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Abstract

We compute two-loop form factors of operators in the SU(2|3) closed subsector of N’ =4
supersymmetric Yang-Mills. In particular, we focus on the non-protected, dimension-
three operators Tr(X[Y, Z]) and Tr(y¢) for which we compute the four possible two-
loop form factors, and corresponding remainder functions, with external states (XY Z|
and (1| Interestingly, the maximally transcendental part of the two-loop remainder
of (XY Z|Tr(X|Y, Z])|0) turns out to be identical to that of the corresponding known
quantity for the half-BPS operator Tr(X?). We also find a surprising connection between
the terms subleading in transcendentality and certain a priori unrelated remainder densities
introduced in the study of the spin chain Hamiltonian in the SU(2) sector. Next, we use
our calculation to resolve the mixing, recovering anomalous dimensions and eigenstates of
the dilatation operator in the SU(2|3) sector at two loops. We also speculate on potential
connections between our calculations in N'=4 super Yang-Mills and Higgs + multi-gluon
amplitudes in QCD in an effective Lagrangian approach.
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1 Introduction

The study of form factors of composite operators is a very active area of research. After the
pioneering paper [1], interest in the calculation of form factors in supersymmetric theories
was rekindled at strong coupling in [2] and at weak coupling in [3]. Specifically, in [3]
the study of the simplest possible form factors was undertaken, namely form factors of
quadratic half-BPS operators in N =4 supersymmetric Yang-Mills (SYM). The three- and
four-loop result for the simplest, two-point (or Sudakov) form factors were then derived
in [4,5], respectively. In [6] two-loop form factors of the form (X X g% |Tr(X?)|0) were com-
puted, where X is one of the three complex scalar fields of the theory, and g™ (¢~) denotes a
gluon of positive (negative) helicity. In that paper it was also shown that these form factors
are identical to the form factors of the self-dual field strength! Fsp, (g7g"¢*|Tr(Fsp)?|0)
(divided by the corresponding tree-level contribution) thanks to supersymmetric Ward
identities [7,8]. Indeed, the operators Tr(X?) and the on-shell Lagrangian belong to the
simplest operator multiplet in the A'=4 theory, namely the protected stress-tensor mul-
tiplet. Remarkably, in QCD the form factors of Tr(£?) compute the leading contribution
to Higgs + multi-gluon amplitudes in an effective Lagrangian approach [9-17] in the large
top mass limit. The corresponding interaction has the form ng)f) ~ H Tr(F?), and hence
the quantity?

(999 / d'e ¢ Te(F2) (2)[0) (11)

precisely computes the amplitude for the process H — gg - - - g, with ¢> = m¥.

Of course, there is no a priori connection between the quantity (1.1) evaluated in QCD
and in N'=4 SYM. Yet, in [6] it was realised that the three-point form factor computed
there, (X Xg7|Tr(X?%)|0), is identical to the maximally transcendental part of the ampli-
tudes for H — g*g*g* calculated in [18,19]. This led to the conjecture that the “most
complicated part”, i.e. the maximally transcendental contribution to Higgs plus multi-gluon
processes, at infinite top quark mass, can in fact be computed using N'=4 SYM.

The coupling Lgf)f) quoted earlier is only the first in an effective Lagrangian description
of gluon fusion processes. Subleading corrections have been studied in a number of papers,
see e.g. [20,21], where the expansion of the effective Lagrangian is written as

4
. 1 A 1
Lz = CoOp + — E C;0; + (9( 1 ) , (1.2)
top ;—q top

where O;, i = 1,...,4 are dimension-7 operators and Oy = H Tr(F?).

Some of the operators in the set {O;}1 ; do not contain quarks, and as such can be
considered also in N =4 SYM. In this paper we would like to suggest the relevance of
computing form factors of such operators in the maximally supersymmetric theory, and
comparing to the QCD results. One possible very interesting scenario is that the N =4
SYM calculation continues to capture the maximally transcendental part of the correspond-
ing QCD calculation. In particular, the following two operators can be considered,

O := HTe(F®) = H [Tx(F&p) + Tr(Figp)] O, := H Tr[(D"F"*)(D,F,,)] , (1.3)

1Or, more precisely, of the on-shell Lagrangian.
2Recall that we can separate out F? = Fg + Figp.



which in QCD are both multiplicatively renormalisable at one loop [22]. Let us briefly
discuss the case of Oy, and in particular the form factor (gTg*g™|Tr(F?)|0). At tree-level
and zero momentum transfer (i.e. ¢ = 0, where ¢ is the momentum carried by the operator),
these form factors become amplitudes produced by higher-dimensional couplings, and have
been considered previously in [23,13,24]. At g # 0, they have been studied at tree-level and
one loop in [21]. In A'=4 SYM and at one loop, it turns out that the operator Tr(F*®) has
the same anomalous dimension as the Konishi operator (the calculation of the three-gluon
form factor for this operator is currently under investigation). A technically simpler, but
equally interesting computation consists of focusing on simpler operators, still containing
three fields, and several candidate operators immediately come to mind. The half-BPS
operator

OBPS == TI'(X?)), (14)

and its form factors have been studied at one and two loops in [25,26]. A priori it is
however too simple — for instance, unlike Tr(F?) in QCD, Ogps is protected. Scalar fields
are of course preferred, as their form factors are the simplest possible. In order to get a
non-protected, trilinear operator we need to consider three complex scalar fields, which we
can choose to be

X =01, Y = ¢, Z:= . (1.5)
From these fields, one can immediately construct the operators

Opps = Tr(X{Y,Z}), (1.6)
Op = Tr(X[Y,Z]) . (1.7)

While the first operator is another half-BPS combination,® quantum corrections lead to
mixing between Op and the dimension-three operator,

Op = %Trwwa) , (1.8)

where we have defined
Yo = V1230 - (1.9)

The fields {¢12, P23, P31; 11230} are precisely the letters of the SU(2|3) closed subsector of
N =4 SYM. It has been studied by Beisert in [27,28], where the dilatation operator was
determined up to three loops. Apart from being closed under operator mixing, there is
another important feature of this sector: it gives rise to length-changing interactions in the
dilatation operator, such as XY Z < 11, unlike the (simpler) SU(2) sector.

Motivated by the above discussion, we now describe in more detail the goals of this
paper. In the following we will focus on the non-protected, (classically) dimension-three
operators Opg and O for which we compute the four possible two-loop form factors, and
corresponding remainder functions with external states (XY Z| and (y)|. It is convenient,
and natural from the point of view of operator mixing discussed later, to package them
into a matrix of form factors:

(Y|Op|0) (XY Z|OF|0)
F=| - , (1.10)
{Y¥|0B|0) (XY Z]|Op[0)

3Tt is symmetric and traceless once written in SO(6) indices.
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Apart from the possible connections to phenomenologically relevant quantities in QCD
alluded to earlier, there are additional reasons to study form factors of operators such as
OB and O F

1. Firstly, it is very interesting to scan the possible remainders of form factors of wider
classes of non-protected operators, and compare to results obtained for protected
operators and operators belonging to different sectors. A key motivation is to search
for regularities and determine universal building blocks in the results that are common
to form factors of different operators.

2. By computing loop corrections to minimal form factors of non-protected operators
it is possible to find the dilatation operator. This was done recently at one loop
for the complete one-loop dilatation operator in [29] and at two loops in the SU(2)
subsector [30]. Potentially, this holds promise for gaining further insights into the
integrability of N' =4 SYM.*

The calculation of the two-loop remainder of the form factor (XY Z|Op|0) is very instruc-
tive in this respect. Indeed, we will show that the remainder function is given by a sum
of terms of decreasing transcendentality, where the leading, transcendentality-four term
turns out to be identical to the remainder for the form factor (X X X |Tr(X?)|0) computed
in [26]. Furthermore, the terms of transcendentality ranging from three to zero turn out
to be related to certain finite remainder densities introduced in [30] in the study of the
dilatation operator in the SU(2) sector. It is interesting that they appear (in some form) in
the larger SU(2|3) sector, possibly pointing to some universality of these quantities. This
finding leads us to speculate that the leading transcendental part of the correction terms
to Higgs + multi-gluon processes induced by the interactions O;, ¢ > 1, on the right-hand
side of (1.2), can be equivalently obtained by computing their form factors (or form factors
related by supersymmetry) in the much simpler V=4 SYM theory. The fact that the
maximally transcendental part of the form factors in the SU(2|3) sector is computed ef-
fectively by form factors of half-BPS operators leads us to further speculate on the special
role of such operators in computing the maximally transcendental part of the form factors
of the operators O; for i« > 1 in QCD.

