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Abstract

This paper introduces a novel three-field formulation for the Bing-
ham flow problem and the relative named after Mosolov and low-order
discretizations: a nonconforming for the classical formulation and a
mixed finite element method for the three-field model. The two dis-
cretizations are equivalent and quasi-optimal in the sense that the H'!
error of the primal variable is bounded by the error of the L? best-
approximation of the stress variable. This improves the predicted con-
vergence rate by a log factor of the maximal mesh-size in comparison
to the first-order conforming finite element method in a model sce-
nario. Despite that numerical experiments lead to comparable results,
the nonconforming scheme is proven to be quasi-optimal while this is
not guaranteed for the conforming one.
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NCFEM for Bingham Flow

1 Introduction

After a short introduction in the modelling of a Bingham-Flow, Subsec-
tion 1.2 discusses the main results of the paper which are quasi-optimal error
estimates for a mixed and a nonconforming discretization.

1.1 Modelling of Bingham Flow

The Bingham flow problem refers to the behaviour of a fluid modelled as
rigid-viscous plastic. With the stress denoted by o : @ — R3*3 the fluid
satisfies the conventional equation for momentum balance

dive+ f=0

with the given body force f. This stationary mathematical model assumes
that the flows are sufficiently slow so that the inertial terms can be neglected.
The velocity v :  C R? — R3, the stress deviator o”, the Green strain rate
e(u) = 3(Vu+ (Vu)T) the potential W,

W(e(w) = Sle()? + gle(w)

with the (pointwise) Frobenius norm |e |, the viscosity p of the fluid and the
yield limit g > 0, lead to the constitutive relation for the fluid

oP € oW (e(u)). (1.1)
From (1.1) we have, using also the definition of the subdifferential,
W(e(v)) = W(e(u) =" : (e(v) —e(u)) 2 0

for all vector fields v. When e(u) # 0, this gives

b= elu €(U)

More generally we have

1
—<1—LD>0D if |oP| > ¢,

cuy={ K 0P| (1.3)
0 if |oP] < g.

Thus, when the stress exceeds the threshold defined by the yield limit g, low
takes place in the same direction as o”. Below this threshold, the material is
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rigid. From (1.3) it follows that the velocity field satisfies tre(u) = divu = 0.
Thus, the constitutive relation captures the physically based assumption of
incompressibility. This formulation is characteristic also of that for problems
of elastoplasticity, and differs from formulations for Newtonian fluids, for
example, in which the stress is written as 0 = —pI +2pue(u) with the pressure
p an additional variable, and the incompressibility condition divu = 0 forms
part of the formulation.

In compact notation, the Bingham flow problem seeks u € Hj(2;R3)
with

E(u) = i E 1.4
()= _min B (14)

with

E(v) ::/QW;;D(Vv)dx—/vada:

_g/Q|5(v)|2dx+g/Q|5(U)|dx—/9f~vdx.

The Bingham flow problem has been studied mathematically in |9, 12,
18, 19, 20[; see also [13, 14, 15| for results pertaining to finite element ap-
proximations.

Of interest in this work are uni-directional flows such as, for example, the
flow in a pipe. In this case there is a single nontrivial component of velocity
u; furthermore, with the generator of the pipe coinciding with the z3 axis,
the domain of interest is then 2 C R2, the cross-section of the pipe, assumed
here to be bounded and polygonal. This is also called Mosolov’s problem in
[11] and leads to the potential function

W(F) = gm2 +g|F|  forall F € R2.

With homogeneous Dirichlet boundary conditions on 0f2, the resulting vari-
ational problem seeks u € H} () with

E(u) = min E(v) (1.5)

veH} (Q)

for the energy

E(v) ::/QW(Vv)dx—/vadzv

:H/ \Vv|2dx—|—g/]Vv\dx—/fvda:. (1.6)
2 Ja 0 0
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1.2 Conforming versus Nonconforming Discretization

For the first-order conforming finite element method (FEM), the presence of
the non-differentiable function

J(V0) =g / @) dz = g @)l 0

(resp. (Vo) = g/Q|VU| dr =g ||VU||L1(Q))

for the Bingham problem (resp. for the uni-directional flow problem) leads in
general to a reduced convergence rate of h'/? even for smooth solutions and
for the particular prototype example of a circular domain with f = const to a
convergence rate of hy/log(1/h) [13, 14]. Here and throughout the paper, hr
denotes the piecewise constant mesh-size function with hy|r := diam(7) on
T € T and maximal mesh-size h := max hy := [|h7|| « q) in the underlying
regular triangulation 7 into triangles or tetrahedra in the FEM.

This paper introduces new mixed variational inequality formulations,
which are equivalent to problem (1.4) and (1.5), and corresponding discrete
formulations. The discrete formulations are equivalent to natural noncon-
forming discretizations of first order of (1.4) and (1.5). The striking main
result of this paper is to prove a linear convergence of h for the flux error
[P = pnll 2o for smooth stress-type variable o € OW (p) for p = Vu and its
approximation py. Moreover, there is quasi-optimal convergence up to an
explicit data term with optimal convergence rate in the sense of

(M/ﬁ) lp —ph||L2(Q) < min_fo— 7'h||L2(Q) + ||hTf||L2(Q) /\/5 (L.7)

ThE€Q(F,T)
for the piecewise constant flux approximation py, and the lowest-order Raviart-
Thomas space RTo(7) and its natural subspace Q(f,7) of all Raviart-
Thomas functions with prescribed divergence —Ilyf, the piecewise constant
approximation of —f. Furthermore, a direct analysis of the nonconforming
scheme with approximation pcr of the flux proves the best-approximation
result

[P —perl < llo - HOUHLQ(Q) +osc(f,T) (1.8)

for the best-approximation IIgo of o in the piecewise constant functions. The
notation A < B is equivalent to the statement that there exists a positive
generic mesh-size independent constant C' > 0 such that A < C'B. These
surprising quasi-optimalities have to contrasted with the analysis in [14, Eqn
(6.48)] and [13, Eqn 4.14|, where a Cauchy inequality leads to the seem-
ingly suboptimal convergence no better than h'/2. The remedy via a Jensen
inequality in this paper has been observed before in [11, p. 143, line 19].
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Another difficulty is the higher regularity of the exact solutions with
further limitations of the convergence rates. For a circular domain and a
constant right-hand side, the exact solution v € H?(Q) is known explicitly
in closed form [13, 14]. An explicit analysis with the closed form of u, al-
though it certainly serves as a role model, leads to the convergence rate as
hy/log(1/h) for conforming FEM while the general best-approximation re-
sult (1.7) leads to h whenever o € H'(Q;R?) for the nonconforming FEM.
In view of equivalence of nonconforming and conforming first-order FEM [5],
this omission of an extra log factor is somehow surprising.

