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We give a new method for computing the correlation functions of the chiral part of the stress-
tensor supermultiplet that relies on the reformulation of NV =4 SYM in twistor space. It yields
the correlation functions in the Born approximation as a sum of Feynman diagrams on twistor
space that involve only propagators and no integration vertices. We use this unusual feature of
the twistor Feynman rules to compute the correlation functions in terms of simple building blocks
which we identify as a new class of N' = 4 off-shell superconformal invariants. Making use of
the duality between correlation functions and planar scattering amplitudes, we demonstrate that
these invariants represent an off-shell generalisation of the on-shell invariants defining tree-level
scattering amplitudes in N’ = 4 SYM.
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1 Introduction

In this paper, we continue the study of correlation functions of the operators in the stress-tensor
supermultiplet 7 in N/ = 4 SYM initiated in [I,2]. This supermultiplet plays a privileged
role since it comprises all local conserved currents as well as the Lagrangian of the theory. Its
correlation functions have a number of remarkable properties. The two- and three-point functions
are protected by superconformal symmetry and do not receive quantum corrections. The four-
point function G4 = (T (1)T(2)T (3)T (4)) is the first non-protected quantity. At strong coupling
it has been thoroughly studied via the AdS/CFT correspondence [3,4] whereas at weak coupling
it has been computed at one loop [5], at two loops [6,[7] and recently at three loops [1,8]. The
operator product expansion of this correlation function has provided valuable data about the
spectrum of anomalous dimensions of twist-two operators [9]. The interest in these correlation
functions, for an arbitrary number of points, has been renewed in the context of the recent studies
of scattering amplitudes in N = 4 SYM. The correlation functions have been found to be dual
to the scattering amplitudes in a special light-like limit [TOHI2].

Computing the weak coupling corrections to these correlation functions within the conven-
tional Feynman diagram approach turned out to be a difficult task, even at low levels of the
perturbative expansions. Already the evaluation of the two-loop correction to the four-point
function needed judicious use of N' =1 or N' = 2 supersymmetry [6,[7]. Going to higher orders
became possible by using the Lagrangian insertion method combined with the recently discov-
ered hidden permutation symmetry of G4 that mixes integration and external points [1,2]. More
precisely, since the (on-shell chiral) Lagrangian of N' = 4 SYM appears as the top component
in the chiral sector of the stress-tensor supermultiplet, the order O(g?) correction to G4 can be
related to the Born-level correlation function G4,y involving the insertion of ¢ additional chi-
ral stress-tensor supermultiplets, integrated over their positions in the chiral superspace. The
permutation symmetry follows from the Bose symmetry of the correlation function Gyy,.

This point illustrates the importance of the general multi-point correlation functions G,, =
(T(1)...T(n)) of the stress-tensor supermultiplet in the chiral sector. Another reason to study
these is the above mentioned duality with scattering amplitudes. Knowing G, allows us to
predict the general n—point tree-level superamplitude as well as the integrands of its perturbative
corrections.

The goal of the present paper is to develop a new approach to computing the correlation
functions G,, which makes efficient use of N' = 4 superconformal symmetr 1. Viewed as a
function of the chiral odd variables 6, GG,, admits the expansion

Gn = Gn;O + Gn;l +-- Gn;n—4a (11)

where G, is @ homogenous polynomial in 6 of degree 4p. Notice that the expansion terminates
at p =n — 4 (instead of the maximally allowed p = n) due to N/ = 4 superconformal symmetry.
An important consequence of ([LT]) is that for n = 4 the correlation function coincides with its
lowest component, G4 = G4,, and so it does not depend on the Grassmann variables.

Each term on the right-hand side of (IT]) should respect the A' = 4 superconformal symmetry.
As a consequence, it can be expanded over a set of invariants Z,,., of this symmetry. As was shown
in [I], for the bottom (p = 0) and top (p = n — 4) components the invariant is unique (up to an
arbitrary function of conformal cross-ratios). For the remaining components in (1)) the number

IThroughout the paper we always mean the chiral half of N' = 4 superconformal symmetry.



of invariants varies with p and they have not been studied in the literature. One of the main
goals of this paper is to provide a convenient basis for such invariants in twistor superspace.

Note that the expansion (L1 is very similar to that of the n—particle scattering super-
amplitude in A" = 4 SYM. In fact, the two quantities are related to each other in the limit in
which the operators 7 (i) are located at the vertices of light-like n—gon [I0HI5]. This duality
yields non-trivial relations between the invariants Z,,,, and their on-shell counter-parts defining
the scattering amplitudes. It is in this sense that we can think of Z,., as the off-shell generalisation
of the on-shell (amplitude) invariants. In particular, in the simplest non-trivial case p = 1, in
the light-like limit the off-shell invariants Z,,.; are related to the NMHV R—invariants [16]17].

Computing the higher components G, in (L)) and finding the corresponding off-shell super-
conformal invariants Z,., proves to be a very non-trivial problem. In the conventional approach,
the Born approximation to G, is given by a set of Feynman diagrams with many interaction
vertices and the associated Feynman integrals. The number of diagrams and their complexity
rapidly increase with the Grassmann degree p. Moreover, the contribution of each individual
diagram is neither gauge invariant nor (super)conformally covariant. The A = 4 superconformal
symmetry is only restored in the sum of all diagrams.

In this paper we demonstrate that these difficulties can be avoided by employing the refor-
mulation of N'=4 SYM in twistor space [I8]. We find a representation of the chiral part of the
stress-tensor supermultiplet 7 as a four-fold fermionic integral of the main interaction term in
the twistor Lagrangian. In the judiciously chosen axial gauge, the self-dual sector of SYM is free
and has no interaction vertices. Furthermore, all the interaction vertices are comprised in the
non-polynomial expression for 7 in terms of the twistor superfield. As a result, the correlation
function G, is given in the Born approximation by a new type of Feynman diagram which only
involves free propagators of twistor superfields but no interaction vertices. The calculation of
the twistor space Feynman diagrams is drastically simplified (no Feynman integrals!) and yields
very concise expressions for G,,. We check by an explicit calculation that the results for G,
obtained by the new method agree with those of the conventional Feynman diagram approach.

Analysing the Feynman diagrams in twistor space, we introduce a new class of N' = 4 off-shell
superconformal invariants and study their properties. The simplest invariant R(1;234) is given by
a nilpotent Grassmann polynomial of degree two in the odd variables . It depends on four points
and an auxiliary (reference) supertwistor defining the axial gauge for the twistor action. This
invariant serves as an elementary building block for constructing higher-point invariants. Namely,
the general n—point invariant 7, factorises into a product of 2p elementary R—invariants.
We show that the correlation function (L)) is given in the Born approximation by a linear
combination of such off-shell invariants with rational coefficient functions of the distances z7; =
(z;—x;)?. Although each invariant depends on the reference supertwistor, this dependence drops
out in their sum.

The paper is organised as follows. In Section 2 we define the correlation function of the stress-
tensor multiplet in the chiral sector and summarise its properties. In Section 3 we reformulate
this correlation function in twistor space and develop a diagram technique for computing its
components G,,., of a given Grassmann degree 4p. In Section 4 we present an explicit calculation
of the first non-trivial component G,.; and show that it satisfies all necessary consistency condi-
tions (operator product expansion and duality with the NMHV amplitude in the light-like limit).
In Section 5, we apply the conventional Feynman diagram technique to compute the five-point
correlation function G,y in the Born approximation. In Section 6 we match the two approaches
and demonstrate that they lead to the same expressions for various components of the four- and



five-point correlation functions. Section 7 contains concluding remarks. Some technical details
are summarised in four appendices.

2 Correlation functions of the stress-tensor multiplet

In this section, we define the correlation functions of the operators in the stress-tensor supermul-
tiplet in A/ = 4 SYM and discuss their general properties. A distinctive feature of this multiplet
is that it comprises the stress-energy tensor (hence the name) and the Lagrangian of the the-
ory. They appear as coefficients in the expansion of the corresponding superfield 7 (z,64,0,) in
powers of the odd coordinates #2 and 93‘ (with Lorentz spinor indices o = 1,2, & = 1,2 and
SU(4) index A = 1,...,4). In addition, this superfield is annihilated by half of the Poincaré
supercharges and, as a consequence, it depends on half of the odd variables, both chiral and
anti-chiral:

T == T(:E, 9+, é_, u) 5 eia - Qéuza, éﬁa/ - ?iﬂéa/ . (21)

Here the odd coordinates 4 and 64 appear projected with auxiliary bosonic variables u}®
and 44, with a = 1,2, @’ = 1,2’ (see Appendix [Al for details), or ‘harmonics’ on the coset
SU4)/(SU(2) x SU(2)" x U(1)). The harmonics allow us to define the so-called Grassmann
analytic (or just ‘analytic’) superspace with odd coordinates #* and 6_, without breaking the
R—symmetry SU(4). More details can be found in Refs. [I9-21] (see also footnote [H).

For our purposes in this paper we shall restrict 7 to its purely chiral sector by setting % , = 0.
Then the expansion of the superfield in powers of 6T has the for

T(,0%,0,u) = 0T (2) + 070+ () + (07)2,07(z)
+ (07O () + (07)5 07 (x) + (07)' L (), (2.2)

where the lowest component (or superconformal primary) OTt+* = tr(¢* ¢*) is a half-BPS
operator built from the scalar fields ¢*+ = ¢APu}"uf e, and the top component £(x) is the chiral
form of the N' = 4 SYM on-shell Lagrangian. The remaining components can be obtained by
successively applying the chiral N' = 4 supersymmetry transformations to the lowest component
[13]. Their explicit expressions are given in Eq. (5.I) below. Notice that T carries four units of
harmonic U(1) charge, as indicated by the number of pluses in each term on the right-hand side.

In this paper we propose a new approach to evaluating the correlation functions of the stress-
tensor multiplet

G, = (0[T(1)...T(n)[0), (2.3)

where we used the short-hand notation 7 (i) = T (x4, 6;",0,u;) so that G,, depends on n copies of
the chiral superspace coordinates (z;, 0", u;). N = 4 superconformal symmetry imposes strong
constraints on G,,. In particular, for n = 2 and n = 3, the super-correlation function ([2.3)) is
a protected quantity, independent of the coupling constant. Moreover, it does not depend on
the chiral odd variables and coincides with the correlation function of the lowest component
trf¢ptT¢TT] evaluated at Born level.

?Here we use the notation (6+)2; = 05201 eap, (0F)290 = 6°05°c*P, (07)3 = 0520107 €pec® and (67)* =
9§a9;b9¢09;d6b06ad6a6675.



For n > 4 the correlation function (Z.3)) depends on the coupling constant g?. This dependence
can be controlled through the Lagrangian insertion method which relies on the following relation

0

D60 = [ d OTO). T2l

= /d4xn+1d49;+1 O]T()...T(n)T (n+ 1)|0)
= / d'zp 1 d' 0 G (2.4)

Here in the second line we made use of the relation between the on-shell action of ' =4 SYM
and the stress-tensor multiplet

Sn—g = / d*z L(z) = / d*z / d*ot T (z,60",0,u) (2.5)

that follows from (2.2)). Expanding the correlation functions in (2:4]) in the powers of the coupling
constant, we find from (2.4)) that the order O(g?*) correction to G, is determined by the order
O(g*72) correction to G, 1, integrated over the position of the (n + 1)—th point. Successively
applying (2.4) we can express the O(¢g?) integrand of G,, in terms of the correlation function
G4¢ evaluated at the lowest order in the coupling, i.e., in the Born approximation.

This property shows that in order to find any quantum correction to the above correlation
function it is sufficient to evaluate (2.3]) at Born level and for an arbitrary number of points n.
In this approximation G, is a rational function of the distances :Efj = (x; — x;)?. This function
can be reconstructed if we known the form of its singularities corresponding to null separations
z7; = 0 between the operators in (23)).

The various components of the correlation function (L)) have different dependence on the
coupling constant g and on the number of colours N. As follows from (2.3 and (2.2)), the lowest
component G, is given by the correlation function of scalar operators tr(¢p™"¢*) and reduces,
in the Born approximation, to a product of free scalar propagators. Therefore, it does not depend
on the coupling constant and scales as G,,.o ~ dim(SU(N)) = N? — 1. The higher components
Gpyp in (LT)) are given by more complicated correlation functions involving other members of the
supermultiplet (Z2]). As we show later in the paper, their perturbative expansion necessarily
involves interaction vertices whose number increases with p. Each vertex is accompanied by a
power of the coupling constant g, so that G, scales in the Born approximation as

N2 -1 (¢’N P
= LN 2.
G (2m)2n (47r2) Ginip (2:6)

with @n;p depending on the n superspace points and on the parameter 1/N? controlling the
non-planar corrections. According to [2], non-planar corrections only exist for p > 4 due to the
occurrence of the higher Casimir operators of the gauge group SU(N) in the individual Feynman
diagrams. I The correlation function G, involves an overall factor which is a product of free
scalar propagators, each bringing a factor of 1/(27)2. For the sake of simplicity of the formulae,
in what follows we shall not display the normalisation factor in (2.0)).

3The simplest example is the quartic Casimir operator d**¢¢de*¢d /(N2 — 1) = (N* — 6N? + 18)/(96N?) that
first appears for p = 4.



By construction, the correlation functions G, have to respect (the chiral half of) N = 4
superconformal symmetry and to satisfy the corresponding Ward identities. The general solution
to these identities is given by a linear combination of N' = 4 superconformal nilpotent invariants
Z,,, whose number depends on the Grassmann degree p. As was shown in [I], for the top
component of the correlation function with p = n — 4 the corresponding invariant Z,.,_4 is
unique leading to

In;n—4
I 22
1<i<g<n “Vij

Grn-a = (2.7)

The explicit expression for Z,,.,,—4 can be found in [1].

In this paper, we extend the relation (2.7)) to the remaining components G, of the correlation
function (1)) with p < n — 4. Namely, we shall construct the set of N’ = 4 superconformal
invariants Z,,,, and determine their contributions to G,,.,,.

3 Correlation functions on twistor space

In this section, we present a new approach to computing the correlation functions (2.3]) that
relies on the reformulation of N' =4 SYM as a gauge theory on twistor space based on a twistor
action. The twistor space Feynman diagrams that arise from this twistor action provide an off-
shell generalization of the MHV diagrams of [22] that give rise to scattering amplitudes. The
framework extends to null polygonal Wilson loops [12,23] and other correlators [15,24] giving
dual conformal invariant versions of MHV diagrams for the amplitude or standard ones for the
Wilson loop.

