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Abstract: Via an appropriate field redefinition of the fermions, we find a set of conditions
under which light cone gauge fixed world sheet theories of strings on two different back-
grounds are related by a double Wick rotation. These conditions take the form of a set of
transformation laws for the background fields, complementing a set of transformation laws
for the metric and B field we found previously with a set for the dilaton and RR fields,
and are compatible with the supergravity equations of motion. Our results prove that at
least to second order in fermions, the AdS5 × S5 mirror model which plays an important
role in the field of integrability in AdS/CFT, represents a string on ‘mirror AdS5 × S5’,
the solution of supergravity that follows from our transformations. We discuss analogous
solutions for AdS3× S3×T4 and AdS2× S2×T6. The main ingredient in our derivation is
the light cone gauge fixed action for a string on an (almost) completely generic background,
which we explicitly derive to second order in fermions.
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1 Introduction

A double Wick rotation on the world sheet of a string is a transformation that has proven
its use in the context of the AdS/CFT correspondence [1]. Fixing a light cone gauge in
the world sheet theory of a superstring on AdS5×S5 [2] results in a model that transforms
nontrivially under a double Wick rotation, and it is the thermodynamics of this different
two dimensional quantum field theory [3, 4] that lies at the heart of the solution of the
spectral problem in AdS/CFT using integrability [5, 6]. Namely, the spectrum of the
string on AdS5 × S5 can be computed by means of the thermodynamic Bethe ansatz for
this so-called mirror model [7–10].1

We may wonder whether such double Wick rotated models have a more direct physical
interpretation. In previous work we showed that (given mild restrictions) doing a double
Wick rotation at the bosonic level is equivalent to a particular transformation of the metric
and B field [14]. Here we will establish the analogous result for the fermions, and find the

1These equations have been used to get impressive finite coupling results (see e.g. [11]), and have been
simplified to the so-called quantum spectral curve [12], particularly impressive in the perturbative regime
(see e.g. [13]).
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transformation of (a combination of) the dilaton and Ramond-Ramond (RR) background
fields such that the complete transformation is equivalent to a double Wick rotation of the
Green-Schwarz action (to second order in fermions).

In order to find this transformation, we take a type IIB Green-Schwarz string to second
order in fermions on an (almost) completely generic background with light cone isometries,
and fix a light cone gauge. We then specify our restrictions on the metric and B field and
get the set of fermionic terms that are to be analytically continued. As fermions have single
derivative kinetic terms, their double Wick rotation is subtle and requires a complex field
redefinition; fortunately this can be unambiguously fixed in the flat space limit. We then
proceed by attempting to ‘undo’ the double Wick rotation, knowing the transformation
that accomplishes this at the bosonic level. Hence we take the general double Wick rotated
action and rewrite it in terms of the transformed metric and B field, changing the light
cone block of the metric as glc → glc/| det glc| and the sign of the (transverse) B field.
As an immediate consistency check we find that all fermionic terms fixed by the metric
and B field directly match the original action as they must. We then compare the double
Wick rotated dilaton–RR terms (with transformed metric and B field) to the originals and
read off how they should transform. For our considerations to apply straightforwardly, we
find that similarly to how we assume our metric and B field not to mix light cone and
transverse directions, the RR fields should not lead to such mixing either. This translates
to the requirement that the RR fields should always have a single light cone index. The
dilaton and allowed RR fields then need to transform such that the combinations eΦF

(1/5)
a(bcde)

are invariant, while eΦF
(3)
abc picks up a sign, like dB. Of course these RR fields now also live

in a different space, so that the unchanging nature of eΦF is only apparent. While we do
not work out the details, the same analysis can be readily repeated for the type IIA string.

Then, by tracing the world sheet double Wick rotation back through the light cone
gauge fixing procedure,2 we discuss how to interpret the transformation of the background
fields from a target space perspective, as a combination of T dualities and target space
analytic continuation (Wick rotation). Though the analytic continuation is somewhat
subtle, this shows that our transformation is compatible with the supergravity equations
of motion, precisely under our restrictions on the background fields. Our main example is
AdS5 × S5 and its cousin ‘mirror AdS5 × S5’, whose supergravity solution we constructed
in [14]. The associated background fields match our transformations, thereby explicitly
proving (to second order in the fermions) that the AdS5 × S5 mirror model physically
represents a string on mirror AdS5 × S5. We similarly briefly discuss mirror solutions for
AdS3 × S3 × T4 and AdS2 × S2 × T6. While our restrictions on the background do not
appear too drastic, spaces such as e.g. AdS4 × CP3 do not fit them. In the outlook we
discuss the apparent obstacles that arise when we relax our restrictions.

We should note that our work was ultimately inspired by the ‘mirror duality’ [15]
of the integrable deformation of the AdS5 × S5 coset model of [16, 17].3 Labeling the
deformation by a parameter κ, an exact S-matrix approach to this model showed that the

2We would like to thank A. Tseytlin for this suggestion
3For further developments in this area see e.g. [18–30].
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light cone theory at 1/κ is equivalent to the double Wick rotation of the theory at κ [15].
This statement has a simple proof at the bosonic level using the metric and B field found
in [18], and in the κ → 0 limit gives precisely (mirror) AdS5 × S5 [14]. The results of
our paper should allow us to check this statement at the fermionic level, assuming this
model corresponds to a string sigma model. However, to date the dilaton and RR fields
of this model have not been found, and whether this and related models represent strings
for generic values of κ is an interesting open question. We will briefly come back to this in
our conclusions.

In the next section we will begin our discussion by summarizing the transformation of
the metric and B field that is equivalent to a double Wick rotation at the bosonic level. In
section 3 we introduce fermions on the world sheet, and present the light cone gauge fixed
action derived in appendix A.2. We then discuss the double Wick rotation of fermions, the
matching of the metric and B field terms, and the transformations of and constraints on the
dilaton and RR fields in section 4. Section 5 contains the discussion of our transformation
from a target space perspective, along with the examples of AdS5 × S5, AdS3 × S3 × T4,
and AdS2 × S2 × T6 and their mirror partners. We finish in section 6 by discussing open
questions and generalizations of our work.

2 Wick rotated bosons and changed geometry

To set the stage, let us recall the change of geometry that is equivalent to doing a double
Wick rotation on the world sheet of a bosonic light cone string [14].

The action describing bosonic string propagation on a generic background is given by

S ≡ −T
2

∫
dτdσL = −T

2

∫
dτdσ (gmn dx

mdxn −Bmn dx
m∧ dxn) ,

where T is the (effective) string tension. We will consider d-dimensional backgrounds with
coordinates {t, φ, xµ}, packaging t and φ in the (generalized) light cone combinations

x+ = (1− a)t+ aφ, and x− = φ− t , (2.1)

where a is a free parameter.4 Further conventions are summarized in appendix A.1. We
take the metric to be of the block diagonal form

gmn =

 g++ g+− 0
g+− g−− 0

0 0 gµν

 ≡ ( glc 0
0 gµν

)
, (2.2)

with components depending only on the transverse coordinates xµ, and consider purely
transverse B fields. We will address the question of relaxing these restrictions in section 6.

As discussed in more detail in appendix A.2, to fix a uniform light cone gauge we
impose5

x+ = τ , p− = 1 . (2.3)
4At the level of gauge fixing, this parameter interpolates between the temporal gauge at a = 0 and the

conventional light cone gauge at a = 1/2 [31]. In [14] we took a = 0 for conciseness.
5We focus on the zero winding sector in cases where φ parametrizes a circle the string can wind around.
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L(0) L̃(0)

τ → iσ̃, σ → −iτ̃

glc → glc
| det glc| , B → −B

Figure 1. A double Wick rotation as a change of geometry. At the bosonic level a double Wick
rotation of the light cone world sheet theory of a string is equivalent to a change of the metric and
B field.

