal IR divergence of the BPS
part remains.

e There are remaining divergences given by bubble integrals. These are the UV di-
vergences, which have to be canceled by renormalizing the composite operator. See
section 5 for a further discussion.

e Besides the common BPS part, the two results (3.45) and (3.46) are quite different
from each other. This directly shows that the form factors of Kg with different
external legs (even with the same MHV degree) have very different structure and
need to be studied case by case.

e There a term in (3.43) involving the integral I2[¢?] given in (B.7). It evaluates
to a rational term. Interestingly, we have found this contribution by applying four-
dimensional unitarity. This may not be surprising, since we apply the four-dimensional
unitarity to compute the integrand expressed in terms of a tensor-integral basis. The
rational term only appears after the PV reduction when the basis is reduced to scalar
integrals. In the usual one-loop (generalized) unitarity computation [73, 74], one
computes the coefficients of the scalar integrals directly and hence one would miss
this rational term. In appendix D, we have checked that the rational term in (3.43)
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matches with an independent Feynman diagrammatic computation, and hence the
final result for the form factor is complete.

e The integral coefficients of the form factors in (3.45) and (3.46) appear to contain
unphysical poles, such as 813}_823 = 31231—512' These are, however, just spurious poles

which cancel when all contributions are taken into account. We demonstrate this in

details in appendix D.

Finally, we would like to mention that most of the above features (except the IR divergence)
do not occur for the one-loop scattering amplitudes and BPS form factors of the N’ = 4
SYM theory. In QCD they are, however, common as e.g. for the one-loop amplitudes [6].

Last but not least, recall that the above results for g still need to be modified to get
the correct ones for the Konishi form factor, as will be described in the next section. This
does not affect any of the above listed properties.

4 Konishi vs. ICg

In this section, we discuss some important subtleties that arise when regulating the theory
by continuing the spacetime dimension from D = 4 to D = 4 — 2¢. Our unitarity-based
calculation made use of the on-shell superfield (1.7) that only captures all degrees of freedom
in strictly D = 4 dimensions. Hence, we had to keep the external states in the intermediate
steps in strictly D = 4. The on-shell superspace formulation has been so far successfully
used in computing scattering amplitudes and form factors of BPS operators. However, in
general this is not enough and the final result has to be lifted to D = 4 —2¢ dimensions. We
explain this in details below, taking the Konishi form factor as a concrete (counter)example.
In this section, the dimension always refers to the dimension of physical states rather than
the loop momenta. The loop momenta are lifted to D = 4 — 2¢ dimensions.

4.1 A subtlety in the dimension of intermediate states

When regulating the theory by continuing the spacetime dimension to D = 4—2¢, one has to
also specify how the various fields are continued. In conventional dimensional regularization
(CDR) [75] and the 't Hooft Veltman (HV) scheme [76], the number of fermion flavors NNy,
and also the number of scalar flavors Ny remain as in four dimensions and are hence kept
as Ny = 4 and Ny = 6, respectively. This does, however, break supersymmetry, since the
polarization vector e is taken in D = 4 — e dimension.

A scheme that preserves supersymmetry is dimensional reduction (DR) [77].27 In this
scheme, the number of scalar fields is changed to Ny = 6 + 2¢, such that D + Ny = 10
is independent of €. It exploits the fact that four-dimensional N' = 4 SYM theory can be
obtained by dimensional reduction of ten-dimensional N'=1 SYM theory. Performing the
dimensional reduction to D = 4 — 2¢ dimensions instead, one obtains a regulated theory
that preserves N’ = 4 supersymmetry. The ten-dimensional gauge field Ay, M =1,...,10,

#"Supersymmetry is also preserved in the four-dimensional helicity (FDH) scheme [67, 68], although in a
different way.
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then reduces to the D-dimensional gauge field A, and to Ny = 10 — D = 6 + 2¢ scalar
fields ¢;. Similarly, the ten-dimensional metric g™ reduces to the D-dimensional metric
g" and 617.

The above fact forces us to revisit the previous calculations based on strictly four-
dimensional unitarity, since we have lifted the loop momenta in the integrals to D = 4 — 2¢
but kept the degrees of freedom of the external states in four dimensions. In particular, the
DR scheme is incompatible with the use of the N/ = 4 on-shell superfield (1.7), since the
Ny = 6 + 2¢ scalar fields do not fit into the six-dimensional antisymmetric representation
of the SU(4) R-symmetry group. In order to detect the differences between working with
external states in strictly four dimensions and the DR scheme, we examine the underlying
Feynman diagrams.

In Feynman diagrams, explicit factors of D = g, and Ny = o', arise whenever a
gauge or scalar field runs in a loop in which the respective Lorentz or flavor index also
forms a closed loop. These factors occur even if the index loop is apparently interrupted
when the gauge or scalar field splits into a pair of fermions that themselves build a loop.
This follows from the relations of the spacetime and scalar Clifford algebra into which the
ten-dimensional Clifford algebra splits; these are the algebras governing the interactions of
the bosons with the fermions. The corresponding splitting of the ten-dimensional vector-
fermion coupling is illustrated in figure 8. In the following, we understand closed loops to

Figure 8: In dimensional reduction, the interaction of the ten-dimensional vector (zigzag
line) with fermions (dashed) decomposes to one of a D-dimensional vector (wiggly line)
with fermions and one of a 10 — D-dimensional scalar (solid line) with fermions.

mean closed index loops. We call an index loop externally closed if fields of the composite
operator are involved in the index loop and internally closed if the operator is not involved
in the index loop.

We look at internally closed index loops first. From the dimensional reduction from ten
dimensions, we know that an internally closed vector index loop always occurs together
with an internally closed scalar index loop. This is illustrated in figure 9. Hence, each

Figure 9: In dimensional reduction, a Feynman diagram with a closed ten-dimensional
vector loop (zigzag) decomposes to one with a closed 4(—2¢)-dimensional vector loop (wig-
gly) and one with a 6(+2¢)-dimensional scalar loop (plain).

factor of D for a closed Lorentz index loop is accompanied by a factor of Ny for a closed
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scalar flavor index loop. This can also be seen in the concrete Feynman diagrams in
appendix H, e.g. by comparing the first two lines in table 2. The sum of both contributions
is proportional to D + Ny = 10, both in the DR scheme and in strictly four dimensions.
Hence, as far as internally closed index loops are concerned, one is free to work with strictly
four-dimensional external fields.

The situation changes for externally closed index loops. Generically, the fields of a
composite operator involved in such a loop are only a subset of the fields in the theory, e.g.
only the scalar fields. In this case, a diagram in which the externally closed scalar loop
generates a factor Ny is not paired with a diagram in which a vector field can circulate in
the loop and generate a factor D. Hence, the result is sensitive to working with external
states in strictly four dimensions or the DR scheme. On the other hand, in scattering
amplitudes and form factors of the BPS operators such as tr(gb’fQ), no externally closed
index loops can occur. This is why the FDH scheme works so well for these quantitites.

Let us consider the particular example of the Konishi primary operator (1.4); it is
defined as the trace over all scalars and can hence be part of an externally closed scalar index
loop. The Konishi primary is the highest-weight state of a so-called long supermultiplet of
psu(2,2[4). Supersymmetry guarantees that all members of this supermultiplet have the
same anomalous dimension (1.6) — unless it is broken by the regularization scheme. In the
supersymmetry-preserving DR scheme, the Konishi primary is define as the trace over all
Ng =10 — D = 6 + 2¢ scalars. While the expression (1.4) can easily be modified to sum
over this regularization-dependent number of scalars, the expression (1.10) is only valid for
Ny = 6 and hence it is not the highest-weight state of the superconformal multiplet. In
particular, its anomalous dimension does not equal (1.6), which is usually calculated using
a descendent of the Konishi operator in the SU(2) or SL(2) sector.?®

A priori, this discrepancy requires the use of methods beyond those based on the on-
shell superspace. Fortunately, this is not the case. In the following, we will argue that
— at least for the cases at hand — the strictly four-dimensional result can be lifted to the
D-dimensional result with a simple prescription.

4.2 Lifting intermediate states for form factors

Consider a generic multi-loop diagram contributing to the two-point form factor of the
operator tr(¢r¢s) with outgoing scalar fields ¢k and ¢r. It can only have one of the three
types of R-charge flow depicted in figure 10 together with the respective tensor structures.
Only in the case (c), an externally closed scalar index loop exist. The BPS operator
tr(¢(r4,)) defined in (1.2) obtains contributions from the cases (a) and (b) but not from
case (c). The Konishi operator tr(¢;¢r) defined in (1.4) obtains contributions from all
three cases. Thus, we can isolate the contribution from case (c¢) by subtracting the result
for the BPS operator from the result for the Konishi operator. In D dimensions, the single
externally closed scalar index loop present in the case (c¢) should not generate a factor 6
but instead a factor Ny = 10 — D = 6 + 2¢. Hence, in order to lift the 4-dimensional result

28The additional 2e scalar components in the D-dimensional continuation of the Konishi operator are an
example of so-called evanescent operators, which also appear in the context of QCD [78]. See [75] for a
textbook treatment.
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P1 1 K 1 K 1 K

P2 J L J L J L
(a) drxdsL (b) 0rrdsK (c) 4150k

Figure 10: According to R-charge conservation, only three different contractions of the
scalar flavors can exist in a generic multi-loop diagram with incoming operator tr(¢r¢.s)
and outgoing scalar fields ¢ and ¢r: (a) d7xdyr, (blue), (b) dr.07k (green) and (c) 0770k,
(red).

to the 4 — 2e-dimensional result, we simply have to multiply the contributions of case (c),
i.e. the difference of the Konishi and BPS case, by the ratio

Ny 6+ 2¢
6 6

(4.1)

Similar arguments are valid for the three-point form factor of the Konishi operator. In
our calculation, only its components with either two scalar legs and one gluon leg or two
fermion legs and one scalar legs appear. While in the former case the previous arguments
directly apply, in the latter case a slight modification is necessary. A generic multi-loop
diagram of the latter type, which has incoming operator tr(¢;¢;) and outgoing fields ¢,
14 and g, can only have one of the three possible R-charge flows show in figure 11. An

(a) 0rx(or)an (b) (o1)apd’® (c) d17(oK)aB

Figure 11: According to R-charge conservation, only three different contractions of the
scalar flavors can exist in a generic multi-loop diagram with incoming operator tr(¢réy),
outgoing scalar fields ¢ and outgoing fermion fields ¥4 and ¥p: a) drx (o) ap (blue), b)
(01)aBdsK (green) and c) dr7(cK)ap (red).

externally closed scalar index loop exists only in the case (c¢). In analogy to the case of
the two-point form factor, we can isolate this case by subtracting the result for the BPS
operator from the result for the Konishi operator. Then, we correct the number of scalars
by multiplying this difference by 7.