Here we show how to obtain Feynman rules on twistor space for the correlation functions
(23) that avoid many of the difficulties of conventional space-time Feynman diagrams. The
main advantage of the twistor rules as opposed to the conventional ones is that the contribution
of each diagram manifests the A/ = 4 superconformal symmetry up to the choice of a reference
twistor that has been used to define the axial gauge. Its contribution remains invariant under
a superconformal transformation acting on all external data, if we in addition transform the
reference supertwistor linearly. In the sum over all diagrams, dependence on the reference super-
twistor drops out as we shall prove below. There are also relatively few diagrams compared to
the conventional ones, particularly at low MHV degree.

3.1 Twistor space approach

Non-projective twistor space is the fundamental representation space of the complexified spinor
covering of the super conformal group SL(4|4;C). We first explain how the bosonic conformal
group in this form acts on space-time and how it relates to bosonic twistor space and then build
up to the full supersymmetric correspondence.

As mentioned above, the correlation functions (2.3]) at Born level are rational functions of the
distances xfj Therefore, they admit analytic continuation to complex space-time coordinates.
This is an advantage because the action of the complexified conformal group SL(4;C) on the
correlation functions can be greatly simplified by employing the embedding formalism, in which
complexified compactified Minkowski space is realised as a light-cone in complex projective space



CP® with homogenous coordinates X7 ~ cX!/ (with I,J =1,...,4)

(X-X)=Xp,X" =0, (3.1)
where X7; = teryx, X5P and X'/ = —X7!. The complex coordinates z,4 define a particular
parameterisation of X7’/

1J €ap _ixg
X == . & 2 dB 5 (32)

with :)sg = Toe® and 22 = %zgxg Conformal transformations of z,4 correspond to global

SL(4;C) transformations of X7

Bosonic twistor space is the complex projective space CP* whose homogenous coordinates
ZT ~cZ! (with I =1,...,4) transform in the fundamental representation of the cover SL(4;C)
of the conformal group. A space-time point X!7 corresponds to a line in twistor space given by
the incidence relation

X177 =0. (3.3)

For a given point X!7 this relation defines a line in twistor space since (3.I) is the condition that
X7 has rank two. Choosing two arbitrary points on this line, Z{ and Zj, we can reconstruct
X1 as

XY =zlz] - 277 =727 . (3.4)

Combining (3.2)) and (3.4]) we obtain that each point in complexified Minkowski space-time .4
is mapped into a line X;;Z7(c) = 0 in twistor space

7o) = Zio' + Zio* = Z1 o™, (3.5)

with 0 = (o', 0?) being local coordinates on the line. For n points z;, defining the space-time
coordinates of the operators in the correlation function (2.3)), the corresponding configuration
in twistor space consists of n (non-intersecting) lines whose moduli are determined by the cor-
responding projective coordinates X7/, as shown in Fig. @ below. Then, the (square of the)
distance between two operators is given by

1 1
l'?j ~ §(XZ . X]) = ZE[JKLXiIJXjKL
1
= ZE[JKLEGbZiI’aZi{bECdZ]K’cZﬁd = <ZZ'71ZZ'72Z"1Zj’2> s (36)
where Z; , and Z;, (with a = 1,2) are two pairs of points belonging to two lines with moduli X;
and X, respectively. If two lines intersect, we can choose ZZ-{ g = Zj{ 1 leading to :zfj = 0. Thus,
the light-like limit of the correlation function, xfj — 0, corresponds to the limit of intersecting
lines.

4More precisely this is a line in projective twistor space CP* or equivalently a two-plane in (non-projective)
twistor space C*. So Minkowski space is the Grassmannian of two-planes in C*, Gr(2,4).



To deal with correlation functions in A/ =4 SYM in the chiral sector, we have to extend the
twistor space to include four odd coordinates

Z=(Z'x", (with I, A=1,...,4), (3.7)

subject to the equivalence relation Z ~ c¢Z. The odd twistor coordinates x* satisfy an incidence
relation analogous to (8:3). Using the parameterisation (3.2) we can rewrite the relation between
a point in chiral Minkowski (super)space-time (2%, 04%) and a line in twistor superspace as

7' = (Mo, iz Ng) Xt =04, (3.8)

with A, being homogeneous coordinates on the line in twistor Spaceﬁ The N = 4 superconformal
transformations correspond to global GL(4|4) rotations of the supertwistor Z.

3.2 N =4 SYM on twistor space

The fields of N'=4 SYM theory are described on projective twistor space PT by a superfield A
that takes values in (0, 1)-forms with values in the Lie algebra of the gauge group. Expanding in
the fermionic coordinates Y we obtain

_ i 1 _
AZ,2,x)=a(Z,2) + x*4(Z, Z) + §XAXB¢AB(Za Z)

+ geaneoX X2, 2) + geaseox XXX 97, 7). (3.9)

The coefficients in front of y™ are antiholomorphic (0, 1)—differential forms on the supertwistor

space CP?*, homogeneous of degree n that are related to the various component fields of N = 4

SYM by the Penrose transform: g and a give rise to self-dual and anti self-dual part of the field

strength tensor, 74 and v are mapped into gaugino fields and ¢4 produce the scalar fields.
The twistor action of N' =4 SYM takes the form

1 = 1
S[A] = ool D3‘4Z N tr <§A (9.4 - g.As) + /d4:L' d89 Lint(llf, 9) s (310)
where DM Z = Le; i Z7dZ7dZ dZ d Y is the integration measure on the complex projective
space and

Lint(z,0) = ¢g° [Indet(d — A) — Indet 9] . (3.11)

The separation of the action S[A] into the sum of two terms corresponds to expansion of N' = 4
theory around the self-dual sector. Indeed, the holomorphic Chern-Simons action is equivalent,
in the appropriate gauge, to the self-dual part of the N/ = 4 action. The second term on the
right-hand side of (B.I0]) describes the interaction induced by the non self-dual part of the action.
It involves the logarithm of the chiral determinant of the Dirac operator evaluated on the line in
twistor space defined in (B.8]), and then integrated over all lines.

5 Again, more precisely this identifies chiral Minkowsksi superspace with the space of lines in projective super-
twistor space (CP3I4, or equivalently the space of two-planes in non-projective supertwistor space C**, that is the
Grassmannian Gr(2,4/4). Similarly analytic superspace, on which the stress-energy tensor naturally sits, is the
super-Grassmannian of (22) planes in C**, Gr(2|2,4/4) [20]. The modding out of a super-plane accounts for the
halving of the odd degrees of freedom (for example in (21])).

7



To perform calculations using ([3I0) it is convenient to choose an axial gauge in which the
component of A in the direction of a fixed reference twistor Z, vanishes. In this gauge, the cubic
term in the holomorphic Chern-Simons action vanishes and the remaining quadratic term defines
the propagator

(AY2))AY(2,)) = 0242y, 25, 2,)0% (3.12)

where we have displayed the SU(N) indices of the fields A = A*T* (with T being the SU(NV)
generators in the fundamental representation) and explicitly denoted the supertwistor Z, that
defines the axial gauge. Here

- ds dt -

N2, 25, 2,) = / —8754‘4(321 + 12y + Z,) (3.13)

S

is a projective delta function. It is a homogenous (0,2)—form on twistor space that enforces
the condition for its arguments to be collinear in the projective space. In the axial gauge, all
interaction vertices are produced by L;,:. Its expansion in powers of superfields looks like

1 _ _
Lint(7,0) = —¢* —tr [8_1A. ) .8_1A]
n>2 n
_ g 1 / tr[A(Z(01)) A Doy ... A(Z(0y)) A Doy ’ (3.14)
= k (0109) ... {(o}o1)
where Do; = (0;,do;) = eabafdai? is the projective measure and
(0i0;) = eaban?. (3.15)

In the second relation in (BI4) the superfields are integrated along the line in twistor space
Z(0;) = Z,0} + Z,0? parameterised by coordinates o = (o}, 0?) with two reference points Z;
and Z, of the form (3.7) and (3.8) with the same 2% and 4% but different \,.

Making use of (B.I4]) and ([B.12]) we can apply the conventional Feynman diagram technique
to compute the correlation functions of operators built from supertwistor fields at weak coupling.
To establish the correspondence with (2.3]) we have to work out the representation of the stress-

tensor superfield 7 (x, 07, u) in twistor space. Our main contention is that [
T(x,0%,u) = / 40 Lo (2,0) | (3.16)

where -9 = HAO‘u;f”/ and 679 = g4y are the projected fermionic coordinates required in
the definition of 7. We first remark that, although L;, is not gauge invariant because of the
chiral gauge anomaly in In detjﬂa — A) in (B.II), the fermionic integration in (3.16) annihilates
the anomalous gauge variation

6Qther previous works discussing composite operators within the twistor framework are the proof of the
correlator/amplitude duality for the Konishi multiplet [15,25] and the recent papers [26,27] where the N' = 4
one-loop dilatation operator in the SO(6) sector is rederived. In either case the realisation of the operators is
necessarily different from our approach because they are not connected to the Lagrangian by supersymmetry,
which we use extensively.

"This is a refinement of the discussion following Eq.(3.6) of [18]. There, the variation of Li,; under a gauge
transformation is seen to be quintic in the #’s. A more detailed examination shows that the Grassamann integral
in (BI6) does not find a matching #—structure in this gauge variation.

8



To justify (BI6), denote the corresponding operator as T4(x,07,u) and examine another
equivalent representation for the correlation function (2.3))

Gn = (0[Ta(1) ... Ta(n)|0).a, (3.17)

where we inserted the subscript A to indicate that the expectation value is evaluated with the
action given by (B.I0). To determine the explicit expression for T4(z, 61, u) we shall require that,
in the twistor space approach, the derivative of the correlation function (B.I7) with respect to
the coupling constant 9G,,/0g? has to be related to G,,.; as in the last relation in (2.4).

Since the dependence of the twistor action ([B.14]) on the coupling constant only resides in Liy
we obtain

0
8—g2Gn = /d4l’n+1d89n+1 <O|7j4(1) e ﬂ(n)Lint(:EnH, 9n+1)|0>A . (318)
This relation is remarkably similar to (2.4]). However, an important difference is that, in dis-
tinction t0 Ling(Zn41,0n11) the stress-tensor superfield T (z,41,6, 1, uy41) entering the second
line in (24) only depends on half of the 6, variables while it has an additional dependence on
the harmonic variables wu,1. To match the sets of variables these two operators depend on, we

employ the harmonics to decompose Q;j‘fl into the two projections
+a,a _ pAa —da _ pAa , —ad
Onyr =0y lun-i-l A el = Oniun A (3.19)

with A = (+a, —d’), and then integrate out 8, using the identity [ d®0,.1 = [d*0;},, [ d*0, ;.
Appealing to the analogy with (2.4]) we identify the resulting operator as representing the stress-
tensor superfield in twistor space

7:4(71 + 1) = /d49;+1 Lint($n+1, 9n+1) s (320)

whereby (B.18)) takes the same form as (2.4]). Notice that the dependence of T4(n + 1) on the
harmonic variable w,, enters through the integration measure [ d*6, ;.

We combine the relations ([B.20) and (BI7) to obtain the following representation for the
correlation function in twistor space

G = [ 107 .0 (L (1) Lin(m) 0. (3.21)

where Lin (1) = Lig(;, 0;) and 9_“ — QAO‘(UZ) . As before, we will be interested in computing
this correlation function to lowest order in the coupling constant. In this approximation, we can
neglect the dependence of the twistor action (3I0) on the coupling constant and retain only the
first (Chern-Simons) term on the right-hand side of (3:10). In addition, we recall that in the axial
gauge the Chern-Simons term reduces to the kinetic term, quadratic in twistor superfield A. As
a consequence, calculating (3.21]) we can treat A as a free field. In this way, replacing L. (7) by
its expression (B.14]) we have to perform all possible Wick contractions of the superfields A and
express the correlation function ([B:2]]) as a product of propagators defined in (812)). This leads
to the set of Feynman rules formulated in the next subsection.



3.3 Feynman rules from twistor space

According to the definition (3.14]), each operator Liy(x;,0;) lives on a line in twistor space
Zi(o) = Zi,lal + ZZ‘720'2 =Z;,,0%, (3.22)

with two reference points Z;; and Z,, satisfying the incidence relations involving z; and 6.
Then, each term in the sum in the second relation in (3.I4]) can be viewed as a line in twistor
space; the k legs attached to it represent the twistor superfields A(Z;(o)). For our purposes it
will also be convenient to treat the same diagram as defining a new effective interaction vertex
as shown in Fig. [Il

Zi2 Kj’l
. z : i J
) J > PS PY
/ \zj,z

?
/ / N
J1 J2 J3 Jk

Figure 1: Propagators and vertices in twistor space.

Z;,

JuoJ2 Js Jk

Then, the correlation function (B:2]]) is given by a set of diagrams in which an arbitrary number
of propagators are stretched between n lines, or equivalently connect n effective vertices (see

Fig. ).

Figure 2: Feynman diagram on twistor space contributing to an n—point correlation function. A double
line with label i represents a line in twistor space with moduli (z;,6;). Solid lines stand for propagators
of twistor superfields and dots denote effective interaction vertices.

Let us consider the propagator connecting two lines with indices ¢ and j. Denoting the

local parameters of the points on these two lines by of; and ¥, respectively, we can write its
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contribution as

/ (o1ydors) / (0doss) 8P4 (Zi(o), 25050, Z)(..)
— [toudo) [toudasy [ 25 6s2i0) + 20+ 2(...)
/dQU,]/dzaﬂ 5z, + 05200+ 05 2Z50)( ), (3.23)

where the expression inside (...) corresponds to the rest of the diagram and we made use of
(BI3) in the second relatlon. Here in the third relation we replaced the integration variables
of; — sof; and 0f; — tof; taking into account that the expression inside (...) is a homogenous
function of ¢;; and o;; of degree (—2).

Then, the Feynman rules taking us from a graph as shown in Fig. Pl to a contribution to the
correlation function ([B.21]) are as follows:

e To each line connecting vertices 7 and j we associate two pairs of spinor Variables of; and o
(with a = 1,2). They define the coordinates of the end points o Z, o and 0% Z; , belonging
to the ith and jth lines, respectively, in projective twistor space

e A propagator connecting vertices i and j produces a graded delta function %% §**(Z, +
08250+ 052 «) with a; and a; being SU(N) colour indices;

e Each vertex comes with a Parke-Taylor-like denominator accompanied by the SU(N) colour
factor, — tr[T%nT%: ---T“jk]/Hif:l(aijeaije+l> (with jr41 = j1 and (0i5,04,,,) given by
BI3)). In virtue of tr7% = 0 , we must have at least two lines coming from each vertex;

e Finally, at each vertex ¢ = 1,...,n we have to perform an integration [ d*oy;, ...d%o0;;, over
the o—parameters of all lines attached to that vertex and, in addition, integrate out half
of the Grassmann variables by [ d*6; .