The optimal convergence rates are visible in all the numerical experiments
of this paper. The nonconforming first-order FEM and its quasi-optimal con-
vergence has in fact been mentioned before in [11, Sec. 5.2| in a very abstract
fashion: the word nonconforming is not even mentioned in [11]. Moreover,
the authors of [11] do not recommend the scheme but suggest the numerical
treatment of some dual formulation in order to avoid non-smoothness [11,
p. 143, lines 23-28|. It is the purpose of this paper to oppose this suggestion
and popularise the nonconforming scheme of this paper in view of the semi-
smooth Newton-type fast solvers [16, 17| which are available nowadays; for
an overview of alternative numerical solution schemes we refer to [8]. To this
end, this paper provides a regularization of the nonconforming FEM, which
can directly be applied. Moreover, the novel three-field formulation and
its equivalence to the nonconforming FEM (cf. Theorem 3.3 below) open the
door for future applications of nonstandard discretizations to non-Newtonian
flow problems.

1.3 Outline of the Paper

The remaining parts of this paper are organized as follows. Since the crucial
points in the analysis for the 3D Bingham problem and for the uni-directional
flow are the same, Section 2-4 focus on Mosolov’s problem, while Section 5
extends the results to the 3D problem. In more detail, Section 2 introduces
the new three-field formulation for the Mosolov problem and shows its equiv-
alence to (1.5). This implies existence of solutions of the mixed formulation.
Section 3 introduces the discretizations of (1.5) and of the mixed formula-
tion and shows their equivalence. This implies existence of discrete solutions.
Section 4 is concerned with a priori analyses for the FEMs for the Mosolov
problem and the derivation of a best-approximation result. Section 5 is
devoted to the three dimensional Bingham problem. It introduces the three-
field formulation and the variational inequality and their discretizations and
proves the best approximation results for it. Section 6 concludes the paper
with numerical experiments for Mosolov’s problem.
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1.4 General Notation

Standard notation on Lebesgue and Sobolev spaces applies throughout the
paper and (e, )., denotes the L? scalar product and ||e| . ¢ the L?-norm.
The notation e abbreviates the identity mapping. The formula A < B ab-
breviates that there exists a positive generic mesh-size independent constant
C > 0 such that A < CB. The formula A ~ B abbreviates A < B < A.

2 Three-Field Formulation

This section introduces the three-field formulation in Subsection 2.1 and
proves its equivalence with (1.5) in Subsection 2.2. The existence of solu-
tions to (1.5) is stated in Subsection 2.3.

2.1 Mathematical Model

Define X := L*(Q) x L*(;R?) = L?(Q;R x R?), and define the bilinear
forms a : L*(Q;R?) x L2(;R?) — Rand b: L*(; R x R?) x H(div,Q) - R
for ¢ = (u,p), ¥ = (v,q) € L*(Q; R x R?) and 7 € H(div,Q) by
a(p,q) = p(p, Q2@
b(’;Z), 7') = —(U, div T)L2(Q) — (q, T)Lz(Q).
We define also the functionals
jlq) = g/|61\ dr  forall ¢ € L*(Q;R?),
0
F(v) = (f,v)r20) for all v € L*(9).
The three-field formulation for the Bingham flow seeks ¢ = (u,p) € L*(Q; Rx
R?) and o € H(div, ) with
F(v—u) <alp,q—p)+3iq) —jp) +b(¥ — ¢,0),
b(e,7) =0
for all ¥ = (v,q) € L*(;R x R?) and all 7 € H(div, Q).
Remark 2.1 (Non-uniqueness of o). The solutions to (3FF) for f = 0 read
(0,0,0) for o € H(div, ) with
dive =0  and (¢,0)12(0) < jlq) for all ¢ € L*(Q;R?). (2.1)

Any a € H}(Q) satisfies Curla := (—da/dy,0a/dz) € H(div,Q) with
div Curla = 0. Therefore o := Curl a/(gl|c|| () € H(div, ) is a solution
to (2.1) for any a € H}(2) N L>°(Q). In particular, the stress o € H(div, )
is not unique.

(3FF)
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2.2 Equivalence to the Bingham Flow Problem (1.5)

The quadratic growth, the strong convexity and the continuity of the energy
E of (1.6) implies the unique existence of a minimizer of F in H} () (see for
example [14], Chapter 1, Lemma 4.1). The minimization problem (1.5) of E
is equivalent to the variational inequality

Fv—u) <a(Vu,V(v—u))+ j(Vv) — j(Vu) (VI)

for all v € H}(Q). The unique existence of a solution u to (VI) follows from
its equivalence to the minimization of E in H}(12).

Theorem 2.2 (Equivalence of (3FF) with (VI)). Let u € H}() be the
solution of (VI) and 7 € H(div,Q) with 7 € OW (Vu) and divt = f. Then
(u, Vu,7) € X x H(div,Q) is a solution of (3FF).

Conversely, if (u,p,0) € X x H(div,Q) is a solution of (3FF), then
u € HL(Q) solves (VI) and p = Vu and o € OW (Vu) with dive = f.

Proof. Let uw € H}()) be the solution to (VI) and 7 € H(div,(Q) satisfy
7 € OW(Vu) and divr = f. Since 7 € W (Vu) = uVu + 9j(Vu), the
definition of the subderivative implies, for any ¢ € L*(Q2), that

(¢ = Vu,7 — pVu)r2e) < jlq) —j(Vu).
Set p := Vu. Since divr = f, any v € L?() satisfies
Fo—u) <j(q) = jp) = (¢ =p.7 = mp)r2e) — (v = u, divT) 2.

This is the first formula of (3FF) while the second formula follows from
p = Vu.

Suppose that (u,p,0) € X x H(div, Q) denotes a solution to (3FF). The
second formula of (3FF) implies that v € H}(Q) with Vu = p. Given
Y= (v, Vo), any 7 € H(div, Q) satisfies b(1), 7) = 0 and, hence,

a(Vu, V(v —u)) + j(Vv) = j(Vu) = a(p, Vv = p) + j(Vv) = j(p)
> F(v—u).

Therefore u solves (VI). For ¢ = p in the first formula of (3FF), it follows
that dive = f and, for v = u,

(q—p,0 — pp)r2@) < j(g) — i(p).

That is, 0 — up € 9j(p), whence o € OW (Vu). O
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2.3 Existence of Solutions

The following theorem guarantees the existence of 7 € H(div,Q) with 7 €
OW (Vu) and div T = f for the solution u € Hg () of (VI).

Theorem 2.3 (Euler-Lagrange equations for the Mosolov problem). The
solution uw € H}(Q) of (VI) satisfies the Euler-Lagrange equations in the
sense that there exists o € H(div, Q) with o € OW (Vu) and

(0, V) L) = F(v) for allv e Hy(9).

Proof. See for example [14, Chapter II, Theorem 6.3] and [19, Theorem 1.1].
]

Theorem 2.4 (existence of solutions). There exists (at least) one solution
of problem (3FF).