In fact, these arguments can be generalized to any number n of points. Note that we
have performed the analysis for the Konishi form factor using real scalars ¢;. The results
of our analysis, however, are formulated in terms of a part identical to the form factor of
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the BPS operator and a part unique for the Konishi operator, where the former stems from
the contribution of (a)—(b) and the latter from the contribution of (c). In particular, this
formulation of the results of our analysis makes no reference to the kind of scalars we are
using to express these operators. This allows us to perform the calculations using scalars
transforming in the antisymmetric representation of SU(4), and hence N/ = 4 on-shell
super space — as done in the previous section.

In all form factor ratios in the previous section, we have to introduce 74 by replacing

T¢ 4
f;c6n—fBPSn+f;c6n fPSn+T¢f;c6n— BPSn+f]Cn_ ](C)na (4-2)

where fgps n is the part identical to the BPS form factor and

fKG, f}cG n BP)Sn ; flC,n f BPSn ) (4-3)

are the parts unique for the operators (1.10) and (1.4), respectively. More explicitly, the
replacement rule reads
Bl 75 el =0 (4.4)
We have focused on the form factor of the Konishi operator. A similar discussion should
also be applicable to other operators containing a contraction of flavor or vector indices. As
in the Konishi case, it is essential to be able to formulate the results in terms of two parts,
one that contains an externally closed index loop and the other that does not. The part
without externally closed index loop should be able to be computed independently, such
as the BPS part in the Konishi form factor. Given such a decomposition, one can then use
the efficient on-shell techniques, together with a simple modification rule as (4.2). Another
example of an operator with contracted flavor indices is tr(¢;¢r¢x), which has one-loop
anomalous dimension 8. An example with contracted vector indices is tr(DH¢p12D,¢12),
which has one-loop anomalous dimension 12. In this case, the differences in the one-loop
two-point form factor between intermediate states in D = 4 and D = 4 — 2¢ dimensions
are precisely given by the rational terms in the PV reduction formula (C.5).

4.3 Final Konishi form factors

Finally, we list the non-vanishing results for the Konishi form factor, which will be used as

the input in the next section to calculate the cross section. They can be obtained by using

the form factors computed in section 3 and integral results in appendix B. Note that the

fi parts are corrected by the r¢ factor according to the prescription (4.4). The full form
()

factors can be obtained as f,C n = Jepsn + f,C n

Two-point one-loop

2 2
1 W\ € 2w 14 47
Srso = 2= (—q2) [_6_2 M R COR

2

p2Nel 6 2 72 (4.5)
Fitom = (?) [‘; — 14— (28— T e~ (56 - -~ 14¢a)e } +0(cY) .
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Two-point two-loop

2 \2[2 2 925¢3 Tt
@ _(Fr L4 _ T 28 T
fBPS,2 - <_q2> |:64 6e2 3e 60 :| + O(E) )

(2) p? \2€[12 46 152 — 272 3572 (4.6)
fK,(¢,¢) = <_—q2> |:6_3 + 6_2 + 76 + <484 — — 56(3)] + 0(6) .
Three-point one-loop
a5 [(L) + (&) + ()]
Brs3 €2 [\ =519 —523 —831
+ FB(plap%p?n _Q) + FB(pQ,pfiapla _Q) + FB(p?)apl’p?’ _Q) )
JE(l) __ __Tecr {3 [1 i 513 + 533 } < p )6 n 6513523 ( p )6
K(9::9) (1 —2¢) (513 +s23)% | \—¢? (513 + 523)% \ =512
n 12513593 € 1 [ ( MQ )e 2( /1'2 )e:|} (4.7)
s - ) 7
s12(s13 + 523) (2 — 2€) s13 + 523 L -\ —s19 T\
2 2
#(1) _ rgCr 3<1 512—813> < M )6 ( 812—823> < 1z )6
=— = + +3(1+
Tetwwe (1 — 2¢) { s12 + 813 /) \—S23 $12 + S23 ) \—s13
2
S12 — 813 | S12 — $23 e\ € 3re
-3 + < > } + = FB ) ) y )
<S12 + 813 Si2 +823> —q? 2 (P2, P3,p1,~0)
in which we have defined the finite part of the one-mass box integral as
2 2 2 2
FB(p1.p2,p3,—q) = —C—g [( a )eh< — Sﬂ) + < K )eh< — E) — <‘u—2>eh( — ﬂ)] ,
€ —S512 523 —S523 S12 —-q 512523
(4.8)

where h(z) = 2Fi(1,—¢,1 —€,2) — 1 and ¢ = s12 + S23 + 831.

5 BPS and Konishi cross sections

In this section, we compute the cross section discussed in section 2. We first discuss in
detail the case of the BPS operator (1.2) as a warmup example. Then, we compute one of
our main results: the Konishi cross section to two-loop order. We will use the Konishi form
factors given in subsection 4.3 that were obtained from the form factors of g computed in
section 3 by applying the prescription of section 4. All form factors f,(cg, )n and f,(é )n appearing
in this section are hence those for the Konishi operator (1.4) which are explicitly given in
subsection 4.3.

5.1 BPS cross section up to one-loop

As a warmup, we first consider in details the cross section corresponding to the imaginary
part of the two-point correlation function of BPS operators, (0]tr(¢3,)(x) tr(¢3,)(0)]0).
Since the operators are protected, the cross section has no loop corrections, i.e.

Opps = Opps + O(€) . (5.1)

We check this explicitly up to one-loop level.
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Figure 12: Tree-level squared matrix element.
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Figure 13: One-loop squared matrix elements.

Tree level

Let us start with the tree-level cross section. The squared matrix element, as shown in
figure 12, is the product of two two-point tree-level BPS form factors, one for tr(¢?,) and
one for its conjugate tr(¢3,). The tree-level BPS non color-ordered super form factor can
be obtained from (2.11) and (3.2). It is easy to perform the color factor summation and
the fermionic integration. This yields the squared matrix element

N2 -1

BPS 2 = 2| Z / m d4772 ﬁég)s(la 2) ﬁl;klgos) (17 2) = (52)

ai,a2

The tree-level cross section is given by the integral (E.2) of ./\/11(3013)572 over the two-particle
phase space in D = 4 — 2¢ dimensions. This yields

2
UI(B?D)S :/dPS MBPSZ (%

1 N2 -1

) 4(16m)z T3 —¢) 2 (53)

One loop

The one-loop cross section is given by the sum of a two-particle and a three-particle channel,
as shown in figure 13:

1
o = [apsamll,+ = [apsi (5.4)

Two-particle channel

The squared matrix element of the two-particle channel corresponds to the first two graphs
of figure 13. As an equation, it reads

0 #(1) 1
BPS 2 = 21 Z / m d4772 [fép)s QIBIE’S)Q + fép)s Q‘FBI(?‘S 21 — MBPS ,2 ( éP)s,Q) )

ai,a2

(5.5)
where #& denotes the real part, and fg)n is the ratio between the f-loop and tree-level
n-point form factor of the operator O as defined in (3.1). The tree-level form factor is

absorbed into M}(BF?S 5. For short notation, we denote ‘7}@(1, M) as ]:—(9,11-
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There is an important point related to the ¢0-prescription to be explained here. Two-
point form factors acquire a factor of (—¢? 4 i0)~¢ for each loop. The function J‘“};kgs),2 is the

complex conjugate of fé?&2 and can be obtained from the latter by replacing (—¢? —i0)~¢
with (—¢? +40)~¢. The sum of them amounts to taking the real part of f}gi)sg. Hence, we
need the real part of (—¢? & 40)~¢, which is given by (see e.g. [79])
T(1+220)0(1—22) 17~

R(—¢* £i0)® = (5.6)

Using this result to determine the real part of the form factor (4.5) and then inserting
it into (5.5) together with the tree-level result (5.2) and performing the two-particle phase
space integral (E.2), we obtain for the first term in (5.4)

2 2
LN € 4 T
J}(311-@)5,2 = /dPS2 M}glgs,z = 0](3(28 <q—2> <—€—2 + ?> + O(e) . (5.7)

Three-particle channel

The squared matrix element of the three-particle channel is given by the last graph of
figure 13. The MHV and NMHV non-color-ordered three-point form factor (2.11) can be
obtained using (3.2) and (3.7). Performing the color summation and fermionic integration,
we find the squared matrix element

1 . . . .
MO 1 Z / 4y iy dng [}.MHV,(O) FHNMHV,(0) | 2NMHV,(0) £ MHV,(O)]

BPS,3 3! BPS,3 BPS,3 BPS,3 BPS,3

212
N.(N?-1) _@)”
512523531
(5.8)
Performing the three-particle phase space integral by using (E.3), we obtain for the second
term in (5.4)
1 1 0 o (AN (4 T
o= [ AP MB s = ol (1) (_2 ~T) o . (5.9)
) g s q € 3
Summing (5.7) and (5.9) together as prescribed by (5.4), we see that both contributions
cancel and hence that (5.1) exactly holds at one-loop level.