These rules are summarised in Fig. Bl

i J
— o suu s Z, + 05 250+ 0525 0)

[T 7% - . - T%]

(0ij1Tijn ) (TijaOijs) * + (T34, Ty )

J1 Jk

J2 J3

Figure 3: Feynman rules for propagators and vertices in twistor space.

To compute an n—point correlation function using these Feynman rules we have to examine
all diagrams with exactly n vertices and an arbitrary number of propagators. Since each vertex

8Such an assignment of the o;; variables would be ambiguous if two vertices were connected by more than one
line. As we show below (see Eq. (348))), this never happens for n—point correlation functions if n > 2.
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has at least two lines attached to it, the minimal number of propagators is n. Let us denote the
total number of propagators as n + p (with p > 0) and examine the Grassmann degree of the
corresponding diagram. Each propagator increases the Grassmann degree by four units whereas
each vertex reduces it by four units due to the integration [ d*0; . Thus, the Grassmann degree
of a diagram containing n vertices and n + p propagators is 4 p. This counting is in perfect
agreement with the general form of the correlation function (I1]). It also allows us to identify
each term in the expansion (ILI]) with the contribution of a particular class of diagrams:

Gpnp = Sum of diagrams with n vertices and n + p propagators (3.24)

3.4 Lowest component

To illustrate the formalism, we apply the Feynman rules formulated in the previous subsection
to compute the simplest G0 component of the correlation function (LI]). According to (3.24)),
Gy is given by the sum of diagrams with n vertices and n propagators. A distinctive feature of
such diagrams is that all vertices are bivalent. In what follows we shall only consider connected
twistor diagrams. EN particular example of such a diagram is the graph in which vertices ¢+ and
1+ 1 are connected by a single line. All remaining diagrams can be obtained by permuting the
labels of the vertices. According to the Feynman rules in Fig.[Il the contribution of the ith vertex
involves —1/({0;_10441){(0:4110:5-1)) = 1/(0i:-10::11)>. We combine it with the propagators
to obtain [*°

d Uzz 1d Uzz 1
Gno = H/d%’ / J; 54|4(Z* + afi_lzi,ﬁ + af_l,iZi_l,g) + (S,—perm), (3.25)

Uz Ji— 103 H—l

where (S,—perm) denotes the additional terms needed to restore the Bose symmetry of the
correlation function.

We recall that Z;; and Z; » denote two points on a line in supertwistor space. They have
the general form (3.7) and (B.8)) with the local coordinates A; gz and A, g, respectively. The
correlation function ([B:25) should not depend on the choice of these coordinates. Indeed, the
change of the local coordinates corresponds to the GL(2) rotation \, 5 — ¢,°\, g, or equivalently
Zis — 9,°Z; 5. This variation can be compensated in ([3.25) by the change of the integration
variable o7 — (g71)%507,.
form

We can make use of this symmetry to choose Z; g in the following

with I = (a, &). It is also convenient to parameterise the axial gauge supertwistor as
Z.=(z! 0. (3.27)

We substitute ([3:26) into (3:25) and perform the integration over 6, to obtain (see Eq. (333
below)

G 0= H yi“‘l /d20'i7i_1d20'i7i+154(z* + Ufi_lzi,ﬁ + Jiﬁ—l,iZi—lﬁ) + (Sn—perm) . (328)
=1

9The disconnected twistor diagrams describe contributions to the correlation function which reduce to products
of correlators with lower number of points.

0Here we do not display the factor (N? — 1) coming from the contraction of the SU(N) colour indices since it
is included in (26).
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Here y;i+1 = ¥ — yi+1 with y; being the local coordinates on the harmonic coset introduced in
(A.5l). We notice that the total number of delta functions in this integral matches the number
of integration variables. Therefore, the integral is localised at the values of the o—parameters
satisfying Z, + ol Zig+ Uiﬁ—l,iZi—175 = 0. Equivalently

i,0—1

_ b (ZipZiZi11Z5-12)

ol = :
bt (Zi11Zi-122i17Z;2)

o0 — o (Zi1 3221 Z; 2) | (3.29)
’ (Zi—11 25122175 2)

where we used the notation (Z,7,757,) = e;jxrZi 7] Z5 ZF. In this way, we finally obtain

n

2
Gro = [] S5 + (Sy—perm). (3.30)

ie1 i1

Notice that the dependence on the reference supertwistor Z, disappeared in G, as it should for
a gauge invariant quantity.

The result (3.30) perfectly meets our expectations. In the conventional approach, G, co-
incides with the correlation function of n operators tr[¢ptT¢™ ], the lowest component of the
stress-tensor multiplet (Z2]). Then, to lowest order in the coupling constant, G, is given by a
product of n free scalar propagators (¢pT*(i)pT*(5)) = yfj / x?j, properly symmetrised to respect
Bose symmetry.

3.5 Twistor Feynman rules for higher components

To compute higher components of the correlation function G, we have to examine all diagrams
containing n vertices and n + p propagators. We can apply the Feynman rules formulated in the
previous sections to write down their contribution as a productsof n 4+ p graded delta functions
of the form §**(Z, + 08 Zia + 0%2j4). However, this approach is not very efficient in that it
involves integrating a function of Grassmann degree 4(n + p) over 4n odd variables [ d*0; to
arrive at the function G, of Grassmann degree 4p. So, in this subsection we instead perform
the explicit integration over the variables 6. at the level of the twistor Feynman rules and thus
derive a simpler set of rules.

To begin with, we split each propagator up into a product of bosonic and fermionic delta
functions,

' Z+ 0% 210+ 052;50)0 (0 + 0350 0 + 0530;.0) - (3.31)

To integrate over #; , we employ the harmonics u; to decompose the variables 6; into two halves

(B19) (see Appendix [A]),
0 = 0 ut,, + 07"l (3.32)

)

Then, multiplying the argument of the fermionic delta function by the 4 x 2 matrices u;rj and
+a

u; 3 we find after some algebra
54(9* + <O'Z]91> + <Uji9j>) = yf] 52 (<01]92_> + Az;) 52 (<0']19]_> + A]Z) s (333)
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with 7 = TeABCD u:jeabu:gu;fgecduﬁ). Here the functions
AG = [(030F) + {040,V (Uy) 10+ 02u 8] (U 1 (3.34)

depend only on ;" and 9;, and the matrices U;; are defined as

(U)o = wiculs s (U)o = th_guis - (3.35)
The function A% can be obtained from A?]f by exchanging the indices 7 <> j. It is often convenient
to use a parameterisation of the harmonic variables u; in terms of the local coordinates y; on
the harmonic coset defined in (A.F). In this case, (U;)12 = 6% and (U;;)™%, = (i), so that the
expression (B.34]) significantly simplifies,

Al = [(038]") + (0367°) + 02a%] (v - (3.36)

Notice that the dependence on ;" and ¢; on the right-hand side of (8.33)) resides in the first
and second delta functions, respectively. This suggests associating the first delta function with
the vertex i and the second one with the vertex j. Then, if the vertex i has k propagators attached
to it, we take into account the additional o —dependent factor coming from the Feynman rules
in Fig. B to arrive at the integral

62({03;,07) + Ay )02({045,07) + Az ... 62((04;,0;) + Ayj
R(Z7j1j2 . jk) — —/d4¢9; (<Ujl 7 > + ]1) (<U]2 7 > + J2) (<U]k 7 > + ]k) ) (337)
(0ij1012) (01320i4a) - - - (045, 0ijn)
Here the index ¢ labels the vertex and the indices 71, ..., jix enumerate the outgoing lines. By

construction, this integral has Grassmann degree (2k —4). As we shall see in the next section,
the quantity R(7;j1js2 - .. Jx) plays a crucial role in our analysis.

Relation (3.37) depends on the parameters of; and of;. Their values can be determined using
the bosonic part of the propagator (3.31]). Namely, solving the equation Z/4 (0 Z])+(0;Z]) = 0
we obtain

VAN Y VARV VAN Y/ VARYVA,
a Eaﬁ < B J;1 ],2> g% = eaﬁ < J,B 1 ,2> (338)

g <Zi,1Zi,2Z',1Zj,2> ’ 7 <Zi,1Zi,2Z'7lzj72> ’

g

cf. (329). Finally, for each propagator (3.31]) the bosonic delta function allows us to do the
o—integration yielding

2 2
2/129 /dzo'ijdz(fji 54|0(Z +0i;Z; + ajiZj) = Z 1Z'221Z-2) — :L'_Qj 7 (3.39)
2y 2 ) J5 ’l]

where the additional factor of y7; comes from (3.33).
In summary, we arrive at the following twistor Feynman rules shown in Fig. [k

e A line connecting vertices ¢ and j is associated with the propagator d;; = yfj / x?j;

e Bivalent vertices are associated with R(i; jij2) tr[T% T%z2] = R(i; j12)0%1 %2

e Higher valency vertices are associated with R(¢; 7y ... ji) tr[T%: ... T%] evaluated for the
o—parameters given by (3.38]).
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. . 9
? J o Y
5a1a] dij — 5aza3x_2]

tj

tr[T T2 - T R(4; j1ja - - - Jr)

J1 Ik

J2 J3

Figure 4: Feynman rules for propagators and vertices in analytic superspace.

3.6 Properties of the R—vertices

Let us summarise the properties of R(7; j172 ... jk). In twistor diagrams, this function is accom-
panied by the colour factor tr[7%: ...T%«] with the same ordering of external lines. As follows
from the representation (3.37)), R(i; j1jo - .. jk) is invariant under a cyclic shift of the j—indices
and changes sign under a ‘mirror’ exchange of the indices, j, — jr_¢11,

R(is jija - - - Jr—1jx) = R(; jogs - - - xr) = (=1 R jrfiw—1 - - - Jojr) - (3.40)

For k = 3 external lines, this relation implies that R(i; j17273) is completely antisymmetric under
the exchange of external legs,

R(3; j1j2J3) = —R(i; j1gsje) = —R(i; jsjeg1) = R(3; jajsj1) - (3.41)

In the special case jo = js, corresponding to a graph in which the two external legs are attached
to the same vertex, this relation implies

R(i; j1jaj2) = 0. (3.42)

Let us examine the explicit expression for R(i;j17s ... Jx) for the lowest values of k. For a
bivalent vertex, k = 2, the integration in (8.37) yields

R(i;j1j2) = 1. (3.43)
For a valency three vertex, k = 3, we can make use of the Schouten identity

05, (0ij0in) + 055, (00, ) + 043.(0i5,0i5,) = 0 (3.44)

to rewrite the argument of one of the three delta functions on the support of the other two in
such a way that it becomes 0, independent. In this way, we obtain

62 ((ammh)Am + (034,055 ) Aijy + <Uij30ij1>Aij2)
(04,0i32) {0ij201js) (0ijs0iju )
For vertices of higher valency, we can recursively apply the same trick, reducing a k—valent vertex

to a product of 3— and (k — 1)—valent vertices. Specifically, we rewrite the last delta function
on the right-hand side of (B.37) as a combination of the first and the (k — 1)st to get

R(4; j1jags) = — (3.45)
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Continuing recursively we can express the k—valent vertex as a product of (k — 2) copies of
3—valent vertices

R(i; 51j2 - - - i) = R(3; jrjags) R(E; j1gaga) - - R4 J1jr—1]k) - (3.47)

Note that the index j; plays a special role here as it appears in every factor on the right-hand
side. We can obtain another equivalent representation for R(7;j1js ... jx) by making use of the
symmetry properties ([3.40). Combining (3.47) with (3.42]) we find that the R—vertex vanishes
if two indices of external lines coincide

In terms of twistor diagrams this relation implies that diagrams with (at least) two propagators
stretched between any two twistor lines do not contribute to the correlation function.

We observe that the denominator in (3.37) has the same form as in the Parke-Taylor MHV
amplitude upon identifying the variables o;; with the holomorphic variables ); that define the
on-shell momenta of the particles. As a consequence, we can use the properties of the MHV
amplitude to obtain non-trivial relations for R(7; jijs ... jx). In particular, the U(1) decoupling
relation for MHV amplitudes [28] translates into

R(i; j1jo - - - Jr—1Jk) + R(i5 4173 - - JrJg2) + -+ + R(45 517k - - - Je—27k—-1) = 0, (3.49)

where the sum runs over cyclic permutations of the indices js, ..., jr_1, jx. This relation can be
verified using the Schouten identity (3.44]).

The R—vertices satisfy another set of non-trivial relations. In the simplest case of three-point
vertices it takes the form

R(%; j1j2gs) = R(3; jajegs) + R(3; jrjajs) + R(7; jrjeja) (3.50)

with ji,...,J4 being arbitrary. The proof of this relation can be found in Appendix [Bl We can
then use (B.50) and (B.47) together to obtain an analogous relation for four points

+ R(3; jsj1j2) R(i; jsgaja) + R(i; Jsjajs) R(4; jsjaj) - (3.51)

It is straightforward to generalise it to an arbitrary number of points

N

-2

N —

i~
[|
I\

(3.52)

where the expression on the right-hand side is symmetrised with respect to cyclic permutations
of the indices 71, j2, - - -, Jk-

4 Next-to-lowest component

As we have shown in the previous section, the lowest component of the correlation function (I.TI)
reduces to a product of free scalar propagators (3.30). In this section, we shall compute the first
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component G, of (LT)) with non-trivial dependence on the Grassmann variables. We recall that
G.1 is a homogenous function of 6 (with i = 1,...,n) of degree four.

In the conventional approach, to obtain G,; we have to replace the superfields 7 (¢) in (2.3))
by their expansion (2.2)) in powers of 6 and to single out the contribution involving products
of four Grassmann variables. In this way, G, is given by a sum of n—point correlation func-
tions involving various components of the stress-tensor supermultiplet. Each of these component
correlation functions has conformal symmetry, but N' = 4 supersymmetry is not manifest. The
main advantage of the twistor space approach is to offer an efficient way of finding G,,.; without
the need of computing individual component correlation functions; N' = 4 supersymmetry is
manifest[]

According to (B:24)), the correlation function G, is given by the sum of all twistor diagrams
containing n vertices and (n + 1) edges. Since each vertex is at least 2—valent, such diagrams
may have either two 3—valent vertices, or a single 4—valent vertex with the remaining vertices
being 2—valent. Thus, we distinguish different topologies of twistor diagrams shown in Fig. [l
The last three diagrams correspond to different embeddings of the colour-ordered quartic vertex.