The resulting action takes the form

S(0) = −T
∫

dτdσ
(√

Y (0) + g+−/g++ − ẋµx′νBµν
)
, (2.4)

where
Y (0) = (ẋµx′µ)2 − AC

g++g−−
(2.5)

with
A = 1 + g−−x

′µx′µ,

C = 1 + g++ẋν ẋν ,
(2.6)

and dots and primes refer to derivatives with respect to time (τ) respectively space (σ).
Note that we work in units that put spatial and temporal derivatives on the same footing.
Now we readily see that a double Wick rotation of the world sheet coordinates

τ → iσ̃, σ → −iτ̃ , (2.7)

gives an action of the same form, with g−− exchanged for −g++ while leaving g+−/g++

unchanged,6 and with a change of sign on B. This change of the metric is nothing but

glc → εg−1
lc ε = glc

|det glc|
, (2.8)

which applies in any coordinate system in the light cone subspace. In particular it is simply
gtt ↔ gφφ when the original metric is diagonal in t and φ.7 Put differently, the action is
formally left invariant under a double Wick rotation combined with the transformations
(2.8) and B → −B on the background. We have illustrated this idea in figure 1. Keep in
mind that this combined transformation interchanges A and C and leaves Y (0) invariant.

At this stage it is not clear that the mirror space associated to a string background
represents a string background itself. We will come back to this point in detail later, for
now let us simply assume there are examples where this is the case. We would then like
to see that the fermions of such strings behave appropriately under this transformation as
well. Let us therefore add fermions to our string, and fix a light cone gauge again, so that
we can determine the required transformation properties of the dilaton and the RR fields.

6Since g+−/g++ = −g+−/g−−, this is equivalent to exchanging g+− for g+−.
7We define ds2 = −gttdt2 (+2gtφdtdφ) + gφφdφ

2 + gµνdx
µdxν .
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3 Green-Schwarz fermions

As we are interested in string backgrounds with RR fields, we need to use the Green-
Schwarz formalism. Though a fully explicit construction is not known, the Lagrangian
describing propagation of a Green-Schwarz superstring in an arbitrary background can be
constructed second order by second order in the fermions, explicitly done up to fourth
order in [32].8 We will limit ourselves to second order, which will provide a nontrivial test
of our ideas. As AdS5 × S5 is one of our spaces of interest, we will focus on the type IIB
string. The Lagrangian (density) at quadratic order in the fermions is given by [32]

L(2)
f = i

(
?eaθ̄ΓaDθ − eaθ̄Γaσ3Dθ

)
, (3.1)

where θ = (θ1, θ2) is a doublet of sixteen component Majorana-Weyl spinors, with σ3 and
the ε ≡ iσ2 term in D (see below) acting in this two dimensional space. D is given by

D = d− 1
4 /ω + 1

8e
aHabcΓbcσ3 + 1

8e
bSΓb, (3.2)

where ω is the spin connection, e the (one form) vielbein, and H = dB is the Neveu-
Schwarz–Neveu-Schwarz (NSNS) three form. Slashes denote contraction with the appro-
priate product of Γ matrices, Γa...m. S contains the dilaton and RR fields

S = −eΦ(ε /F (1) + 1
3!σ1 /F

(3) + 1
2·5!ε /F

(5)), (3.3)

with the F (n) denoting the n form RR fields, and Φ the dilaton. In components this reads

L(2)
f = iγαβ∂αx

m θ̄ΓmDβθ − iεαβ∂αxm θ̄Γmσ3Dβθ , (3.4)

with
Dβ = ∂β − 1

4 /ωm∂βx
m + 1

8∂βx
mHmnpΓnpσ3 + 1

8SΓm∂βx
m . (3.5)

We prefer to write out the Lagrangian as

L = γαβ ĝmn∂αx
m∂βx

n − εαβB̂mn∂αx
m∂βx

n

+ iγαβ∂αx
m θ̄Γm∂βθ − iεαβ∂αxm θ̄Γmσ3∂βθ ,

(3.6)

where the hats indicate these terms are not purely the bosonic metric and B field, i.e.

ĝmn = gmn − i
4 θ̄Γ(m /ωn)θ + i

8 θ̄Γ(mHn)pqΓpqσ3θ + i
8 θ̄Γ(mSΓn)θ,

B̂mn = Bmn − i
4 θ̄Γ[m /ωn]σ3θ + i

8 θ̄Γ[mHn]pqΓpqθ + i
8 θ̄σ3Γ[mSΓn]θ,

(3.7)

with round and rectangular brackets denoting symmetrization and antisymmetrization re-
spectively, defined with the usual factor of 1/n!. In this notation we will treat ĝ as if it
really were the metric, so it can be used to raise and lower indices at intermediate stages
of computation.9 When light cone gauge fixing, the fermions that contribute to terms in

8To second order this Lagrangian was first derived in [33, 34].
9The price of this hopefully unambiguous notation is having to keep track of extra signs in fermionic

terms in the inverse ‘metric’. Note that while not explicitly done in this paper, this notation is very useful
for example when fixing a light cone gauge in a Hamiltonian setting.
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ĝ and B̂ that are already nonzero at the bosonic level formally go along for the (bosonic)
ride, while possible extra nonzero terms need only be kept at a linearized level (quadratic
in fermions). Of course we still need to add the manifestly fermionic terms in eq. (3.6) to
the derivation. The only assumption we will make at this stage is that the fermions do not
generate a nonzero B̂+−, which will turn out to follow from our restrictions on the metric
and B field and the restrictions on the RR fields we will find later.

Light cone action

In appendix A.2 we fix a light cone gauge for a string on a completely generic background
with light cone isometries and B+− = 0, including fermions to second order. For the type
of backgrounds we are considering, this gives the gauge fixed action

S = S(0,2) − T
∫

dτdσ
(
L(2)
a + L(2)

b

)
, (3.8)

where S(0,2) is the bosonic gauge fixed action (2.4) with metric and B field replaced by (the
relevant parts of) ĝ and B̂. L(2)

a and L(2)
b are given by

L(2)
a = 1

2
√
Y (0)

1
g−−g++

[
(2ĝ+µẋµ − iθ̄Γ+θ̇)A+ (2B̂−µx′µ + iθ̄Γ−σ3θ

′)C (3.9)

−
(
g−−(2ĝ+µx′µ − iθ̄Γ+θ′) + g++(2B̂−µẋµ + iθ̄Γ−σ3θ̇)

)
ẋµx

′µ
]

and

L(2)
b = − 1

g−−

(
i

2 θ̄Γ−θ̇ + ĝ−µẋ
µ
)
− 1
g++

(
i

2 θ̄Γ
+σ3θ

′ + B̂+µx′µ

)
(3.10)

which are the formally new terms introduced by the fermions. A and C are those of eqs.
(2.6). In this action we have fixed a κ symmetry gauge by taking

(Γ0 + Γp)θ = 0, (3.11)

where Γ0 and Γp are the flat space cousins of Γt and Γφ, see appendix A.1. This means we
essentially dropped terms of the form θ̄Γµθ in Γ matrix structure; appendix A.2 contains
the full action before imposing a κ symmetry gauge choice.

4 Wick rotated fermions and changed background fields

In section 2 we recalled how at the bosonic level a double Wick rotation on the world sheet
is actually equivalent to a change of background. We would now like to investigate this
at the fermionic level. To do so, we will proceed as before, carefully considering a double
Wick rotation of the general action (3.8), and attempting to reinterpret the result as an
action of the same form.