5.2 Konishi cross section up to two-loop

Next, we compute the Konishi cross section. We start with the discussion of an important
simplification for the computation, which exploits the fact that BPS cross section (5.1) is
protected and occurs as a contribution in the Konishi cross section.

First, at tree level, the squared matrix elements of the Konishi and the BPS cross
section satisfy the following simple relation®’

MO =3 Y FOARD -6 Y Ak —oMik..

colors spins colors spins
helicities helicities

(5.10)

2Note that the Konishi tree-level form factors with specified external legs are identical to the correspond-
ing BPS form factors.

,36,



where the factor 6 originates from the contribution of all scalar flavor degrees of freedom
in the two-point function of the Konishi operator (1.4) that does not occur for the BPS
operator.30

Furthermore, the loop correction of the Konishi form factor can be written as linear
combination of two contributions: one that is identical to the BPS form factor and the other
one that is defined in (4.3). We can introduce a corresponding squared matrix element that

includes a subtraction of the BPS part as
M, = MY, —6 MY, (5.11)
(0)

where the factor 6 takes into account that at any loop order ¢ the contribution Mgps ,,
built from two BPS-type components of the Konishi form factor receives a factor 6 as in
(5.10).

Since the BPS cross section (5.1) receives no loop corrections, this means that at loop

level, we only need to consider the squared matrix elements ./\;(%) defined in (5.11), namely

/+1

D=3 g /dPS MEZ™ >, (5.12)

which does not contain a pure BPS contribution compared to (2.18). Note in particular
that /\;l,(g)n = 0, therefore, the sum of n can be terminated already at £+ 1. As we will see,
this simplifies the computation dramatically.

From (5.10), it immediately follows that the tree-level cross section for the Konishi
operator also contains an extra factor 6 compared to the one of the BPS-operator. Hence,

o = / dPSy M, = 60 . (5.13)

(0)

At loop-level, it is convenient to factorize out oy-’.

5.2.1 One-loop result

The bare one-loop Konishi cross section receives contributions from products of tree-level
and one-loop two-point form factors and of tree-level three-point form factors as shown in
figure 13. The squared matrix element of the two-particle channel is given by

1 +(0 0 #(1
IC2 Z,Z/d4771d4 ()f()+f1(c)2f())—2M gce(f (¢¢)) (5.14)

ai,az

where we use the abbreviation f Kobsd) = f,(cl)2(1¢12,2¢34).31

30Since we use the FDH scheme, we get an integer factor 6 compared to the BPS result which holds for
(1.9) where no summation over the scalar flavors occurs. In another prescription, one might have to replace
6 by Ny = 6+ 2¢. In any case, this factor cancels out when the cross section is divided by the tree-level
cross section as e.g. in (2.14).

31The non-zero two-point tree-level form factor must contain two external scalar legs. Therefore, it is
not necessary to consider other external states such as f,(C{)Q(lg+,297 ), which are anyway zero as shown in
section 3. A similar argument applies also to the following two-loop computation.
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Figure 14: One-loop correction from one-loop renormalization constant.

As discussed above, the result for the three-particle channel cancels with the BPS part
in the two-particle channel. Therefore, we can subtract the BPS part from (5.14), as in
(5.11) This gives

1 0 (1
MY, =27, R( f,(c)( sy (5.15)

where f,(cl)( 6.0) is given in (4.5). Performing the two-particle phase space integral (E.2), the
one-loop bare cross section reads

- 2\e 12
o) = [aps, i, = o (%) (-2 - 28) + 000 (5.16)

€

The divergence in (5.16) should be canceled by the one-loop correction of the Konishi
)

Zx, as shown in figure 14, which is imply given by

operator obtained from the one-loop term Z,(Cl in the operator renormalization constant

1 0
o0 =22WaQ) (5.17)
Since this contribution has to cancel the overall UV divergence of (5.16), we immediately
find

1 6
zW = - (5.18)
Comparing this result with the one-loop term of the expansion (2.3) reproduces the one-
loop Konishi anomalous dimension (1) = 12 first obtained in [43, 44].
The renormalized one-loop cross section is hence given by

2
ok = ok + ol = o (1210 % ~28) +0() . (5.19)

As predicted in (2.15), the coefficient of log Z—z also reproduces the correct one-loop anoma-
lous dimension.

5.2.2 Two-loop result

The two-loop cross section is obtained from the contributions to the squared matrix el-
ements that are depicted in figure 15. As discussed at the beginning of this section, we
can neglect the contribution that is proportional to the BPS cross section. In particular,
it is not necessary to consider the four-particle channel contribution in figure 15¢, which
involves the complicated four-particle phase space integral. This simplifies the computa-
tion significantly. In the following, we compute the contributions from the two-particle and
three-particle channel separately.
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Figure 15: The two-loop bare squared matrix element.

Two-particle channel

The full contribution of the two-particle channel consists of three terms

/ dPSy M), + / dPS; MZ),, / dPS; MZ, (5.20)

where the first term is the bare contribution, and the second and the third term involve
the one- and two-loop contributions of the renormalized Konishi operator that are given as
multiplication with the respective term of the renormalization constant Zx. We compute

(2)
K

the first two terms and then determine Z*’ from the condition that all divergences are
canceled.
The squared matrix element obtained from the bare form factors is shown in figure

15a. In analogy to (5.15), the first two graphs yield
~(2),1 _
MIC,2 = (f;c (o, ¢)) (5.21)

where f’g)@@) is given in (4.6).

The third graph of figure 15a contributing to the squared matrix element has no lower-
loop counterpart and needs to be discussed in detail. It is the product of two one—loop
Konishi form factors, and each of them is a linear combination of the BPS part prs 5 and

the f,C o part. After subtracting the product of two BPS parts, we obtain

~(2),11 0
MI(C,)2 :MI(C,) [2§R<flc (¢,¢)7 BPS 2) +f/c (6,0) f,c (6,0) (5.22)

where the form factors are given in (4.5).32
Integrating the sum of the two previous contributions over the two-particle phase space
(E.2) yields the bare cross section of the two-particle channel. It explicitly reads
(2) (2).1 2) 1
oK :/dP82 (ME5 + M5
(5.23)

+ 1724 —

2 1 584 — 5672 668
[ 7 — 224G | + O(e) .
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Figure 16: The contribution from the one-loop renormalization constant to the two-
particle channel.

Next, we consider the contribution involving the one-loop renormalization constant. It
is shown in figure 16 and cancels some one-loop subdivergences contained in the bare cross
section (5.23). The squared matrix element is given by the expression

M

zK2 M(O {4%(10 (qbqb)) (1)+(Zi(cl))2}- (5.24)

Inserting the explicit expressions (4.5) into (5.24) and performing two-point phase space
integration (E.2), we obtain

@ (2)
T2k ~ /dPS?Mzu);c 2
2 2
(0) € 48 144 336 — 287 2
P [(q_Q) <_ S~ 6724 8dn? + 112G (5.25)
36
3100

Three-particle channel

There are two contributions to the two-loop cross section in the three-particle channel:

1 ~
= [ / dPS3 My + / dPS; MSBDK’B,] . (5.26)

The contribution involving the bare form factor is determined from the diagrams of
figure 15b. The expression reads

1
£),MHV £x(1—¢),NMHV £),NMHV ,MHV
MY, = 312/1—[(1477@2{ FOMV p(1-0), + FONMIV f(1-0 }
a; i=1 (527)

$2
:6./\/(;(3) [%R(f;c (brbrg >( 1; + §R(f]c(z/)z/)¢))) 8(1;28)223}

In the second line, we have not indicated the MHV degree, since the loop correction is

the same for the MHV and the NMHV amplitude. This allows us to use the abbreviation

f ) = fr3 (1 YMHV_ ,(Cl?,,’NMHV for any fixed three-particle final state. Moreover, we have ab-

brev1ated the form factors of the two different final states as fl(Cl)( bibg) = fl(clé(l 12 261> 394 )
and £ 0 = Sl 2600 305.)-

32Note that for the Konishi form factors we have specified the external legs, while for BPS we do not.
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Figure 17: The contribution from the one-loop renormalization constant to the three-

particle cross section.