Proof. This is a direct consequence of Theorem 2.2-2.3. m

Remark 2.5 (uniqueness of (u,p) € X). Since W is strictly convex, the
solution Uy, € HE(Q) to (1.5) is unique. This and Theorem 2.2 imply that
the solution (u,p) = (Umin, Vmin) to (3FF) is unique.

Remark 2.6. Molosov and Miasnikov [18, 19, 20| have obtained results on
the existence of nuclei, that is, subsets of the domain that behave as rigid
bodies, moving with constant velocity, and show that the nuclei are simply
connected. Furthermore, the authors obtain results on the existence of stag-
nant zones, that is, nuclei or subsets of the domain that behave rigidly, and
which in addition have part of their boundary coinciding with 9€). Since
u = 0 on the boundary these stagnant zones have zero velocity.

3 Discrete Problems

This section introduces notation on triangulations and basic finite element
spaces in Subsection 3.1 and defines the P; nonconforming, a regularized P;
nonconforming, and a mixed FEM in Subsections 3.2-3.4. Subsection 3.5
proves equivalence of the P, nonconforming discretization with that of the
three-field formulation. This is exploited in Subsection 3.6 to prove the ex-
istence of discrete solutions.
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3.1 Triangulations and Finite Element Spaces

A shape-regular triangulation 7 of a polygonal bounded Lipschitz domain
Q C R" with n =2 orn = 3is a set of simplices (triangles if n = 2 and
tetrahedra of n = 3) such that Q = [J7 and any two distinct simplices
are either disjoint or share exactly one common face, edge or vertex. Let £
denote the set of edges for n = 2 and the set of faces for n = 3 of 7 and N
the set of vertices. Let

P.(T;R™) :={vp: T —-R™|Vj=1,...,m, the component
vg(7) of vy is a polynomial of total degree < k},
Po(T;R™) ={v: Q= R™|VT € T,v|r € Pe(T; R™)}

denote the set of piecewise polynomials; The piecewise constant function
mid(7) € Py(7T) is defined by mid(7)|r = mid(T') for a simplex T" € 7 with
barycenter mid(7"). For an edge or face £ € &£, mid(F) denotes the mid-
point of E. The L2-projection onto T-piecewise constant functions or vectors
Iy : L*(Q;R™) — By(T;R™) is defined by (Ilof)|r = f, fdx := [, fdx/|T|
for all T € T with area |T| for n = 2 and volume |T'| for n = 3 and all
f € L*(;R™). Let hy € Py(T) denote the piecewise constant mesh-size
with hr|pr := diam(7) for all T € T. The oscillations of f are defined
by osc(f,T) = |[hr(f —of)ll 12y The jump along an interior edge or
face E with adjacent simplices T’y and T", i.e., E =T, NT_, is defined by
[v]g = v|r, —v|r_. The jump along boundary edges or faces E € £(I'p) reads
[v]g := v|p, for that simplex T, € T with £ C T'y due to the homogeneous
Dirichlet boundary conditions.

For piecewise affine functions v, € Py(T) the T-piecewise gradient Vycvy,
with (Vaeop)|r = V(uvp|r) for all T € T and, accordingly, divye(7,) for
m € P1(T;R?), exists and Vyev, € Po(T;R?) and divye(vs) € Po(T).

3.2 P, Nonconforming Discretization

The P; nonconforming finite element space [7], sometimes named after Crouzeix
and Raviart, reads

CRy(T) := {vcr € Pi(T) | vcr is continuous at midpoints of interior

edges and vanishes at midpoints of boundary edges}

and motivate the discrete energy

ENC(UCR) = /QW(VNCUCR) dr — F(UCR).
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The nonconforming discretization of (VI) seeks ucg € CRy(T) with
F(vcr — ucr) < a(Vyetcr, Ve(Ver — Ucr)) (CRVI)
—+ j(vNCUCR) — j(VNCUCR) for all UCcRr € CR(l)(T)
This is equivalent to the minimization of Ey. in CR{(T).

Remark 3.1. The discretization in [11, Eqn (25)] of (1.5) suggests the space
M, = {ph S Po(T; R2) | V@Z)h c Pl(T> N H1<Q), (ph7v¢h)L2(Q) = 0} The
equivalence to the nonconforming problem (CRVI) can be shown by a discrete
Helmholtz decomposition [1]

Py(T;R?) = V(P,(T) N C(Q)) @ Curlye(CRY(T))

with Mj, = Curlyo(CR}(T)) for a simply connected domain €.

3.3 Regularized Problem

The regularization is one possibility to approximate the discrete solution.
Given any € > 0, define W, € C'(R?*; R?) by

W(F) = (u/2)|FI* + g (VIFE +22 <)

The regularized problem seeks u. cr € CRy(7T) with

Ea,NC (us,CR> - IIliIl1 EE,NC (UCR> (31)
verECRG(T)

for the modified energy

B no(vor) = / W, (Vevon) dr — Fluon).
Q

3.4 Discrete Three-Field Formulation

The lowest-order Raviart-Thomas finite element space reads

RTo(T) := {qn € H(div,Q) | VT € T Jar € R* 38r € RVz € T,

n|r(7) = ar + Brz}.

The discrete three-field formulation seeks ¢, = (up, pr) € Po(T)x Po(T;R?) =
PQ(T;R X R2) and oy € RTQ(T) with

F(vp, —up) < a(pn, qn — pr) + J(qn) — 3(pn) + b(n — @n, on),

b(en, ™) =0

for all ¥y, = (v, qn) € Po(T;R x R?) and all 7, € RTo(T).

(d3FF)

10
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3.5 Equivalence of (d3FF) to (CRVI)

The following lemma provides a first link between the three-field formulation
and the P, nonconforming finite element space.

Lemma 3.2 (ker(b| p(7irxr2)xr1o(7)))- The kernel of b, restricted to Po(T; Rx
R?) x RTo(T), is given by

ker (] py(7;rxR2) xRTo(T) )
= {p = (v, qn) € Po(T;R x R?) | b(¢p, 73,) = 0 for all 7, € RTo(T)}
= {(HOUCRa VNCUCR) | UCR € CR(I)(T)}

Proof. Let (vy,pr) € Po(T; R x R?) with
(Uh, div Th)LQ(Q) + (ph . Th)LQ(Q) =0 forallm € RTO(T)

and define ver = v, + pp - (¢ —mid(7)). Let F € £ and let, for an interior
edge, T. € T with E = T, NT_ and, for a boundary edge, T, € T with
E C T, and let ¢p € RTo(T) denote the Raviart-Thomas basis function
defined by ¢g|r, := £|F|(e — Py g)/(2|T4]|) for PLr € N'NTL opposite to F
and ¢ployr, = 0. In fact, ¢ € RTo(T). An elementary calculation reveals
¢ - vp|p = 1. This implies

’El[UCR]E(mId(E)) = / [UCR]E ¢E Vg ds.