Ji J2 Ji J2 J1 J2
Ja J3 Ja J3 Ja ‘ J3
J
(b) (c) (d) )

(e

Figure 5: Topologies of twistor diagrams that contribute to Gy;;.

Let us first consider the contribution of the diagram shown in Fig.[B(a). It involves two chains
of propagators attached to two cubic vertices with indices 7 and j3. Applying the Feynman rules,
we find that the contribution of this diagram to the correlation function vanishes

G~ §91%2 tr[T% T T R(i; j1j2js) = 0, (4.1)
where §%1%2 comes from the product of propagators connecting 2—valent vertices j; and j5. Here
we took into account that 7T = Cp = (N? —1)/N is the quadratic Casimir of the gauge group
SU(N) and, as a consequence, the colour trace in the above relation vanishes, tr 7% = 0.

The diagram shown in Fig. Bl(b) contains three chains of propagators attached to two vertices
with indices ¢ and j. Explicitly, its contribution is

Flg (b) = R(L klllml) tI'[Takl T% Taml] X R(], k‘glgmg) tI‘[Tak? T% TamQ]
2 2 2 2 2 2
5 ¥k Ok (@ - kaj) X W1 %y <y2_2ll - yl2j) X §am1amy (yz;m o yrzrmj) ’ (42)

2 2
Tiky  Thoj Tit,  Tiyj Timy Ty

1YWe recall that the price to pay for this is the presence of the reference twistor Z,, in addition to the external
data. The important point however is that Z, drops out from the final expressions, due to gauge invariance.
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where the dots stand for the product of the remaining propagators constituting the three chains.
As opposed to the previous case, the colour factor of this diagram is different from zero. In
the correlation function, the above expression should be symmetrised with respect to the indices
of all vertices in order to respect the Bose symmetry. In particular, since the cubic vertex
is antisymmetric under the exchange of external legs, R(i;kilymy) = —R(i;l1kimy), its colour
factor tr[T®: T T*] should also have the same property for the contribution of the diagram
to be Bose symmetric. This allows us to replace tr(7*: T*T% 1) — tr([T%:, T |T% ) yielding

5k Ok GO0 §oms o g ([T T T )y ([T, T]T) = —2(N* ~ )N, (4.3)

where we used [T T?) = iv/2f%T¢ with fobefee = N for the gauge group SU(N) and
tr(T%T°) = 6. In this way, we find the contribution of the diagram in Fig. Bi(b) (see footnote

T0)

G = —R(i; kylymy ) R(j: kolamo)dig, . oidity . tjim,..maj + (Sn—perm) , (4.4)

n;

where the notation was introduced for the product of scalar propagators

2 2

Yie,  Ykaj
Tiky  Thoj

The diagrams shown in Fig. [Bl(c)—(e) contain two chains of propagators that are attached to the
quartic vertex in three different ways. Their contribution to the correlation function is

The colour factors are

C., = §%1%z2 §%s%4 ty (T %2 T T%) = NC%
Cy = §%1%2§%3%a ty (T2 T T%T%) = NC%
Cly = §91%2 §%3 % tr (T T% % T% ) = NCp(Cp — N), (4.7)

where Cr = (N? — 1)/N is the quadratic Casimir of SU(N) in the fundamental representation.
Notice that C, is suppressed at large N by a factor of 1/N?, compared to C, and Cy. This reflects
the fact that the former diagram is non-planar whereas the latter two are planar.

Substituting (£.7) into (£.0) we expect to encounter both planar and non-planar contributions.
It turns out that the non-planar diagram [i(e) cancels against the 1/N? suppressed contributions
of the diagrams in Fig. Bl(c)+(d) in such a way that their total sum remains planar in the large
N limit, in perfect agreement with (2.6). To show this, we apply the relation (3.49) for k = 4 to

replace R(7; j1jaj2js) = —R(i; j1jagsja) — R(i; jijsjaje) in (48) leading to
= (Cc — Co)R(i; j1J273js) + (Ca — Ce) R(3; J1734J2)
= (N? = 1)N[R(i; j1jojsja) + R(; jajrjaja)] (4.8)

Comparing with (£7) we observe that all terms proportional to C% cancel out in the sum over
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all diagrams and the only terms that survive are those involving the colour factor CrN. This
property is reminiscent of the so-called non-abelian exponentiation of Wilson loops [29.30].

We combine (4.6]) and (4.8]) to obtain the contribution of the diagrams Fig.[Bl(c),(d),(e) to the
correlation function (see footnote [I0])

&)+ (d)+(e C
G VT = R(is jujajsis) dijy.gaidlijs. s + (Sa—perm). (4.9)

n;l

This expression involves a quartic vertex which can be expressed in terms of cubic vertices using

([3.47)
R(i; j1j2jsjs) = R(i; j1jags) R(4; J173da) = R(4; jajajr) R(3; Jogsja) - (4.10)

Finally, we combine relations (4.1]), (4.4)) and ([4.9) to obtain the following representation for the
next-to-lowest component of the correlation function:

Gn;l = - R(i; k111m1)R(j; k2l2m2>dik1...k2jdil1...lgjdiml...mzj
+ R(i§ jljzjs) R(@ j1j3.j4)dij1...jgidij4...j3i + (Sn—perm) . (4-11)

Here the indices 1, j, k, [, m label n different points and the sum runs over their permutations.

The following comments are in order concerning the properties of (L.1T]).

A remarkable feature of (d.I1]) is that the whole dependence on the Grassmann variables is
encoded in the simple cubic R—vertex given by (B.453]). According to its definition, Eqs. (8.45])
and (3.36]), the function R(7; j1j2J3) is a homogenous polynomial in ;" of degree 2, so that G,
has Grassmann degree 4 as it should be.

Recall that the dependence of the correlation function (£.IT]) on the super-coordinates of the
operators (z;,0;") enters into R(7; j1j2J3) through the commuting spinors o;; and the function A;;
given by (838) and (8.30)), respectively. They depend in turn on the supertwistor coordinates
defined in ([B.26]) as well as on the reference supertwistor Z,. Notice that each term on the right-
hand side of ([AI1]) depends on Z, but this dependence should cancel in the total sum in order for
Gn.1 to be gauge invariant. We demonstrate the independence of the correlation function (E.IT))

of the reference supertwistor Z, in the next section.
For n = 4 the relation (4.11]) takes the form

Gin=— [[ diy[R(1;324)R(2;314)/dss + R(1;234) R(3;214) /doy + R(1;243)R(4; 213) /das
1<i<j<4
+ R(2;134) R(3;124) /dys + R(2; 143) R(4;123) /dys + R(3; 142) R(4;132) /da] (4.12)

with d;; = yfj / :Efj However, G4 should vanish due to N/ = 4 superconformal symmetry (see
Eq. (ILI)). Therefore, the linear combination inside the square brackets in this relation should
vanish. We demonstrate this in Sect. [6l by an explicit calculation.

4.1 The light-like limit

As another test of ({.11) we consider the limit of the correlation function G,, in which the n
operators become sequentially light-like separated. In chiral superspace, this corresponds to

27,1 — 0 and Hfi’f_‘l(:cmﬂ)ad — 0 fori=1,...,n and the periodic boundary condition i +n =i
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is assumed. In this limit we expect the correlation function to be related to the square of the
n—particle superamplitude [13H15]

2
:ci’iJrl—)O

N\ 2
G, R G (1+R§MHV+...+R£LAHV) , (4.13)

where RNMHVY s given by the ratio of the NMHV and MHV n—particle amplitudes and similarly
for the other components. For G,, computed in the Born approximation, the amplitudes can be
replaced by their tree level expressions. In this way, we find for the next-to-lowest component

Jim G /G = 2R (4.14)

xi,z‘+1_>0

The NMHYV ratio function RYMHV is known to have an enhanced dual (super)conformal symmetry
[16] and is given by a sum of five-point on-shell invariants (see Eq. (£24)) below). The duality
relation (£.I4) then suggests that the ratio of the correlation functions G,,.1 /G, should also have
an enhanced symmetry, at least in the light-like limit.

Let us first examine the asymptotic behaviour of the lowest component G, in the light-like
limit. It is easy to see from (B.30) that, in the sum over all S,, permutations, only one term
provides the leading singularity,

2 —0 n .
Gpo N H Yrit1 =di. p, (4.15)

where the d—function was introduced in (5.

For the next-to-lowest component G,,,; the light-like limit can be imposed diagram by diagram.
Since each edge (ij) connecting the vertices with the corresponding labels comes with a factor
yfj /x?j, we observe that only those graphs containing the edges (12),(23),...,(nl) provide the
leading contribution in the light-like limit :1:222 +1 — 0; all other graphs will be subleading. So in
this limit only graphs containing a simply connected n—gon will survive. This n—gon clearly
yields the same product of free scalar propagators y7, ,/x?,,, as the leading term in G, and
therefore it provides a non-vanishing contribution to the ratio G,.1/Gp in the light-like limit.

Examining the diagrams shown in Fig. B(b) — (e) we notice that, since the total number of
vertices in the diagrams equals n, graphs (c), (d) and (e) cannot contain a simply connected
n—gon and are thus subleading in the light-like limit. For graph (b) to contain an n—gon, one
of the chains connecting the cubic vertices i and j should not contain any vertices. In other
words, the graphs that contribute to G, in the light-like limit have the form of an n—gon with
one additional propagator stretched between vertices ¢ and j. Using (4.I1]) their contribution is
brought to the form

m?yi —0
Gn;l ~ d12...n Z Rz’j* ) (416)
i#]
where RR;;, is given by the product of two cubic vertices

2
Rij*:%R(i;z’—1ji+1)R(j;j—1ij+1). (4.17)

]

Here we explicitly indicated the dependence of R;;, on the reference supertwistor Z,.
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Taking into account (A.I5]) and (£I6), we find for the ratio of correlation functions in the
light-like limit

Jim G /G =2 > Ry (4.18)

Tiip1 i<j

To simplify the expression for R;j, it is convenient to return to the integral representation of G,
based on the Feynman rules in twistor space in Fig. Bl Then,

d2 i'd2 % it—1V 4 jj— ¥l
Rw* _ / < (7,7 O'j <U 10, +1><0-],7 10-,].74‘1) 54|4(Z* _'_O-ZZZ’C[ _'_O-%Z]’a) ) (419)

0ii-104j)(0ij0ii1)(05j-105i) (00 5541)

To reproduce (4.I7) it suffices to split the delta function in this relation into bosonic and fermionic
parts, Eq. (B.31]), and to apply relations (8.33) and (3.39)).

The parameters o1 and o;_1; in ([{I9) are given by the general expressions (3.29) which
become singular in the light-like limit since (Z;_117Z;-122i12;2) = xf_l,i — 0. Nevertheless, we
can use the invariance of (L.I9) under rescalings of o to put

Ufi_l = Eﬁa<Z*Zi—1,1Zi—1,2Zi,a> ) 0-57;4_1 = 66Q<Z*Zi+1,1Zi+1,2Zi,a> ) (4-20)

and similarly for o;;_; and 0; ;1. We recall that in twistor space the light-like limit, 27, — 0
and Hfi’il(xi7i+1)ad — 0, is equivalent to the intersection of the corresponding twistor lines Z;,
and Z;114. The local GL(2) invariance (corresponding to the reparameterisation freedom on each
twistor line) allows us to choose this intersection to occur in the following convenient manner

Zi72 = Zi+171 = ZZ (Z =1.. ’I’L) s (421)

where Z; = (Z;, x!) with Z; = (A, 297 )\;5) and x* = 6;*"\;5. Substituting the bosonic part of

1

this relation into (4.20) we find

a=1 _ _a=2 __ a=2 __ a=1
Tiig1 = 0;-1 =0, Oiit1 = —O4y1i - (4.22)

Denoting o7 = (s1,s2) and o§; = (t1,t2) we finally obtain from (.19

dsidsydtdt
Rij. = / L L A Z 4 512+ 522+ 1 2+ 1 Z)
8182t1t2

_ 00— T — 1) + xama (i — L) 4 X (ki — i) — 1) (4.23)
(i —1ij —13)(i] — 1j#)(j —1j%i — 1)(j*i— LiY(xi — 1ij — 1) '
with (i — 1ij — 1§) = (Z,_12;Z;_1Z;), which is precisely the invariant defining the NMHV tree-
level amplitude [16}17]

MY =N " Ryj.. (4.24)

i<j

Comparing this relation with (4.I8]) we observe perfect agreement with (AI4]). In addition, (£17)
yields the factorisation of the NMHV (on-shell) invariant R;j. into a product of two (off-shell)
cubic vertices in the light-like limit.
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4.2 Independence of the reference twistor

In the previous section we have shown that the correlation function G,,.; can be built from the
cubic vertices R(i; j1j273). These vertices depend on the four supertwistors corresponding to the
external points i, j1, j2, j3 as well as on the reference supertwistor Z,. They are constructed using
the Feynman rules in Fig. Bl that have manifest N = 4 superconformal covariance as long as we
transform the reference twistor too. In this sense the symmetry of R(i; j1jo73) is actually broken
by the presence of the fixed constant reference supertwistor. However, the symmetry is restored
in G,,.1 since it must not depend on the reference twistor (that is, on the gauge choice). In this
section we confirm that this is indeed the case.

As follows from (B3.45]), the dependence of R(7; jij2j3) on the reference twistor enters through
the parameters o;; given by (3.38)). Viewed as a function of Z,, the vertex R(i; j1j2/3) has spurious
poles located at (0;;,0i5,) (0ij,0i55) (Tijs0i,) = 0. We shall argue that the absence of spurious
poles is equivalent to the Z,—independence of G,,.;. Let us show how the spurious poles cancel
in the sum of all twistor diagrams shown in Fig.