The story is slightly more involved for fermions than for bosons, due to their single
derivative kinetic terms. Already for the massless free Dirac Lagrangian it is clear that
a double Wick rotation does not result in a real Lagrangian if we keep the conjugation
properties of the fermions fixed. Hence we need to accompany a double Wick rotation by a
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L L̃
Ľ

τ → iσ̃, σ → −iτ̃

glc → glc
| det glc|

B → −B
S → S̃

Figure 2. A double Wick rotation as a change of background fields? Combining a double Wick
rotation with a change of the metric and B field and insisting the result agrees with the original
action should fix the transformation S → S̃ of the dilaton and RR fields. The intermediate Ľ has
no obvious physical interpretation.

change of reality condition, or equivalently, a complex field redefinition.10 We will fix this
field redefinition by considering a Green-Schwarz string in flat space, which we will then
use to find the double Wick rotated action on a general background.

To reinterpret the result as an action of the form (3.8) again, we will attempt to com-
plete the bosonic diagram of figure 1 to the one of figure 2, finding the total transformation
of the background fields that ‘undoes’ the double Wick rotation.

4.1 Double Wick rotated Green-Schwarz fermions

To determine the precise transformation of our fermions under a double Wick rotation, we
will consider a Green-Schwarz string in flat space. The light cone Lagrangian for such a
string is given by11

L = T

2
(
ẋµẋµ − x′µx′µ + iθ̄Γ−θ̇ + iθ̄Γ−σ3θ

′
)
. (4.1)

Now let us carefully do a double Wick rotation

x(τ, σ)→ x(iσ̃,−iτ̃) ≡ y(τ̃ , σ̃)
θ(τ, σ)→ θ(iσ̃,−iτ̃) ≡ θ̃(τ̃ , σ̃)

(4.2)

so that we have
x′ = iẏ, ẋ = −iy′,

θ′ = i ˙̃θ, θ̇ = −iθ̃′,
(4.3)

where dots and primes refer to derivatives in the first and second arguments. The resulting
action then takes the form

L = T

2
(
ẏµẏµ − y′µy′µ + ¯̃θΓ−θ̃′ − ¯̃θΓ−σ3

˙̃θ
)
. (4.4)

10In the context of the AdS5 × S5 coset sigma model this was noted explicitly in [4], here we will be
considering a transformation of the canonical Green-Schwarz fermions in a general setting.

11This can be obtained from our general action in flat space, taking the limit a→ 1/2 from below. Note
that in flat space with a = 1/2, Γ+ = G+, where G+ is the matrix involved in κ symmetry gauge fixing as
discussed in appendix A.1.
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We see that the bosonic part of this Lagrangian is formally the same as that of the original
Lagrangian (4.1), and we can assume y to have the reality properties of x; typically they
are not even distinguished. If we however assume θ̃(τ̃ , σ̃) to have the reality properties of
θ(τ, σ), this action will not be real when the original Lagrangian is. To fix this we should
change the reality properties of θ̃. Equivalently, we would like to consider a (constant,
complex) field redefinition

θ̃ = Mη, (4.5)

where the action is real when written in terms of η with conventional reality properties. A
priori it is not clear how to fix M exactly, but we have an additional physical requirement
to impose.

As a light cone string in flat space is a Lorentz invariant model (manifest in the NSR
description), a double Wick rotation should leave all physical properties of the model
invariant. The simplest way to realize this is to insist that the form of the Lagrangian is
invariant under a double Wick rotation. Comparing eqs. (4.1) and (4.4), we see that this
is the case if

η̄M tΓ−Mη′ = iη̄Γ−σ3η
′, (4.6)

and
η̄M tΓ−σ3Mη̇ = −iη̄Γ−η̇. (4.7)

Not having or wanting to touch the Γ matrices we need

M tM = iσ3 M tσ3M = −i1. (4.8)

This fixes
M =

(
0 b

c 0

)
, (4.9)

with c2 = −b2 = i, mixing the two Majorana-Weyl spinors. The overal sign of M is clearly
inconsequential, but this still leaves the choice of bc = ±1. Later we will see that this
choice is actually inconsequential as well. In summary, a double Wick rotation can be
implemented by the replacements

x′ → iẋ, ẋ→ −ix′,
θ →Mη, θ′ → iMη̇, θ̇ → −iMη′,

(4.10)

where we have stopped carefully distinguishing the bosons.

4.2 The transformed Lagrangian

Looking at figure 2 it is clear that we are primarily interested in Ľ, the result of transforming
L by combining a double Wick rotation with a change of the metric and B field so that
the bosonic part of the action is left invariant. This change comes with strings attached
however, since it appears hard to give a target (or flat) space interpretation to the result
of transforming the metric in a target space Γ matrix; for a diagonal metric, Γt =

√
gttΓ0
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becomes √gφφΓ0 for example. This can be fixed by the automorphism of our Clifford
algebra taking

Γ0/p → iΓp/0, (4.11)

where p is the other flat light cone direction, associated to φ. This automorphism is
compatible with our κ symmetry gauge fixing, and is equivalent to a unitary change of basis
by e−i

π
4 Γ0Γp on the fermions.12 Combining the change of metric with this automorphism

we get13 (
Γ±

Γ±

)
→
(

Γ̌±

Γ̌±

)
→ ±i

(
Γ∓
−Γ∓

)
, (4.12)

where the rightmost Γ matrices now have proper target space indices with respect to the
changed metric. The factors of i will disappear again since thanks to our κ symmetry
gauge we also have

η̄ → iη̄. (4.13)

Taking the action (3.8) and doing the above double Wick rotation, changing the metric
and B field and implementing this automorphism we get

S = Š(0,2) − T
∫

dτ̃dσ̃
(
Ľ(2)
a + Ľ(2)

b

)
, (4.14)

with

Ľ(2)
a = 1

2
√
Y (0)

1
g−−g++

[
(i2 ˇ̂
B−µẋ

µ − iη̄Γ+η̇)A+ (−i2ˇ̂g+µx′µ + iη̄Γ−σ3η
′)C (4.15)

−
(
g−−(i2 ˇ̂

B−µx
′µ − iη̄Γ+η′) + g++(−i2ˇ̂g+µẋµ + iη̄Γ−σ3η̇)

)
ẋµx

′µ
]

and

Ľ(2)
b = − 1

g−−

(
i

2 η̄Γ−η̇ − i ˇ̂
B+µẋµ

)
− 1
g++

(
i

2 η̄Γ+σ3η
′ + iˇ̂g−µx′µ

)
. (4.16)

Remaining checks denote transformed quantities we have temporarily left implicit. Com-
paring this to the general action (3.8), we see that the manifestly fermionic terms match
perfectly with η = θ. From the remaining terms we read off that we need to have

ˇ̂g+µ = iB̂ µ
− ,

ˇ̂
B µ
− = −iĝ+µ,

ˇ̂g−µ = −iB̂+
µ,

ˇ̂
B+

µ = iĝ−µ.
(4.17)

We also have to check that the fermionic terms in Š(0,2) behave as the metric and B field,
i.e.

ˇ̂g−− = −ĝ++, ˇ̂g++ = −ĝ−−,
ˇ̂g+− = ĝ+−, ˇ̂g+− = ĝ+−,

ˇ̂gµν = ĝµν ,
ˇ̂
Bµν = −B̂µν .

(4.18)

12Of course, in our κ symmetry gauge this is just multiplication by e−i
π
4 , and actually does nothing to

our expressions. This is not a particularly useful point of view however.
13Restricting ourselves to the 2d light cone block, starting with the original vielbein e satisfying etηe = g

we can construct a ‘mirror’ vielbein as ẽ = εg−1eσ1, since the mirror metric is just εg−1ε. This means we
have g−1eηΓ = ε ẽ σ1ηΓ, i.e. e±a Γa = ∓ ẽ a∓(σ1) ba ηbcΓc. Combined with the transformation Γ→ iσ1Γ we get
the desired result.
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Finally, in order not to leave our present framework, the assumption B̂+− = 0 needs to be
preserved. We will begin by checking that the fermionic terms in ĝ and B̂ determined by
the metric and B field actually behave as they should.