E

A piecewise integration by parts and the definition of vcr imply

/E[UCR]E ¢k - vpds = (vcr, div ¢p) 2@ T (¢s, VNCUCR)L2(Q)

= (Uh7 div (bE) L2(Q) + ((bEuph)[;(Q) =0.

Hence, vcr € CR(T) and v, = Igver and py, = Vyevcr.
Conversely, a piecewise integration by parts implies

{(Mgvcr, Vaever) | ver € CRG(T)} € ker(b| py(7mxr2) <m0 (T))- O

Theorem 3.3 (equivalence of (d3FF) and (CRVI)). Let ucg € CR}(T) be
the solution of (CRVI) for the piecewise constant right-hand side Iyf €
L3(Q) and define uy, := Iyucr and py, := Vycucr. Let 1or € Po(T; R?) with
Tcr € OW (Vycucr) and

(Tcr, VNCUCR)LQ(Q) = (o f, UCR)LQ(Q) for all ver € CRy(T)  (3.2)

11
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and define
op = Tcr — o f(® — mid(7))/2.

Then (up, pr,on) € (Po(T) x Bo(T;R?)) x RTo(T) is a solution to (d3FF).

Conversely, if (un, pn,on) € (Po(T) x Py(T;R?)) x RTo(T) is a solution
to (d3FF), then ucr = uy + pn - (@ — mid(7)) € CRy(T) is a solution to
(CRVI) for the piecewise constant right-hand side I, f.

Proof. Let E € &£ be an interior edge and T, € T with £ = T, NT_.
Let ¥ € CRY(T) denote the Crouzeix-Raviart basis function defined by
Yp(mid(F)) = dgr (with the Kronecker delta dgp). Since (e — mid(T)) - vg
is constant along F' € & for all T' € T, a piecewise integration by parts
implies

|E’ [Uh‘VE]E = /JE¢E[Uh‘VE]EdS

= / o Ve dr + / Y divye oy dx
T, UT-

T UT-

Since — divye o, = o f and oy, = 7cr, (3.2) implies

/ on - Vacg dx + / Vg divye oy, dx
T+UT_

T UT_

= (¢E7 Hof)L2(Q) - (¢E7 Hof)LQ(Q) =0.

This implies oy, € H(div,2) and, hence, o5, € RTo(T).
The definition of the subderivative implies for Tcp € W (Vycucr) =
11V xctcr + 0j(Vycucr) and all g, € Py(T;R?)

(Tcr — MV xcUcr, @h — Vaclcr) 2y < J(@n) = J(Vcucr).
Since Ilyo;, = 7cRr, the definition of p;, implies
0 < a(pn, an — ) +3(an) = 5(Pr) = (an = Ph, On) 150
Since — div oy, = Iy f, this implies
(o f, vn — Uh)Lz(Q) < a(pn, qn — ) + j(an) — j(pn)
— (vh — up, div ah) 2@ (qh — Dn, ah) 2@

This is the first formula of (d3FF). Since divr, € Py(T,R?) for all 7, €
RTo(7) the definitions of w;, and pj, imply

(Uh, div Th>L2(Q) - (uCR7 div Th)LQ(Q) - (Th7 VNCU’CR)L2(Q) - = (ph; Th) L2(Q)"

12
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Hence, (up, pr,on) € (Po(T) x Po(T;R?)) x RTo(T) solves (d3FF).

Given a solution (up, pn, o) € (Po(T) x Po(T;R?)) x RTo(T) to (d3FF)
and ucr = up + pp - (¢ — mid(7)), Lemma 3.2 and the second formula
of (d3FF) show the existence of weg € CR}(T) with u, = Iywer and
ph = Vycwer. This implies ucr = wer € CRy(T).

Let ver € CRY(T) and define vy, := Ilpvcr and g, := Vycvor. Then
7, € RTo(T) satisfies

(Uh — Up, div Th)Lz(Q) - (Qh — Phs Th>L2(Q)'
With those definitions, the first formula of (d3FF) becomes
(o f,ver — UCR>L2(Q)
< a(Vxetcr, Ve(ver — ucr)) + J(Voter) — J(Vactcr)-

This proves (CRVI). O

3.6 Existence of Discrete Solutions

The following theorem guarantees the existence of 7cr € Py(T;R?) with
TCR € aW(VNCUCR) and

(TCR, VNCUCR) L2() = (f, UCR) L2() for all veg € CR(lJ(T) (33)

Theorem 3.4 (discrete Euler-Lagrange equations). The solution ucr €
CRy(T) of (CRVI) with the right-hand side f satisfies the Euler-Lagrange
equations in the sense that there exists Tcr € Po(T;R?) NOW (Vycucr) with

(TCRy VNCUCR>L2(Q) = (fa UCR) L2(Q) fOT all UCr € CRé(T)
Proof. The proof follows that in [14, 19], as cited for Theorem 2.3. ]

Theorem 3.5 (existence of discrete solutions). There exists (at least) one
solution of (d3FF).

Proof. This is a direct consequence of Theorems 3.3 and 3.4 and the equiv-
alence of (CRVI) with the minimization of the convex functional Ey. over

CRy(T). O

Remark 3.6 (uniqueness of (up, py) € Po(T) x Po(T;R?)). Since W is con-
vex, the solution ucg € CRy(T) of (CRVI) is unique. Together with Theo-
rem 3.3, this proves uniqueness of (up, pp) = (Ilgucr, Victcr)-

13
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4 A Priori Analysis for (d3FF)

Subsection 4.1 states the main results of this paper. The proofs follow in Sub-
sections 4.2-4.4. Subsection 4.5 comments the results and Subsection 4.6 de-
duces the convergence rate for the circular example with constant right-hand
side and compares it with the predicted convergence rates for the conforming
FEM.

4.1 Main Results

Theorem 4.1 proves the a priori error estimate of (1.7) for the three-field
formulation, while Theorem 4.3 carries out the direct medius analysis for the
P, nonconforming FEM, that leads to (1.8). Theorem 4.4 states an a priori
error estimate for the regularized discretization of Subsection 3.3. Recall

Q(f,T) = {mr € RTo(T) | —divrrr =y f}.

Theorem 4.1. Any solution (u,p,0) € X x H(div,Q) to (3FF) and any
discrete solution (up,pn, o) € (Po(T) x Po(T;R?)) x RTo(T) to (d3FF)

satisfies

[div(e —on)ll 2 = If = Hofll 2 » (4.1)
2 . . 2
pllp = opllz20) /2 + 13(p) — J(Mop)| < o — oo |72y /(200), (4.2)
pllp = pull 72 /2 + 13 (p) — 5 (Top))|
4.3)
< ( . B 2 h 2 2) (
=\, lo = mullz2) + 1h7 fllT2) /2) /12,
lu = unll 29y S 1w —oull 20y + lp = Pull 2 - (4.4)

Corollary 4.2. The solution v € H(Q) to (1.5) and the solution ucr €
CRy(T) to (CRVI) satisfy
1 Ve (u — UCR)“;(Q) < (4%6%%}77) lo — Th”imz) +2 ”hTin?(Q) )/M
+4osc(f, T).