We will also study and resolve the operator mixing, a problem which requires the knowl-
edge of the ultraviolet (UV) divergences of three additional form factors: (XY Z|Or|0),
(1p|Op|0), and (1p1p|O5|0). Note that these four form factors are different in nature: while
(XY Z|0p|0) and (¢1)|Op|0) are minimal (i.e. the number of particles in the external state
is the same as the number of fields in the operator), (11|03|0) is sub-minimal (more fields
than particles), and (XY Z|Or|0) is non-minimal. Furthermore, at the loop order we are
working the latter two are free from infrared (IR) divergences, lacking a corresponding tree-
level form factor.” On the other hand they all have UV divergences, which will be extracted
to resolve the mixing and determine the two-loop dilatation operator in the SU(2|3) sector,
in agreement with [28]. By diagonalising it, two distinguished combinations of O and Op
will be determined, one which is half-BPS [35,36, 28] and one which is a descendant of the
Konishi operator [36,28,37,38].

The rest of the paper is organised as follows. In Sections 2 and 3 we will derive the form
factor (XY Z|Og|0) at one and two loops, respectively. The two-loop IR-finite (but still
UV-divergent) remainder function is then derived in Section 4. There we also establish

4Complementary approaches based on two-point functions were recently explored in [31-33].
®We also note that the discontinuities of sub-minimal form factors at two loops were computed in [34]
in complete generality.



relations of our result to the results of [26] and [30] for the maximally and subleading
transcendental pieces of our result, respectively. In Section 5 we compute the sub-minimal
form factor (XY Z|Op|0) up to one loop, which is sufficient for the computation of the
two-loop dilatation operator performed later. Section 6 is devoted to computing the sub-
minimal form factor (¢¥)|0|0) at two loops. Using the UV-divergent parts of these form
factors, we compute in Section 7 the two-loop dilatation operator in the SU(2|3) sector,
finding its eigenvectors and corresponding anomalous dimensions up to two loops. We
conclude with comments on potential future research directions in Section 8.

2 One-loop minimal form factor (XY Z|TrX[Y, Z]|0)

In this section we consider form factors of the operator introduced in (1.7),
Op = Tr(X[Y, Z])

at one loop. Before presenting the calculation we summarise our notation and conventions
for the reader’s convenience.

2.1 Setting up the notation

The fields appearing in the SU(2|3) sector are
{(X.Y, Z;¢ba} (2.1)

previously introduced in (1.5) and (1.9). We recall that the fields ¢4p satisfy the reality
condition

- 1
<Z5AB = Qap = §€ABCD ocp (2-2>
and therefore o o B
X =¢auu=0¢", Y =0u=0¢", Z=gu=9¢". (2.3)
We also introduce
VYaBC,a = €aop VY, PEBY = eABOP oy (2.4)

In our conventions all on-shell particles appearing in amplitudes or form factors are out-
going while the momentum ¢ of the off-shell operator in a form factor is by definition
incoming. Therefore it is natural to introduce the Nair super-annihilation operator as

1 1
®(p,n) = ¢ (p) +nav(p) + §¢AB (p)nans + ﬁwABc(p)nAanc

+ g(f)(p)nl e 7)4 ,

(2.5)

where ¢ (p), ¥ (p), ¢4B(p), ¥ABC(p) and ¢(~)(p), denote the annihilation operators for
the various particles of N' = 4 SYM. For instance (0]y?(p) is a state of an outgoing
fermion with momentum p and helicity +1/2, while (0[¢/“2¢(p) has momentum p and
helicity —1/2. In the following we will usually denote multiparticle states with on-shell
momenta (¢)(p;)4 - - p(p;) 4B - 4h(py,)WBrC .| in the slightly more compact notation
(i GO Bk | whenever we want to make particle labels explicit. Often

we will also use the following shorthand notation if labels are not needed, in particular
<XYZ‘ — <1¢122¢233¢31| and <’¢]w’ — <1w1232w123|‘

b}



2.2 A useful decomposition

In order to compute the form factor (XY Z|0p|0), with Op defined in (1.7), we will make
use of the decomposition )
OB = OBPS + Ooffset ) (26>

where Ogps is the half-BPS operator defined in (1.6) and
Oofiset 1= —2Tr(XZY) . (2.7)

This decomposition turns out to be particularly useful for two reasons:

1. Firstly, it separates out the contribution of the half-BPS operator Ogps. The re-
sult for the corresponding half-BPS form factor is identical to that of the half-BPS
operator Tr(X?) obtained in [25,26] up to two loops and need not be computed
again.’

2. Secondly, the form factor of the offset operator (XY Z|Ogg|0) turns out to be
particularly simple because of the “shuffled” configuration of the state with respect
to the fields inside the operator’. Specifically, we will find that this form factor is
expressed in terms of functions with strictly sub-maximal degree of transcendentality,
while the half-BPS operator is expressed in terms of functions with maximal degree
of transcendentality only.

Therefore we focus on the “offset” operator introduced in (2.7), from which the results for
Op can then be easily obtained.

2.3 Two-particle cuts and result

In the following we denote by F((?izfsct(l‘z’w, 29** 3%°": ¢) the L-loop contribution to the form
factor (XY Z|Opgiset(0)[0). We begin by computing F&;et(l‘blz, 29* 39™ . ¢) with the two-
particle cut shown in Figure 1. This, plus two cyclic permutations of the external particles,
are the only cuts contributing to this form factor.

1¢12 61 : 2¢23
31 24
23 14

q 62 : 3¢31

Figure 1: Two-particle cut of the one-loop form factor F((gl) (1¢12, 2¢23, 3‘1’31;q). We remind the

offset

reader of our notation: X = ¢12, Y = ¢z, Z = ¢31, with X = ¢'2, Y = ¢* and Z = ¢>'.

The tree-level amplitude entering the cut is

A2 39" 08" 0y = i, (2.8)

6See Appendix B for details.
"Note that we could have performed the decomposition Tr(X[Y, Z]) = —Tr(X{Y, Z})+2 Tr(XY Z) but

this is not convenient for our choice of external state (XY Z|.



while the required tree-level form factor is

FY (107 ="~ q) = —2. (2.9)

Ooffset

Hence, uplifting the cut we simply get bubble integrals:®

F((ot)ffset(1¢1272¢23’3¢31 = 20 X >©< + cyclic(1,2,3) . (2.10)

A similar calculation shows that, as anticipated, the one-loop form factor of the operator
Ogps introduced in (1.6) is identical to that of the operator Tr(X3) computed in [25],

o (1¢1272¢2373¢>31 = {893 X + cyclic(1,2,3) . (2.11)

OBps

Thus, the one-loop form factor of Op is’

12 2. 31 q 2
FS (197,297 39" ) = 2i x >©<3+i823 X +eyclic(1,2,3), (2.12)
1

where s;; := (p; + p;)* as usual.

From (2.12) we can easily extract the one-loop anomalous dimension of Op. In order
to extract the UV divergence from (2.12) we have to remove the IR divergences which is
achieved by simply dropping the triangle integrals. Using the results of Appendix A, we
find the UV divergence at the renormalisation scale pg to be

0 6
F, = —— 2.13
On|, Ly - alkr) . (2.13)
where , )
G*Ne=® g\~
a(pr) = e (7) ; (2.14)

and g is the usual dimensional regularisation mass parameter. From this we can read off
the one-loop anomalous dimension via

Yo = —m-za% log(1+ 25 +-++) o (2.15)
with
28) = % alum) (216)
This leads to
o) =12a, (2.17)
where a is the four-dimensional 't Hooft coupling, given by
N
- (iT)? (2.18)

The result (2.17) is in agreement with known results for the one-loop anomalous dimension
of the Konishi multiplet. The same value can be obtained with an explicit application of
the formula for the complete one-loop dilatation operator of [34].

8Note that each of the cut propagators carries an additional factor of i.
9Expressions for the one-loop master integrals can be found in Appendix A.
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2.4 Auxiliary one-loop form factors needed for two-loop cuts

In this section we discuss two additional one-loop form factors that will appear as building
blocks for the two-particle cuts of the two-loop form factor of Ouger (and thus Op) in
Section 3.1.2.

The first form factor we consider is Fy, (1 ) (1‘1512 20% 307, q), where now the ordering of
the particles in the state parallels that of the fields in the operator. A simple two-particle
cut is sufficient to determine it, see Figure 2.

1¢12 el : 2¢31
4
23 14

q €2 : 3¢23

Figure 2: One of the three two-particle cuts of the one-loop form factor F((Qlo)ffsct (1¢12, 26! , 3¢23; q).
Two more cuts are obtained by cyclically permuting the external legs.

The amplitude entering the cut is

(205) (307)
AP 397 g2 gy = i (26) (36) , 2.19
( 2 1 ) <3£2> <£12> ( )
thus we get
q 1
(1) D12 3l op?3 . . . q 2 . .
Fo i, (177,277.3775q) = =20 x — 21 Sg3 X +cyclic(1,2,3) . (2.20)
1 3
3 2

Next we Conside_r the form factors of Oyget With a fermionic external state made of exci-
tations ¥® and 1'%, as shown in Figure 3.