Since the one-loop corrections differ from each other, as given in (4.7), we need to treat

the contribution of these two form factors separately. Note the factors (22#)2 and 5(1(13 )223 come

(0)

from the square of tree-level form factors divided by the tree-level matrix element M;-’.
After subtracting the BPS part, we find

Vi ) ( 2 513523
My 6M,C3[29‘E<f <¢¢g>)( 3 5 +2R( 7 ) (qz)Q} . (5.28)
Inserting the explicit results (4.7) and performing the three-particle phase space integration
(E.3), we find that the contribution to the cross section is given by

2\2[ 48 112 224 — 567 632
U,(CQ) J,(CO)(2> [—————4—544%—?772%—848(3}+(9(e).
q
(5.29)
The one-loop renormalization constant (5.18) contributes as shown in figure 17. To-
gether with (5.24) these terms cancel all one-loop subdivergences contained in the bare
cross section (5.23). The squared matrix element reads

My =2ME 20 (5.30)

The corresponding cross section can be computed as in (5.9), and is given by

e 1 1w (0 48 282
(1)]C3 92 /dPS?,MZ(I)]Qg =0k (q2> |:63 B +O(€) . (531)

Summing (5.23), (5.25), (5.29) and (5.31), we find the cross section, which only contains
the two-loop overall UV divergence after the subdivergences have been cancelled.?® It reads

2 2
R SR S

0 36 24 ¢ ¢
e [—6—2+?+72 log2?—384 log?+508+72772+336g“3 +0(e) .

(5.32)

Two-loop renormalization constant

So far we have not included the third contribution of (5.20) involving the two-loop renor-
malization constant. In analogy to (5.17), it reads

o), =2002% (5.33)

33 All infrared divergences should be already canceled between the different channels.
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Since this contribution has to cancel the overall UV divergence of (5.32), we immediately
find @ 18 12
2k = 2 (5.34)
Comparing this with the expansion of (2.3) in terms of the anomalous dimension to two-
loop order yields the known one- and two-loop Konishi anomalous dimension first obtained
in [43, 44]
=12, AP = _48. (5.35)

Adding (5.33) to (5.32) yields the renormalized two-loop cross section
2 0 ¢’ ¢
o2 = o [72 log? *5 — 384 log 5 + 508 + 7272 + 3363 | + O(e) , (5.36)
’ M M

Finally, we compute the second order term in the expansion of the logarithm

o @ L@ 1 o\ 2 e
log (2 = LR (AR R10g L4116 + 7272 + 336¢3 + O(e) , (5.37)
o0 0 2\ ;0O 2

K K K
We find that the coefficient of log Z—z gives the correct two-loop anomalous dimension, as
expected from (2.15).

Including also the one-loop result (5.19), the Konishi cross section is given by

log (J’f—;j) = ¢ (12 log q—z - 28> + 4 (—48 log q—z + 116 + 7272 + 336<3> +0(g5€) .
O K 2

(5.38)

Indeed, this result is in accord with (2.15) since the prefactor of the logarithm is the Konishi-

anomalous dimension to two-loop order given e.g. in (5.34). Moreover, the remaining finite

terms yield the constant C', and by a comparison with (2.16) they determine the one- and

two-loop terms of the constant M in (2.4). It would be nice to have an independent check

of the two-loop contribution to C.

Some discussion

There are different routes one can pursue to compute the renormalized cross section. In
the above presentation, we have treated the bare contribution and the terms involving the
renormalization constant separately at the cross section level. One may also perform the
renormalization of the form factors first, as described in appendix F, and then compute
the renormalized cross section directly with them. Furthermore, the terms involving the
renormalization constant can be obtained directly by expanding the relation (G.1). For
example, the sum of (5.25) and (5.31) that involve the one-loop renormalization constant

can be obtained as®*

o s Tty = 22Wad + (22 (5.39)

34Note in this case, one needs the result of one-loop cross section up to O(e) order. The result (5.16)
based on (5.12) is not enough, since opps is not zero at O(e) order.
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We have checked that these different ways give the same result.

As discussed in appendix G, the above result depends on the renormalization scheme.
One can define the new coupling at which the subtraction is performed as g, = g e and
then expand the expressions in terms of the original coupling g. This scheme change can
be implemented by simply replacing in all the above equations Z,(Cg) — Z,(Cg) e?%¢. With
such a modification in the above computation, one finds that the renormalized cross sec-
tion (5.38) acquires a finite additive contribution 2vx e, demonstrating that M in (2.4) is
scheme-dependent. This is exactly as expected from (G.7), since the scheme change can
be understood as a change of the 't Hooft mass y — pe™¢.

Finally, let us briefly comment on the FDH scheme we have chosen in the computation.
In the FDH scheme, we set the number of external scalars to 6 and use polarization vectors
in D = 4 dimensions for the form factors. As discussed in section 2, this corresponds to
the prescription given in (2.19), where the sum of the degrees of freedom for the external
legs is performed by the n-integration based on the SU(4) representation. One can also
perform a detailed analysis at the diagrammatic level, as for the form factors in section
4, which leads to an alternative prescription for obtaining the cross section in D = 4 — 2¢
dimensions. We will not present the details in the paper, but we have checked that both
prescriptions give identical results at least up to the two-loop order.

6 Conclusion and outlook

In this paper, we have studied form factors of non-protected operators in N' = 4 SYM
theory, specifically the Konishi operator, using on-shell unitarity techniques. We have
obtained explicit new results of the three-point form factor at one-loop and two-point form
factors up to two-loop order, given in (4.5)— (4.7). The application of on-shell methods to
determine such form factors, which are partial off-shell quantities involving both, composite
operators and on-shell states, provides a step to deepen our understanding of the connection
between modern on-shell techniques and the off-shell world of correlation functions.

Another important aspect of the paper is to provide a physical observable within
N = 4 SYM, given by a cross-section-type quantity: the inclusive decay rate of a state,
described by a composite operator carrying off-shell momentum ¢, into any final on-shell
multi-particle state. We gave a formulation of how to compute this observable. Using the
Konishi form factor results mentioned above, we performed an explicit computation of the
total cross section up to two-loop order, given in (5.38).

The UV divergences appearing in the Konishi form factors together with the IR di-
vergences require the renormalization of the operator. This is carried out explicitly in the
computation of the total cross section in which the IR divergences cancel. We reproduced
the known Konishi anomalous dimension up to two-loop order from the renormalization
constant and also identified it as the coefficient of the log z_i term in the renormalized cross
section (5.38).

Since the Konishi operator is not protected by supersymmetry, interesting subtleties
and new features appeared, which we now summarize.
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First, an important subtlety occurs in the unitarity-based computation of the Konishi
form factors. The Konishi primary is a trace of all scalars. In order to preserve super-
symmetry, the Konishi operator has to be continued to D = 4 — 2¢ dimensions, i.e. the
number of scalar field flavors that is summed over has to be Ny = 10 — D. However,
working with 4-dimensional unitarity based on Nair’s on-shell superspace means that one
computes the form factor for the different operator g, which in D = 4 — 2¢ dimensions
has Ny = 6 scalars rather than Ny = 6 + 2¢. In order to find the Konishi form factor,
the results based on four-dimensional unitarity have to be modified when they are lifted
to D = 4 — 2¢ dimensions where the occurring divergences are regularized. We provide a
rigorous prescription (4.2) for this lift that yields the form factors of the Konishi operator.

Second, some interesting features are not present for other on-shell quantities in V' = 4
SYM theory studied so far, such as scattering amplitudes or the BPS form factors as partial
off-shell quantities. The bare Konishi form factor contains bubble integrals and bubble
subintegrals which contain the UV divergences. Moreover, the one-loop three-point result
contains a rational term.*® Also, the coefficients of the individual integrals occuring in
the form factor results involve spurious poles, which only disappear after multiplication
with the basis integrals and summation over all contributions. Last but not least, the loop
corrections of the Konishi form factors that have different external states turn out to have
quite different structures, even if they are in the same MHYV sector. The emergence of these
features that are familiar from QCD may be traced back to the fact that a non-protected
operator has been inserted into the action, formally breaking its supersymmetry.

Finally, let us briefly mention some further directions one can pursue following this
work.

First, it should be straightforward to generalize the computation of the one-loop Kon-
ishi form factor to the higher-point cases. Since the Konishi form factors share similar
features as amplitudes in QCD, it would be interesting to study possible connection be-
tween these quantities. It is also interesting to proceed to higher loop orders. In particular,
using the known IR exponentiation property of the Sudakov form factor, the knowledge of
the two-point Konishi form factor alone should be enough to extract the Konishi anomalous
dimension. Turning the logic around, we give in appendix F a prediction for the three-loop
two-point Konishi form factor apart from finite terms, only using the known three-loop
anomalous dimension and the IR exponentiation.

Second, our detailed example of how to apply four-dimensional unitarity to compute
the Konishi form factor by understanding an encountered subtlety and providing a solution
is a solid stepping stone for further studies of other non-protected operators, based on
generalizing the prescription we give in section 4. Combining our insights with those from
the recent one-loop calculation in [34], it should be possible to compute the minimal form
factors for general operators at two-loop order via on-shell methods. This would allow us
to determine the complete two-loop dilatation operator of N'= 4 SYM theory which yields
all two-loop anomalous dimensions as eigenvalues. Besides the anomalous dimensions, the
other important CFT data is given by the structure constants, which can be computed

35 A similar rational term also occurs for the minimal form factor of operators in the SL(2) subsector [80].
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from three-point functions. It would be very interesting to use similar unitarity-based
techniques to compute them.

Furthermore, as given in [33, 39-41], the so-called energy energy correlation function
can be computed as a weighted cross section which is very similar to the total cross section
studied in this paper. Although in [40, 41] different techniques have been used to eval-
uate them, it would be interesting to perform a cross section computation directly. The
interpretation of the cross-section-type quantities at strong coupling via the AdS/CFT
correspondence is also an open problem. In particular, it would be interesting to consider
the phase space integration with strong coupling form factors in the framework of string
theory.