Proof. Let ucg € CRS(T) be the solution to (CRVI) with respect to the
right-hand side Tl f. The sum of the variational inequalities (CRVI) applied
to ucr and ucgr leads to

% HVNC(uCR - aCR) HiQ(Q) S (f - H0f7 UCr — aCR) L2(Q)
= (f — Iof, ucr — Uicr — Io(ucr — tcr)) 2 q)

< ose(f, T) | Vxe(ucr — ter)|l g2 (o) -

14
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The combination of this with Theorem 3.3 and 4.1 concludes the proof. [

The following theorem proves a best-approximation result with the best-
approximation error of ¢ in the piecewise constant functions and implies

(1.8).

Theorem 4.3 (direct analysis of P, nonconforming FEM). The solution
u € HY(Y) and the approzimation ucg € CRy(T) satisfy

Ve (u — “CR>||L2(Q) S llo— HOUHL?(Q) +osc(f, T).

The following theorem proves an error estimate for the discrete solution
of the regularized problem. This regularization is used in Section 6 for the
practical treatment of the discrete problem.

Theorem 4.4. The discrete solution u.cr € CRy(T) to (3.1) satisfies

2 : 2
11 Vse(u = te cr)l 720y /2 < 9] + 47;,,6%1(5‘17) o= Tll7e() /1 )
+ 2|lh7 720 /10 + dose* (£, T) -

4.2 Proof of Theorem 4.1
This subsection proves the a priori error estimates of Theorem 4.1.
Proof of (4.1). The choice ¢ = p and ¢, = p, implies
—dive = f almost everywhere and — divoy, = Iy f. n

Proof of (4.2). The choice v = u and ¢ = Ilp in the first formula of (3FF)
leads to

(0, 1lop — p) 12y < 1(p, Hop — p) 20y + 7 (Ilop) — j(p).
This yields
§(p) = (o) + p[lp = opll 720 < (0 — pllop, p — Top) 20y
Since [,.(p —Hop)de =0 forall T € T,

o —1Ilyo,p — op) 12 (0)

(0 — pIlop, p — Iop) r2() = (
< lo =Moo |72y /(20) + 1 llp — Topll 72y /2

Jensen’s inequality [10| proves j(Ilopp) < j(p). The combination with the
previous two displayed inequalities concludes the proof. O

15
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Proof of (4.3). The choice v = u in problem (3FF) reads
(0 —upg—p)zo) < jlg) — i)
It follows for ¢ = p;, that
(0 = pup,prn — P2 < J(on) — 1)
The discrete problem (d3FF) implies for v, = uy, and g, = Iyp that
(o0 = ppns op = pu)r2() < J(Ilop) — j(pn)-

The sum of the above inequalities and (o, Ilop—ps) r2() = (Hoon, p—pn) L2(0)
yield

pllp = pallze) + 3(p) — 5(Top)

(4.6)
< (0 —=o0on,p—pn)r2@) + (on — oon, 0 — Pr)r2(0)-

The second formula of (3FF) implies for any 7, € RTo(7) that

(Th, 2 = Pr) 2 = —b(p — ¥, ™) — (u — up, div 74) 12(0)
= —(u — up, div7,) 2(0)

Hence, any 75, € RTo(T) with —div 7, = Iy f, written 7, € Q(f, T), satisfies
(0 —0on,p— Ph)L?(Q) = (0 —Th,p— Ph)L2(Q)
<llo— Th“iQ(Q) /i plp — ph”i?(ﬂ) /4.
The second term in (4.6) reads
(div o (e —mid(7))/2,p — ph)LQ(Q)
< N7 f 22y /20) + 1P = Pallqy /4

This results in

pllp = pullizi) /2 + 3(p) — G (Top)

. 2 2
< (L min, o =l b1 12)

Jensen’s inequality [10] leads to j(IIpp) < j(p). This concludes the proof. [
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Proof of (4.4). Define e, := Ilyu — uy, € Py(T) and consider
2 2 2
lu = wnllzeiq) = llu — oull 72y + [lenllz2q,) -

The well-known inf-sup condition of the divergence in RTo(7) x Fy(7) leads
to the existence of Trr € RTo(7) with

divrgr = en  and  [|7rel i) S lenll2q)
The problem (3FF) leads to
||eh||2L?(Q) = (u — up, div TrT) 22(0)
= —(p — Dh, TRT)L?(Q)
Slp— thL2(Q) HehHL2(Q) :

This concludes the proof. O

4.3 Proof of Theorem 4.3

Let o0 € H(div, ) from Theorem 2.3. Then o(x) € OW (Vu(z)) = pVu(z)+
0j(Vu(zr)) implies, for all ¢ € L?(2), that
(0 — pVu,q — Vu)rza) < jlq) — j(Vu).
Let ocg € Py(T;R?) from Theorem 3.4. Then ocg € OW (VycUcr) =
1V xeticr + 07 (Vycucr) implies for g, € Po(T;R?)
(0cr — UV xncUcr, Gh — Victcr)r2@) < J(an) — 7(Vacucr).
Let ¢ = Vycucr and g, = IIgVu in the previous inequalities. The sum of
the two inequalities yields
11| Ve (u — ucr)|)* < (0 — ocr, Ve (u — UCR))L2(9)

+ (0cr — #Vxctcr, Vu — g Vu) 20 (4.7)

+ j(IyVu) — j(Vu).
Since ocr and Vycucr are piecewise constant, the second term vanishes.
Jensen’s inequality [10] leads to j(IlyVu) — j(Vu) < 0. Let N(Q) =N NQ
denote the set of the interior nodes and T (z) := {T' € T | z € T} the set

of triangles that share the node z. Let J3 : CR{(T) — (Ps(T) N HL(2)) be
defined as in |4, Subsection 2.4|, [3, 6] with the conservation property

][ V J3vcr dx = ][ VixcUcr dx forall T €T (4.8)
T T
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and the approximation and stability property

Hh}l(UCR — J3UCR)||L2(Q) ~ [|[Ve(ver — J3ver) | 2o

~ ¢er21§?ﬂ) [Vxe(ver = @)l 12q)

< I Vxe(ver — U)HL2(Q)

for all ver € CR(T). Let Iyc : HY () — CR}(T) denote the nonconforming
interpolation operator defined by

Leov(mid(E)) = ][ vds

E

for all interior edges F € £(2). A calculation reveals the integral mean
property Vyclyev = Vo for all T € T and v € H}(S)). This and the
conservation property (4.8) leads to

(0 = ocr, Vne(tu — ucr)) 2(0) =(0, V(u — Jsucr)) 20
+ (0 — oo, Vae(Jsucr — ucr)) 2(a)
— (ocrs Vae(Inct — Ucr)) 22(0)-

Theorem 2.3 and 3.4 imply

(0, V(u — Jaucr))r2() — (0cr, Vne(Inctt — Ucr)) 2(0)
=(fiu— ]NCU)L2(Q) + (f, ucr — J3UCR)L2(Q)-

The combination of the previous inequalities with the approximation prop-
erties of Iyc and J3 yield

(0 = 0cr,Vie(u — ucr))2(0)

S ( HhTfHL2(Q) +||o = HUU”LQ(Q)) [ Vxe(u — UCR)HL?(Q) :
The efficiency of ||h7 f||;2(q), namely
17 f L2y S lo = oo | 12y + ose(f, T),

follows from the bubble function technique of [21, Chapter I|. The combina-
tion with (4.7) yields the assertion.