1¢12 0! 21/)3 1¢12 g | 2@123
31 Il I 24 II
‘ _ 23
q 23 £2 J 14 31/)123 62 J 31/)3

(7) (i)

Figure 3: One-loop form factors with a fermionic external state entering the two-loop two-particle
cuts of Figure 6.

The results for the two-particle cuts for the two independent orderings of the fermionic



legs are

q 1
(Z) : F((Qlc))‘:fSEt(1¢1272w3’3,¢_)123;q) ) _ _22.214(21/)3’31/_]1237£§)147€f24) _ _22 [2‘61‘3> % ?? ?17
,523
3 2
q 1
(”) : Fé)lo)ﬁ,set(l(ﬁw,ﬂm,Swg;Q) 2 _ _22.2A<21[,12373w37€§1476f24) Y <2|£2|3] y 752 gl
,523
3 2
(2.21)

where we denote the m-particle cut of an L-loop form factor of an operator O in a generic
P2-channel by

FP( . 5q) . (2.22)

m, P2

Both form factors are expressed in terms of a linear triangle which we refrain from reducing
to scalar integrals since we are working at the integrand level.!? Instead we will plug these
expressions into the two-particle cuts of the two-loop form factors shown in Figure 6.

3 Two-loop minimal form factor (XY Z|Tr XY, Z]|0)

We proceed to compute the minimal form factor of Op = Tr(X[Y, Z]) at two loops with
the external state (XY Z|. The strategy of the calculation is as follows:

1. Thanks to the decomposition (2.6), we need only compute the form factor of the
operator Oyiset = —2Tr(X ZY"). This will be done in Sections 3.1 and 3.2.

2. We then obtain the required form factor of Op by adding to our result that of
the half-BPS operator Opps = Tr(X{Y, Z}), which is identical to the form factor
(XX X|Tr(X?)|0) computed in [26], which we quote here for the reader’s convenience:

142 ) i+ 2 q

@ _
F@BPS__Z __' 741 . + | I .

i+2i+1 4

i+ 1 i i+2 i+1 i+1 i

(3.1)

In order to define the numerators we use the notation introduced in [26]: each dashed
line corresponds to a numerator factor equal to the total momentum flowing through
it, squared. For example, the third integral in (3.1) comes with the factor (s;;,1)?.

3. In Section 3.3 we summarise the complete result and perform the integral reduction.

OFyrthermore, both expressions would vanish upon performing the loop integration. Indeed by Lorentz
invariance, after Passarino-Veltman reduction one would have e.g. for the first form factor /1 — aps + bps,
thus [2]¢1|3) — 0 after the reduction.



3.1 Two-particle cuts of the two-loop form factor

We begin by considering the possible two-particle cuts of the two-loop form factor. There
are two types of cuts to consider, which are of the form F(© x AM and F® x A©),

3.1.1 Tree-level form factor x one-loop amplitude

The first two-particle cut we consider is of the form F(© x A®_ and we will focus on the
so3-channel. The other cuts are obtained by cyclically permuting the external legs.

1¢12 El : 2¢23
31 24
23 14

q 62 : 3¢31

Figure 4: Two-particle cut contributing to the two-loop form factor in the ss3-channel.

In this case the one-loop amplitude is

A(l) = A(O) [ — S12893 X , (32)

4 3

hence the algebra of the previous section iterates and we get the following result for the cut:

1 q

F((QQ) (1(1)127 2¢>237 3¢31 : Q) = -2 593520, X . (33)

offset
2,523

3.1.2 One-loop form factor x tree-level amplitude

Next we consider two-particle cuts of the form F() x A© . There are two options for the
states running in the loop: we can either have scalars, as shown in Figure 5, or fermions,
as in Figure 6. We consider these two types of contributions in turn.

Scalars in the loop. This case is illustrated in Figure 5. The relevant one-loop form
factors were calculated in Section 2.3, while the tree amplitudes entering the cuts are

. 23 31 24 14 ; 20 ><3€1> . S93

: A2¢ a3¢ 764) 7€¢ - <2—:_ 1+ — P
A ) =inyay — M) s
(i) : A2, 39" 8" 00y = 4.
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1¢12 gl : 2¢23 1¢12 El : 2¢23

23 14 31 24
31 24 23 14
q ls : 3¢31 q 2 : 3(1531

Figure 5: Contribution to the two-loop form factor from scalars in the loop.

This results in the following possibilities:
scalars 1 __O__ q q m 1
=—4Ax| %A, + \A,
3 2 3 2
N q ‘
q 2 J1 2
O o o e
1 3 / 3

F(2) (1¢12’2¢23’3¢31;q

offset

(3.5)

Note that all the topologies which have a one-loop sub-amplitude containing triangles or
bubbles have to cancel as a consequence of the amplitude no-triangle theorem [39] — these
are the integrals number 3, 6 and 7 in (3.5). This cancellation occurs after adding the
contribution from fermions running in the loop, which we compute now.

Fermions in the loop. The contribution from fermions in the loop are shown in Figure 6.

12 23 12 23
19 0 2¢ 10 ) 2¢
3 II 124 : 123 .I‘I 4 :
123 4 3 124 .
q £2 : 3¢31 q gg : 3¢31

() (4)

Figure 6: Two-loop form factors with internal fermions. The one-loop form factors on the
left-hand-side of the cuts were computed in (2.21).

We use the expressions for the one-loop form factors given in (2.21)'! and amplitudes,

We added an extra minus sign to every expression to take into account the reversal of direction of ¢,
and ¢ according to the following practical prescription [40]: A_p = —Ap, A\_p = Ap, n_p = 7p.
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graphically represented as:

q 1
FG) (9%, =00 5" q) = 2ifta|alta) x X (3.6)
ly 0y
q 1
FOL (197, =0 s q) = 2i(0s]6] x BN (3.7)
ly 2
ly lq
AR 3% 8 0 = —il63l6) x , (3.8)
3 2
ly 0,
A(2¢23’3¢31’€g124,£1{}4> — —i<£2|2|fl] % . (3‘9)
3 2

We obtain the following results for the cuts shown in Figure 6:

(i): —2Fy) (197, =00 ™) x AP, 37" ey e
1 q
¢ ¢
VAAN (3.10)
=2 [l1]ly|lo) [la|3]61) x [T |
12y ALy
k
3 2
(”) . _ i2 F((Ql())ffset(1¢12, —5%123, —fg)S; q) y A<2¢23, 3¢31,€122124,f7f4)
1 q
DAAN (3.11)
=2 (Oi|l3]la) (6210 x - [T,
foA YA
k
3 2

where for convenience we have labeled the additional internal momenta as k& and h, and
we have also multiplied the result of the cut by (—1) from the fermion loop. Note that ¢;
and /5 are cut, while /3, {4, k and h are off shell.
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Combining (3.10) and (3.11) we obtain

1 q
U3 A ly
(3.10) + (3.11)] - 2[Tr+(2£1£4ez) F T (26000)] x ), (3.12)
egﬂ Agl
k
3 2
where we used momentum conservation ¢; + {5 = ¢35 + {4, = —ps — p3 and the fact that
on the cut sy, = s35,. Next we evaluate the traces in (3.12) and expand the various

scalar products in terms of the inverse propagators appearing in the main topology above,
specifically using

200y - l3) = 2(0y Ly) + 05— 07 = —I*+ 13,
2(64 : 62) = So3 + h2 — f% y (313)
2(pa - lo) = —2(pa- 1) — s23 = —k* — 893,

where k% = (py +¢1)* = 2(py- 1) and h? = ((; — £4)* = —2({; - £4) + (3. Doing so, we can

rewrite (3.12) and obtain the fermionic contribution to the two-particle cut of the two-loop
form factors of Oygget,

1 q
. L3 A Uy
jag (1¢12 0% a8, . fermions _ 2[2 K2R 4 823(/€2 4 h2) . k‘2(£2 +€2) S35 ] % < .
offset ? ’ ) 2,593 3 4 41 7 adeeaaaa-
821 Afl
k
3
(3.14)
From (3.14) we can now proceed to work out the cut integrals contributing to the form
factor of Oygeet. We arrive at the result
2o}
) 12 23 31 fermions ! 2
FO& (1¢ 72¢ 73¢ ;Q) = 2593 X >©<
offset 2,823 : | 3
A
1 q
4
e[ [ KOO
621 A
3 2

(3.15)

We observe that the first, second and last integral in (3.15) precisely cancel the unwanted
contributions in (3.5).
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3.1.3 Result of two-particle cuts

It remains to sum up the scalar and fermion contributions to the cut in question, given in
(3.5) and (3.15), respectively. The combined result is:

1 q
12
F((oi)ﬁset(ld)ma2¢23>3¢BISQ) = —289383¢ X | .
2,523
621
3 2
1 q 9 /\ 1
621; ------ Kél + égul _______ \El ]
3 2 3 2
¥4
q 2 q 2
! 162 3 1 :62 3
3 2 3 2
N Y
3 2 3 2
(3.16)

Note that the unwanted topologies which would lead to a violation of the amplitude no-
triangle theorem [39] have cancelled, as expected. We also observe that some of the nu-
merators in (3.16) are ambiguous due to the cut conditions, and will be determined from
three-particle cuts.