Finally, as a cousin of N' = 4 SYM, the so-called ABJM theory [81] has been intensively
studied in recent years. In particular, the form factors for half-BPS operators have been
determined in this theory as well [82-84]. It would be interesting to pursue a similar study
as in this paper for the ABJM theory, especially for the form factors of non-protected
operators.
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A Fourier transformation of the propagator

In Euclidean space, we have the following relation from the Fourier transformation:

1 _ 2D72Aﬂ_% F(g — A) / quE QUIETE (A 1)
EIE ra) ) EP s '

where ¢ - Tr = @g 0750 + Z@’;l qiTi-

In Minkowski space, where the integrand has poles at gy = =£|q], we want positive
energies qo > 0 to propagate into the future xy > 0. Hence, for a mostly-minus-signature
metric where the exponent from the Fourier transformation is given by —iq - x, the pole
at gqo = |q] has to be picked when for zyp > 0 the integral over qq is closed in the negative
imaginary half plane such that the exponential factor vanishes for gy — —ioco. This is
guaranteed if we replace ¢2 — —¢? —i0 in the denominator of the above expression. It fixes
the Wick-rotation to be counterclockwise in momentum space, i.e. qo = igg,0, and clockwise
in configuration space, i.e. 9 = —izgo. This leaves the exponential invariant, and it can
be transformed to Minkowski signature by flipping the sign of the spatial momenta ¢;. We
hence find

1 oo DB —A) dPq o—iqT
e UG 7y L/(zwﬁ)(—q2_¢oy%—A’ (A.2)

D—1
where ¢ - x = qozg — Zizl q; T;-
B Feynman integrals

In this appendix, we present all integrals that enter the form factor results in section 3, as
well as our conventions. Moreover, we show how the cut integrals are lifted to full integrals.

As a regularization procedure, the four-dimensional N' = 4 SYM theory can be con-
tinued to D = 4 — 2¢ dimensions. Both IR and UV divergences are then captured as poles
in €. Moreover, the Yang-Mills coupling constant gy, has to be replaced by gyynu€, where
u is the 't Hooft mass that is introduced in order to keep gy, dimensionless [85]. Hence, in
the planar limit, the combination gu® with g given in (1.5) is the effective loop expansion
parameter of the perturbation series.

From Feynman diagrams, the following combination of the coupling constant, 't Hooft
mass p and loop integral occurs at £ loops

D D
(gYMﬁf)QeA%(_d)ej/(gwig"'(gn;i>f(?iti§7h) = I1Of (1, )] (B.1)
)

where, with the definition of the effective planar coupling constant given in (1.5), the
integral 1 is of the following form

Py APl (.. L)
Imfhnﬁg:emf&/ LSt EAVCLLAEL. 7
[ ( 1 )] ( ) iﬂ% iﬂ% Hj Dj

In these formulae, the D;’s are the propagators, i.e. D; = k‘JQ + 10 for k; being the

(B.2)

combination of external momenta and loop momenta that flows through the propagator.
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Lifting the cut integral

Let us explain our procedure and convention for lifting the cut integrals to the full integral.

Consider the triangle term in (3.15) as an explicit example. We have

L D1 P1
S12 ; .
g‘?fMNc/dPSZ,{l}il 5 = ggMNcslg — _192812 y
( 1+ pl) [; P2 lifting o

(B.3)
where the phase space integration measure dPS; (3 is defined according to (2.20) with

measure factor (S:)ZD. To lift the cut integral to the full integral, two steps have to be

performed.

One is to replace the cut propagator as

1
J

The other is to change the measure factor and coupling constant as in (B.1), such that
the integrals of uncut graphs are defined in terms of (B.2). This prescription is employed
throughout section 3.

List of integrals

We define ¢ = ), p; and introduce the factor

I'(1—¢€)?T(1+e€)
(1 — 2¢) '

— TE€

cr (B.5)

2

In the results for the integrals, all (—g?) should be understood as (—g¢?—i0) and similarly

for (—s;;)%.

In the convention introduced in (B.2), the one-loop integrals that are required to
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compute the one-loop form factors read

=Q<pl ( e 2)6/ il 1 cr (—q2)e
p2 DRI+ g2 e(l-20\ 2
:pl _ (e’YE/ﬂ)e/ dPi 1 _ o 1 <__q2>_e
p2 ZW% (l +p1)2l2(l — p2)2 62 (_q2) MZ ,
p1
dP1 1
><§p2 = (e '“2)6/ D 272 2
D3 T2 (l+p1 —|—p2) l (l_pg)
=% (=2) - (—_‘12)]
€2 s13 + a3 u2 2 ,
p1
é dPi 1
p2 = I{"™(p1,pa, p3, —q) = (7 pi? e/
o | ! ) ins P12+ p1)2(L+ p1 + p2)%(1 — g)?
o 2 g2\ .
= Fonem L () Al—el e )
+ (_:212 _62F1(17_€71 _ 67—%)

_823 —€
(o) Ao )]

(B.6)

where o F7 denote the Gaussian hypergeometric function. The box integral result can

be found, for example, in [86].

Furthermore, we need the following integral, which evaluates to a rational term:

2= ety [ '
P ) R U+ pP PO ) B1)
_ cr 1 —S12\ ¢ ) —_qQ —€ .
N (1 — 26)(2 — 26) 813 + S23 |:812< ,U,2 > q < :U‘2 ) } ’

where the notation of {2 is introduced in (C.1) in appendix C.

To compute the two-loop two-point form factor, we need the following two-loop inte-

grals. Using IBP identities, e.g. via LiteRed [87], these can be reduced to master integrals

as36

36Recall that the loop-momentum-dependent prefactors are understood to appear in the numerators of
the depicted integrals.
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P N 6(—(12) D2
n 3(1 —2€)(1 — 3€)(2 — 3¢ "
3(1 — 26)(1 — 3e T2 "y
N ( 2225 ) ><i + (672)<=Q< >
$11521 T (-1 —20)e(—¢?) P
(I —e)e P2
2 — 3€ 4 262 Y
= C O
! P (1 —=2€)(2 = 3€)(3 — 5¢) :
S11521 ><< - 52(1 — 46)(—(]2) 2@< D2
a2 gy et
(1 — 4e) P (1 —4e) P2 7

where the master integrals are [88]

(B.8)

me (1= )°T(1 + 2¢) @\
o’ 1—26)r(3 36)(_q2) (‘E) ’

><i o2me INQRE 6) T(1+e)T'(1+26)T(1 — 2¢) e —2¢
2¢2(1 — 26)T'(2 — 3e) <_E> ;

< < ) b [m 26 T(1 + 26*T(1 — T(1 + €)
2)2

QVEE

1
(—q p? et(1 — 46)2T°(1 + 4e)
AT(1 — €)°T(1 — 26)I'(1 + 2¢)

(1 + €)(1+26e)I(1 — 4e)
(1 —€)?T(1 + e)T(1 — 26)I'(1 + 2¢)
2e4T(1 — 3e)
F(12;;)(31F£1346—)26) VB — 66261 — 36,1~ 26,1~ 26:1) | |

(B.9)

3Fo(1,1,1+ 262+ €,2 + 2¢; 1)

+

3Fo (1, —4e,—2¢;1 — 3¢, 1 — 2¢; 1)

+

and the one-loop bubble integral given in (B.6).
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C Passarino-Veltman reductions

In this appendix, we summarize some results on Passarino-Veltman (PV) reduction [89],
which we need in section 3.

We use the four-dimensional helicity (FDH) scheme of [67, 68], and decompose the
D-dimensional loop momentum ! into a four-dimensional part /4y and a (D —4) = —2¢
dimensional part I, where we assume that € < 0. This yields for the decomposition of the
scalar product

Ml =1y =P+ 12, (C.1)

where 1), is the four-dimensional metric.3” Arbitrary four-dimensional external reference
momenta are denoted as k;.

Bubble. The D-dimensional bubble integral with external momentum ¢ defined in (B.6)
may include a non-trivial polynomial f() of the loop momentum [ and the reference mo-
menta k; in its numerator. Denoting this as I2[f(1)](¢?), we find the relations

210 ke = - 1) (©2)
P11k ko)) = <(q' kl{;q' k) qz(k;Q'k2)>L?(q2)
- <<q Bl k) <’flék2>> P . (C3)

Triangle. Next, we consider the D-dimensional triangle integral with numerator f(I),
which depends on two arbitrary momenta ¢; and ¢s. It is defined as

dP1 £(0)
ins P+ @)+ q)?

PO (a1 g2) = (€7 2 / (C.4)

We find

2 . 2 . 2
i +D,(¢ i 45
P10 k))arg2) = Y 5 1,0 =Y =5
le =1 (05)
PI- k) k) (g1 g2) = > O 1D 4+ Cy0IP + C3 TP (1) (a1, 42)
=0

where IQD’(O) = IQD((ql —q)?), IQD’(I) = If(q%), Ié)’@) = Ié)((ﬁ%

3TThe sign in front of I. results from the mostly-minus metric.
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(A 1)y, (C.6)

Mm

=1

2
1
o5t = <Z ai %2) ag — Zan(fh ko) + [(/ﬁ k) — bl g3
i=1
2

(A™Hy, (€

Mw

1 1 1
052) = _Z<Za1i %2) a2 — Zau(ch ko) + g[(k k2) — bl gf

=1 =1
2 ) 1
o = - ZCS) + (k- ka) (C.8)
1/< .
C3p0 = Z(Za” %2) (Zazg q]) —[b— (k1 -ko)] a3 A, (C.9)
=1
ki-ko)—0
Cye = % , (C.10)
and
2
aij =Y (ki-qn)(A Dmj s Aij=qi-q5, (C.11)
m=1
2
a=-Y a, a=ay, i,j=12, (C.12)
i=1
2 _ 2
=Y (k-g)(A Nilg-ka),  A=D (A (C.13)
i =1 ij=1

The integrals involving [? give rational terms [90]. The rational term for the tensor-two
triangle integral is given in (B.7).