4.3 Fermions with metric and B field

The fermionic terms in ĝ and B̂ that have only the metric or B field in them are θ̄Γm /ωnθ

and θ̄ΓmHnpqΓpqσ3θ, with an extra σ3 inserted for B̂. Our κ symmetry gauge choice
together with our restrictions on the metric and B field imply that many of these terms
vanish. Using the block notation of eq. (2.2) we have

θ̄Γm /ωnθ =
(

0 •
• 0

)
mn
, (4.19)

where bullet points denote asymmetric (generically) nonzero contributions. In other words
the spin connection term in ĝ and B̂ only contributes to ĝ±µ and B̂±µ, which by assumption
have no bosonic term. H contributes similarly

θ̄ΓmHnpqΓpqθ =
(

0 •
• 0

)
mn
. (4.20)

These terms therefore only contribute to the relations (4.17).
The first of eqs. (4.17) requires the spin connection terms to transform as

θ̄Γ(+/ωµ)θ → −iθ̄Γ[−/ω
µ]σ3θ (4.21)

under the full set of transformations used to arrive at Ľ, since the fermionic contribution
to the inverse of the ‘metric’ ĝ has raised indices but an opposite sign. Now under these
transformations the light cone components of the spin connection change as(

/ω±

/ω±

)
→ ∓i

(
/ω∓
−/ω∓

)
, (4.22)

while /ωµ is unaffected, see appendix A.3 for details. Combining this with all other trans-
formations we get

θ̄
(
Γ+/ωµ + Γµ/ω+

)
θ → (iη̄)

(
(iΓ−)/ωµ + Γµ(−i/ω−)

)
(iσ3)η = −iη̄

(
Γ−/ωµ − Γµ/ω−

)
σ3η,

nicely matching eq. (4.21) upon identifying η = θ. The rest of eqs. (4.17) works analo-
gously, the relative sign arising cf. eqs. (4.8).

The H contribution to these relations has an extra σ3 but otherwise proceeds similarly.
The last of eqs. (4.17) for example requires

θ̄Γ[+Hµ]νρΓνρθ → iθ̄Γ(−Hµ)νρΓνρσ3θ,

while our transformation gives

θ̄Γ+HµνρΓνρθ → (iη̄)(iΓ−)(−Hµνρ)Γνρ(iσ3)η = iη̄Γ−HµνρΓνρσ3η

matching precisely since H is purely transverse.
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4.4 Fermions with dilaton and RR fields

Having checked that the metric and B field terms behave consistently, let us investigate
the fermionic terms involving the dilaton and RR fields. A priori these terms can give
contributions to any part of ĝ and B̂. If our transformation is to work we get immediate
restrictions however, due to the transformation properties of the spinor structure in S (see
eq. (3.3))

M tεM = −bcε, M tσ1M = bcσ1, (4.23)

actually leaving the type of couplings invariant. Moreover these transformations guarantee
that a real iθ̄ΓMSΓnθ remains real, since bc = ±1 and fermionic terms that are nonzero in
our κ gauge contain an even number of non-transverse Γ matrices. This makes it impossible
for the contribution of S to relate the double Wick rotation of ĝ, to B̂, and vice versa.14

From the fact that our forms cannot lead to a mixing of light cone and transverse
components in ĝ and B̂,

θ̄Γ±SΓµθ = θ̄ΓµSΓ±θ = 0 , (4.24)

we deduce that each nonzero term in S must have a single light cone index, since three or
more light cone indices necessarily give zero, and two or none gives a nonzero contribution
in the above. Note that these conditions also immediately imply B̂+− = 0. We then have
to insist these terms transform to match eqs. (4.18). For the light-cone components we
have (

θ̄Γ+SΓ±θ
θ̄Γ−SΓ±θ

)
→ ±i

(
−θ̄Γ−ŠΓ∓θ
θ̄Γ+ŠΓ∓θ

)
, (4.25)

where
Š = −bcS

∣∣∣Γ0/5→iΓ5/0
σ1→−σ1

. (4.26)

The purely transverse components simply give

θ̄ΓµSΓνθ → iθ̄ΓµŠΓνθ. (4.27)

In the B̂ case we get an extra sign here due to σ3. Taking into account the extra minus
sign for the fermions in the inverse of ĝ, these transformations are compatible with eqs.
(4.18) provided we have a set of mirror fields (packaged in S̃) such that

θ̄Γm S̃Γnθ =

iθ̄Γm ŠΓnθ m,n ∈ {µ},
−iθ̄Γm ŠΓnθ m,n ∈ {+,−}.

(4.28)

The problematic looking relative sign we can now remove by inserting 1 in the form of
(Γ0Γp)2, giving

θ̄Γm S̃Γnθ = −iθ̄ΓmΓ0ΓpŠΓnθ (4.29)
14Since σ1σ3 = −ε and in our κ symmetry gauge we have Γ0Γpθ = θ, we might imagine that (the 0p

containing components of) an F (n) term effectively starts looking like an F (n−2) term with an extra σ3.
However these terms would not couple correctly to the bosons (sitting in ĝ rather than B̂ or vice versa),
and moreover would still not pick up the required factor of i. Still, we could more specifically imagine a
pair of forms such that /F (n) = ±/F (n−2)Γ0Γp, giving σ1 ± εΓ0Γp which removes terms due to our κ gauge
choice. In this particular setting the contributions to ĝ and B̂ take the same overall form. Nevertheless the
lacking factor of i remains a problem.
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since Γ0Γp commutes with transverse Γ matrices but anti-commutes with light cone ones,
and we have θ̄Γ0Γp = −θ̄. This means that everything is precisely compatible, provided
the forms of the mirror background are given by

S̃ = −iΓ0ΓpŠ = −ibcΓ0ΓpS
∣∣∣Γ0/5→iΓ5/0
σ1→−σ1

. (4.30)

We can actually rewrite this very nicely. Since S must have one and only one light cone
index, we can always write it as Γ0N + ΓpK for some N and K that do not contain Γ0 or
Γp. In this form it is clear however that multiplication by Γ0Γp undoes the interchange of
Γ0 for Γp in Š, leaving just an extra factor of i. In short, we have

S̃ = −iΓ0ΓpŠ = bcS
∣∣∣
σ1→−σ1

. (4.31)

This transformation is uniquely fixed up to the sign choice bc = ±1. However, since a
simultaneous sign change on all RR fields leaves the supergravity equations of motion [35]
invariant, we can consider this sign choice irrelevant anyway.

We see that two backgrounds are related by a double Wick rotation provided that the
metric and B field are related as in figure 1 and the dilaton and RR fields as

eΦ /F
(n) → (i)n−1eΦ /F

(n)
, (4.32)

where we have chosen bc = 1. With this choice, the story unifies at the level of the
underlying even degree forms (see appendix A.4)

eΦd/C
(n) → ineΦd/C

(n)
,

d /B → i2d /B.
(4.33)

In short, up to a possible sign the combinations eΦ /F for the mirror background are identical
to the originals. Of course the slashes can be removed, but then it is important to note
that the relations hold between tensors with flat space indices. Our full story can now be
summarized by figure 3. At this level we cannot immediately disentangle the dilaton and
the RR fields.

5 Double Wick related string backgrounds

In the previous section we found transformation laws for the background fields via an
explicit double Wick rotation on the world sheet combined with an appropriate fermionic
field redefinition. Before giving a few examples of pairs of backgrounds related by these
transformations, let us discuss how these transformation laws can also be viewed more
directly from a target space point of view.