3.2 Three-particle cuts of the two-loop form factor

In this section we study the three-particle cuts of the form factor of the operator Ogset
defined in (2.7) at two loops. This computation will allow us to fix ambiguities of the
numerators of integrals obtained from two-particle cuts and, in addition, provide additional
integrals which are not detected by two-particle cuts. We consider three-particle cuts in
the g?-channel in Section 3.2.1, and in the se3-channel in Section 3.2.2.

3.2.1 Three-particle cuts in the ¢>-channel

We begin by studying the three independent g*-channel cuts shown in Figure 7.
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Figure 7: Three-particle cuts in the the ¢*-channel.

The corresponding six-point scalar amplitudes are:

A(1¢12, 2(]523’ 3¢31’4¢147 5(1524’ 6¢34) _ ’L[L 4 L _ L n S12 i S56 } :
5126 5234 516 5165126 5165234

A(1¢12, 2¢23’ 3¢31’4¢247 5(2534’ 6¢14) - Z[L 1 L _ L n S93 i S45 } 7 (317)
S126 5234 534 5345234 5345126

A(ld)lQ, 2¢237 3¢317 4:(1)347 5¢14’ 6¢24> _ 07

where to simplify the notation we have called the cut legs p4, ps and pg. We can now
immediately read off the contributions to the three-particle cuts:'?

F((92) <1¢12’ 2¢23, 3¢31; Q)

offset

(3.18)

Two observations are in order. Firstly, new topologies have appeared, which do not have
two-particle cuts. Furthermore, the ambiguities we had found in some of the numerators
of topologies identified using two-particle cuts have now been resolved.

As a final set of consistency checks, we now perform additional three-particle cuts in
the s93-channel.

3.2.2 Three-particle cuts in the s;3-channel

In this cut, R-symmetry allows for two possibilities for the particles running in the loop,
namely two scalars and a gluon, or two fermions and a scalar. There are two distinct

12Recall that Opgse; = —2Tr(X ZY), and note that in the cuts the factor of i from the amplitude cancels
with the factor of 4 from the three propagators.
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situations to consider, namely

FMEV o AMEV and FMHEV s AMEV (3.19)
We now study the first case in detail, while the second can be obtained by just interchang-
ing (-,-) «> [-,-] and simply doubles up the contribution from the first case. As before, we
focus our attention on the operator O,set introduced in (2.7).

Gluons in the loop. The gluon can be exchanged in any of the three loop legs, as shown
in Figure 8.

1¢12 : 2¢23 1¢12 : 2¢23 1¢12 : 2¢23
31 24 31 24
@9 @@ @9
L5l 2 O, A5 A
q 4I 31 q 4' 31 q 4' 31
3¢ I 3¢ I 3¢

(i) (i) (i)

Figure 8: Three cut diagrams for the case of a single gluon running in one of the internal loop
legs. There are three more diagrams where the internal gluon has the opposite helicity. These are
obtained by parity conjugation of the diagrams in this figure.

The corresponding integrands are

L - 2(35) [51]
L3 A9, 39" 4t 59" 69") x FY) (197, —67" | 59" —47;q) =
(/L) 1 ( ) 9 ) ) ) X Ooffset( ’ ’ ’ ’Q) <34> <45> [541 [41] )’
3.20
SN 2 1 14 2 12 1 - 2 2 <46> [64]
LB A2 39 49" 5T 69M) x B (19 —69" —57, —49";g) =
(i) 1% A3 40,57, 67) xR, (177, =67, =57, %) = e e
(3.21)
- . 2 (25) [51]
L3 AP 397 42" 597 67 x FY) (197, =67, —57" —49"q) = :
(@) 4% A(27,3%,4% 57 ,67) x Fp (177, ’ ’ 1a) (56)(62) [16] [65]
(3.22)

As explained earlier, the three cases corresponding to the opposite helicity assignment
of the gluon, which corresponds to FMAY x AMHV are related to those discussed above,
FMBV s AMBEV hy parity conjugation. The corresponding result is obtained upon inter-
changing (-,-) < [-,].

Fermions in the loop. Next we consider the situation where two of the loop legs are
fermionic. There are four diagrams corresponding to FMHV x AMHV shown in Figures 9
and 10. The integrands corresponding to the cuts in Figure 9 are

N L3 ¢23 ¢31 ’(/}4 ,[pl ¢24 (0) ¢12 ¢31 1;234 1;123. o <35> <64>
C 0 A(297,39 4V 5% 6 E 1 -6 , =5 —4 =2————"
(Z) [ ( ; ) ) ) ) X Ooffset( ) ) ) ) Q) <34> <56>845 )
(3.23)
. . 2
(27/) : Z3 A(2¢237 3¢31’ 4w1’ 5,[1}4’ 6¢24) % F((QOO)Hset (1¢12, _6¢31’ _5¢123’ _4¢234; q) _ 545 :
(3.24)
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31 m 24 81 m 24
Bl @239
q 4: 3(1)31 : 3¢31

(i) (i2)
Figure 9: The first two diagrams with fermions in the loop. In our conventions, the Yukawa

couplings are of the form, schematically, Tr(¢pBy ) and Tr(p g YP), where ¢ op is related
to ¢AB wia (2.2).

2¢23
| 3¢31
Figure 10: The remaining two diagrams with fermions in the loop.
while for the cuts in Figure 10 we get
. . o , 2
(idd) =d® A7, 39" 42" 5¥" 6°) x FS) (197, 67", 59" 4P g) = — = (3.25)
offset 856
o . . 2 (25)(46)
: 3 A 24)23 3(1531 4:(2514 5,¢)2 6,¢)4 X F(O) 1¢12 _6¢123 _5¢134 _4(;523‘ _ .
(ZU) 7 ( ) ) 3 ) ) Ooffsct< ) ) ) ) Q) S56 <45> <62>

(3.26)

FMHV % AMHV

Again, there are four more diagrams corresponding to which can be obtained

using parity conjugation.

Combining the terms. We can now convert the integrands into traces and dot products
and expand them. In doing so, it is useful to notice that the following combination of
integrands is particularly simple:

1 1 1
(3.20) + (3.23) + (3.24) + =(3.21) = —& 4 "B - W6 (397
2 545514 534514 S45 534545556 S14

where ¢ = —py; — p5 and py, ps and pg are the cut loop momenta. The corresponding
integrals are shown in (3.28) below. In uplifting the cut expression, we have to pay close
attention to the momentum flow: for example, in the expression above 1/s14 = 1/[2(p1-p4)]
should be uplifted to the propagator —1/(p; —p4)? since p; and p, flow in the same direction
(see Figure 9). Keeping these additional signs in mind we arrive at the the following list
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of integrals:

1 q
2 g A 2 //;6
— — 893896 X 5‘ +
. ;A4
3 2
Similarly, we single out the following combination
1 1 1
(3.22) + (3.25) + (3.26) + =(3.21) = — 4 2 = L © (399
2 856516 516526  S56  S45556526 516
where ¢/ = —ps5 — pg. This leads to the integrals shown below,
1 q
4. .
: 6 4/
> a gq ‘ 2 N
51 o
: - — 523534 X 5 4 T
. 1%\ 3 .
6 1 64"
2 1
3 2

(3.30)

The complete contribution of the three-particle cut in the ss3-channel is then obtained by
adding (3.28) and (3.30), and multiplying the result by two to take into account the second
helicity configuration corresponding to FMHV x AMHV,

3.3 Summary and integral reduction

We now summarise the result of our calculation and present the result for the form factor
of Op = Tr(X[Y, Z]), which includes also the half-BPS component Ogpg = Tr(X{Y, Z})
computed in [26] and quoted in (3.1). The integral basis is shown in Table 1. In terms of
this basis, the two-loop minimal form factor of Op is given by

4 10
Fon (197,297,387 q) = = > " I(1) +I5(1) — 2% [ZL-(l) —In(1) — Li2(1)
i=1 1=6

+ I(1) + ()] =4 [Ls(1) + Lie(1)] (331

+ cyclic(1,2,3) .