More specifically, consider a particular spurious pole located at (g15013) = 0. We can use
B3]) to verify the following identity

<O'120'13>.§C%2ZL’%3 = <O'230'21>ZL’§3.§C§1 = <O'310'32>LU%3I§3 = (123) s (425)

where (123) is totally antisymmetric under the exchange of any pair of points. It implies that
the same spurious pole corresponds to (12013) = (023091) = (031032) = 0, or equivalently

(013)a = 2’1(012)@, (U2l)a = 2’2(023)0, (032)a = 23(031)a- (4-26)

The complex parameters z; in this relation are not independent however. We take into account
the identity (see Eq. (D.3)) in Appendix [DI for its derivation)

(0(1130251) + (0?20253) - (0?30253) =0, for (123) =0 (4.27)
and substitute (£.206)) to get
Zl—l—l/Zg—Zl/ZQZO. (428)

To obtain an analogous relation between z; and z3 we permute the indices 2 and 3 on both sides
of (£27)) and take into account that (132) = —(123). In this way, we obtain

Zl—]_ 1
29 = y 23 = .
1 1—21

(4.29)

Examining the expression for the cubic vertex (3.40) for different values of the indices, we find
that the spurious pole at (123) = 0 appears in three different vertices,

R(1;23i), R(2;31j), R(3;12k), (4.30)

120f course we can choose any three points for the spurious pole condition.
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where i, j and k are arbitrary points (different from 1, 2,3). We use ([3.43]) and (£26]) to compute
the residues at the spurious pole

y12 2/13 1 5 55
lim (123)22 258 (1, 93 0%(z1 Ay — A
(12%%)—>0( )3512 $13 (1;231) = 2, Y2 (21412 13) 5

. 1
lim (123)%%~ i Y3s =~ R(2;31j) = —2yf2y§352(22z423 — An),

913 yz3 I 5 9
lim (123 Z=2R(3; 12k 0 As1 — A 4.31
(123)_“)( )Ilg 2, ( ) = PRAEL (23431 52) (4.31)

where A;; are given by (3.36]) and (3.34).
Let us show that the sum of the three residues (4.31]) vanishes. To simplify the calculation,
we make use of the superconformal symmetry of the R—vertex to fix the gauge

0f =05 =65 =0, y1=0, y2=1, y3 — 00 . (4.32)
The generic values of these coordinates can be restored via a finite N' = 4 superconformal
transformation. In this gauge, the A;; in (L3I simplify to A? 04u +b (y” ). Splitting
04 = (02,62) and expressing u] in terms of the variables y; as described in (IED, we find
Ap = (9; — 0., Agz = —0,, Az = —9*2/3 )
Alg = —9* s A21 = —9; y A32 = (9* — Hi)y?)_l . (433)

Substituting these relations into (431 and taking into account (4.29), we find that the delta
functions on the right-hand side of (£31]) are proportional to

r123 = Y507 (O4) | O, = (1= 21)0. + z0.. (4.34)

Next, we evaluate the sum of the residues of the three R—vertices at the spurious pole (123) =0
and find that it vanishes,

lim (123) y12 y13R(1 23i) + 112 Yip y23R( 2,315) + 8 y13 y23R(3 12k)]
(123)—0 T3, 235 T3y T35 T3 233
! 1 0 (4.35)
=T _— - . .
123 1 21(1 — Zl> (1 — Zl>

Here the three terms in the second relation correspond to the three terms in the first line. Notice
that the residues of the vertices (£30]) at the spurious pole do not depend on the choice of the
points 7, 7, k and are proportional to each other.

We can now apply (4.35]) to show the cancellation of spurious poles in the sum of the diagrams
contributing to the correlation function G,,. As we explained in Sect. 3.5 these diagrams involve
vertices of different valency. According to (3.47), they can all be expressed in terms of the cubic
R—vertices. Examining all possible vertices we find that the spurious pole at (123) = 0 is only
present in the vertices of the following types: R(1;23a..b), R(2;31c..d) and R(3;12e..f) with
indices a, b, ¢, d, e, f labeling the other external points. Indeed, we can use (3.46]) to obtain the
following representation

R(1;23a..b) = R(1;3a.b)R(1;23b) = R(1;2a..b)R(1; 23a)
R(2;31c..d) = R(2; 1e..d)R(2; 31d) = R(2; 3c..d)R(2; 31¢) ,
R(3;12e..f) = R(3;2e..f)R(3;12f) = R(3; le..f)R(3; 12¢) , (4.36)

23



where the cubic vertices are of the form (£30) and thus contain a spurious pole at (123) = 0.

Let us consider the graphs shown in Fig.[6l They can be viewed as part of a bigger diagram
in which points a,b,c,d, e, f,... label other vertices. The first three graphs in Fig. [6] have the
same number of propagators, hence their contribution to the correlation function has the same
Grassmann degree. A special feature of these graphs is that they involve vertices of the form
(@30) and thus have spurious poles. Moreover, these are the only diagrams that are singular
for (123) = 0. There is however another graph (see Fig. [6(d)) that contains the same singular
vertices (£36]). We will show below that its contribution remains finite for (123) = 0.

Figure 6: All subgraphs with a potential spurious pole at (123) = 0. The spurious pole is present
in graphs (a), (b) and (c) but cancels in their sum. The graph (d) in fact has no spurious pole
at (123) = 0. In the above diagrams the number of legs coming out of each of the vertices 1,2,3
is arbitrary and we can even have just one leg coming out. For example, we can have a = b or
¢ = d etc. In the graph (d) we can even have no additional legs from the vertices.

The total contribution of the graphs shown in Fig. [d (a)-(c) is

di2di3R(1;23a..0) R(2; 1c..d)R(3; le.. f) + diadas R(1; 2a..b) R(2; 31c..d) R(3; 2¢..f)
+ dlgdggR(l, 3&6)R(27 30d)R(37 126f) s (437)

where d;; = yfj / x?j is a scalar propagator. We apply (4.30) to rewrite the first term in the last
relation as

R(1;23a..b)R(2; 1c..d)R(3; 1e..f) = R(1;2a..b)R(1;23a) R(2; 1c..d) R(3; 1e..f)
= R(1;2a.b)R(1; 23a)R(2; 3¢..d)R(3; Le..f) + (reg.), (4.38)

where ‘reg’ denotes terms regular for (123) = 0. Here in the second relation we took into account
that the residues of R(1;23a) and R(2;31d) at (123) = 0 are proportional to each other and are
independent of the points a and d (see Eq. ([£37])), leading to

lim (123)R(1;23a)R(2;1e.d) = € lim (123)R(2 31)R(2; 1e.d)

(123)—0 123)=0
= lim (123)R(2:31c)R(2; 3c..
= 1 12 1:2 2: 3c.. 4.
(mg)n 0( 3)R(1;23a)R(2; 3c..d), (4.39)

13Here we assume the planar limit.
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where £ = (21 — 1)da3/d13 and we applied (£30]) in the second line. The remaining terms in (37
can be simplified likewise. In this way, we evaluate the residue of (A37) at (123) = 0 and find
that it is proportional to the same linear combination of cubic vertices as in (4.35),

JJim, (128) x Bq. @37) = R(1; 20.6)R(2;3c.d)R(3; 1e..f)
_>

X (égn 0(123) [diodi3R(1;23a) + diadag R(2; 31¢) + dizdas R(3;12¢)] = 0. (4.40)
—
We conclude that the spurious pole is indeed absent in the sum of all diagrams in Fig. [fl(a)-(c).

Finally, there exists the possibility of having a subgraph of the type shown in Fig. [B6l(d). Its
contribution contains the product of three vertices

each of which having a spurious pole at (123) = 0. Denoting (123) = € we find for € — 0
1
R(1;23a..b) ~ R(1;23a) ~ 252(9* +efi +O(€)) . (4.42)

Here in the first relation we applied (£36) and in the second relation made use of (£31]) and (A35]).
As compared with ([£.34]), we included in (£.42]) the subleading O(€) correction parameterised by
some odd function f; whose explicit form will not be important for our purposes. For ¢ = 0,
the delta function on the right-hand side of (4.42)) coincides with 7153 defined in (434]). The two
remaining R—vertices in (A.40) also satisfy (£.42)) with f; replaced by some functions. Then, for
the product of three R—vertices we find for ¢ — 0

Bq. {2 ~ 0%(6. +f1))0? (0. + efs)3 (6. + cfy)
- 61352 (@* + efl))52 (E(fl - f2))52 (E(fl — f3)) ~ O(e), (4.43)

so that the contribution of the graph in Fig. Bld) vanishes for (123) — 0.

Note that the above discussion is not sensitive to the number of legs attached to vertices 1,2
and 3 (see Fig. [f). In particular, it also applies when there is only one additional line coming
out of each vertex, e.g. we could have a = b and/or ¢ = d and/or e = f. In this case, R(1;2a..b),

R(2;3c..d) and R(3;1e..f) in (4.40) describe bivalency vertices which equal 1 according to (3.43)).

Figure 7: Example of diagrams contributing to G,,.; and having a spurious pole at (123) = 0.
This pole cancels in the sum of three diagrams.

The mechanism of cancellation of spurious poles described in this subsection is rather general
as it applies to any component of the correlation function G,. In application to the next-to-
lowest component G, defined by the diagrams shown in Fig. Bl given by (AI1), we can restrict
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ourselves to the graphs in Fig. [l containing vertices of valency 2, 3 and 4 only. As an example, we
show in Fig. [Tl the set of diagrams which contribute to G,.; and whose sum is free from spurious
pole at (123) = 0. It is straightforward to extend the analysis of spurious poles to the higher
components of G,,.

In this subsection we have demonstrated that the correlation function G, is free from spurious
poles depending on the reference supertwistor Z,. This property combined with the fact that
G, is a rational homogeneous function of Z, of degree 0 implies that it is Z, independent.

4.3 Short-distance limit

In the previous subsection we have shown that all spurious poles cancel in the correlation function
G,. As a consequence, the only singularities that G,, can have are those coming from short
distances x; — x;. We shall refer to them as physical poles.

The short distance asymptotics of G, is controlled by the operator product expansion of the
stress-tensor multiplets 7 (1)7(2). Each operator depends on the set of coordinates (z;, 05", u;(y;))
and the short distance Euclidean limit 1 — 2 amounts to z; — zo, 6] — 65 and y; — y». In
this limit we have

)T = ! (y—§2) T2 274 (4.44)

2 D) D)

where the dots denote terms suppressed by powers of x3, and 3%,. The first term on the right-hand
side of (4.44]) involves the identity operator and it describes the disconnected contribution to the
correlation function G,, for 1 — 2. Applying (4.44]), we find the leading asymptotic behaviour of
the connected part of the correlation function G,, for 1 — 2 to be

2
G, 'l g, (4.45)
x
12

Examining the twistor diagrams contributing to G,, we find that the physical pole y%,/x%, only
comes from the diagrams in which vertices 1 and 2 are connected by a propagator. Then, in
order to verify (£45) it is sufficient to show that in the short-distance limit the product of two
R—vertices at points 1 and 2 reduces to a single R—vertex.

J2

J2 72
a1 2 1 2 g3 .12 Jji1
H—< + >—% + cyclic "~7 2d;,

J3 J1

J3

J2 J3 J2 J3 J2 J3
g1 2 /33 je Nl 2 J4 1 2 . 152 1
+< + + + cyclic '~ 2d4,

Ja J1 J1 Ja Ji Ja

Figure 8: The OPE relations for 3— and 4—point vertices. The expressions on the left-hand side are
symmetrised with respect to cyclic shifts of the labels of the external legs.
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For the lowest component G, the relation ([4.45]) follows immediately from (3:30). For the
next-to-lowest component Gy, we have to examine different contributions where the vertices
1 and 2 have valency 2, 3 and 4. If both vertices have valency 2, the contribution of the
corresponding graph to G,,.; automatically verifies (£.45]). When one of the vertices has valency
2 and the other has valency 3, the corresponding contribution to G,,.; reads (see Fig. R))

di2[R(1;251)R(2; 1j253) + R(1; 25152) R(2; 155) + cyclic(j1jajs)] (4.46)

where di5 = y%,/23,. This expression is invariant under cyclic shifts of the indices of the external
legs j1,J2 and j3. It can be simplified using (3.50) and (3.43)),

Eq. @48) = dis [R(1; j1j2js) + R(2; j1j2js)] '~ 2diaR(1; jujas) (4.47)

where in the last relation we took into account that the difference R(1;7j17273) — R(2;j172J3)
vanishes in the limit 1 — 2. Thus, in the short-distance limit the product of two vertices of
valency 2 and 3 reduces to a single valency 3 vertex leading to (4.45).

Finally, we have to examine the product of two vertices of total valency 6 (see the second line
in Fig. 8). Their contribution to the correlation function is given by the expression

di2 [R(1;251) R(2; 1j23ja) + R(1; 2515273) R(2; 1ja) + R(1; 2142) R(2; 1j3ja) + cyclic(j1j2gsia)]
(4.48)

which is symmetric under cyclic shifts of the external legs ji,. .., js. Using (B:37) it is straight-
forward to verify that each term in the square brackets remains finite for 1 — 2. Moreover, the
resulting expression can be simplified with the help of (851 (applied for i = j; = 1)

Eq. @48) '~ 2d12R(1; jujajsia) | (4.49)

in perfect agreement with (4.45]).

The above relations can be extended to the product of vertices of an arbitrary total valency
k. In this case, ([{40]) and (@48 should be generalised to include the sum of products of vertices
of valency (p+ 1) and (k —p+ 1) with p = 1,...,k — 1. Then, in the short distance limit
1 — 2, we can apply the identity (3.52) for ¢ = jrr; = 1 to show that the sum collapses into
2d1oR(1; 71 ... jr), leading to (4.45).

To conclude, in this section we have demonstrated that the expressions for the correlation
function G,, obtained within the twistor space approach satisfy two consistency conditions: they
are independent of the reference supertwistor and have the correct asymptotic behaviour in
the light-like and short distance limits. In the following two sections, we shall compare these
results with the analogous expressions for GG,, computed using the conventional Feynman rules
in Minkowski space and shall demonstrate their perfect agreement.

5 Correlation functions from Feynman diagrams

In this section we outline the calculation of the correlation function (G, in the conventional
Feynman diagram approach. More precisely, we shall concentrate on computing the next-to-
lowest component G,;; in the Born approximation. As was explained above, G,,.; has Grassmann
degree 4 and its perturbative expansion starts at order O(g?).
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5.1 Next-to-lowest component

To evaluate G,,.1, we use the superfield expansion (2.2)) of the stress-tensor multiplet 7 in (2.3))
and retain the contributions of Grassmann degree 4. This yields a representation for G, as a
collection of correlation functions involving various components of 7. Each correlation function
has conformal symmetry but not the N' = 4 supersymmetry. The latter is realised in the form
of Ward identities that these correlation functions satisfy.

