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Abstract

Differential-algebraic equations with higher index give rise to essen-
tially ill-posed problems. The least-squares collocation by discretizing
the pre-image space is not much more computationally expensive than
standard collocation methods used in the numerical solution of ordinary
differential equations and index-1 differential-algebraic equations. This
approach has displayed excellent convergence properties in numerical ex-
periments, however, theoretically, till now convergence could be estab-
lished merely for regular linear differential-algebraic equations with con-
stant coefficients. We present now an estimate of the instability threshold
which serves as the basic key for proving convergence for general regular
linear DAEs.

Keywords: differential-algebraic equation, higher index, essentially ill-posed
problem, collocation, boundary value problem, initial value problem

1 Introduction

In the present paper, we consider initial value problems (IVPs) and boundary
value problems (BVPs) for linear differential-algebraic equations (DAEs)

A(t)(Dx)'(t) + B(t)x(t) = y(t), t€ [a,b], (1)
Goz(a) + Gpa(b) = . (2)

Here, [a,b] C R denotes a finite interval, ¢ : [a,b] — R™ is a sufficiently smooth
vector-valued function, B : [a,b] — R™*™ A : [a,b] — R™** are at least
continuous but sufficiently smooth matrix-valued functions. We focus on DAEs
featuring partitioned variables by assuming a constant matrix function D and
the leading term of the special form,

D =1[I,0], rankD =k, rankA(t)=k, t¢€la,b]. (3)
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In particular, this is the case for all semi-explicit DAEs. The first k£ components
of the unknown function z are the differentiated components and the subse-
quent m — k components are the nondifferentiated ones, traditionally called the
algebraic components. We emphasize that no derivatives of the algebraic com-
ponents appear in the DAE. We refer to |2, Subsection 5.1] for more general
DAE:s.

Moreover, G4, G, € R>*™ and r € R!. Thereby, [ is the dynamical degree
of freedom of the DAE, that is, the number of free parameters of the general
solution of the DAE (e.g., [5], Section 2],[4], Section 2.6]), which can be fixed by
initial and boundary conditions. Initial value problems (IVPs) are incorporated
by Gy = 0. We suppose 0 < [ < k < m. If [ = 0 then there are no free
parameters and no boundary condition will be given.

As in [2], we put the problem in a Hilbert space setting and consider generalized
solutions z € H},,

H} = Hp((a,b),R™) :={x € L*: Dx € H'},
L? = L*((a,b),R™),
H':= H'((a,b),R¥),

satisfying the condition as well as the DAE for a.e. t € (a,b). To ensure
that the expression G,z(a) + Gpx(b) is well-defined for all z € H},, we restrict
the boundary conditions by assuming

ker G, =ker D, kerGy =kerD. (4)

Then Gyz(a) + Gpa(b) = GoD* Dxz(a) + GyDT Dx(b) is well-defined together
with Dz (a), Dz(b). The latter expressions are well-defined since Dx € H' and
the evaluation of functions from H' at a certain point makes sense.
Collocation methods using piecewise polynomial ansatz functions are well-estab-
lished and robust numerical methods to approximate BVPs in explicit ordinary
differential equations and index-1 DAEs, which are well-posed in their natural
Banach spaces, see [I], 5] for the respective comprehensive surveys.

Here, we follow the ansatz from [2]. We approximate the differentiated com-
ponents by continuous piecewise polynomial functions of a certain degree and
the algebraic components by generally discontinuous piecewise polynomial func-
tions, whose degree is lower by one. More precisely, we consider the partition
of the interval [a, b],

Tra=tg <t <---<t,=hb

For K > 0, let Px denote the set of all polynomials of degree less or equal to
K.

We fix a certain integer N > 1 and approximate the differentiated solution com-
ponents x1, ..., by continuous, piecewise polynomial functions of degree N
with possible breakpoints at ¢1,...,t,_1, while we approximate the algebraic
components Tr41,...,Tn by possibly discontinuous piecewise polynomial func-
tions of degree N — 1 with possible jumps at ¢1,...,t,—1. Consequently, we
search for a numerical approximation p in the function set X,

Xﬂ-:{peH%):pnhtjihtj) GPN, Hzl,,,,’k, j:l,“.’n,
p"“ht:‘—htj) €EPn-1, 6=k+1,....m, j=1....n}. (5



Since X has dimension Nmn+k, Nmn+k conditions are necessary to uniquely
determine p € X,;. The standard collocation methods work with /N collocation
points on each subintervall. In contrast, as first proposed in [2], we specify
M > N least-squares collocation points by choosing values

O<m < <1y <1,
and setting
SjZ:{tj,1+Tihj,izl,...7M}7 hj:tj_tjfh jzl,,n

In order to determine the discrete solution p € X, we solve the overdetermined
system directly applied to the original BVP,

AW (Dp) () + Bt)p(t) = y(t), teS;, j=1,....n 6)
Gap(a) + Gpp(b) = r. (7)

in the least-squares sense. In this context, IVPs and BVPs are treated in the
same way, more precisely, IVPs are treated as BVPs. Here the substance inheres
in the DAE and it is a secondary matter whether we have initial conditions or
boundary conditions.