As used in our appendix, light cone gauge fixing can be viewed as T dualizing in the x−

direction, and gauge fixing the corresponding T dual field ψ = σ in addition to x+ = τ [36].
It should then be possible to (formally) view a double Wick rotation on the world sheet at
the target space level as a T duality in x−, followed by the analytic continuation (x+, ψ)→
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L L̃

τ → iσ̃, σ → −iτ̃

glc → glc
| det glc| , B → −B,

eΦ /F
(n) → (i)n−1eΦ /F

(n)

Figure 3. A double Wick rotation as a change of background fields. A double Wick rotation of
the light cone gauge fixed world sheet theory of a Green-Schwarz string is equivalent to a change of
background fields, at least to second order in the fermions. It is not clear whether these changed
fields always correspond to a solution of supergravity.

(iψ̃,−ix̃+), and finally another T duality in the ψ̃ direction.15 As this procedure involves
analytic continuation of target space fields as well as T duality in a light cone direction
however,16 this procedure takes us out of the realm of real supergravity and string theory,
and generically does not result in a real solution of supergravity. Furthermore, the details
of this analytic continuation are subtle, as the complex ‘diffeomorphism’ corresponding to
the double Wick rotation is ‘improper’, i.e.(

τ̃(x̃+)
σ̃(ψ̃)

)
=
(

0 i

−i 0

)(
τ(x+)
σ(ψ)

)
(5.1)

is a transformation with determinant −1. From this point of view our transformation laws
should be compatible with the supergravity equations of motion as follows.

Firstly we observe that precisely under our restrictions on the metric and B field,
and the ones just found for the RR fields, the combination of T dualities and analytic
continuation preserves reality of the background fields. Namely, T dualizing metrics and B
fields that fit our restrictions cannot lead to mixing of light cone and transverse directions,
which are the components that would pick up factors of i under the analytic continuation.
Similarly, given RR fields with a single light cone index, T duality in x− results in (type
IIA) RR fields with either no ψ or + index or both, which hence remain real under the
analytic continuation.

This sequence of T duality, analytic continuation, and T duality, should match the
transformations we found based on our world sheet perspective. To avoid technical com-
plications, we will demonstrate this explicitly for metrics diagonal in t and φ, and fixing
the static gauge t = τ , pφ = 1.17 By assumption our RR fields then only have components

15We would like to thank A. Tseytlin for this suggestion.
16In principle this light cone T duality can be avoided by considering the static gauge instead of our

generalized light cone gauge, leading to T dualities in the φ directions.
17This gauge is equivalent to our light cone gauge for a = 0.
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involving t or φ, and upon T dualizing φ to ψ we get(
Ft...
Fφ...

)
T duality−→

(
Ftψ...
−F...

)
, (5.2)

where the dots denote an even number of transverse indices. The analytic continuation
is slightly subtle however, involving more than the simple replacement (t, ψ) → (iψ̃,−it̃).
The reason for this can be seen from the bosonic type IIA supergravity action (see e.g.
page 172 of [37]). While this action is generically diffeomorphism invariant, this involves
a little more work for improper diffeomorphisms such as ours, due to the Chern-Simons
term B ∧ F (4) ∧ F (4). This term behaves like a pseudoscalar under diffeomorphisms, and
picks up a sign under our analytic continuation.18 We can fix this sign by combining our
analytic continuation with a sign flip on B. However, to then keep the kinetic term |F̂ (4)|2

invariant, since F̂ (4) = F (4) − C(1) ∧H, we also need to flip the sign of either F (4) or F (2)

(C(1)). Importantly, this introduces a relative sign between F (n) and F (n+2). The result
of the analytic continuation and a second T duality then becomes(

Ftψ...
−F...

)
an. cont.−→ ±

(
Ft̃ψ̃...
−F...

)
T duality−→ ±

(
Ft̃...
Fφ̃...

)
, (5.3)

where in the analytic continuation step we implicitly swapped the indices for a sign, and the
overall ± sign refers to the degree of the form, being plus for F (1) and F (5), and minus for
F (3), or vice versa.19 Combining this with the sign flip of B under the analytic continuation,
and the dilaton generated by the double T duality that is clearly compatible with eΦ /F =
eΦ̃ /̃F , we see that this precisely matches the transformations we found previously from a
world sheet perspective, which are therefore compatible with the supergravity equations of
motion.

After this general discussion let us give some examples. While our restrictions on the
metric and B field do not appear too drastic, the number of explicitly known solutions of
supergravity is also not very large; we will consider AdS5 × S5, AdS3 × S3 ×T4 supported
by a RR three form, and AdS2 × S2 × T6.20 We distinguish mirror space quantities by
tildes below.

AdS5 × S5

The metric of AdS5 × S5 in global coordinates

ds2 = −(1 + ρ2)dt2 + dρ2

1 + ρ2 + ρ2dΩ3 + (1− r2)dφ2 + dr2

1− r2 + r2dΩ3, (5.4)

18To see this explicitly, note that our RR fields T dualized to type IIA have either both t and ψ as
components, or neither, where the contribution with both picks up a sign under analytic continuation.

19Recall that we encountered the same inconsequential sign freedom in our world sheet discussion above.
20To have a case with a transverse B fields we could for example consider the three parameter general-

ization of the Lunin-Maldacena background [38] constructed in [39], which fits our restrictions when only
γ1 is nonzero. Presumably the associated mirror space can be obtained by TsT transformations on mirror
AdS5 × S5; we will not pursue this interesting case here.
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is precisely of the form discussed in section 2, and its mirror companion is [14]

d̃s
2 = − 1

1− r2dt
2 + dρ2

1 + ρ2 + ρ2dΩ3 + 1
1 + ρ2dφ

2 + dr2

1− r2 + r2dΩ3. (5.5)

Note that this metric corresponds to a direct product of two manifolds with coordinates
t, r, and associated angles, and φ, ρ, and associated angles. We have written the mirror
metric with this nonstandard ordering of coordinates, so that we leave the labeling of the
transverse space untouched with respect to AdS5 × S5.

Both these spaces can be embedded in type IIB supergravity, supported by a self dual
five form and dilaton. The relevant equations of motion are given in appendix A.4. For
AdS5 × S5 these equations are solved by a constant dilaton Φ = Φ0, and a five form

1
4e

Φ /F = Γ01234 − Γ56789. (5.6)

In line with the above discussion, mirror AdS5 × S5 [14] has a nontrivial dilaton

Φ̃ = Φ̃0 −
1
2 log(1− r2)(1 + ρ2), (5.7)

and its combination with the five form is precisely such that
1
4e

Φ̃ /̃F = Γ01234 − Γ56789 = 1
4e

Φ /F . (5.8)

Note that since the metrics differ, the physical meaning of the forms is very different
between AdS5 × S5 and its mirror version; in the mirror case the form mixes directions
belonging to the two five dimensional submanifolds, while the form is just a difference of
five dimensional volume forms for AdS5 × S5.

AdS3 × S3 × T4 and AdS2 × S2 × T6

Taking our φ coordinate to be the equatorial angle on the sphere, the mirror metrics
associated to AdS3×S3×T4 and AdS2×S2×T6 are just the lower dimensional analogues
of eq. (5.5) completed to ten dimensions with flat directions. We choose to label coordinates
such that φ ∼ n, hence p = n, for the AdSn × Sn case.