4.4 Proof of Theorem 4.4
Lemma 4.5. Any A, B € R? satisfies

IU‘A o B‘2 < WE(B) o WE(A) - DW€<A) ) (B - A)
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Proof. An elementary calculation reveals
WE(B) - WE(A) - DW&(A) (B - A)
=uA-BP+g(V|BRP+e2— VAR +e2— A (B—A)/V|A]? +2).

The formula 2ab < a? + b? together with the Cauchy inequality prove

(A- B+ <|APIBI* +e*(|A" + [BI) + ' = (|A]” +*)(|B]” + &%)
This yields
VIB2+e2—]AR+e2—A-(B— A)/|AP? + &2
— VIBP TS (A4 B+ &) AT 20
This yields the assertion. O]

Proof of Theorem 4.4. Since vVa? + b* < a + b for a,b > 0, the functional j,
defined by

Je(F) == g/(\/ |F|?2 +¢e%2 —¢)dx for all I € L*(Q;R**?),
0

satisfies, for all vye € H}(Q) + CR}(T), that

Je(Vxotne) < J(Viotne) < Je(Viotne) + 9] .
This implies
Ee no(Une) < Exc(vne) < Eeno(vne) + 92[9]. (4.9)
Lemma 4.5 leads to

2| Ve (ucr — us,CR)Hiz(Q) < B nolucr) — Eeno(tecr)

- (DW6<VNCUa,CR)7 VNC(UCR - UE,CR) L2(Q) + F(UCR - UE,CR)'

The Euler-Lagrange Equations for the smooth W, and the previous inequal-
ities lead to

P | Ve (ucr — te,cr) Hiz(g) < B no(ucr) = Eeno(tecr)

< Ene(ucr) — Enc(ue,cr) + g¢[€].
Since ucg minimizes Eye in CRY(T), this implies
1V wettom — te.cm) 2y < 92192

A triangle inequality and Corollary 4.2 conclude the proof. [
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4.5 Comments

The a priori bounds (4.3)—(4.5) have the form of best-appproximation esti-
mates in terms of the stress as announced in (1.7) and (1.8) of the introduc-
tion. Further information about the order of convergence relies on the stress
regularity. It has been shown ([12], Theorem 3.3.3) that Vu € C°(Q, R?), for
a suitably regular yield threshold g, and specialized to the present problem
of pipe flow. Moreover, for f € L*(Q) it holds u € H?*(Q2) [2, 14]. But the
situation is different for the stress. First, ¢ is indeterminate in the subset
Qy = {x € Q| Vu(z) = 0}, which is simply connected [18]. Furthermore, o
is not unique. Therefore, the best that one can deduce in terms of the regu-
larity of o would be that, from (1.2), it is continuous in the region Q\Qy. For
those situations in which it is possible to construct a continuous extension
of o in )y that satisfies the momentum equation dive + f = 0, the optimal
order of rate of convergence may be recovered. This is demonstrated in the
example of Section 4.6.

4.6 Example with Known Solution

Let Q:= B(R,0) = {z € R? | |z| < R} and f = C. Then the exact solution
of (1.5) reads [13]

u(z) =0 if g> CR/2,
C(R?*—1r*)/(4p) — g(R — if 2g/C <r<R

ul() = ( 7”)/(zu) g(R—r)/n #29/C<r <R, ity < CR2.
C(R—2g/C)*/(4p) if0<r<2g/C

One solution o € H(div,Q) of ¢ € OW(Vu) with —dive = f reads oy :=

—Cz/2. Let h:= maxhy = [|h7|| ;«q) denote the maximal mesh-size of an

underlying triangulation. Since oy € RTo(7 ), Theorem 4.1 implies
div(eg — op) =0,
F2 —ph||%2(9)/2 +17(p) — j(Hop)| < “hTfH%Q(Q)/Z < h?
lu = unllz2) S llw —oulr2(@) + llp = pallr2(@) S h-
This proves
[P = pullz2@) + [lu — wnllz2@) + [[Ve(u = ucr) | 29y S P
For comparison, for the conforming P; finite element method, [13] proves
P = pellrz@) S hv/log(1/h)
for the gradient pc € Py(T;R?) of the discrete solution of the conforming Py

finite element method (as described in Subsection 6.1).
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5 Generalisation to 3D

This section describes the variational inequality for the 3D Bingham problem
with its discretization in Subsection 5.1, the three-field formulation with its
discretization in Subsection 5.2 and proves in Subsection 5.3 a priori error
bounds.

5.1 Variational Inequality

Let S = {A € R¥3 | A = A"} be the space of symmetric matrices and
symA = (A + AT)/2 and define for ¢ € L?(2;R3*3)

i) = g/ﬂ!sym(q)\ da.

The variational inequality for the Bingham flow problem in 3D seeks u €
Z :={w e H(R?) | divw = 0} with

/Qf.(v—u)d:pgu/ﬂs(u):5(v—u)dx (5.1)
+j(Vv) — j(Vu) for all v € Hj(;R?).

A direct discretization of the variational inequality with P, nonconforming
finite elements is not possible, since [,exc(®) : exc(®)dx is not positive
definite on the P, nonconforming finite element space. For homogeneous
Dirichlet boundary conditions, a straightforward calculation reveals that

2/ e(u) :e(v)de = /(Vu : Vo 4+ divudive) dz.
Q Q

Since div u = 0, this leads to the alternative formulation of (5.1): Seek u € Z
with

/Qf'(?f—u)dﬂfé(/L/Q)/QVU:V(v—u)d;E
+ 7(Vv) — j(Vu) for all v € Z.

Define the energy
Esp(v) :== / Wsp(Vov)dx — F(v) for all v € Hy(;R?)
Q

with Wip(A) := (u/4)|A|* + g|symA|. The unique existence of a solution u
follows from the equivalence of (5.1) with the minimization of E3p over Z
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as in the two-dimensional case. The discretization with P, nonconforming
finite elements seeks ucg € Zcr(T) := {wcr € CRy(T;R?) | divye wer = 0}
with

/ £+ (von — tor) dz < (1/2) / Vection | Vao(vor — ucn) do
Q Q

+ j(Vnover) — 7(Vacucr)

(5.2)

for all ver € Zer(T). The unique existence of a discrete solution to (5.2)
follows with the equivalence to the minimization of

ENC,3D<UCR) = / W3D(VNCUCR) d.T — F(UCR) over ZCR(T)
Q

The following theorem is the point of departure for the a priori error
analysis from Subsection 5.3.