The stress-tensor multiplet has the form (2.2]) with components given by the following gauge
invariant composite operators [13]

Ot = tr(ptHott),

OF e = 2V2itr (yFo¢™),

O+ +aB — i1 <w+0(a¢:ﬁ) NGy ¢++> ’

Oy =—tr (%T%gn, - g\@[ﬁbac, §Z§+b,0)]¢++) ;
05" =~ tr (Fui? +igl61”, onclv®™),

L= %tr {_%FaﬁFQB + V290" dap, V) = 29* 10", 6P Ga, ¢CD]} , (5.1)

8
where the shorthand notations were introduced for the scalar and gaugino fields projected with
SU(4) harmonic variables

- 1
B b AB —B +b AB
gb;_ = Eabu+ ¢ ¢+b,A = u+b¢ABa ¢++ = _iulaea UB ¢

w;—a = €y uAb¢aA ¢+aa — UjaiﬂaA ) (52)

Here ¢48 = 2eA8“P¢cp, and we adopt the conventions for the raising-lowering of indices sum-
marised in Appendix [Al We also use weighted symmetrisation A, = %(Aag + Ag,).

The correlation function G,,.; depends on the analytic superspace Grassmann variables p; = 6;"
with ¢ = 1,...,n. It can be expanded over eight different nilpotent polynomials in p; of degree
4, covariant under Lorentz and R—symmetry transformations,

G = Z piFG) + D o (5L () + ) (o) ()0 fapyan) (G 5)

i#J i#]
+ 3 (0D (0D Fapyea (i, 5) + D (0D (03) D frapyea) (i, 1)
i#j ]
+ Z p?ap]ﬁb 2 foeﬁ('yé ab { ], Z p?ap]ﬁb 2 faB ab(cd) (Z jak)
i#j7k i#j7k
+ Z p?apjﬁbpch? faﬁvé,abcd(iv.jv kv l) ) (53)
i#jFk#

where we introduced the notation for

(") = phosrl, P =ooirts  (P)es) = Preal, () = plePply. (5.4
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The functions f, fag.ab, fas)(vs)s faB)cd)> fiab)(cd)s fap(ys)abs fap.abed), fapys,abed are polynomials in
the variables y; and are rational functions in the variables x;. They correspond to the correlation

functions of the operators (B.1), e.g.
f(1) = (0I£(1)OT(2) ...OT T (n)]0)

fay (1,2) = (0]07 ()0 (2)0TH5(3) ... 0T (n)]0). (5.5)

a

In what follows we shall calculate the eight coefficient functions in (5.3)) at order O(g?) by means
of the standard A" =4 SYM Feynman rules.

5.2 T—block approach
We use the explicit component field form of the Lagrangian of A" =4 SYM

1 _ 1 : 1
Ly=q = tr {_Z (FaﬁFaB + ngFaﬁ> + ZDad¢ABDaa¢AB + §QQ[¢AB= ¢“Pllpan, dcpl

2D — NI A b BF) + VBgTanl6™, @zg]} (56)

where all fields are in the adjoint representation of the gauge group SU(N) , e.g. ¢pap = ¢%45T°,
Fop = FogT", P4 = 49T with the generators 7% being N x N traceless matrices normalised
as tr(TT?) = §9.

We do the calculation in coordinate space. The scalar and gaugino propagators have the form

(6 (1, 11) 67 (0, wa)) = —— Y12
7 ’ (2m)2 23,

Al Y DB (o)) — —— L g L saB
(g (1) Vg (2)) (27T>28aax2 67", (5.7)

12

with the SU(N) indices suppressed. It is convenient to introduce the normalisation factor
g*N(N? —1)
Cp="———=
(2m)2n+2
As we will see in a moment, it appears in the expression for the individual diagrams. The same
normalisation factor enters (2.6) for p = 1.

To illustrate our approach, we first compute the coefficient function fﬂf (1,2) for n = 4 points.
According to (5.3)), it is given by the four-point correlation function involving two scalar operators
O+ and the operators O}t and O, defined in (EI). To lowest order in the coupling,
fof (1,2) receives contribution from the following Feynman diagrams (and their permutations

=)
(T'a1) (Ta;2) (I'y;3) (F.4)

344
4The operator £ in (5.1 coincides (up to a normalisation factor) with the chiral form of the N’ = 4 SYM
on-shell Lagrangian.

(5.8)
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3 2 3% 3 P!
(Fa5) (Ca6) ()
Here the diagrams in the first and the second lines correspond to the two terms in the expression
(1) for the operator O, at point 2.
The above diagrams involve interaction vertices. We can significantly simplify the calculations
of the corresponding Feynman integrals by defining two simple building blocks which are called

bosonic and fermionic T'—blocks. The former represents the interaction of a gluon in the Feynman
gauge with a pair of scalars,

.1 2' 5 ( . )
— a,++ 1 Fb c,++ 2)) = 9 abe, 2 \T3132 (aB) )
(OO P30 @) = Gl e (59

3

and the latter stands for the Yukawa interaction of a scalar with a pair of chiral fermions,

1 2
[ 4 L J
_ a,A b, c,B - _Z\/ég abc/5A  d'b' 5B ($31§32)a6
J — () 90 U5 2) = — P e e, ) Bl
3
(5.10)

Here f“bC are the SU () structure constants and we use the shorthand notation f’ﬁ‘a, = ﬂ?’_a,.

We then observe that diagrams (I'y3) and (I'y4) involve a product of the two T—blocks
supplemented by scalar propagators d;; = yfj / atfj, e.g.

(Dya) ~ (6TF(B)F7(2)™ () (™ (1) 67 (3) 7 (2))uf Gug s daa (5.11)

where we suppressed the SU(N) indices. Going through the calculation of (I'y4) we find

~ )ab (55311’325524@3 - $31I32I23$24)0‘6

4
(Casa) = =5 cayi sy (Y1sYs (5.12)
x%ﬂ%ﬂ%ﬂ%ﬂ%ﬁ&

3

Note that this expression is gauge dependent and, as a consequence, it is not conformally covari-
ant. Conformal symmetry is restored in the sum of diagrams that is gauge invariant.
Similarly, diagrams (I'y6) and (I'y7) involve only a single fermionic 7'—block (5.10), e.g.

4 ~ (713739)*P
(Tar) = =cayLyay (Y13Ys2)™ .
3 35%255%355%455%335%4

(5.13)

This expression is gauge invariant and, as a consequence, it is conformally covariant. It contains
however the factor of 1/x3; which should disappear in the sum of all Feynman diagrams in
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order to restore the expected 1/z3; asymptotic behavior ([£4H) of the correlation function in the
short-distance limit 2 — 3.

The remaining diagrams (I'y.;), (I's;2) and (I'y;5) cannot be reduced to products of T'—blocks.
Moreover, they involve more complicated Feynman integrals that are potentially ultraviolet di-
vergent and, in addition, produce a contribution that is not a rational function of x?] We recall
however that the correlation function in the Born approximation should be a rational function of
:522] This suggests that the non-rational pieces from the above mentioned diagrams should disap-
pear in the sum of all diagrams. Indeed, there exists an efficient way to organise the calculation
so that we do not actually need to compute these complicated integrals. Instead of considering
the ‘difficult” diagrams one by one, we shall combine them into sums that are explicitly rational.

To identify such rational sums, we return to (LI) and notice that, in virtue of N' = 4
superconformal symmetry, the correlation function for n = 4 only involves the lowest component
Gno given by (3.30). This means that G4 = 0, so that all coefficient functions in (5.3]) vanish
for n = 4. In particular, f;ﬁ(l, 2) = 0 for n = 4. In other words, the sum of all diagrams I'yx
(with £ = 1,...,7), symmetrised with respect to the exchange of points 3 <+ 4, should vanish.
Since the diagrams (I'yx) have a harmonic structure y?,y3,(y14742)ar that is not invariant under
the exchange of points 3 and 4, this yields the condition

i(Fm =0. (5.14)

k=1

This relation allows us to express the sum of ‘difficult’” diagrams in terms of ‘easy’ diagrams
(T4.3), (Tga), (D), (Fy7) that are reduced to fermionic and bosonic T'—blocks, Eqs. (5.9) and
(510). It is convenient to represent (5.14]) in the following diagrammatic form

e — o

= (Pa) + (Pa2) + (Taz) + (Tas) + (Tag) = —(Taza) = (Farr) (5.15)
\03———— ————2u

where the graph on the left-hand side has a shaded block with a free propagator attached to
points 3 and 4. This block stands for the sum of diagrams containing interaction vertices and
we shall refer to it as a ‘black box’. It is expressed in terms of the easy diagrams (I'y4) and
(I'y7) given by (5.12)) and (5.13) and, therefore, it is a rational function!™ The main reason for
introducing the ‘black box’ is that, as we show in the next subsection, it naturally appears as a
non-trivial core of higher-point diagrams.

5.3 The O(p1p3) component for 5 points

We are now ready to compute the coefficient function fﬁf (1,2) for the n = 5 correlation function.
We recall that it defines the p;p3—component in the expansion (5.3) of Gs.;. Unlike the n = 4
case examined above, f;ﬁ (1,2) is different from zero for five points.

151f we were to reproduce (5.15) without appealing to G4.1 = 0, we would need to choose a particular regulari-
sation and to calculate several non-trivial integrals which are not rational. Their sum is rational however.
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Let us first identify the relevant Feynman diagrams. Compared to the n = 4 case, these
diagrams involve the additional vertex 5 with two scalar propagators attached:

5 1 5 1
o R 1 .
4 4 <
3 2
3 3 - 'Y

(I's;1) (I's;2) (I's;3) (I's:4) (I's;5)

Here the shaded block has the same meaning as in (5.15]). Namely, it denotes the sum of graphs
(Ca1) + (Ta2) + (Ta3) 4+ (Tas) + (Ty6) with the scalar line between points 3 and 4 removed. As a
result, the contribution of the diagram (I's.3) can be obtained from (5.15]) by replacing the scalar
propagator ds; with the product of two propagators dssdss in the sum of two ‘easy’ diagrams

—[(Taa) + (Tar)]:

5 1 5 1

~ o~ o~ o~ 2 ~
r Y o (T31T30T05T 03 — 31 T35 Ta5) ™ — 235 (213T32) ™"
(5;3>_§C5y15y34y45(y13y32) 2 2 .92 4 92 92 29
L12T13X15Lo3L25L34Lys5

(5.16)

The calculation of (I's;) and (I's,2) is similar to that of (I'y4). They are given by products of
fermionic and bosonic T'—blocks (B.9) and (5.10) resulting in

4 2.2 2 ~ ab($31$32$€241’23—$31$32l’231’24)a5
(I'5;1) = —5¢ ( )
51) = 3 5 Y15Y34Y45\Y13Y32 2 .2 .2 4.2 .2 9 )
LYo 3L 5L93L94 L34 y5

(I31$32$€25$C24 - $’31$C32$C24$C25)a6

2.2 .2 .92 .92 .92 ,2 2
Lo 3L 5L93Lo4 Lo5L34Ly5

4 ~ \a
(Ts2) = — 25 Yisy3aYis (Y1s0iae) (5.17)

3
We note that (I's.3) contains a double pole 1/(x34)? which should disappear in the sum of all
Feynman diagrams. In addition, the expressions in (5.16]) and (5.17) do not transform covariantly
under the conformal transformations. In order to recover the conformal symmetry we have to
examine the sum of all three diagrams. We find after some algebra

4 ~ a
Z (Ts) = —505 y%5y§4y25(y13y32) ’
k=1,2,3

2 2 ~ 2 ~ ~ ~ ~
» 1372, (213732) ™ — 124 (013T 35754702 — T13T34T45T52)

1327507505305 135034 035 (518)
This example shows that in a order to obtain a conformal result we have to assemble together a
gauge invariant set of diagrams with all possible attachments of the gluon propagators.

The two remaining diagrams (I'5.4) and (I's5) are conformally covariant. The diagram (I's.4)
can be obtained from (I'y,7) by replacing the scalar propagator dy; — dysds; in (5.13]). When
combined together with (5.I8]), it cancels the first term in the numerator in the second line of
(5.I8). The resulting expression does not have a double pole 1/(z2;)? but only a simple pole
1/x3,. The diagram (T's;5) is the 5—point analogue of (I'y4), however its harmonic structure is
more complicated due to the higher number of points,

(213739)*"

2.2 .2 .2 .2 .2 .9 °
T1oT13T15L53L94Lo5L34

4 S~ ~ .~ a
(Csis) = 5¢5 YisY34 (Y15Y4Ya5Ys2 — Y13U35Y5a0a2) ’ (5.19)

3
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Finally, to obtain f%’(1,2) we add together the contributions of all diagrams (I's.x) (at k =
1,2,--+,5) and symmetrise over all permutations of the points 3,4, 5 in order to restore the Bose
symmetry of the correlation function. The result takes the remarkably simple form

faﬁ,ab(l’ 9) = §Cs I%417§5?/%5?/§4

3 H1§i<j§5 x?j

Notice that the product f*#(1,2)]],. ;@3; is symmetric under the exchange of spatial and
harmonic coordinates z; = y; (see Appendix [C] for explanation of this property).