D Checks of the three-point one-loop Konishi form factor

Rational term in F,(Cl)(1¢12, 2345 3g+)

An interesting feature of the Konishi form factor is the occurrence of rational term at one
loop.

For the form factor F,(Cl)(1¢12,2¢34, 34+ ), denoted as U g¢ 6.9)" this corresponds to the
triangle integral containing the I2-term, see (3.45).

Using the formula (B.7), the rational term, denoted by R]e], can be computed as

R[F(l) Ja Ny 513823

_ (0

Since the computation in section 3 is based on the four-dimensional unitarity method,
one might be concerned whether additional rational terms are missing. In the following,
we show that the result is actually complete by comparing with a Feynman diagram com-
putation following the strategy of [91].
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pP1 p3
I \py — p1 — _ZN¢9§(M/ dPl (20 +p1 4+ p2) - (p1 — p2) (21 — p3) - €5
2v2s12 J (2m)P (14 p1 + p2)*(l — p3)?
p3 P2
(D.3)

Figure 18: Feynman diagrams of the one-loop three-point Konishi form factor that con-
tribute to the rational term.

First, from the power counting criterion given in [5], a one-loop integral has rational-
term contributions only when it has high enough power of loop momentum [ in the numer-
ator of the loop integrand, which is given by

m>n—2 for IP[()™ withn >2,

m > 1 for IP[()™] . (D-2)

Furthermore, we can safely neglect Feynman diagrams that appear in the computation
of the BPS form factor, since the sum of them is known to be free of rational terms. It
turns out that only two diagrams need to be considered, which are shown in figure 18.

Using standard color-ordered Feynman rules (see e.g. [66]), these two graphs give

4N, 23)(31 Pra-e)-(p1—
FI(Cqubqb ) (_ ¢ > < 3><3 >(e’yE :U'Q)e/ d [f (2l 63)“ 2(]71 PZ)l , (D4)
009\ V2s1)  (12) inz P(1—p3)*(l + p12)
where the polarization vector is given by eg,f = @T%” and £ is an arbitrary reference

spinor. Then, applying the formula3®

APl (- k) (1 - k) _kicke (ki Re)(R2 - q1)
7|/ |-

, ki-¢1=q¢>=0, (D5
T2 21+ q)2(l + q2)? 2 201 - 02 L= a (D-5)

we can extract the rational term of (D.4) immediately, which, after some simple spinor
algebra, turns out to be identical to that given in (D.1). Thus, we have proven that the
unitarity method gives the complete rational terms.

Spurious poles

The coefficients of the integrals in (3.45) and (3.46) contain unphysical poles, such as the
pole 31341—323 = 51231—312 . The physical consistency requires that such poles must cancel when
multiplying the coefficients with the respective integrals and summing all contributions.?’
1
$13+823

Let us first consider the case of F,(Cl)(lw, 24,34). Only the coefficients of the bubble
integrals contain spurious poles. Summing over all bubble integrals, the % term is free of

Here we check that this is indeed true. We focus on the pole , the others are similar.

38This identity can be obtained using PV reduction and (B.7). Formulae for more general cases can be
found in [91].
39This is a common feature for one-loop QCD amplitudes, see e.g [6].
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the pole, and at finite order we find

gty (. o
812 + S13 523
This is indeed finite when s12 + s13 — 0, as can be seen from the expansion
log x r—1  (z—1)2 3
=1- -1)%). D.
e —+ T o - 1) (D.7)

The F ,(Cl) (14,24,34) case is allittle more complicated. In this case, both bubble and triangle

integral contain the pole in its coefficients. Expanding to finite order and extracting

513+523
the terms that contain this pole, we find
_ 513523 <8123) 513523 (D.8)
(513 + 523)* 512 s512(513 + s23)

where there first term stems from the sum of bubble integrals and the second term is the
rational term. Each term itself is divergent when taking the limit s13 + so3 — 0; however,
the sum of the two terms is finite in the limit.

E Phase-space parametrization

In this appendix, we provide formulae for the parametrization of the phase-space inte-
grals. Furthermore, we give details on a non-trivial three-particle phase-space integration
encountered in section 5.

The n-particle phase space integral is defined as

7 4%, 2 DD -
/dPSn (o) = / <]1;I1 W% 5+(Pj)>(277) 0 (q - ;Pj) OF (E.1)
where (o) denotes the integrand, i.e. the squared matrix element.

When n = 2, the squared matrix element depends only on ¢?, and we can evaluate the
two-particle phase space integral independently:

(¢*)~°
4(167)2 (3 —¢)

/dPS2 (o) = frs2(®) ,  fps2= (E.2)

The three-particle phase space can be parametrized as

1 1
/ dPS; (o) = foss /O do 172 (1 — )¢ /0 dy [y(1 — )] (o) , (E.3)
with

(q2)1726
2(4m)3-2¢T(2 — 2¢)

The ratios of Mandelstam variables occurring in the squared matrix element are parametrized

frss = (E.4)

as

Sij Sjk Ski}
— = ,— ¢ =12(l—y),l—x ,2y;, E.b
{qg 2 ¢ { ( ) } (E.5)

in which (4, j, k) can be any permutation of (1,2, 3), since the phase space measure is totally
symmetric for pq, po, p3.
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Some details about the three-particle phase space integral

The phase-space integration becomes non-trivial for the squared matrix element involving
the three-point one-loop form factor. It contains the finite part of the box integral, which

involves the hypergeometric functions o F}, as given in (4.8).

The corresponding phase space integrals are

1/ p? el
/dPSg—( K > ) 2F1(1,—6,1—€,—Sﬁ)
813 \—8923/ € 512

2.1 1 1
= fP—2S’3<’u—2)e—2/ dxmze(l—x)ze/ dyy 17¢(1 —y) "¢ o Fy <1,—e,1 —e,—L)
€ Jo 0

¢ \—q 1-y
Ips3 < 1 )6 L(1—26)T(—¢)?

- 146 F(1,1,1—2,1)
2 \=g) g o 11092 ‘

— (8¢) 3F% <1, 1,—¢;1—¢€, —2¢ 1)}

(E.6)
and
(£7) :
1 \ =2
/dPSg— q2 2F1 (1,—6,1 —6,—q—>
513 € 512523
fPS ¢ 1 ! —2e —€ ! —1—e¢ —€
— 23(_;12) = dme(l—x) dyy ! (1-1y)
q q 0 0 (E.7)

Ly
F(l— 1—e — —)
2471 , —6 €, 1_x1_y

2 e[ 1 3 9-5 1772
:fp—gg(%) [————2— &y (-2

€

+ 21@,) + (’)(6)}

F Anomalous dimensions via two-point form factors

In the main part of this paper, we have determined the anomalous dimension of the Konishi
operator from its cross section, i.e. from the imaginary part of its two-point function. It
is also possible to determine the anomalous dimension of the Konishi operator from its
two-point form factor alone. As seen throughout this paper, form factors of non-protected
operators contain both UV and IR divergences. To extract the UV divergences, one needs
to subtract the IR divergences. The computation of the cross section, as done in section
5, is one of the safest ways to do so. On the other hand, the IR divergences, in particular
for Sudakov form factors, have an universal structure [17-19]. This allows one to subtract
the IR divergences directly from the form factors. The remaining divergences are purely
UV divergences, from which one can read off the anomalous dimension of the operator.*’

40This route was also taken in the unpublished notes of Boucher-Veronneau, Dixon, and Pennington [72].
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In terms of the effective planar coupling constant (1.5), the logarithm of the Sudakov
form factor in N'= 4 SYM theory has the following structure [20]:*!

log for = _ g% (log for)"”

=1

oo 2 e ()
_ 2w M _ eusp g 0
-27(55) (o~ e + ) 000

where the divergent terms are determined by the universal cusp and collinear anomalous

(F.1)

dimensions

r)/cusp Zrycuspg - 16<294 + 176<496 + 0(98) 9
(F.2)
5
=G0 = —gugt+ 16(26s + 2 )9 + O™ -
(=1

The finite terms of the logarithm of the form factor depend on the specific properties of
the form factor such as the choice of the operator. In particular, they contain a remainder
function, which was studied in [27, 29].

For non-protected operators, renormalization is required. The renormalized form factor
is given as

2O (F.3)

Mh

()
(’)R
=1

where the renormalization constant is related to the anomalous dimension as shown in
(2.3).

The universal structure of IR divergence, together with the bare Konishi form factor,
allow us to determine the renormalization constant and therefore the anomalous dimension.
In the following, we employ the two-loop Konishi form factor to reproduce the Konishi
anomalous dimension (1.6) up to two-loop order. Reversing the logic, we then give a
prediction for the bare three-loop two-point Konishi form factor up to O(¢~!) order by
using the known three-loop anomalous dimension.