Theorem 5.1 (Euler-Lagrange equations for 3D Bingham flow). The so-
lution u € H}(Q;R3) to (5.1) satisfies the Euler-Lagrange equations in the
sense that there erist o € H(div, Q;R3*3) and & € L3(Q) with

0 — El3x3 € OW3p(Vu) and f+dive =0 a.e. in Q.

The discrete solution ucg € CRy(T;R?) satisfies the discrete Euler-Lagrange
equations in the sense that there exist ocr € Po(T;R¥3) and & € Po(T) N
L3(Q2) with

OCR — &)ngg - 6W3D(VNCU/CR> a.e. in §)
and
(0cr, VeVer)r2() = F(ver) for all ver € CRY(T; R?). (5.3)

Proof. The proof is analogous to that of [14, Theorem 6.3] and is outlined
below. The regularization

Js(q) = g/ V02 + |sym(q)|? da for all ¢ € L*(Q; R**%)
Q

of 7 motivates the minimization of

Buan(v) = (u/4) [ Vol dz+ js(Ve) = F(0)
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over Z with unique minimizer us. The arguments of [14, p.83, 1.10-21] lead
to

us — u strongly in Hy(;R?) as § — 0.

Since js is differentiable on Z, the solution us is characterised by the
Euler-Lagrange equations

(/2) /Q Vus - Vudz + g/ﬂ(a(uC;) 1e(v)/v/ 62 + |e(us)|?) dx = F(v)

for all v € Z. Define ps := e(us)/+/0% + |e(us)|>. Then
ps € A= {q € L*(%;S) | |¢(z)] <1 ae. and tr(q) = 0}

and the arguments of [14, p.84| prove the existence of a weak limit p € A
with ps — p weakly in L*(Q;R3*3) as § — 0,

(VU + gp, V)2 = F(v) for all v € Z,

and uVu + gp € OW3p(Vu). In order to involve £ € L*(Q) and generalize
the equilibrium to all test functions v € H(Q;R?), let a € HJ(2;R?) and
¢ € LE(Q) be the solutions to the Stokes equations

(VOé, VU)LZ(Q) — (f, div U)Lz(Q) = F(U) - (VU +p, VU)Lz(Q),
(le a, C)LQ(Q) =0

for all v € H}(Q;R?) and all ¢ € L3(2). The choice v = o € Z proves a = 0.
Hence, 0 := Vu + p — £l3.3 € H(div, Q; R3*3) fulfils

(0, V)20 = F(v) for all v € Hy(2;R?).

The discrete Euler-Lagrange equations (5.3) follow with the same argu-
ments. Indeed, since the discrete spaces are finite dimensional, the conver-
gences are even strong. The existence of &, € Py(T) N L(Q) follows from
the existence of solutions of the discrete Stokes equations |[7]. O

5.2 Three-Field Formulation

As in two dimensions, define for ¢ = (v,q) € L*(Q;R?) x L*(Q;R3*3) and
7 € H(div, Q; R**3) the bilinear form

b(y,T) = —(U>diV7)L2(Q) - (q,T)L2(Q)-
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The three-field formulation seeks p = Vu with values in R} = {4 €
R3*3 | tr(A) = 0} and in this way incorporates incompressibility. The three-
field formulation in 3D seeks ¢ = (u,p) € L*(Q;R?) x L2(;R3*?) and

dev
o € H(div, Q; R3*3) with

F(v—u) < pu(p,q—p)rze) + (@) — jp) +b(¢ — ¢, 0),
b(p,7) =0

for all v = (v,q) € L*(Q;R?) x L*(Q;R3*?) and 7 € H(div, Q;R**3). Let

dev
RTo(7;R3>*3) denote the space of row-wise Raviart-Thomas functions. The
discrete three-field formulation in 3D seeks o, = (up,pn) € Po(T;R3) x
Po(T;R3X3) and o}, € RTo(T; R**3) with

dev

(5.4)

F(vp —up) < p(0ns qn — P)r2) + J(an) — (o) + b(¥bn — @, o),
b(goha Th) =0

for all ¥y, = (vn, qn) € Po(T;R3) x Po(T;R3%?) and 7, € RTo(T;R>*3).

The equivalence of the P; nonconforming discretization of the variational
inequality and the discretization of the three-field formulation follows with
the arguments of Theorem 3.3 and the observation that tr(Vycucr(z)) =

tr(pn(z)) = 0 implies that divye ucr = 0.

(5.5)

5.3 A Priori Analysis

This section generalizes Theorems 4.1 and 4.3 of Section 4 to 3D.

Theorem 5.2 (direct analysis of P, nonconforming FEM in 3D). The solu-
tion u € Z of (5.1) and the discrete solution ucr € Zcr(T) of (5.2) satisfy

Ve (u — UCR)HL?(Q) S llo— HOUHL?(Q) + osc(f, T).

Proof. The crucial points in the proof are analogous to those of Theorem 4.3.
The outline given here shows how ¢ (the Lagrange multiplier for the incom-

pressibility condition from Theorem 5.1) comes into play.
Let 0 € H(div,Q;R¥?) and ¢ € L3(Q2) from Theorem 5.1. The sum rule

for subderivatives implies OW3p(Vu) = pVu + 05(Vu). Then o — Elzy3 €
OWsp(Vu) implies for all ¢ € L?(£2;R3*3)

(U —&l3x3 — pVu,q — VU)B(Q) < j(Q) - j(Vu).

For ocr € Po(T;R**3) and &, € Py(T) N LE(Q) from Theorem 5.1, the same
arguments prove for all g, € Py(T;R3*3)

(ocr = &nlsxs — 1V ncUcr, @ — Victcr)z2@) < J7(qn) — 7(Vactcr).-
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The choice ¢ = Vycucr and g, = [1[pVu in the two above displayed inequal-
ities and the sum of those prove

1% ||VNC(U — UJCR)HQ S ](HOVU/) — ](VU) + M(VNCUCRa HOVu — VU)LQ(Q)
+ (O’ — OCR, VNC(U — UCR)LZ(Q) + (O’CR, Vu — HOVU)Lz(Q)
+ (f - SCRa diVNC(u - UCR))LQ(Q) + (fCR, divu — Ho div u)Lz(Q).
As in the proof of Theorem 4.3, Jensen’s inequality [10] yields j(IIyVu) —
j(Vu) < 0 and, since Vycucr, ocr, and £cr are piecewise constant, the
third, fifth and seventh term on the right-hand side vanish. The fourth term
is estimated by means of a conforming companion operator analogously to

the proof of Theorem 5.1. Since u € Z and ucr € Zcr(T), the remaining
term vanishes, namely