Thus, we were able to compute the O(p;p3) component of Gs.; by using only the T'—blocks
(5:9) and (5.10) combined with the ‘black box’ relation (5.15]). We can apply the same approach
to computing the remaining components of the 5—point correlation function G5.;. Their explicit
expressions can be found in Appendix [Cl

yis(y13§32)ab($13§353€54§42)aﬁ - (I & y) + Perigys. (5-20)

5.4 Consistency checks

In this subsection, we compare the obtained result for G5.; with the analogous expression found
in [I]. As was shown in that paper, the N' = 4 superconformal symmetry allows us to predict
the form of the 5—point correlation function up to an overall normalisation factor

Tsa(z,p,y)
H1§i<j§5 x?j ’

Gy =c (5.21)

where the dependence on the Grassmann and harmonic variables resides in the function Zs;. It
is a polynomial in p of Grassmann degree 4, invariant under ) and S superconformal transfor-
mations. Its explicit form has been found in [I]

5
Isy = Q°S° H 5 (pi)
=1
—_ — 5 —_ —
= [deateagae T (i~ e+ ) — @+ i)
=1
5 4
= @3yr5, s T35 X R(2345) % (Pl + Z Ry, Pi) ; (5.22)
=2

where 0%(p;) = p!. Here (Ry p;)® = RP™ (pi)s involves the matrix RSP (see Eq. (5.29)
below) and the function R(2345) is polynomial in y7; and rational in z7;,
vh2l0T 1 [ o o 5 o 2,22 2\2 2 2 2 2 2 .2 2
R(2345) = ﬁ (423915025 T34 — To3Ta5Y5Y34) (Y23Ya5024 055 — Ta3T15Y24Y35)
1<i<j<s Lij

2 2 9 2 2 2 .92 9 2 2 92 2 2 2 92 9
+(Y24Y35T25 T34 — T4 T35Y55Y34) (Y24Y35T23T 45 — T4 T35Y3Y15)

2 9 9 9 2 9 92 9 2 9 9 2 2 92 92 9
+(Y25Y34T23T 45 — To5T34Y3Ya5) (Yas5Y34T24 T35 — TosT34Y94Y35) |- (5.23)

Expanding (5.21)) in powers of the Grassmann variables and matching the result with (5.3]) we
can express the f—coefficient functions in terms of R(2345) and R;;—matrices.
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In this way, we examine the O(p]) component and obtain

(1) = H23.45) (5.24)

1303573, 75
Comparing this relation with (CIl), we observe perfect agreement and fix the normalisation
constant, ¢ = 2¢5/3. In a similar manner, for the O(p2p?) component we find

fo0e(2,1) = —4RY " f(1). (5.25)

Together with (5.20)) this relation leads to a definite prediction for the matrix Rys that we could
match against the integral representation for the same matrix, Eq. (5.22). Going through the
calculation we find agreement.

The same analysis can be repeated for the other components of G5,1. We verified that for
n = 5 the relation (5.3) with the coefficient functions given in Appendix [C] coincides with (5.21).

6 Matching the two approaches

In the preceding section we employed the conventional Feynman diagram technique to compute
the five-point correlation function Gs;. In this section we show that the relation (£.I1]) obtained
in the twistor approach correctly reproduces this result. To save space, here we consider the
matching of one component only, (p?)@ (p2)(® in (53), and leave the more detailed discussion
for a future publication.

6.1 Four points

As a simpler illustration, let us first consider the component (p?)®(p2)® in the four-point correla-
tion function Gy4.;. As was already mentioned, it should vanish in virtue of N’ = 4 superconformal
symmetry. At the same time, the twistor approach leads to the expression (£I2) that involves
the product of 3—point R—vertices. In this subsection we demonstrate that the (p?)(@)(p2)(cd)
contribution to (4.I2) does indeed vanish.

At four points there is only one topology of twistor graphs that contributes to Gyq. It is
given by:

N

4
Logs = = dyodosdsadadizR(1;234) R(3;412) (6.1)

3

and is obviously symmetric under the exchange of points 1 <+ 3 and 2 <+ 4. The correlation
function is given by the sum over the non-trivial permutations of this graph,

Gu1 ~ Thasa + Tioaz + Ioiza + Ioras + Tisos + I3142 - (6.2)

To extract the contribution (p?)(@ (p2)(°Y) | we have to replace the R—invariants in (6.I)) by their
expansion (see (B.3) in Appendix [Bl) and truncate the resulting expression to the component we
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are looking for. In this way, we find after some algebra

d34d14(y123)ab(y123)cd _ d23d14(y123)ab(y341)cd
I%ﬂ%sf”%sy%g I%ﬂ%sx%w%s
(y12341)ac(y34123)bd 2 2\bd
(20 D]+
237%293%495%41'%395%3?/%3 ! ’

(124) doa(y123)ab(Y341)ed ; 2vad, 210
Lious = — P ps)" +
1248 (123) 55%255:2;455%35‘7%4 (1) (e3)
(124>(324)d24(y321)ab(y143)cd 2\be/ 2v\ad
— ¢ a 6.3
2 (413)(231) 5'7%455%2552335%2 (1) ()" ’ (6:3)

11234 =

where the dots denote the remaining terms and we used the shorthand notations for
Yijk = YijUjik » Yijkim = YijYikYriGim » (ijk) = (oijoum)xias, - (6.4)
The expressions for the remaining terms on the right-hand side of (62)) can be obtained from
(IBB]) thI'OU.gh permutation of the iIldiCGS, e.g. [2134 = 11243[1 e 3, 2 & 4], [1324 = ]1243[2 < 4]
and [3142 = [1243[1 <~ 3]
Note that the contribution to (6.2)) from [1534 is independent of the reference twistor. It is

straightforward to verify that the same is true for the sum of the remaining five terms on the
right-hand side of (6.2). Finally, substituting (6.3]) into (6.2)) we find after some algebra

1
5 | Y3aY e (Y123) b (Y321 ) ed — Yos¥ia (Y143 )ab (Y134)cd — Yoz (Y123 )ab (Y341 ) e
T12T53L713L34L14Y713

- yi3y§1 (9143)ab(y321)cd - 954933(%23)@@341)06[ T (?Jl2341)ad(ys4123)bc] (P%)ad(Pg)bc +... (6-5)

G4'1 ~

)

The expression inside the square brackets vanishes via a non-trivial y—identity. The easiest way
to see this is to use the SU(4) covariance of (6.5]) in order to fix the y—variables at the four
points as:

10 0
y1—>(0 1)7 Y2 — 0, ys =0, y4—>(g y) (6.6)
Implementing this choice sets (6.3) to zero. Hence, the (p7)*(p3)* component of Gy vanishes
G ~ 0 (p7) ()" + ... (6.7)

as it should be.

6.2 Five points

At five points, the correlation function G, receives contributions from twistor graphs of three
different topologies:

3 3 3 2
4
2 4 2
1
5
5 4
1 1

A12345 Bl2345 012345
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Applying the Feynman rules shown in Fig. [ we find

Aoz = d12d23d13d15d45d34R(1; 235)R(3§ 412) )
Bl2345 - d14d34d15d35d12d23R(1; 452)R(3a 254) 9
012345 = d12d13d14d15d23d45R(1; 345)R(17 234) . (68)

G, 1s given by their total sum symmetrised with respect to the permutations of the five points.

Let us examine the contribution of each topology to the component (p?)®(p3)°d. Replacing
the R—invariants in (G.8)) by their expansion in powers of the Grassmann variables (see Eqs. (B.2))
and (B.3))) we find that this component does not receive contributions from graphs of type C for
all possible relabelings of the points. The total set of contributing graphs is

1 1
G510 ~ Anzsas + 5 (As1342 + Assiaz + Aqisse + Auzise + Bszarz) + 6 Biazas + permyy; - (6.9)

Here each inequivalent graph appears with coefficient 1, and the numerical factors are introduced
to account for over-counting in the sum over permutations. We split the computation up in this
way, since, as we will see in a moment, the linear combination in the parentheses on the right-hand
side of ([69) is independent of the reference twistor.

Going through calculations similar to those performed in the four-point case, we obtain the
following expressions for the component (p?)®(p3)*?

2
Yas\Y ab\y dc a c
Algzas = — 425( 152423) 2( ;23)2 (p7) d(Pg)b RARRRE

2
TioT53T13L34L 5T 15

345) y2,y2 a ¢
( ) y24y25(y153) b(y34l) d( 2)ad(p§)bc 4.

Asi340 = ’
(341) x%ﬂ%sx%ﬂ%z’,x%ﬁ% !
(y12541)ab(y34523)cd 2\ab/ 2\ed
Bigsas = (1) (p3) " + ...,
I%2I§395§437311'%51'§5 ! °
345)(145) y2,y2= (Y341 ) ab (Y153 ) cd c( 2\a
Bsguto = o) (140) youyisWsm ) Wiss)ea ey (6.10)

(431)(513) T15L14L35L34L24L 25

The remaining graphs can be obtained by permuting the indices in these expressions.

Notice that the expressions for Ajs345 and Biasss do not depend on the reference twistor and
have the correct conformal and SU(4) properties. Then, we examine the sum of graphs in the
parentheses in (6.9)

Y35V 11733755
ILicicjes 73 (431)(513
x [(845) (145)a + (451)(351)a, + (184 (534)at; + (345)(331)a, + (451) (148)a ] + ..

As1340 + Asz142 + Asizse + Ausiso + Bsgare =

) (y341)ab(yms)cd(P%)bc(Pg)ad

2.9
Y5y c a

... e o 2335245 (Ysa1)av (Y351 )ac(P7) " (03)™ (6.11)
1<i<j<5 Vij

where in the second relation we made use of the six-term identity (D.7). We observe that the
dependence on the reference twistor disappears in the sum of graphs.
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Finally, we substitute (6.10) and (6.11) into (€.9]) and obtain the following expression for the
component (p?)%(p3)* of the correlation function

1
Gs1 = ﬁ - §$%2$§3$35y§5y§4(y143)ab(y153)cd - $%4x§437§5x§5y25(y15243)ab(y123)cd
1<i<j<5 Lij
1 ac
+ éxfgxgﬂgsxis,(y12541)ac(y34523)bd + permygs | (01)*(03)" + ... (6.12)

We compare this expression with the analogous result (C.3]) obtained in the standard Feynman
diagram approach and find perfect agreement (after appropriate permutations of indices).

To summarise, we demonstrated by an explicit calculation of a particular component of G5,
that the expression (LI1) for the correlation function in the twistor approach matches that
obtained in the conventional Feynman diagram approach.

7 Conclusions

We have developed a new approach to computing the correlation function G,, of the chiral part
of the stress-tensor supermultiplet in the Born approximation. It relies on the reformulation
of N =4 SYM in twistor space and gives G,, as a sum of effective diagrams on twistor space
which only involve propagators and no integration vertices. We have used this unusual feature of
the twistor diagrams to decompose them into simple building blocks, the N’ = 4 superconformal
invariants R(i; j1j273). However, the price to pay for the relative simplicity of the twistor diagrams
is the dependence of these invariants on the reference supertwistor Z, defining the axial gauge
condition. This dependence cancels in the sum of all twistor diagrams, due to the gauge invariance
of G, but it is present in the contribution of each individual diagram. The situation here is similar
to that of the tree-level scattering superamplitudes in planar N' =4 SYM.

The relation to the scattering amplitudes can be made more precise by examining the asymp-
totic behaviour of G,, in the light-like limit. As we have shown, in the simplest case of the NMHV
amplitude and the next-to-lowest component G,.q, the on-shell NMHV invariants are given by
the product of two off-shell R—invariants evaluated in the light-like limit. The on-shell invariants
are known to possess a larger, dual superconformal symmetry [16] which is promoted to a Yan-
gian symmetry [31] when combined with the conventional N' = 4 superconformal symmetry. As
a consequence, the off-shell invariants also have this extended symmetry, in the light-like limit
at least. Whether this symmetry survives away from the light-like limit is a very interesting
question which requires further investigation.

Knowing G,, in the Born approximation allows us to predict the quantum corrections to the
same correlation function using the Lagrangian insertion method. Namely, integrating the cor-
relation function G,,4; over the position of one of the operators, [ d*z,.1d*0;, | G,11, produces
the order O(g?) correction to the correlation function G,,. Continuing this procedure, we can
interpret G, in the Born approximation as the O(¢?*) integrand for the quantum corrections to
the correlation function G,,. For n = 4 this procedure, combined with the uniqueness of the top
superconformal invariant Zy, 4, has been used in [I] to reveal a new permutation symmetry of
the four-point correlation function. Starting from n = 5, the quantum corrections to G, receive

16 Note that the harmonic y—structure that comes out of the Feynman graph approach for this component is
graphically identical to the twistor graph.
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contributions from several superconformal invariants Zyi,, (with p = ¢,... ;¢ +n — 4) whose
explicit form can be found using the approach presented in this paper. It remains to be seen
what these invariants can tell us about the properties of the corresponding integrands. It would
be interesting to establish the relationship with the Grassmannian approach to the integrand of
the amplitude [32] and with the recent ‘amplituhedron’ construction [33].

When computing the correlation function G,,, we restricted our analysis to the chiral sector.
By putting the antichiral Grassmann variables 6 to zero we explicitly broke half of the super-
symmetry. We could ask what happens if we include the dependence of G,, on @, thus recovering
the full A/ = 4 superconformal symmetry. In the simplest case n = 4 the dependence on # can
be restored unambiguously [34], whereas for n > 5 the N/ = 4 superconformal symmetry is not
powerful enough to lift the correlation function from the chiral sector to the full superspace. It
would be interesting to extend the twistor space approach to this case.
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A Conventions

We introduce harmonic variables in order to covariantly decompose all quantities carrying indices
in the fundamental representation of SU(4). These variables appear as components of the unitary
matrix

uf = (qu , u;xb,) , (A.1)

where the index A transforms under global SU(4) while the other index B splits into two halves
B = (b,1') according to the local subgroup SU(2)x SU(2)'xU(1) € SU(4) with indices b, ¥’ = 1,2
in the fundamental representation of SU(2) and SU(2)’, respectively, and the signs +b and —/
referring to the U(1) charge. The unitarity conditions for the matrix « and its conjugate u are

_A L 4b _ sb R _A b A Y
i uy =9, , ul uy’ =0y ulguy’ = ui.uy, =0. (A.2)

They satisfy the completeness relation

+a-B —a’'-B __ ¢B
UL, Fuy Ul =6y, (A.3)

which allows us to decompose 64 as
64 = 9+“ﬂfa + 60774 gte = HAujg“ , 0 = HAuAT“ ) (A.4)

—a’
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It is convenient to use a particular parametrisation of the harmonic variables
uga = (5I?> ylg’) ) uéa = (07 51?’) ) ﬂfa = (537 0) ) ﬂ]fa’ = (_y3’> 52’) ) (A5)

which amounts to choosing a gauge for the local subgroup SU(2) x SU(2)" x U(1). In this
parameterisation, the SU(4) transformations can be reduced to combining a shift of y with the
discrete operation of inversion

yl =yl + & yl =yl JyP, (A.6)

with y = yg,eb/“/eab and y? = yg,yg’ /2, in close analogy with the action of the conformal group
on the space-time coordinates .