The supergravity equations of motion are solved by a constant dilaton for AdS3×S3×T4

and AdS2 × S2 × T6. We take AdS3 × S3 × T4 to be supported by the three form
1
2e

Φ /F = Γ012 + Γ345, (5.9)

while AdS2 × S2 × T6 is supported by the five form

eΦ /F = Γ01Re(/wC3)− Γ23Im(/wC3), (5.10)

where wC3 is the holomorphic volume form on T 6 in complex coordinates. Based on our
discussion above, this should then also give the solution for their mirror versions. Indeed,
we can readily check that this is the case with the mirror space dilaton in both cases given
by eq. (5.7).21

21These mirror space solutions can be independently derived by making an obvious ansatz based on the
result for AdS5×S5. Alternately, they can also be obtained by T dualizing in t and φ, giving dS2/3×H2/3×
T6/4 which are simple solutions of type IIB∗ supergravity analogous to AdS2/3 × S2/3 × T6/4 in type IIB
supergravity.
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Similarly to mirror AdS5 × S5 [14], mirror AdS3 × S3 ×T4 and mirror AdS2 × S2 ×T6

are nonsupersymmetric solutions of supergravity. The associated sigma models, however,
inherit the (super)symmetry algebra and integrability of their light cone cousins.

6 Conclusions and outlook

In this paper we have found the light cone gauge fixed action for a Green-Schwarz string
to second order in the fermions, for an (almost) completely general background.22 We
used this action to derive a set of transformation laws for the dilaton and RR fields that
combined with the set of already known transformation laws for the metric and B field
are equivalent to doing a double Wick rotation on the world sheet of a light cone gauge
fixed string. We discussed how these transformations are compatible with the supergravity
equations of motion. With our general results we explicitly proved that the mirror models
associated to AdS5 × S5 and its lower dimensional analogues are in fact strings on the
associated mirror spaces, at least to second order in fermions.

More general spaces

We would like to apply our ideas to other spaces as well, and perhaps generate interesting
new string backgrounds. Many spaces that come to mind do not fit the form of our metric
or B field however. For instance, the standard way to fix a light cone gauge on AdS4×CP3

involves an angle on CP3 which results in a metric that is not block diagonal as in eq.
(2.2) (see e.g. [40]). The same is true for AdS3 × S3 × S3 × S1 (see e.g. [41]), while
for AdS3 × S3 × M4 supported by a mixture of RR and NSNS three forms the B field
has components mixing light cone and transverse directions, or would break the light cone
isometries (see e.g. [42]). The Lunin-Maldacena background [38] has a similarly obstructive
B field. So let us relax our restrictions and see what happens.

From the general result of appendix A.2 we can read off the light cone gauge fixed
bosonic action on any space with light cone isometries and B+− = 0. As before, we would
like to do a double Wick rotation in this action and attempt to interpret the result as an
action of the same form. This action naturally splits into two pieces

S = −T
∫ √
−G+ 1

2E , (6.1)

and our approach applies to each piece independently. The E piece is simple but represen-
tative and in the present case reduces from eq. (A.29) to

E = 2g
+−

g++ −
2
g−−

(
B̊µν ẋ

µx′ν + g−µẋ
µ − B̊+µx

′µ
)
, (6.2)

22Our analysis can clearly be repeated type IIA string, replacing the doublet of Majorana-Weyl spinors
by a single Majorana spinor, σ3 by Γ11, and S by its appropriate type IIA expression [32]. Accordingly,
M should become a 32 × 32 matrix that generates and removes Γ11, and may in fact nicely combine
with the automorphism that exchanges Γ0/5 for iΓ5/0; we do not expect other surprises. The resulting
transformations will of course need to be compatible with our type IIB transformations under T duality.
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where B̊+µ = g−−B+µ−g+−B−µ and B̊µν = g−−Bµν−g−µB−ν+g−νB−µ. Clearly a double
Wick rotation introduces factors of i here, and in order to reinterpret this as another E
term we would need to consider g and B with imaginary components.23 √−G shows similar
behaviour, and all of this matches the T duality discussion of the previous section. In other
words, staying in the realm of real metrics and B fields we cannot straightforwardly extend
our considerations. However, as the mirror model for e.g. AdS4 × CP3 has a unitary
S-matrix, there may exists a (nonlocal) field redefinition that removes the problematic
looking imaginary terms. What form it should precisely take, and whether the result can
be interpreted as a string sigma model is an interesting open problem. Attempting to
extend the deformation of [16] to the coset model for AdS4 × CP3 [43, 44] may shed light
on this question.24

More general mirror spaces

Another way we could attempt to generalize our considerations is to attempt to fix a light
cone gauge in a different way. Let us explain this by means of example. In the previous
section we consider the mirror versions of AdS2/3 × S2/3 × T6/4, taking the conventional
equatorial angle φ on S2/3 to be part of our light cone coordinates. While this is the
natural choice,25 we are allowed to fix a light cone gauge using e.g. an angle ϕ on T6/4

without violating our restrictions on the metric if we so desire. However, this changed
interpretation of coordinates means that the three form now violates our restriction that
it should not contribute to ĝ±µ and B̂±µ. Similarly to the discussion above, also here there
might be a field redefinition that removes the resulting imaginary looking terms. In any
case, the form also results in a nonzero B̂+− which on its own already takes us out of the
realm of our present paper. It would be very interesting to have a background with two
different sets of light cone coordinates fitting our full set of restrictions.

Strings on deformed AdSn × Sn × T10−2n

As mentioned before, our work was inspired by the mirror duality [15] of the deformed
AdS5 × S5 sigma model of [16]. It would be great to use the results of this paper to
explicitly prove this mirror duality. However, it is still not clear whether the metric and
B field of the deformed sigma model [18] can be embedded in supergravity, and whether
such an embedding would correspond precisely to the deformed sigma model. In lower
dimensions there has been progress in this direction, which raises interesting questions.

A supergravity solution for deformed AdS2 × S2 and its uplift in ten dimensions for(
AdS2 × S2)

η(κ) × T6 have been found in [28]. This solution contains a free parameter a

23We could have read this off at the linearized level using the action of section 4. In fact, this situation
is entirely similar to the discussion of section 4 where purely transverse RR forms would generate nonzero
ĝ±µ or B̂±µ.

24(Models based on) even dimensional bosonic spaces presumably behave qualitatively different under
this deformation however, so perhaps we should not expect to find mirror duality between real string
backgrounds here.

25This choice preserves the most manifest supersymmetry, allows for an exact S-matrix approach (see e.g.
[45, 46], or the review [47]), and hence gives the appropriate mirror theory for the thermodynamic Bethe
ansatz.
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and the conjecture of [28] is that it matches the coset model for a particular choice of
a(κ). Attempts to combine our results with the background of [28] raises some questions.
Based on the deformed AdS5 × S5 coset model we would expect to find mirror duality for(
AdS2 × S2)

η(κ) × T6. With a full background we can attempt to check this explicitly. At
the bosonic level mirror duality works immediately following [14], but at the fermionic level
we find a three form that does not fit our restrictions. This means that a double Wick
rotation would not result in a manifestly real action. Related to the discussion above,
it may be possible to resolve this by some subtle field redefinition however. Other, less
satisfying possibilities are of course that for some unforseen reason, though present in the
bosonic model, mirror duality is not present in the full deformed AdS2 sigma model, or
that the sigma model is simply not described by this supergravity solution. Of course, it
could also be the extension of the deformed coset model for AdS2×S2 to a ten dimensional
background that generates friction on either of these two points. Consolidating these facts,
and thereby hopefully proving mirror duality, is an interesting problem. The supergravity
solution of [28] does appear to reduce to our mirror solution of eqs. (5.7) and (5.10) in an
appropriately scaled κ→∞ limit.26
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A Appendices

A.1 Γ matrices, κ symmetry, and other conventions

Target space (curved) indices are denoted by upper case Latin letters, frequently split over
light cone indices + and −, and transverse indices denoted by lower case Greek letters such
as µ and ν nearer the end of the alphabet. World sheet indices are denoted by lower case
Greek letters from the front of the alphabet, such as α and β. We use γαβ =

√
−hhαβ to

denote the Weyl-invariant combination of the world sheet metric hαβ. We work in ‘mostly
plus’ conventions where η = diag(−1, 1, . . . 1), and we label coordinates in flat space by
the numbers 0, . . . , 9, generically denoted by lower case Latin letters. We define the flat
epsilon tensor in both two and ten dimensions with canonically ordered upper indices to
be one, i.e. ε01... = 1.