(f — €CR, diVNC (u — UCR))LQ(Q) =0. O

Theorem 5.3. Any solution (u,p, o) € L*(;R3)x L?(Q; R3*3) x H(div, ; R3*3)
of (5.4) and any discrete solution (uy,pn,on) € (Po(T;R3) x Py(T;R3*3)) x
RTo(T;R3*3) of (5.5) satisfies
[div(e = on)ll 2y = If = oSl 20 » (5.6)
pllp = Topll 1y /2 + 1 (p) — i(Top)| < [lo = Moo 720 /(212), (5.7)
pllp = pulliay /2 + 1i(p) — G (Tep)|

: 2 2 (58)
< (Thgl(g{T) lo = Tullz2 () + A7 fll720) /2) /1,
[ = unll 20y S lw—Toull 20y + 1P = Pall 12y - (5.9)

Proof. The proof of the theorem is analogous to that of Theorem 4.1 and
therefore omitted. O]

6 Numerical Experiments

This section is devoted to numerical experiments for the Bingham flow prob-
lem which compare the lowest-order nonconforming and conforming FEM.
After a brief introduction into the implementation in Subsection 6.1, the com-
putational benchmarks follow in Subsections 6.2-6.4. Subsection 6.5 draws
conclusions of the experiments.
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(a) A red-refinement (b) The initial mesh of the (¢) The initial mesh of the L-
of a triangle. square domain from Subsec- shaped domain from Subsec-
tion 6.3. tion 6.4.

Figure 6.1: A red-refinement of a triangle and initial meshs of the domains from Subsec-
tions 6.3-6.4.

6.1 Numerical Realisation

The solution of (1.5) is approximated by the regularized problem (3.1) for
Crouzeix-Raviart functions and by a conforming approximation uc € P;(7)N
H} with

E Us) = min E Ve ). 6.1
e no(Uc) e I = ne(ve) (6.1)

The numerical experiments from Subsections 6.2—6.4 compare the noncon-
forming FEM of Subsection 3.2 with the lowest-order conforming FEM and
investigate the dependence of the error on the regularization parameter e.

The representation of a P, nonconforming function veg € CRy(7T) with
respect to the edge-oriented basis functions y,...,1,; with the number
M := |£(Q)| of interior edges in 7 and the basis functions defined by
Ygp(mid(F)) = dpr) reads ver = Zj\il x1; for a coefficient vector x =
(21, ...,2p). The minimization of  — E. xc(vcr) is realised with the Mat-
lab routine fminunc (which uses a trust-region algorithm) with input of E. ¢,
DE; ¢, and DQEE,NC at r and maximal 2000 iterations and with a termina-
tion tolerance of 107'°. A conforming P;(7) approximation of the minimum
serves as the initial guess for the refined triangulation.

For three domains, the discrete problems are solved on a sequence of
triangulations (7;)s=12,.. based on successive uniform red-refinements from
Figure 6.1a. The right-hand side is f = 1, the viscosity 4 = 1, and the
plasticity yield g = 0.2.

Two strategies (a) and (b) are implemented to steer the regularization
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Figure 6.2: The first three triangulations of the circular domain from Subsection 6.2.

parameter.

(a) The value of e; = 1077 with j = 0,1,...,5 is fixed for the sequence
of triangulations. The errors for every domain are plotted against the
degrees of freedom; the results for j = 0, ..., 5 correspond to the colours
red, green, blue, cyan, magenta, yellow.

(b) The value £ ~ ||hT||iOO(Q) is coupled on the mesh-size of the trian-
gulations. The initial values are chosen as ¢ = 1077 for j = 0,1, 2, 3.
Given 7T, with regularization parameter ¢,, the regularization parameter
for Toy1 reads g1 = €4/4. Since the refinement is essentially a red-

refinement, 4 ||z, , = ||hr | (- The errors for every domain

2
Iz
are plotted against the degrees of freedom; the values of j = 0,...,3

correspond to the colours red, green, blue, cyan.

6.2 Circular Domain

The first experiment concerns the circular domain B(1, 0) from Subsection 4.6
with R = 1. The first three triangulations are depicted in Figure 6.2. Given
a triangulation 7y, the red-refinement 7,1 := red(7;) of 7, is computed.
Afterwards, the boundary nodes of 7~2+1 are shifted to 9B(1,0). This defines
the triangulation 7y q.

The errors ||Vyo(u — up)|| on the sequence of triangulations are plotted
in Figure 6.3. In the case (b) the errors for different € are all nearly the same.
In the case (a) the differences of the errors for a large number of degrees of
freedom are larger than the differences of \/ge|Q2|/p for different e. It seems
that the discretization error dominates the total error in case (b) and the
behaviour of the errors in case (a) leads to the conjecture that the bound of
the regularization error from Theorem 4.4 is suboptimal.
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(a) The errors for case (a).
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ndof

(b) The errors for case (b).

Figure 6.3: The errors for the conforming (x) and the nonconforming (M) approximation
on the circular domain from Subsection 6.2.
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6.3 Square Domain

The underlying domain in this experiment is the unit square Q = (0, 1)
The initial mesh 7; is plotted in Figure 6.1b. Given 7, the triangulation
Teq is defined by Ty1 = red(7;). Since the exact solution is not known for
this domain, the displayed values for the error on a triangulation 7, with
regularization parameter ¢, are computed by a conforming reference solution
on Tpyo = red(red(7;)) with finer regularization parameter e,o = £,/64.

The errors ||Vye(u — uy)|| for case (a) and case (b) are depicted in Fig-
ure 6.4. The errors show the same behaviour as for the circular domain.

6.4 L-shaped domain

The underlying domain of this experiment is the L-shaped domain €2 =
(=1, 1)2\([0,1]x[—1,0]). The error ||Vye(u — uy)]| is computed by a reference
solution as in Subsection 6.3. The non-convex domain causes a reduced
convergence rate of 1/3 as can be seen in the convergence history plot of
Figure 6.5. As in the previous examples, it seems that the regularization
error converges to zero faster than anticipated by Theorem 4.4.

6.5 Conclusions

e The numerical experiments reveal optimal convergence rates for the
nonconforming FEM for convex domains. As expected, the re-entrant
corner of the L-shaped domain causes a stress singularity which leads
to a reduced convergence rate.

e [t seems that there is no inferiority of the conforming FEM in the
numerical examples, although the mathematical analysis only predicts
a suboptimal convergence rate. The convergence rates are comparable
in all experiments.

e Throughout the computations, the regularization error appears to be
smaller than predicted by Theorem 4.4.

e The numerical experiments suggest the choice of ¢ ~ HhT“iwm)- The
relatively large initial value of ¢ = 1 seems to be comparable to small
initial values.
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(b) The errors for case (b).

Figure 6.4: The errors for the conforming (x) and the nonconforming (M) approximation
on the unit square from Subsection 6.3
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Figure 6.5: The errors for the conforming (x) and the nonconforming (M) approximation
on the L-shaped domain from Subsection 6.4.
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