One-loop form factor

The one-loop bare form factor is given in (4.5). From the universal IR structure, we know
that

2 (1)

(log fic )W = % = f0p + 20 = (_“_q2>( Lo 9206 Jro@@), (P4

“IThis form was checked for the minimal form factor of the BPS operator tr(¢3;) up to the third loop
order [15], for the minimal form factor of the BPS operator tr(¢¥,) up to the second loop order [29], for the
n-point MHV form factor of the BPS operator tr(¢%,) up to the first loop order [21] and for the 3-point
MHYV form factor of the BPS operator tr(¢3,) up to the second loop order [27].
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where the one-loop cusp and collinear anomalous dimensions are given in (F.2). The simple
pole in f,(c% has to be canceled by the one-loop term in the operator renormalization
constant, which yields
n 6
zW) = > (F.5)

in agreement with (5.18) and the known one-loop anomalous dimension. Thus, the one-loop

renormalized form factor is

1) _ (PN 2L +ete)eD(=e)’T(1+¢) 6
fIC’R B (_qz) (=14 26)T'(1 — 2¢) + € (F.6)

Two-loop form factor

The two-loop bare Konishi form factor is given in (4.6). From the universal IR structure,
we know that

o fen)® = 1%~ 5 (100)" = (5% + 2000+ 22) - 5 (1)’
g2z, A2 g® (F.7)
= (%) (552 =) o,

where the two-loop cusp and collinear anomalous dimensions are given in (F.2). This

determines the two-loop term of the renormalization constant as

18 12

— ,

(2 _
2K’ = € €

(F.8)
which perfectly agrees with (5.34) and the known two-loop anomalous dimension. Hence,
the two-loop renormalized form factor is

2. 2[2 28— 56— n2— 258 2672 Tr
(2) :<_’“‘ ) el 6 3 (316— T 98— )
KR —2) |atTa T c + 3 G~ 50
13172 572¢s  53nx*  237%(s  T1(s 9
- - O(e2) .
3 3 120 T I8 +5)€+(€)
(F.9)

+ (1172 _

Prediction for the three-loop bare Konishi form factor

Now, we reverse the logic. From the universal IR structure, we know that
@) _ 3 _ @ () 1 my?
(log ficr)™ = ficr = fir SR T 3 (f/c,R>

3 1) A2 2) (1 3 2) (1 1 1\3
= (A0 + 20 10+ 20 1+ 20) - i fin+ 5 (FER) (ma0)
2 (3)

; (3)
- (L) (- 22— o),

where the three-loop cusp and collinear anomalous dimensions are given in (F.2). Using the
known one- and two-loop form factors, and together with the counter term up to three-loop,

,56,



we can predict the three-loop bare Konishi form factor as:

7'('2 7'('4
70 <u_2)3 412 64 24— - B 1180 — B 7y¢y — 2
KB P 36 B 4 3 2
2 51wt | 8572 878¢
| 4744 — 14172 — 554¢ — E- 4 BT 4 BTG Lo .

€

(F.11)
This should be compared with a direct computation.

G Renormalization-scheme transformations

In this appendix, we review transformations between different mass-independent renormal-
ization schemes and derive the behavior of the cross section (5) under such transformations.

A renormalization scheme specifies a regularization procedure for the UV divergences
encountered in perturbation theory beyond tree-level and a prescription for the subtraction
of these divergences into renormalized fields, coupling constants and composite operators.
The subtraction prescription specifies how the UV divergences are removed from the pertur-
bation series. In particular, it has to be indicated which finite parts are absorbed together
with the UV divergences into the counter terms or — equivalently — the renormalization
constants determining the relations between bare and renormalized quantities.

A modified renormalization scheme, which contains a different prescription for sub-
tracting the UV divergences from the perturbation series in g, can be described by applying
the subtraction of the original scheme but to the perturbation series in a modified coupling
constant g, = ge?. Thereby, the parameter g specifies the finite terms that are subtracted
together with the UV divergences. Since the combination gu¢ of the coupling constant
g and 't Hooft mass u is the expansion parameter of the perturbation series, the change
between schemes, i.e. between g and g,, can easily be implemented by changing p. If we
demand goug, = guc, the transformation of the perturbation series to the scheme g, but
written in terms of the original coupling constant g, is given by replacing p — p, = pe™¢.

A widely used renormalization scheme is the dimensional reduction (DR) scheme, which
combines regularization by dimensional reduction with a minimal subtraction of the diver-
gences into counter terms or —equivalently— renormalization constants. Minimal subtrac-
tion means that no finite terms are subtracted. In the DR scheme, minimal subtraction is
applied to the perturbation series in the coupling constant g, A= g2 Ne.

In this paper, we work in the modified dimensional reduction (DR) scheme. It employs
dimensional reduction as regularization procedure, but the subtraction is non-minimal
in terms of the coupling constant g, A = ¢2,,N.. It is, however, minimal in terms
of the coupling constant ¢ defined in (1.5). Hence, the subtraction procedures of the
DR and DR scheme are related in the same way as those of the famous MS and MS
schemes defined in [85] and [65], respectively, that employ dimensional regularization as
regularization procedure. The expressions in this scheme are obtained from the ones in the
DR scheme by replacing p — pe™ ¢, where g = %(log 4 — vg).

Consider the renormalized cross section or which when inserting (2.1) into (2.8) is

given as a product of the squared operator renormalization constant Z» introduced in
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(2.1) and the bare cross section op
or = Z0(9,¢)’0n - (G.1)
The logarithm of the ratio of the bare and the tree-level cross section ¢(® then has the
following expansion up to two-loop order
(1) (2)

2 2.9 (1)y2
9B oINS 0 L W) AN @ (so0) 6
log ~5 =g (q2) ( + 5§ >+g (q2) ( O s -0 >+O(g ). (G.2)

In the DR scheme where the coupling constant is (1.5), the subtraction of only the %—poles
into Zo then shows that the finite terms s((f) become the coefficients of the perturbative

expansion of the ratio of the renormalized and the tree-level cross section

2
A (L) 6 + 580 4 6+ 00) + 0P ] . (6
The condition g,u, = gu implies that the expression (G.2) is the same in all schemes.
However, only the subtraction prescription of the DR scheme leads to the above expression
for the renormalized cross section.

The renormalization constant Zp(g, €) of the DR scheme obtained by performing mini-
mal subtraction at the coupling constant g can be expressed as the renormalization constant
Z0,0 = 20(g,, €) in the scheme p obtained by performing minimal subtraction at the cou-
pling constant g, times a factor without poles in €. Hence, the difference of the logarithms
of these constants is finite and given by

log Z0(g, €) = log Zo,, + 2AZY) + ¢2AZE) + O(f) (G.4)

where

Az = ((g%)z ~1)25 = =5 (1 - 09) + O(2) ,

(1)\2
@ _ ((9\ N2 AZ)° a0 Ve
Az = ((gg) 1)2§ . 20Nz = 350+ 0(e) .

(G.5)

1)

We have used the expansion given in (2.3). In the expression AZ(g we have kept the term
2)

linear in e, since it leads to a finite term in € in the expression AZ! , when it is multiplied
by Z((Ql ),

Adding (G.2) and (G.5) leads to the following relation of the renormalized cross sections
in both schemes

log — —2( 2AZ((91) +g4AZ((92)) log

lo IR
& 0) 0<0> ( )

where we have inserted g, = ge® and neglected terms that vanish when € — 0. This
relation can be interpreted in two ways, as follows.

First, one can insert the expansion (G.3) for or and the same expression for og , but
with g replaced by p,. Then, one obtains the relation p, = pe™? mentioned already at
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the beginning of this appendix. This shows that a scheme change can be performed by
changing p.

Second, one can insert the expansion (G.3) for og and a similar expression for o , but
with the finite expansion coefficients s(()g) replaced by 3(()2)

of the finite terms under a scheme change, given by the relations

. Then, one obtains the behavior

5(()2) = s((f) + 27((9@9 . (G.7)

H Feynman diagrams

In this appendix, we compute the unrenormalized form factors of section 3 to two-loop
order via Feynman diagrams. See e.g. [92] for the Feynman rules of the N' = 4 SYM
theory in our conventions. In particular, we demonstrate how the analysis of section 4
works for the concrete diagrams and that we did not miss any rational terms in section 3.

One-loop self energies

For the calculation of the unrenormalized two-loop form factors, we need the one-loop
self-energies of the gauge and scalar fields. They occur as subdiagrams in certain two-loop
diagrams.