26Note that to match our mirror solution with the κ → ∞ limit of the result of [28] we need to take
c1 = −c2 = 1/

√
2 there. Our undeformed AdS2×S2×T6 matches the solution at κ = 0 with c1 = c2 = 1/

√
2

instead.
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Given a metric of the form of eq. (2.2), we can take a block diagonal vielbein, meaning
we can and will talk about transverse flat directions as well; 0 and p denote the flat
directions associated to t and φ respectively, the rest is transverse.

We can work in a Majorana basis where all Γ-matrices are purely real,

(Γ0)t = −Γ0 , (Γi)t = Γi for i = 1, . . . , 9, (A.1)

and
Γ11 =

(
I16 0
0 −I16

)
. (A.2)

A Majorana-Weyl spinor of positive chirality satisfies θtC = θ̄ ≡ θ†Γ0 and 1
2(1 + Γ11)θ = θ,

where C is the charge conjugation matrix we can take to be Γ0, and is thus given by

θ =
(
ψ

0

)
, (A.3)

where ψ is 16 dimensional and real.27

To fix κ symmetry we introduce the matrices

G± = 1√
2

(Γ0 ± Γp), (A.6)

which satisfy

G±G± = 0, (A.7)

and
− 1

2(G+G− +G−G+) = 1. (A.8)

These matrices are not the target space light cone gamma matrices Γ±. Both G matrices
have rank sixteen, as they are nilpotent but sum to Γ0 which is nonsingular. Note that

(G±)t = −G∓. (A.9)

We fix κ symmetry by imposing
G+θ = 0. (A.10)

With a metric of the form of eq. (2.2) we see that

θ̄Γµ . . .Γνθ ≡ θtΓ0Γµ . . .Γνθ = 0, (A.11)
27We can make contact with the 16 dimensional conventions of [32] by taking

Γ0 = iσ2 ⊗ 1, (A.4)
Γa = σ1 ⊗ γa, (A.5)

where γb, b = 1, . . . , 8 denotes a set of eight dimensional euclidean γ matrices, and γ9 is equal to their
product. In this basis the action of the Γ matrices on a positive chirality Majorana-Weyl spinor reduces to
that of the γ matrices with an effective γ0 of 1. Note that γa...k is not simply the product of γ matrices;
its sign is fixed by comparing to Γa...k.
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for any number of transverse Γ matrices (including zero), by inserting 1 from eq. (A.8) and
either having G+ acting on θ to the right, or G− (G+) on θt (θ̄) to the left. We similarly
get zero with two light cone Γ matrices and an arbitrary number of transverse ones. We
also have

θtγ− = 0 ⇒ θ̄ = θtΓ0 = θtΓp. (A.12)

For completeness we note

Γ0Γpθ = θ, (A.13)

and
θ̄Γ0Γp = −θ̄. (A.14)

A.2 Light cone gauge fixing

In this appendix we will consider almost completely generic spaces for which we can fix a
light cone gauge, meaning that the components depend on the transverse coordinates xµ

only
ds2 = gmn(xµ) dxmdxn (A.15)

and, including a B field, and fermions to second order, actions like

S = −T
2

∫
dσdτ(γαβ ĝmn∂αx

m∂βx
n − εαβB̂mn∂αx

m∂βx
n (A.16)

+ iγαβ∂αx
m θ̄Γm∂βθ − iεαβ∂αxm θ̄Γmσ3∂βθ) (A.17)

The only restriction we impose is that Btφ = B+− = 0. In the rest of this appendix we will
avoid clutter by dropping the hats on ĝ and B̂, but of course their fermionic contributions
should still be carried along.

To fix a light cone gauge we will follow the approach of [36], nicely summarized in
[48]. Our results will generalize those of [5, 48, 49] to almost completely generic bosonic
backgrounds, and moreover include fermions to second order. We begin by gauging the
isometry

x− → x− + ξ, (A.18)

by adding a gauge field A to the Lagrangian, and imposing that it is flat so that we actually
do nothing. That is, we make the minimal replacement dx− → dx− + A and add a term
enforcing the flatness of A, giving

(−T )−1(LA − LA|A=0) = 1
2g−−AαA

α +Aαγ
αβ(g−n∂βx

n + i
2 θ̄Γ−∂αθ) (A.19)

−Aαεαβ(B−n∂βx
n + i

2 θ̄Γ−σ3∂βθ)) + ψεαβ∂αAβ

where ψ is the lagrange multiplier for the flatness of A. We fixed the sign of ψ such that
the equation of motion for Aτ gives us ψ′ = p−/T . We now integrate out the A field to get

L = LA|A=0 + T

2g−−

(
γαβ(g−n∂αx

n + i
2 θ̄Γ−∂αθ)− ε

αβ(B−n∂βx
n + i

2 θ̄Γ−σ3∂βθ − ∂βψ)
)2

,
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where we integrated by parts on the ψ term. The square is of course meant to be appro-
priately contracted using γ. Now we notice that any term in the original action with one
or more minus indices cancels precisely against one in the square, as it has to be since we
gauged a shift symmetry in the x− direction. We then get 28

L = LA|A=0 + T

2g−−

(
γαβ(g−a∂αx

a + i
2 θ̄Γ−∂αθ)− ε

αβ(B−µ∂βxµ + i
2 θ̄Γ−σ3∂βθ − ∂βψ)

)2

where the indices a and b run over {+, µ} but not −, also implicitly in LA|A=0, and we
have dropped Tεαβ∂αx

−∂βψ which is zero upon integration by parts. To write it out in
components let us introduce the ‘T dual’ quantities

g̊ab = g−−gab − g−ag−b , (A.20)
Γ̊a = g−−Γa − g−aΓ− (A.21)

to write the Lagrangian as

− 2
T
L = γαβ

g−−

(
g̊++∂αx

+∂βx
+ + 2̊g+µ∂αx

+∂βx
µ + g̊µν∂αx

µ∂βx
ν

+ i∂αx
+θ̄Γ̊+∂βθ + i∂αx

µθ̄Γ̊µ∂βθ (A.22)

+ (B−µ∂αxµ + i
2 θ̄Γ−σ3∂αθ − ∂αψ)(B−ν∂βxν + i

2 θ̄Γ−σ3∂βθ − ∂βψ)
)

+ 2εαβ

g−−
(g−a∂αx

a + i
2 θ̄Γ−∂αθ)(B−µ∂βx

µ + i
2 θ̄Γ−σ3∂βθ − ∂βψ)

− εαβ(2B+µ∂αx
+∂βx

µ +Bµν∂αx
µ∂βx

ν + i∂αx
+θ̄Γ+σ3∂βθ + i∂αx

µθ̄Γµσ3∂βθ),

At this point we want to go to the Nambu-Goto form of the Lagrangian. Writing the action
as (recall γαβ =

√
−hhαβ)

S = −T2

∫ √
−hhαβGαβ + E , (A.23)

the equation of motion for the world sheet metric then reads

− T
√
−h(Gαβ −

1
2hαβh

γδGγδ) = 0 , (A.24)

giving
G = det(Gαβ) = h

4 (hγδGγδ)2 . (A.25)

Solving for
√
−h and substituting back in the action gives

S = −T
∫ √
−G+ 1

2E . (A.26)