Some of the integrals appearing in (3.31) are master integrals and we can proceed to substi-
tute their expressions from [41,42]. The remaining ones will be reduced using a particular
integration-by-parts algorithm implemented in the Mathematica package LiteRed [43,44].
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i+2 i i+2 q

q q
i+1 7 142 i+1 i+ 1 )
[1(2) IQ(’Z) [3(2) [4(2)
i+ 2 q
: q /—\ T i+ 2 q
i+2i+1 g i i+2 i+1 it1 g
) i+1 ) 7 . .
15(2) ]6(2) I7<Z) Ig(Z)
q q ‘i q
i+ 2 i+14q i+2i+1 i i+2i+14 i+2i+14
Iy(1) Io(7) L1 (7) I15(17)
q>@<z q>@<i q i i+2 q
42 t4+1 1+2 i+ 1
i+2i+1 i+1 4
I15(7) I14(7) I15(7) I6(17)

Table 1: Integral basis for the two-loop form factor F((QQ; (1¢12, 2¢23, 3¢3l; q). Note that the integrals
{I(7),...,I5(i)} correspond precisely to the BPS case, shown in Eq. (3.25) of [26]. We use
the same notation as in [26]: factors of sij/siji in the numerators are denoted by a dashed

line intersecting two/three lines whose sum of momenta square to the corresponding kinematic
mvariant.

Using this package we find the following reductions:

i+2 4d
A q Z'
N 4= 1B —2)Be— 1) >@<
'-. = 25 —
. €2s;i11(2¢ — 1) i+ i1 (3.32)
i+1 i
2(3e —1) qmz 2(e — 1) q><Iz
€ P19 i+1 € i+ 2 1+1
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g )
_ Be=2)[siitie+ (26 = 1)(Siit2 + Siv1it2)] >@< '
€2(Siita + Sit1it2)Siit1 ) .

+ 2 +1
' " (3.33)

1+2 141 1

T+ 2
_26—1q o 3e—2 q /\/,H-l
€ ! €(Siit2 + Sit1i+2) U\Z+2
1+ 1
2 q>@<i +1
— i
2€(Siip2 + Sit1i42) i+ 9 it it

(3.34)

q i
-2
>@< -5 >@< ' (3.35)
€Siitl ;4 g i+ 1

These reduced integrals, with expressions known from [41,42], can then be plugged into
(3.31) to give the final result of the two-loop form factor Fg; (19",29% 3%"". ). We refrain
from writing the full expression for this form factor at present due to its considerable length.
Instead, we consider next a much simpler quantity obtained from a standard subtraction
of the IR singularities — the remainder function.

1+21+14

4 Two-loop remainder of (XY Z| TrX[Y, Z]|0)

4.1 Definition of the remainder

Two-loop remainder functions for the form factor of a generic operator O were introduced
in [6] similarly to the amplitude remainder function [45,46],

RG = F§(e) — §<Fé”<e>>2—f<2><e> FQ(2¢) = C + 0(e) (4.1)

where f@(e) :== —2((y + € + €2(y) and C? = 4¢,. As in [6,26], the function £ (e) is
the same as for amplitudes [45,46]. Note that we have defined the remainder by taking
out a power of
92 Ne €E

(4m)2=
per loop, where a is our 't Hooft coupling, defined in (2.18). We also observe that in general
we would define the remainder for the helicity-blind ratio F((f) / F((QO) as in [6] but in this
particular case this is not necessary since the tree-level form factor is equal to one. An
important aspect of this procedure [6,45,46] is that it removes the universal IR divergences

a(4me™ )¢ (4.2)
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of the result. In the case of protected operators this gives a finite remainder while in the
present case, where we consider a bare, unprotected operator, we are still left with UV
divergences. In Section 7 we will determine the appropriate renormalised operators and
form factors that have a UV and IR finite remainder function. Here however we wish to
take a first look at the IR-finite, but UV-divergent remainder function of the form factor
(XY Z| Tr (XY, Z])|0).

Using the decomposition (2.6), the remainder function splits into a term formed com-
pletely by the form factor of Opps and a piece which contains mixed terms involving Opps
and Oggser, which we denote by R o

2 2 2
REO,)B = R](3P)’S + Rflo)n—BPS ) (4-3>
where
2 2 1 1 2 1
Rips = E5) () = S(F5) (€)= fPe) Fg) (20) —C® (4.4)
2 2 1 1 1 1 1
Rinies = Fona(e) = o (5Fom + Foe)(© = F2() FG), (20 . (45)

The remainder of the half-BPS operator Tr(X?) was computed in Eq. (4.21) of [26] and
is identical to the BPS remainder appearing here. It is given by a function of uniform
transcendentality equal to four, written in terms of classical polylogarithms only. Explicitly,
its expression is

3. 3. uv 3 ) u 1
R](32F)’S =3 Lig(u) — = Lig (——) + 3 log(w) Liz (—;) — —log®(u) log?(v)

4 w 16

log®(u) 2 G2 4
- [log (u) — 4log(v) log(w)] 3 log(u)[5log(u) — 2log(v)]  (4.6)

G3 7
— 5 log(u) — 7= G4 + perms (u, v, w)

where
S12 523 531

u:?, v:?, w:?, ut+v4+w=1. (4.7)

The new part is the non-BPS remainder defined in (4.5). It is IR finite, but it still has UV
divergences due to the fact that the operator inserted is not protected. Interestingly, it is
given by a sum of functions of transcendentality ranging from three to zero, with no term
with maximal transcendentality:

3
2 c 2)
Rr(lo)n—BPS = . + ZRgon—BPS;?:—i ) (4.8)
i=0

where the subscript m in Ri)n-BPs;m denotes the degree of transcendentality of the corre-
sponding term. For the coefficient of the UV pole we find
c = 18—7*. (4.9)

The expression arising from replacing the integral functions appearing in the two-loop form
factor with the explicit results of [41,42] can be considerably simplified using the concept
of the symbol of a transcendental function [47], while beyond-the-symbol terms can be
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fixed numerically and/or analytically. At transcendentality three, we are guaranteed that
the whole result can be written in terms of classical polylogarithms only, and hence this
procedure is very simple to carry out. We find that the symbol of Rni)n-BPs;s is

u [

)
1—u W

5| + perms (u, v, w) ,

(4.10)
while for the integrated expression (including beyond-the-symbol terms) we get

. ) 1 VW 2
Rimorsa = 2[Lis(u) + Lis(1 = )] — 5 log" () log o= 55 + S log(u) log(v) log(w)

2
+ §C3 + 2G log(—q?) + perms (u, v, w) . (4.11)

The transcendentality-two part of the remainder can also be simplified slightly. A short
calculation leads to the expression

R sps = —12|Lis(1 — u) + Liz(1 — v) + Lis(1 — w) | — 2log?(uvw) + 36 . (4.12)

non-

Finally, for the transcendentality-one and zero terms we have

RD ppsy = —12 log(uvw) — 36 log(—¢?), (4.13)
Rr(f))n—BPS;O = 126. (4.14)

Before concluding this section we would like to make two observations on the results we
have derived here.

1. First, we observe that the —72 term in (4.9) comes from the last term on the right-
hand side of (4.5). It amounts to introducing a spurious UV divergence in the
remainder arising from the bubbles contained in the term 1!7((910)ffset (2¢). For the sake of
extracting the correct UV divergences and studying the mixing, this term must be
omitted, see Section 7 for this discussion.

2. We stress the usefulness of the decomposition (2.6) and (4.3), which has the great
advantage of separating out completely the terms of maximal transcendentality from
the rest. This is in line with the findings of [30], where it was observed in the SU(2)
sector that a the finite remainder densities introduced there, and corresponding to
different “shuffling” for the R-symmetry fields flavours, have a highest degree of
transcendentality equal to 4 — s with s being the shuffling in that remainder density.
In the present case, in a different sector, the operator Tr(XZY) is associated with
an external state (XY Z|, which corresponds to s = 1. Indeed we find that the
corresponding remainder is composed of terms with transcendentality ranging from
three to zero.

4.2 A connection to the remainder densities in the SU(2) sector

We now establish a connection between the (UV-finite part of the) non-BPS remainder

Rx(f))n-BPs and the remainder densities which have appeared in [30] in connection with the
calculation of the dilatation operator in the SU(2) sector. This is a closed subsector of
SU(2|3) and operators are built out of the complex scalars X and Y defined earlier in (1.5).
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Two observations are in order here. Firstly we note that the remainder densities studied
in [30] correspond to operators which are products of fields without the trace. Secondly,
the operator we are considering is part of the larger SU(2|3) sector, hence we should not
expect to find similarities with results obtained in smaller sectors. In particular, in the
SU(2|3) sector the spin chain becomes dynamic i.e. the number of spin sites can fluctuate
due to length-changing interactions, something which cannot occur in the SU(2) sector.

We will see in Section 7 that this is important for the renormalisation of the form factor
of OB.

It was found in [30] that there are only three independent finite remainder densi-
ties, denoted in that paper as (R@))XXX (RZ@))XYX and (R@))YXX The first density,

xx i XXX’ XXY’ i )XXY"
(RZ@)) Y x x» Das uniform transcendentality equal to four and is identical to the half-BPS
remainder computed in [26]. (RZ(Q))iii contains terms of transcendentality ranging from

three to zero, while (RZ@)?{)){X, contains terms of transcendentality two, one and zero.