Tos — Tag + €ad Tag — 3922, (A.7)

We use the following conventions for rising and lowering Lorentz and SU(2) indices

i,da _ EOCBIEBBEBd _ l,geﬁd’ ga’a — EabybeEb/a/ _ ygleb’a’ : (A8)

so that (with z;; = x; — x; and v;; = v; — y;)

(T12F3)a” = (51712)&5(1?23)66, (Y12023)a” = (Y12)ap (23)" (A.9)

It is straightforward to verify that these expressions transform covariantly under the SU(4) and
conformal transformations, Eqgs. (A.6) and (A.7]), correspondingly,

ary s, 1) .
- 3 (21)Y (2127 93)4 (953)5;3
12T —
( 12 23)a :L'%I%ZL’% ’

a'c ~ d(z
(ymg%)ab R (yl) (y122y223)2c (y3)db ‘ (A.10)
YiYays

B Component form of the R—invariants

In this appendix we work out the expansion of the three-point R—invariants (3.45]) in powers of
the Grassmann variables. We start with the definition (3.45))

52<<0i10i2>z4i3 + (0i2043) A + <0i30i1>Ai2)

<Ui10i2> <Uz’2ai3> <0i30i1>

R(i;123) = — : (B.1)

where A% = [(0;:08) + (03;0%)] (y;;")y with p¢ = 6. Compared with (B.36), here we put 6 =0
for simplicity.

Expanding (B.]) in powers of p’s we obtain a sum of five different structures antisymmetrised
with respect to the indices of the external legs

1 1 1 1
R(i;123) =Ry (7;12) + §R2(i; 12) + §R3(z'; 12) + §R4(i; 123) + 6R5(z'; 123) + antisym,,; .
(B.2)

39



Here we have defined

(oi1] piyir2p2 |<72z> zl 3722

Ri(i;12) = . )
1(6:12) (i12) yA y

. <Ull|p1ylz2p2|022> i1 7 2

Ry(i:12 ’ —

2( ) (212) yzl yzZ

R3(i;12) = mﬁl x122

(7’12) yzl y22
: 2 (i23) a2
R . 123 - ; 2 ; Zl (7' 21
4(27 ) <01 |p1|01 > (112)(7[31) yll

1
R5(4;123) = — (0] Yi123iPi0) 555 » B.3
5( ) ( 12 ) yi21y1'22yi23 ( )

where we used (6.4) and introduced a shorthand notation for p$ yiazipia = P8 (Yi123i)a’ Pi.ab,
<Uz’1‘piyi12p2|0’2i> = Gﬁpﬁa(ym)abpgbazi,g, etc.

The functions Ry, Ry and R3 depend on two external points and change sign under their
exchange, Ry(i,12) = —Ry(i;21). The function Rj(i;123) is completely antisymmetric in 1,2,3
and Ry4(i;123) = —R4(i;132). The rational factors are introduced in (B.2) to avoid double
counting due to these symmetries.

We can apply (B.2) to calculate various components in the product of R—invariants. For
instance, to find the component (p?)?(p2)*? in ([G.I]) we use

R(1;234)R(3:412) = —Ry(1:23) Ry (3; 21) + Ry (1;23)Ry(3;41)
— Ri(1;43)Ry(3;41) + Ry(1;43) Ry (3; 21) 4+ Ry (1;234)R5(3;412) + ... (B.A)

where the dots denote terms that do not produce the above mentioned component. The first
term in (B.4) gives:

(12|p1T12303|031) (32| p3Ys21p1|013)
Rqi(1:23)R{(3; = B.5
1(1523) Fa (3;21) (123)dy2dy3 (321)da3dys (B.5)

We can then decompose the product of two p’s belonging to the same point into irreducible
components with the help of the identity

1

1 a a
Seas ()" S (07)as (B.6)

a b __

To get the component (p?)®(p3)°d we can neglect the second term. In this way, we obtain

(y123)ab(y321)cd(P%)ad(Pg)bc
1;2 ;21) = — B.
Ri(1;23) Ry (3;21) Tl BB iy T (B.7)

where we used (6.4]) to replace (019013) = (123)/(23527;) and (032031) = (321)/(z33235). Per-
forming similar manipulations we find
2\ad( ,2\bc
Ri(1;23)R1(3;41) = (4123)ab (Y143)ac(P1) " (P5)

2.2 .2 .2 12
47577307373, d13d3412

2\ab/ 2\cd
Rs(1;234) Rs(3;412) = (y12341);*’(2y341223)§d(§1)2 G (B.8)
T1oT14T34L73L53Y13

+...,
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The remaining terms on the right-hand side of (B.4]) can be obtained from the last two relations
by swapping the indices 2 <> 4. Substituting these expressions into (B.4]) we arrive at the first

relation in (6.3]).
Let us show that the invariants (B.1) satisfy relation ([8.50). We start with the U(1) decoupling

relation (3.49) for the 4—point vertex
R(1;abed) + R(1; acdb) + R(1; adbe) = 0 (B.9)

and use (3.47) together with (B:41)) to factor out each term on the left-hand side into a product
of 3—point vertices

R(1;abed) = R(1;abe)R(1; eda) = —R(1; abe) R(1; dca)

R(1; acdb) = R(1;acb)R(1; cdb) = —R(1; abc) R(1; dbc) ,
R(1; adbc) = R(1; abc)R(1; adb) = —R(1; abc)R(1; dab) . (B.10)

In this way, we obtain from (B.9])
R(1;abe) [R(1; dca) + R(1; dbc) + R(1; dab)] = 0. (B.11)
It follows from (B.I) that R(1;abc)? = 0 and, therefore, the general solution to this relation is
R(1;dca) + R(1;dbc) + R(1; dab) = kR(1; abc) . (B.12)

We can use (4.31)) to verify that the expression on the left-hand side has zero residue at the poles
(1di) = 0 with i = a, b, ¢, implying that x does not depend on the choice of point d. Putting
d = a on both sides and making use of ([3.42]) we find that x = 1. We can obtain the same result
by replacing the R—invariants in (B.I2)) by their explicit expressions (B.2) and (B.3).

C The components of the five-point correlator

In this appendix we summarise the expressions for the eight coefficient functions defining the
5—point correlation function Gy, in (5.3]). Going through the steps outlined in Sect. [5.3] we can
compute them in terms of bosonic and fermonic 7'—blocks (5.9) and (5.10). One of the coefficient
function is given by (£.20) and the remaining seven functions are

2 Cs
2 2 92 2 2 2 92 9 2 2 2 2 2 2 2 9
f(1) = 3T 22 (y23y45x25x34 - x23x45y25y34)(y23y453:24x35 - 56235645];24@/35)
II ij

2 92 92 9 2 2 2 9\, 92 2 92 9 2 2 92 9
+(Y24Y35T25 T34 — T24T35Y25Y34) (Y24Y35T23T 05 — T4 T35Y23Y15)

2 92 92 9 2 2 2 9\, 92 2 92 9 2 2 92 9
+(Y25Y3123T 05 — To5734Y23Y15) (V2593424 T35 — x25:c34y24y35)} (C.1)

aB)(a c ~ ~ \(a ~ ~ (v
flepa)(1,2) = —H—;z [93492593349335(y23931y15952)( N 214T 45253T31) P

ij

—933493259%4%2,5(17135325525551)(&5) (y24§45y53g32)(ab)] + permgy; (0-2)
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b)

ab)(c Cs 1 ~ N(a ~
f( o d)(1> 2) = —2—2 {555%455341735 y?2,4yis(yl3y32) “(ylsysz) 9
HIij
~ ~ (a ~ b)
+ 233 05 Ty 15 Yas (V15 UsayazUse)  ©(Y1aPaz)

1 ~ ~ a ~ ~ Ci
+6£Bf2£v§493§5$35(y13y34y45y51)( ? (y23?J34y45y52)( d)} + permgy; (C.3)

o c 1 ~ (o ~ \®
FOBO9) (1 9) = —52[—y%4y§4y§5$§4$Z5($13$32) O (215T52) °

H$ij 2

2,2 .2 2 2 ~ ~ (@ ~ \A
+Y15Y23Y34Y15 T35 (T13T34T45T52) O (T14742) ¥

1 e
+6yfgy§4y§5yf5(:E14934393359351)( 6)(9524934393359352)(76)} +permy;;  (C4)

1 Yis
afyd,abed 1.2.3.4) = 8¢ 14923 ~ Nab T i af ~ Ned T i %)
f ( y 4y D,y ) sx%5x§5x§5xi5 :1:%2:)3%41853:1734 (ylsysz) ( 15 52) (y35y54) ( 35 54)

+ graded perm,s, (C.5)

ap,aol(c C5 -~ « ~ al(c ~
/ Brab( d)(1>2, 3) = 4—->- (714742) B(:Bfﬂ?,sxﬁg,yfsygs(ymym) ( (yz4y43)bd)

I1 T35
— 23 155y s s (Yr202) " (y2493) " — 2353035 y55 s (Y1atias) " (y21713) "
+93%537§593§4yi5(y14§42)ab(y31§12y25g53)(6d) + 93%393355835?/%5(y14§42)“b(y32§24y45§53)
—33%59333931215935(yl4g42)ab(y31§14y45g53)(0d))

+($%2xisyfsy§4 - x%ﬂ%ﬂ%ﬂﬁs) (‘T14§431735§52)a’8(yl4g43)a(c(yzsg53)bd)

(cd)

+9525(93%535§4?/%4?/§5 - ‘T%Mgsy%sygﬂ(33135532)aﬁ(yl4g43)a(c(925§53)bd) + permyg (C.6)

C ~ \a ~ o -
faﬂ(w)’ab(l, 2,3) = 4—52 [(y14y4g) b(y32y§5yi5x%5x§5(x14x43) (ﬁ{(x24x43)65)

Hxij
2,2, 2 2 2 ~ Na(Y(,. = 2,2 .2 2 2 ~ Na(v(,. = \B9)
—Y14Y25Y35T 15015 (T12T03) " (V24T 43 — Y15Y24Y35T25 75 (T14T43) " (221 713)
2 2 9 2 ~ \a ~ ~ 5 2 2 92 2 ~ \a ~ ~ 5
+y15y25y34££45(:£14:)342) B(9331931293259353)(V ) +ylgyzsy455515(51714$42) 6(5532932493459353)(”

—yfsygg?ﬁg,fgs($14542)a5($31514$45553)M))

)55)

(Y YasTis ey — YisYarTioas) (Y1aTasyss Usz) ™ (14T a3) " (225 T53) ™)
Y5 (YTs Y41 4255 — 93493595%59334)(913532)@(!)3145543)0‘(7(93255553)66)] + permyg (C.7)

Multiplied by [],. i atfj, these expressions have a definite parity under the exchange of spatial and
harmonic coordinates, x; <+ y;. Namely, f and fqg+s.4bca are invariant under this transformation,
fap)(ap) (1,2) transforms into — fag)@s) (2, 1); flabyecay and fiap)(rs) transform into each other as
well as fog(ys),ab 10O fogapca). To understand the origin of these properties, we notice that,
according to the second relation in (5.22), Zs; is invariant under x; <+ y;. Consequently the
correlation function Gy (as well as its components) inherit the same symmetry.
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D Useful identities

In this appendix we prove some identities that we used in computing the correlation function in
the twistor approach. They involve the variables o;; defined in ([B.38). Using the gauge (3.20),
we can express them in terms of the spatial coordinates x as

o \ZipZ:Zj1Z;9)

7 iy~ O (D.1)

where the auxiliary point zo and spinor |0) = )¢ originate from the expression for the reference
twistor

ZI = ()\070” 'él’gﬁ)\oﬁ) . (D2)

*

Then, we apply (D.I)) to obtain the following representation for the brackets (ijk) introduced in

(A23)
(ijk) = (os50m) 2525 = (0|20, iTinTro|0) . (D.3)
It is straightforward to verify that
(ijk) = 5;(0|wo;Tor|0) — a3, (0|z0sor|0) + 5, (0|z0ido;]0) (D.4)

so that (ijk) is completely antisymmetric in the indices.
Let us show that the following identities take place

(713739)*°
(0?30251) + (0?20253) - (0?30253) = "5 5 35
T12X93L31

(i12)(i34) + (i13)(i42) + (i14)(i23) = 0. (D.5)

To begin with we notice that both relations stay invariant under the conformal transformations
acting both on the external points 1, 2,3, 4,7 and on the auxiliary point 0 defining the reference
twistor (D.2). We can then use the conformal symmetry to put o = 0 and z3 — oo in (D.5).
Under this choice the first relation in (D.5) simplifies as

0)* (21 T10]0))” + (27" 700))*[0)” — 10)*]0)” = —e**(0]7 "Zo|0) (D.6)

and it is obviously satisfied. We can prove the second relation in (D.5]) in a similar manner by
choosing x; — oo and x5 = 0.
Finally, we prove of the non-trivial six-term identity

(234)(341)22, — (234)(124)22, + (123)(234)23,
+ (124)(134) 25, — (123)(134)z3, + (123)(124)23, = 0. (D.7)

It is convenient to introduce an auxiliary dual reference twistor Z, normalised as Z,4Z4 = 1. Tt
then allows us to define two sets of dual variables

Zin = XiapZ?, 74 = X 7.5, (D.8)
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with XP¢ = ZB ZC, — ZG ZF, and X; ap = teapcpXTP . They satisfy the relations
ZinZd =227.,0=0. (D.9)

We also notice that since the X 4p takes values in the Clifford algebra of SU(4), the following
holds true:

ZAZ-AZJ‘A -+ ZAjAZZA == —Z*AZ*C(XZ-ABX]‘BC + XJABXZ'Bc) == _(Xz : X]) . (DlO)
Using the dual variables (D.8) we can obtain two equivalent representations for (ijk) defined in
(1) and (D3)
. 1 S 5 A5 5 1 S A GBS .
(ijk) = 55ABCDZ,~AZjBZkCZ*D = §EABCDZ;“Z].BZ,525 = (ijkx). (D.11)

According to (D.9), the twistors Z;4 with j = 1,...,4 are all orthogonal to Z2, therefore, they
are linear dependent. The same is true for 7 JA with j = 1,...,4. This yields two identities

Zha (234%) 4 Zoy (34%1) 4+ Zsy (4%12) 4+ Zyu (%123) = 0,
Z4(234%) 4+ Z3 (34x1) + Z5 (4%12) + Z (x123) = 0 (D.12)
Finally we multiply the expressions on the left-hand side and contract the SU(4) indices to get

(234)(341) (X, - Xs) — (123)(134)(Xs - X4) — (234)(124) (X, - X;)
+ (123)(234) (X1 - Xy) + (124)(134) (X5 - X3) + (123)(124) (X5 - X4) = 0. (D.13)

where we made use of (D.I0) and took into account that (X; - X;) = 0. Since the last relation
is homogenous in X’s we can employ the gauge (3.26) and replace (X; - X;) = x?j to arrive at

L3
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