Imposing the gauge choice29

x+ = τ, ψ = σ , (A.27)
28Recall we assume B+− = 0.
29We want to fix a uniform light cone gauge with p− = 1 in units the string tension, and as mentioned

before the equation of motion for A gives ψ′ = p−/T . Put differently, we fix our conventions to agree with
the bosonic gauge fixed Lagrangian found in [15], which involved a rescaling of σ by T .
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we find

g2
−−G =

(
g̊++ + 2̊g+µẋ

µ + g̊µν ẋ
µẋν + iθ̄Γ̊+θ̇ + iẋµθ̄Γ̊µθ̇ + (B−µẋµ + i

2 θ̄Γ−σ3θ̇)2
)

×
(
g̊µνx

′µx′ν + ix′µθ̄Γ̊µθ′ + (B−µx′µ + i
2 θ̄Γ−σ3θ

′ − 1)2
)

(A.28)

−
(
g̊+µx

′µ + g̊µν ẋ
µx′ν + i

2 θ̄Γ̊+θ
′ + i

2(ẋµθ̄Γ̊µθ′ + x′µθ̄Γ̊µθ̇)

+ (B−µẋµ + i
2 θ̄Γ−σ3θ̇)(B−νx′ν + i

2 θ̄Γ−σ3θ
′ − 1)

)2

,

and

E = 2
g−−

(g+− + g−µẋ
µ + i

2 θ̄Γ−θ̇)(B−µx
′µ + i

2 θ̄Γ−σ3θ
′ − 1) (A.29)

− (2B+µx
′µ + 2Bµν ẋµx′ν + iθ̄Γ+σ3θ

′ + iẋµθ̄Γµσ3θ
′)

− 2
g−−

(g−µx′µ + i
2 θ̄Γ−θ

′)(B−µẋµ + i
2 θ̄Γ−σ3θ̇) + ix′µθ̄Γµσ3θ̇

= − 2
g−−

(g+− + B̊+µx
′µ + g−µẋ

µ + B̊µν ẋ
µx′ν)

+ 1
g−−

(iB−µθ̄Γ−(θ̇x′µ − θ′ẋµ) + ig−µθ̄Γ−σ3(θ′ẋµ − θ̇x′µ))

− 1
g−−

(iθ̄Γ−θ̇ − ig+−θ̄Γ−σ3θ
′)− iẋµθ̄Γµσ3θ

′ + ix′µθ̄Γµσ3θ̇ − iθ̄Γ+σ3θ
′,

where B̊+µ = g−−B+µ − g+−B−µ and B̊µν = g−−Bµν − g−µB−ν + g−νB−µ, and we drop
terms of higher order in fermions. Putting these expressions in the action (A.26), including
the fermions absorbed in g and B, and expanding the fermions under the square root
directly gives the light cone action of a string on (almost) any background to second order
in fermions; we will not present the resulting lengthy expressions explicitly.

Simpler backgrounds

Restricting ourselves to backgrounds of the form of eq. (2.2) whereby g±µ and B±µ auto-
matically become of second order in fermions, imposing our κ gauge choice, and dropping
terms higher order in fermions, the expression simplify considerably. To lowest nontrivial
order the T dual quantities simplify to

g̊µν = g−−gµν , B̊+µ = g−−B
+
µ/g

++,

g̊+µ = − g−−g+νgνµ/g
++, B̊µν =g−−Bµν ,

g̊++ = g−−/g
++, Γ̊+ = g−−Γ+/g++,

Γ̊µ = g−−Γµ,

since g+−/g++ = −g+−/g−− (appropriately expanded in fermions). g+µ gets a minus sign
as we would like to preserve notation where g with upper indices is the inverse of g with
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lower indices, but in this case the component is purely second order in fermions. Indices
are now raised and lowered with the regular metric of course. Using this we can simplify
E to get

E = 2g
+−

g++ − 2Bµν ẋµx′ν − 2B
+µ

g++ x
′
µ − 2 g−µ

g−−
ẋµ − i

g−−
θ̄Γ−θ̇ −

i

g++ θ̄Γ
+σ3θ

′, (A.30)

while G becomes

G = 1
g−−g++

[(
1 + g++ẋµẋ

ν − 2g+µẋµ + iθ̄Γ+θ̇

)(
1 + g−−x

′
µx
′µ − 2B−µx′µ − iθ̄Γ−σ3θ

′
)

−
(
g++ẋµx

′µ − 2g+µx′µ + iθ̄Γ+θ′
)(

g−−ẋµx
′µ − 2B−µẋµ − iθ̄Γ−σ3θ̇

)]
. (A.31)

Expanding
√
−G to second order in fermions we get

√
−G =

√
Y (0) + 1

2
√
Y (0)

1
g−−g++

[
(2B−µx′µ + iθ̄Γ−σ3θ

′)C + (2g+µẋµ − iθ̄Γ+θ̇)A (A.32)

−
(
g−−(2g+µx′µ − iθ̄Γ+θ′) + g++(2B−µẋµ + iθ̄Γ−σ3θ̇)

)
ẋµx

′µ
]
,

where A, C, and Y (0) are given in eqs. (2.5,2.6), and B−µ and g+µ are second order in
fermions and have hats in the main text. The fermionic pieces of

√
−G and E give eqs.

(3.9,3.10). We have checked these expressions by explicit light cone gauge fixing in the
Hamiltonian formalism as well.

A.3 The spin connection

Here we discuss the spin connection for metrics of the form of eq. (2.2). In general we have

ωabν = eaα(∂νeαb + eσbΓασν) , (A.33)

where Γ is the Christoffel connection

Γασν = 1
2g

αβ(∂σgβν + ∂νgβσ − ∂βgσν) . (A.34)

The Christoffel connection has a simpler expression in case any of its components involve
+ or −

Γχψν = 1
2g

χζ∂νgζψ , (A.35)

Γµχψ = − 1
2g

µν∂νgχψ , (A.36)

where χ, ψ and ζ run over + and −, and other indices are transverse. For other indices
we will not need a more specific form. The spin connection also has a simple form when
its index is χ

ωabχ = −eν[a|eζ|b]∂νgζχ. (A.37)
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When its index is transverse, a simple computation shows that the spin connection has only
nonzero components in the transverse space; it is formally equal to the spin connection on
the eight dimensional transverse space.

By similar steps as those used to arrive at the transformations (4.12), from eq. (A.37)
we see that (

/ω±

/ω±

)
→ ∓i

(
/ω∓
−/ω∓

)
. (A.38)

under the change (4.11), where the right hand side is rewritten in terms of the mirror
vielbein.

A.4 Type IIB supergravity

The field content of type IIB supergravity is given by a set of NSNS and RR fields. The
NSNS fields consist of the metric g, the dilaton Φ, and the antisymmetric two form B,
while the RR fields consist of the axion C(0), the antisymmetric two form C(2), and the
antisymmetric four form C(4). These forms are related to the field strengths F as

F (1) = dC(0),

F (3) = dC(2) − C(0)dB,

F (5) = dC(4) + 5(B ∧ dC(2) − C(2) ∧ dB),

(A.39)

while the NSNS three form field strength H = dB. We will drop the explicit labels (n) on
C(n) and F (n) when there is no chance of confusion.

The concrete backgrounds we consider in this paper have no B field or axion. The
(reduced) supergravity equations of motion are then given by

4∇2Φ− 4(∇Φ)2 = R, (A.40)

for the dilaton,
∂m
(√
−gFmpq(rs)

)
= 0, (A.41)

for the three and five form, and

Rmn = −2∇m∇nΦ+1
4e

2Φ
(
FmpqF

pq
n + gmn

1
6FpqrF

pqr
)

+ 1
4× 4!e

2ΦFmpqrsF
pqrs

n , (A.42)

for the metric.
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