The index ¢ denotes the spin chain site, and the remainder densities depend on the three
variables 5. . s
- Qi+l 7 v = i+1i+2 : w; = 142 7 (4.15)
Sii+1i+2 Sii+1i+2 Sii+1i+2
as well as on Sii+1, Si+2i+2, Siit+2 and Sii+1i+2 separately.

We have observed an interesting connection between these remainder densities and our
non-BPS remainder, namely

FRharss = ~ % (RO)F], + 06,
3
R s =~ 3 (RO (RO)N]| 4 e
S3
Ramss = -2 [N - (BN
S3
FRlamsa = -3 [N - (R, w19
3

where f| ~denotes the transcendentality-m part of the function f, the remainder densities
are evaluated with the replacements (u;, v;, w;) — (u,v,w), and S3 denotes permutations
of (u,v,w). It would be very interesting to explain this almost perfect coincidence of these
a priori unrelated quantities.

5 One-loop non-minimal form factor (XY Z|3Try ¢, |0)

In this section we compute one of the off-diagonal entries of the matrix of form factors
(1.10), namely Fgg(l‘f’u, 29% 39" ), where Op = (1/2)Tr(1)*¢),). Note that O is defined
in a way that its minimal tree-level form factor (¢123(1)1!%3(2)|O0r(0)|0) is equal to (21).

In order to do so we construct the one-loop integrand by considering two-particle cuts
in the ¢% and s93 channels. We will find that the result is IR finite as it should be since this
form factor does not exist at tree level. However, UV divergences are expected reflecting
the mixing between Op and Op. This will be studied in detail in Section 7.
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5.1 Two-particle cut in the ¢*>-channel

(XY Z|.

F((glg with external state

Figure 11: Two-particle cut of the non-minimal form factor

We start by computing the g>-channel of the form factor F((;F)(Wu, 20 347" q). This is

shown in Figure 11 and is given by
_ Z2F((9(2(_5,[ZJ123’ _41]]123; q) x A(1¢12’ 2¢23’ 3¢3174w4, 5w4)
(5.1)

F((91F)<1¢12, 2¢237 3¢31; q)
2,q>
_ i (45) x (13) _1'(834515 + 545513 — 314835> '
<34> <51> 2 534515
The corresponding topology is the box shown in Figure 12.
q 1
5)
4 A A L
515
1
S34 2

Vel

34

3

Figure 12: The integral topology that appears in the ¢>-channel two-particle cut. For future

convenience we indicate explicitly the uncut propagators.
(5.2)

We now rewrite the numerators in (5.1) using
S35 = —(s31 + 832+ S34)

S45 = S123, S14 = —(512+ 513 + S15)
which follow from momentum conservation Zle p; =0 and the cut conditions p? = p2 = 0

Doing so (5.1) becomes
F((Qllz(1¢12, 2¢23’ 3¢31; q) _ 1 <812523 4 S13 —+ 593 . S12 + 813>
2,q2 2\ 834515 534 S15
q 1 q
(5.3)
+ (813 + S23) X + (812 + s13) X
3 2 1

[812523 o
3 2 3 21
Note that in this cut no UV-divergent integrals have appeared and we have to add two

additional contributions from cyclic permutations of the external particles.

DN | .
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5.2 Two-particle cut in the sy3-channel

We now compute the two-particle cut of Fé2(1¢12, 2¢% 3¢°". q) in the soz-channel. There
are two possible diagrams to consider, shown in Figure 13.

1¢12 |

2¢23

3¢31

(i)

Figure 13: Two diagrams entering the two-particle cut in the sa3-channel.

These two diagrams give rise to the master topologies shown in Figure 14, with correspond-
ing numerators determined by the cuts.

q 1 1 q 2
S15 ?
1 1
4 A AD Ton A A 551
1 4
3 P 2 1 3

(4) (i)

Figure 14: Master topologies generated by the two diagrams of Figure 13, respectively. The
uncut propagators are explicitly shown in order to bookkeep their sign reflecting the momentum
flow. For the coefficient of the box integral, only the diagram on the left can be compared with the
box detected in the g*-cut of Figure 11 due to the ordering of external legs.

In the cuts we need the tree-level non-minimal form factors Fé03(1¢12,2w3,3@5123; q) and

F((Q(E(l‘bm, 2¥"** 39°.¢). The first of them has only one possible factorisation diagram cor-
responding to a fermion splitting into an anti-fermion and a scalar, as shown in Figure 15.

From this factorisation diagram we can infer the expression for the tree-level form factor,
which is given by

FO9 2% 39 gy = FO(—a?™® 39" g) x Sllz x AMIV(191 9u® guty — (5.4)

The anti-MHV amplitude can be easily determined using parity,

AMIV (101 gu? gty — [AMHV(19% 90" y@™]" — i [24) | (5.5)
Using ps = —(p1 + p2) we obtain the result
12 8 G123 [21] (13)
F((9(2<1¢ 273V ) = ey (5.6)
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1¢12

ov?

375123

Figure 15: A factorisation diagram of the non-minimal form factor Fé)og(l(i’m, 2‘/’3, 3@23; q) fea-
turing in the two-particle cut of Fgg(ﬁu, 2‘1523, 3¢31;q) in the so3-channel.

We now compute the two diagrams of Figure 13 separately.

Diagram (2)

This diagram is given by

Fé)l;(1¢127 24)237 3(;531; Q) . _ 2.2 Fg?(ld)m, _5¢3’ _415123; q) % ‘/41\/1141\/(2(1)237 3¢3174¢47 5121124)
1523, (2
_ £<814S35 + 534515 — 513345)
2 515534 '
(5.7)

Using ps + p3 + ps + ps = 0 and p? = p? = 0 on the cut, we can substitute

Su5 = Sa3, S35 = —(S34+S32), S1u = —(S12+ 13+ S15) » (5.8)

thus (5.7) becomes

' + S13 . S23 . S125923
F(l) 1¢12’2¢23’3¢31;q — _1 |:2+‘912—+_+—
OF( ) 2,593,(4) 2 S15 834  S15534
. 1
; q ; 2
a2 SO e AN = AN x [
2 1 /X3
2
(5.9)

Note that when the cut-integrals are uplifted to full Feynman integrals 1/s;5, has to be
replaced by —1/(p; — ps)? due to the momentum flow, according to Figure 14(i).

Diagram (%)
For diagram (ii) we need the form factor

, - 41| (15
F (9% =57 4% q) = F (197, —4¥", 59" ) = % : (5.10)
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Its expression is given by

FY) (177,297 39" g) = —2FS) (197, =50 —4¥"; q) x AMHV (207 397 49 5uty

2,823,(11)

s ((24>) [ Tr(1524)  Tr.(1534)
(52)

S14

Y

514525 514534

(5.11)

where we used momentum conservation in the last step. Expanding the trace and using a
set of replacements similar to (5.8),

Sy5 = Sz, S35 = —(S3q+S32), S15 = —(S12+ S13 + S14) » (5.12)

we arrive at the result

Fé2(1¢1272¢23,3¢31;q) _ Y [2 + w I 523
2,8237(7;7;)
I q
i q N2
:_[_QX 4 (104 513) X AN = a3 X AN S13805 X | |
2 1 ' 3
2
(5.13)

which is identical to (5.9) apart from the box. Note that in the sum over cyclic permutations
of these two cuts three different one-mass boxes appear, each with their two possible two-

particle cuts. The cuts of the same boxes in the ¢?-channel are already accounted for in
(5.3).

Diagram () + Diagram (%)

Combining the results (5.9) and (5.13) and noting that the coefficients of the integrals are
consistent with those obtained from the g*-channel cut in (5.3), we find
F((QIF)‘(]_(b12’ 2(1)237 3¢31 ’ q)

1 12 23 31 1 12 23 31
= F3) (197,297 39" g) +ES (197297 397 g)

2,523 2,893,(1) 2,523, (i)
i ¢ N A2
- 4o o)
2 1 ‘ 3
q 1 1
T 512823 X o - S13823 X - - ] :
3 2 3 )

(5.14)

Note that the coefficient of the box integral with ¢ inserted between p; and p3 matches
that obtained in the g*-channel (5.3), namely (i/2)(s12523). Moreover, the second box
appearing in (5.14) is detected in the ¢*-cut with cyclically shifted external momenta:
1-2—-3—-1
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5.3 Final result

Performing the cyclic sum we get the final result for the one-loop form factor:

q
(1) ¢12 ¢23 (;531 Z q 2
FOF(l ,2 ,3 7q):§|:—4>< >©< +2(813+823)X
1 3

q 1 q 1
— 2823 X + S128923 X + CYCliC<]., 2, 3)i| .
3 2 3 2
Expanding the result to O(e) we get
12 2. 1 6 2 1
FO(19%, 27,37 g) =2 412+ T — |21og(—s12) — 5 log? 22
€ 2 2 S93 (5 16)
q° '
— 2Li, <1 — —) + cyclic(1, 2, 3)] + Ofe) .
S12

Importantly the infrared 1/€? poles have cancelled in the final result, which is expected
since the corresponding tree-level form factor does not exist. We can also rewrite the result
using the variables u, v ad w introduced in (4.7), getting'?