The one-loop self-energy of the gauge field is determined from diagrams in which the
scalar fields, the fermion fields, the gauge field itself or the ghost field propagates in the
loop. They evaluate to

2 .-
g O
O - Gt e =

2 PR (H‘l)
G‘ - %6ab(DIsﬂu + Iph;w + QIgth) ’ w M - _926ab1ghuy ’

where g is the coupling in the DR scheme defined in (1.5), and besides the number of scalar
flavors Ny = 6 + 2¢ we have also introduced the number of fermion flavors Ny, = 4 of the
N =4 SYM theory. Moreover, we have split the contribution from the gauge loop into the
tensor integrals Is ., Ign . occurring in case of the scalar- and ghost-loop contribution,
respectively, and into Iy, which is associated with the remaining physical degrees of
freedom of the gauge-field polarizations. The occurring integrals are expressed in terms of
the simple bubble integral in the first line of (B.6) as
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Isyw = e 2)e K L= v ? v {}
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dPltré,(qg—1)d,0 D —2
IV:e’yE2e/ 1 vb _ V_2U=O=’
fu (e p”) iﬂ% 12(q —1)2 D_l(qu 4 Gu)

dP1 1
Iph;w = (e IUQ)E / —Di)g(_&]u% + 4%1(97 — 1), +4(q— l)uQu —8(q — l)u(q —1))

inz *(g—1
+(5¢° —2¢- (g — 1) +2(q — D)*)gu)

4D — 2
= - D_1 (qMQV_nguu){} )
I

Dy (]
ghw = (€7° MQ)E/ d Dl gé(q ‘f)’;)l; = 4(D1_ ) (—(D = 2)quq0 — ¢ Gy {>= :

T2

(H.2)
Inserting the results for the tensor integrals into (H.1) and summing all contributions,
we obtain

2

2
¢> Ny+D+2(D—2)Ny — (4D — 2
_ Eéab @ ( D_)1 P ( )(QHQV—QQQ;W){} (H3)

= 206 (qua — g) ={_ )= -

The first line shows that our decomposition of the gauge loop contribution in (H.1) is

advantageous: D and Ny only appear in the combination D + N, which is insensitive
to the simultaneous continuation of D and N as prescribed by the DR scheme, cf. the
discussion in section 4. We note that when inserting the appropriate numbers flavors in
the second line, the dependence on D originating from the tensor integrals is also canceled.

The remaining one-loop self energies for the scalar and fermion fields read
@-- 256 ()=,

(H.4)

One-loop form factors

In the Feynman diagram approach, the one-loop form factors for the BPS operator (1.2) and
the Konishi operator (1.4) are obtained from the two diagrams given in table 1. Completing
the numerator of the second integral in table 1 to squared momenta occurring in the
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diagram | g?(Al + BT) f )
A B
{)< 1 -1 (1 + p2)?
f) ><[
><{ 1 0 (I+2q—p2) - (I = p2)

Table 1: Diagrams for the unrenormalized one-loop form factors. The prefactors g?(Al +
BT) of each diagram consist of the identity and trace operator in flavor space 1 and T,
respectively. For the BPS operator (1.2) and for the Konishi operator (1.4) the prefactors
reduce to g2A and ¢%(A + BNy), respectively. They multiply the triangle integral which
contains the numerator factor f(l).

denominator, it can be transformed to the expression

(l+2q—p2)-(l—p2)’<[ =—O<+ ’<+’<+(p?+p§—2q2)’<[ :

(H.5)
Only the first three integrals are UV divergent. Moreover, they develop IR divergences
if the corresponding external momentum square ¢2, p? or p3 vanishes. In this case, the
respective integral vanishes identically in dimensional reduction since its IR pole and its UV
pole cancel. The fourth integral is UV finite, but it becomes IR divergent if at least one of
the three momentum squares vanishes. In case that p?, p3 are not zero, also the self-energy
corrections of the scalar fields contribute to the form factor. Using the expression for the
one-loop scalar self energy given in (H.4), the respective contribution can be written as

LA

where the factor % originates from the fact that the squareroot of the renormalization con-

DN | =

stant determined from the self energy contribution renormalizes the corresponding elemen-
tary field. When added to the sum of the two diagrams given in table 1, this contribution
exactly cancels the second and third term in the expansion of the second integral given in
(H.5), irrespective of the vanishing or non-vanishing of p?, p3. In the case of the BPS oper-
ator, where both diagrams of table 1 only contribute with the coefficient A, the remaining
UV divergence contained in the bubble integral cancels among the two diagrams given in
table 1. Hence, in the BPS case, there is only a contribution from the triangle integral of
(H.5). In the case of the Konishi operator, the contributions of the bubble integral do not
cancel for the flavor-trace contribution, which comes with the coefficient B. The one-loop
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form factors for the BPS operator and the Konishi operator hence read

oo = (0} + 13— 2¢) >< ,
o= —N, + (p} +p3 — 2¢°)
K,(6,6) ¢ 17T P2 :

We have calculated the above form factors for generic off-shell momenta p? # 0 and p2 # 0.

(H.7)

Hence, they are generalizations of the respective expressions with p? = p3, given for the
BPS operator in (3.4) and for the operator Kg in (3.16) into which the factor 74 has to be
introduced as prescribed in (4.2) in order to obtain the Konish form factor.

The difference of the two form factors defined in (4.3) is free of any contribution from
the triangle integral, and it is in particular independent of p? and p3. This explicitly
confirms that the IR divergence is universal, i.e. the same for the BPS and the Konishi
operator. Moreover, the UV divergence of the Konishi operator can be extracted from the
final e-expansions of the Konishi and the BPS form factor given in (4.5) in the on-shell case
p% = p% = 0 where the the %—poles originate from both, the UV and the IR divergences.

Two-loop form factors

The one-particle-irreducible (1PI) diagrams for the two-loop form factors of the BPS op-
erator (1.2) and the Konishi operator (1.4) are displayed in table 2.
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A\2(A1 4 BT) f(k,1)

1 Ny —2 (k—1)2(1 + p2)®

0 d (k= *(1 + p2)?

1 —1 (I+p2)?(k+1)- (k+1+29)

0 0 (14 q)*(1 = 2k) - (I + 2p2)

1 1 (k=121 —p2)- (I +29—p2)

(k— D214 2p2) - (I + 2p2 — q)

0 -1 (L+p2)*(L = 2k) - (1 = 2k — q)

—4 4 (I+ )2 (L +p2)?

3(Ny —3) 3 P(l+q)?

34 0 Pl +q)

—3 0 (l+9)*(k+1)- (I —p2)

JAAARRQQR N8 8

20=k)- Ul +p2)-(1+q) =20 —k)- (+p2)l- (I +4q)
+20—k)-(I+q)l- (I +p2)

(k+10)-(k+1+29)(l —p2) - (I +2g — p2)

0 1 (s —2k—q)- (I +p2—q)(l—2k)- (I+ 2p2)

AAA

Iy,

Table 2 — continued on next page
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Continued from previous page
A2 (A1 + BT) flk, 1)
A B

|
[S][94)

0 (l4+p2)?(k+1)- (k+2¢ — p2)

3 0 (k—1)*(L—p2) - (k+2q — p2)

(I —2k) - (I+2p2)(k—2l —p2) - (k+2q — p2)

2k —l+p2)- (I —p2)(k+1)- (k+2q— p2)
0 — (k+1+2ps)- (k+1)(k+2q—p2)- (I — ps) Lot
+ (@ —k+p2)-(k+2g—p2)(k+1)- (I—p2)
20 (=l —p2)(k+2q —p2) - (k1)
—4 0 =20 (k+2q—p2)(=l—p2)-(k—1)
+20- (k= 1)(k+2q —p2) - (=1 — p2)
l2(k7p22) - (k+2q — p2)

- (k+17p2)2(k +p2) - (k—p2)(k+p2) - (k+2¢ — p2)

=

AAAAA

’
/-

/

(L+p2)?(k —p2) - (k+2q — p2)

Sy AA
\
I
[\
(e}

20- (I +p2)(k+q—p2)-k—2l-(k+q—p2)k-(I+4p2)
+2l-k(l+p2)-(k+q—p2)

Z\,\\
N
|
W~
[\]

P

0 (2k +1+42q — p2) - (I = p2)(k + 21) - (k + 2q — 2p2)

NI

Table 2: Diagrams for the unrenormalized two-loop form factors. The prefactors g?( Al +
BT) of each diagram consist of the identity and the trace operator in flavor space, 1 and T,
respectively. For the BPS operator (1.2) and for the Konishi operator (1.4), the prefactors
reduce to g* 4 and g*(A+ BN,), respectively. They multiply the corresponding integral g,
bt OT b, which are given in (H.8) and contain the numerator factors f(k,1). For all diagrams
which are not symmetric under a reflection at the horizontal axis, also the corresponding
reflected version has to be considered.
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The occurring integrals are given by

- o [dPE AP F(k, 1)

to =060 <[ = i [ R
- e [dPE AP f(k,D)

foe=1 <’“’l>’q SRR = 2 e e R

dPk dP1 f(k,0)
T — k‘,l — TE ,,2 25/ ) )
= 1) <G = [ T T
(H.8)
For p? # 0, p3 # 0, contributions from diagrams involving the two-loop self-energy of

the scalar fields have to be considered in addition to the 1PI diagrams shown in table 2.
Also, the second diagram coming with the integral Iy yields a non-vanishing contribution,
while it vanishes otherwise. All graphs are then IR finite, and the UV-divergence can
easily be extracted by setting e.g. one external momentum to zero and the other one to ¢?
such that no new IR divergences are accidentally created. Moreover, since all integrals are
superficially logarithmically divergent, one can neglect external momenta in the numerators
as convenient for maximal simplifications. We have checked that this produces the known
result for the two-loop overall UV-divergence of the Konishi operator when subdivergences
are subtracted by considering also the corresponding counter-term diagrams. This also
produces a vanishing result for the BPS operator.

For p? = p2 = 0, where the 1PI diagrams shown in table 2 are the only contributions
to the form factors, it is advantageous to express the scalar products in the numerators in
terms of squares of momenta found in the denominator from the propagators. Then, one
can use IBP reduction as e.g. implemented in LiteRed [87] in order to further reduce the
integrals to a set of master integrals. The results exactly match the ones given in (4.6).
This confirms the absence of further rational terms that might not have been detected in
the unitarity-based approach.
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