(—s12)"°

(1 ¢12 ¢23 ¢31. o
FOF(]‘ ,2 3 7Q) - ZH

- [2L12(1 —u) + logulogv] + (o + cyclic(1,2,3) .
(5.17)

6 Two-loop sub-minimal form factor (1¢|TrX[Y, Z]|0)

Here we consider the second off-diagonal form factor in (1.10), namely the sub-minimal
form factor (¥1|Op|0) with Oy = Tr(X[Y, Z]) and (¥1)| being a shorthand notation for
(19"°29™*| " As it is clear from Figure 16, this object exists only at two loops or more,
hence we only need to consider the two three-particle cuts presented here.

For the first diagram, the relevant amplitude (and hence the integrand, since the tree-
level form factor is just 1) is

7,12 7,12 2 14 53]
) AP 98 gt gt ety _ L 1
For the second diagram, the relevant amplitude is
7,12 7,12 14 24 53]
i) s AQP 9P g gt ety _ 3 2

which differs from (i) only by a sign. Taking into account the relative minus sign between
the two diagrams coming from the commutator and converting to momentum invariants
we get

1 535512 — S25513 + S15523
)
[12] 593515

(i) — () -

(6.3)

13Note that under renormalisation this quantity will combine with (4.12).
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21[‘)123

(4) (i)

Figure 16: Triple cut of the two-loop sub-minimal form factor (Y1)|Op|0). The second set of
identical diagrams, but with external legs 1 and 2 swapped has to be added, corresponding to the
fact that it leads to the same colour-ordering.

where we have taken into account the factor of i3 coming from the cut propagators. We
note that for the half-BPS case of Ogps = Tr(X {Y, Z}) the two contributions would cancel
out exactly, which is consistent with the fact that the operator is protected.

The cut integrand corresponding to the expression in (6.3) is given by

(2) 1[?123 1;123. o 1
FOB(l .2Y75q) i E(SBBSIQ — S95513 + S15523) X 3

Lifting the cut momenta off-shell and performing the integral reductions using the LiteRed
package gives an e-dependent prefactor times a “sunset” integral,

)
€ — 1
ﬁ—ﬂi — 12) X q : (6.5)

3

F((/)Q) (112,1237 21/—}123; q) _

B

Note that any ambiguity associated with factors of p?, i = 4, 5,6 in the numerator of (6.4)
would lead to a (vanishing) scaleless integral.

Finally, we proceed to substitute the expression for the sunset integral, which can be
found in [41]. We also perform a summation over the cyclic permutations of the internal
legs and note that having done so, the value of the five-point amplitude entering the cut
does not change and so the result picks up an overall factor of three. Finally, a further
factor of two is included corresponding to the two possible orderings of the external legs.

We proceed by expanding the results in powers of € up to O(e) and get

6 @ T2, a, aia
0 2P T390 (66)

— —6(12) %+7—2log(—q2)] +0(e).

7,123 7,123
Fo (17,27 q) =

Note that this sub-minimal two-loop form factor has no lower-loop counterparts and, there-
fore, it has only a 1/e UV divergence and no IR divergences.
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7 Two-loop dilatation operator in the SU(2|3) sector

In this section we resolve the mixing between the two operators Op = Tr(X|[Y, Z]) and
Or = (1/2)Tr(¢*,) at two loops. Recall that all other dimension-three operators in the
SU(2|3) sector such as Tr(X?), Tr(X?Y) and Ogps = Tr(X{Y, Z}) are half-BPS and do
not mix. Doing so we will reproduce the two-loop dilatation operator for these operators
in the SU(2|3) sector originally derived in [28].

We introduce the renormalised operators

= , (7.1)
o Z,F 2,5) \Op

where O and Opg are the bare operators that we used to compute form factors in earlier
sections. The matrix of renormalisation constants Z, also called mixing matrix, is deter-
mined by requiring the UV-finiteness of the form factors of the renormalised operators
O™ and O%" with the external states (XY Z| and (1¢)|. The quantum correction to the
dilatation operator ®, denoted by 09, is related to the mixing matrix Z as

0
09D = —pur=—1og Z , (7.2)
Our
where pg is the renormalisation scale. The relevant form factors from which we extract
the renormalisation constants are written below, and we also indicate the schematic form
of their perturbative expansions, as reflected by perturbative calculations:

WOIOR0)] = D[ Valur) + fPadun) + - | | (73
(XYZ|Or|0)| = alun) [g-H] + - . (7.4)
(G310810}] | = (aum) (S k) 4o (7.5)
(XYZI0p|0)| = bValun) + 6P (ug) +--- (76)

where the coefficients carrying the UV divergences are

M @
o _ f7 @_Jf  hT
f - € 9 f - 62 + € )
) @
- i b(2>:b2_2+bl_7
€ € €
h 2
ho= —, k=2 (7.7)
€ €

and the running 't Hooft coupling a(ug) defined in (2.14) counts the number of loops. We
have also been careful in distinguishing the coupling constant g from a(ug) on the right-
hand side of (7.3)—(7.6). Note that in (7.3) and (7.5) we have factored out the tree-level
form factor (1¥2%|2Tr(y1)[0)© = (21).

A few comments on these expansions are in order.
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1. We have performed explicit perturbative calculations in previous sections that allow
us to extract (7.4)—(7.6), and we will shortly explain how to extract the UV-poles for
(7.3).

2. (7.4) is the result of a one-loop calculation (hence the single power of a(ug) involving
a five-point amplitude, which is O(g*) (hence the extra power of g).

3. (7.5) is the result of a two-loop calculation, again involving a five-point amplitude.
This is proportional to a(ug)?/g, which is O(g?) just like (7.4).

Expanding the mixing matrix Z as

Z =1+ ZZ(L) = 1+ Za(,uR)Lz(L) ) (7.8)
L=1 L=1
and requiring the finiteness of the renormalised form factors we arrive at
1 2 1 2
(Z(l)> Foo_ _L (2(2)> F_ 2()_(f1( ))Z_fl()
F €’ F €2 e’
(1) (2) (1y2 (2)
(z) P = b ()P = Il G
B e’ B €2 e’
h 1 k
my B — _,. M @y F = 2.2 7.9
(z")F A (=*)p g e (7.9)

Note that from (7.8) Z5) := a(ug)*2"). The log Z matrix has the form, up to O(a(ug)?),

(Z0)pF+[(20) 7 =4 ((Z0),F)’] (20)5"
log(Z) ~
(20) (20)55+[(2®)5-1((2M)57)"]
(7.10)
(1) (2) _ 1,p@)y2

—a(pr)=— - aQ(uR)er# —ga(pr) - %
N (1) (2) _ 1.p(1)y2
_a(gR) : k?l —a(MR)blj - a2(MR)7b2 :2(b1 )

We now move on to determine the various matrix elements. From (2.12) we read off that
bgl) = —06, and hence

()" = = (7.11)

Next we compute ()55 — (1/2)((2™)55)%. This quantity has already been calculated
in Section 4, and we remark that we should drop the 72 term in (4.9), which is not of UV
origin. Doing so we find b$” — (1/2)(b{")2 = 18/, and therefore

1 18
()" - 5((75(1))33)2 - T

Importantly, the 1/e? pole is absent in (7.12). Next, from the two-loop result of (6.6) we
obtain

(7.12)

: (7.13)



while from (5.16) we find
B = % (7.14)

Finally, we need to determine (2()." and (2®).". In order to do so, we recall that
Opr appears as a component of the chiral part of the stress tensor multiplet operator (see
Eq. (3.3) of [48]). Super form factors of this protected operator were first studied in [7]. The
components of this multiplet can be obtained by acting with four of the eight supercharges
Q4o with A = 3,4 on the bottom component Tr(X?) = Tr(¢?,). Using the explicit
supersymmetry transformation in Eqn. (A.15) of [48], adapted to our conventions, and
acting with Q§@s, on the bottom component we find the following half-BPS descendent

of TI'<¢%2),
Oppy = %Tr(@/zo‘@ba) + gTr(X[Y,Z]) = Op + gOp . (7.15)

Since this operator is half-BPS the corresponding form factors are UV finite. Hence we
infer that

r 1&123 21/;123. — _oF 11/;123 21[}123_ 716
OF( s aQ) uv g OB( 5 7Q) oV’ ( )

from which we get

6
(2(1))FF = _Q(Z(l))BF =0, (Z(2)>FF = _9(2(2))BF = (7.17)
€
Using (7.16) we then obtain
1 6
()" =5 () =~ (7.18)
€
We can now write down the matrix (7.10), with the result
6 6
a’*(pr) . —a(ur) g .
log(Z) = + O(a(pr)?) - 7.19
IR o | Ol @9
- T a(pr) - — — a*(ur) - —
g € € €
Finally, the dilatation operator up to two loops is
2a? —ag
0
5D = lim | — ppy — log(Z)] — 12 - , (7.20)
- HE —2— a—6a?

where we recall that our 't Hooft coupling is defined in (2.18). The eigenvalues of this
matrix are the anomalous dimensions of the eigenstates of the dilatation operator. One of
them vanishes indicating the presence of a non-trivial additional protected operator. The
second one is

v = 12a — 48a* + O(a?) , (7.21)
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in precise agreement with the one- and two-loop anomalous dimensions for the Konishi su-
permultiplet. We can also write the corresponding eigenstates by diagonalising the trans-
pose of 6D.' One arrives at the two operators [35-38]

Oppsy = Op + 903, (7.22)
N

O = 05 — 220, (7.23)
872

The first one is the protected operator introduced in (7.15) above, while the second com-
bination is a descendant of the Konishi operator.

8 Conclusions

There are several natural continuations of the work presented in this paper. In particular,
it would be interesting to consider wider classes of non-protected operators than those
considered here and in [30,49]. Potentially this could lead to new insights and approaches
to integrability. For example, [29] established a direct link between minimal one-loop form
factors of general operators and Zwiebel’s form of the one-loop dilatation operator [34].
In [50] it was shown, using this form of the dilatation operator, how the Yangian symmetry
[51] of the tree-level S-matrix of N'=4 SYM implies the Yangian symmetry of the one-loop
dilatation operator, which in turn is related to its integrability [52]. Clearly it would be
very interesting to generalise this to higher loops.

In [7], supersymmetric Ward identities were used to relate form factors of all the different
operators in the protected stress tensor multiplet to form factors of the chiral primary
operator Tr(X?) at any loop order. This led naturally to the definition of super form
factors extending the Nair on-shell superspace used for amplitudes in N'=4 SYM. It would
be interesting to extend this to non-protected operators contained in larger multiplets.
Technically this is more challenging but first important steps in this direction have been
taken in recent papers [53,54] and [55] where tree-level MHV form factors for arbitrary
unprotected operators were constructed using twistor actions and Lorentz harmonic chiral
superspace, respectively.

It seems plausible that a more detailed study of minimal and slightly non-minimal two-
loop form factors of non-protected operators will reveal a set of unique building blocks
with different degrees of transcendentality for form factors of arbitrary operators. One
piece of evidence is the equivalence of the two-loop, three-point form factor of Tr(X?)
and the maximally transcendental part of Higgs to three-gluon amplitudes [6]. It would
be natural to expect that the universality of the leading transcendental part extends also
to all length-two operators such as Tr(DF DF') in any non-abelian gauge theory. Another
piece of evidence is that the minimal two-loop form factor of Tr(X?) [26] equals the leading
transcendentality part of the minimal two-loop form factors in the SU(2) sector [30] and in
the SU(2|3) sector studied in the present paper. We would expect that this universality also
applies to operators like Tr(F?3) in A'=4 SYM, and possibly also in QCD and pure Yang-
Mills. Furthermore the intriguing relation of terms of lower transcendentality appearing in
the SU(2) and SU(2|3) sectors (see Section 4) points at further unexpected regularities to
be explored. We intend to return to these issues in the very near future.

4Note that in this sector §® is not symmetric. A generic combination of the two operators O and Op
can be written as v;Op +v,0p = (v, 0), with v!' := (vp,vp) and O := (Op,Op). Under the action of
the dilatation operator we have (v,0) — (v,6D 0) = ((6D)%v, 0).
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A One-loop integral functions

Throughout the paper, we use the following conventions for the one-loop massless scalar in-

tegrals in dimensional regularisation (upper/lower-case letters correspond to massive/massless

momenta) [56]:

_/ d*=2p 1 _ i rr P2\ "¢
P ) o)t p(p—- P2 (dm)2ce(l—2¢) \ p? ’

WP — P - PP Gnpee ()

Ry 1 i e (=PY)
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QQ

112
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where

L(1+e)(1—¢)?
(1 — 2¢)

=

B Comparing half-BPS form factors

In this appendix we present explicit calculations confirming that the minimal form factor
of the half-BPS operator Tr(X{Y, Z}) has the same integrand, and hence remainder, as
that of the minimal form factor of Tr(X?®) considered in [26].

We begin by considering the three diagrams in the gluonic contribution to the s93-
channel, presented in Figure 17 below and corresponding to the Tr(XY Z) operator. The

1¢12 : 2¢23 1¢12 : 2¢23 1¢12 : 2¢)23
23 ﬁl 14 23 ﬁll 14 _ ﬁl "
@@ @36 @39
q 4 31 q 4 31 q | 31
| 3¢ | 3¢ | 3%

(i) (i) (i)

Figure 17: Three possibilities for a single gluon running on one of the internal loop legs for
Tr(XY Z) operator.

corresponding integrands are

. . 23 31 24 14 12 23 31 25> <36> [51]
AR 3 g 560 x BOL (197,67 59 4 g) = —
(Z) l ( ) ) ) ) ) X Tr(XYZ)( ) ) ) 7Q) <34><45><62> [54] [4
.. . 23 31 24 14 12 23 _ 31 24> <36> <46> [6 ]
LB AP 3 4 560 ) B9 (197 67 549 ) — —
(ZZ) 2 ( ) 9 I ) ) X Tr(XYZ)( ) ) ) I Q) <34> <45> <56> <62> [54] [65] 9
. . 23 31 24 14 12 23 33 24> <35> [15]
i3 A(297 39" 49 59" 61) x BV 192 6 500 4oty
(ZZZ) ? ( ’ ) ) ) ) X Tr(XYZ)( ) ) ) ) Q) <34> <56> <62> [16] [65]
(B.1)

We will combine these into “anti-commutator” pieces by appropriately adding to them
—1/2 of the terms that appear in expressions (3.20)—(3.22), corresponding to the Tr(X ZY)
operator (removing the factor of —2). We then find for the diagrams in Figure 8(i) and
17(3),

Ao, = B0 GBI eaGoE] g,
(34)(45)(62) [54] [41] (34)(45)(62) [54] [41]

Similarly, we find for the diagrams in Figure 8(i7) and 17(i7),

B (23)(46) (46) [64]
AC = (5)(56) (62) [54][65] (B3)

and finally, for the integrands of Figure 8(iii) and 17(ii),

B (23)(45) [15
ACs =~ B1y(56) (62) [16][63] (B4)
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q 123 4| 4
I 3¢™
(1)
1¢12 : 2¢23
234 1
AT m
: 3¢31

(iii)
Figure 18: Four possibilities for fermions running on the internal loop legs for the Tr(XY Z)
operator.

Next we consider the fermionic contributions to this cut for the operator Tr(XY Z). These
are presented in Figure 18 below. The corresponding integrands are:

N3 623 0ddl gt w2 gl (0) P12 g2 134 123 o <25> <46> <36>
i) s i A(297 39" 4v 5% 69" x B 19" 697 5v" 401 ) = :
Q ( )X Enyev 9 = B0 (566255
N 623 0pdl gt w2 agld (0) B2 g2 123 134 . <42> <36>
i) i3 A2 39" 4" 5Y° 69"y x I 1917 6% 591 gttt gy = _ _\PENGD)
(i) ( ) X Fryxyz)( ) (34) (62) 545
Loy e3 ¢23 ¢31 ¢24 ¢4 ,(/}1 (0) ¢12 ¢234 ,@123 ¢31 . o <36> <42>
i) 10 A2 0,37 ,4% 5% 6% ) x F 17,6 ,5Y 47 ,q) = ———,

12 7123 234 31' o <24><35><46>
(A6 A7) = B @5)sn

(B.5)

(v) : P A@277,397, 47" 5% 6%") x Fi(ggxyz)

We combine them similarly to the gluonic case: for the commutator, diagrams of Figure 9
and 10 should come with an overall minus sign. After some algebra we find, for Figure 9
plus Figure 18 (¢) and (i),

AC, = (25)(36)(46) — (36)(42) (56) — (26)(35)(46) + <34><56><62>)

1
(34)(56)(62) 545 (
(23) 2(46)(65)

= B (56)(62) 4] (B6)
and for Figure 10 plus Figure 18 (4i7) and (iv),
AC =~ 451 o ((36><42>(45> — (24)(35)(46) + (25)(46)(34) — <34>(45><62>>
o (23) 2(45)(64) (B

(34)(45)(56)(62)  [65]
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Finally we combine all the “anti-commutator” terms. After some manipulation, we get

> B (23) [51] (54)2 _(54)(64)  [16] (64)>
;AC" T (34)(45)(56)(62) L [65][16]  [65] [65] [51]
[14] (46)2 (46)(56)  [51] (56)2
Tl pl Y s [ (4] ) (B-8)

which is precisely the result of the sps-channel cut of operator Tr(X?) as presented in
Eq. (3.16) of [26].
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