To demonstrate the great potential of the overdetermined least-squares colloca-
tion we resume one of the experiments from [2]. The related DAE is known to
cause serious difficulties and failures in the numerical integration depending on
the movement of characteristic subspaces, see [6, p. 168], also [4 Section 8.3],
for details.

Example 1.1. We address the DAE system
zy(t) + 21(t) = y1(t)

tnay(t) + x3(t) + (1 + Daa(t) = y2(t)
tnxa(t) +x3(t) = y3(t), te€[0,1].

It can be cast into the form — by setting

)
)

1 0 1 0 0
A= |tn 1 ,D[g é (1)],3 0 1+7 0,
0 0 0 tyn 1

where a simple permutation of the variables results in the required form of D.
This DAE has index 3 and the dynamical degree of freedom [ = 0 for all 7.
This means that the solution is uniquely defined without any boundary condi-
tions. The most sensible component concerning numerical computations is the
algebraic one x1. Let

z1(t) = e 'sint,

zo(t) = e *'sint,

x3(t) = e ' cost,
serve as exact solution and this determines ¢. In order to have a unique solution
also for the classical collocation system, the conditions

p2(0) =0, p3(0)=1



Table 1: Collocation results for Example The table shows the error ||z —
1 ||oo .

n Standard  Least-squares

20 | 3.74e+006 3.26e-4

40 | 9.84e4016 7.52e-5

80 | 3.51e+038 1.81e-5

160 | 2.04e+082 4.42¢-6

320 | 2.98e+170 1.11e-6

640 | 3.06e+307 1.06e-6

were posed.

Table [I] displays the errors in the algebraic component for n = —2 and N = 3
and equidistant partitions w. The left column displays the results from stan-
dard collocation with M = N uniformly distributed collocation points on each
subinterval and the right column shows the results from least-squares colloca-
tion with M = 2N + 1 uniformly distributed least-squares collocation points.
The improvement is phenomenal!

The computations have been carried out in MATLABE (I

In the present paper, we provide estimates of the instability threshold for ar-
bitrary-index linear DAEs with variable coefficients, which considerably gener-
alizes the results from [2] obtained for constant-coefficient differential-algebraic
equations. This way, we obtain general convergence results for the least-squares
method applied to systems () -~ (2). In the case of constant coefficient systems,
a conjecture made in [2] is proven.

The paper is organized as follows. In Section [2] we summarize properties of
differential-algebraic operators representing - in a natural Hilbert space
setting. It turns out that such operators are essentially ill-posed. The least-
squares method is introduced in an abstract setting in Section [3] leading to
convergence results of the proposed method. The necessary estimates of the
instability threshold are proven in Section We consider these estimates as
the main result of the present paper. The least-squares method as formulated
in Hilbert spaces requires the evaluation of certain intergrals. We discuss a
numerical intergration technique and its convergence properties in Section
Finally, we present some numerical examples in Section [6} Conclusions will be
drawn in Section [1

2 Differential-Algebraic Operators acting on H},

In this subsection we represent first the DAE and then the BVP -
as operator equations

Tr=y, and Tz=(y,7). (8)

For this aims we define the differential-algebraic operator (DA operator) T :
H}, — L2,

(Tx)(t) = A(t)(Dz)'(t) + B(t)z(t), ae.t€ (a,b), =€ Hp,.

IMATLAB Release 2016a, The MathWorks, Inc., Natick, Massachusetts, United States.




The function space H}, equipped with its natural inner product,
(2,8) i, = (0, 2)12 + (Da), (DF) )12, 2,7 € Hp,

is a Hilbert space [7, Lemma 6.9] and the DA operator T is bounded.

Next, we resume the notion of the tractability index of the DA operator T from
[2], see also [T, Section 4.2]. This notion is tied to the coefficients A, B, D only.
In essence, the DA operator is regular with tractability index u if the DAE
represented as operator equation is so.

The tractability index is specified by means of certain sequences of continuous
matrix functions G;11 = G; + B;Q;, built pointwise on [a,b] using special
projector functions Q; onto ker G; and starting from Gy := AD, G = Go+BQy.
Denoting r; := rank G, the construction yields ro <r; < -+ <7; <r;q. The
matrix function sequence Gy, ..., Gy is admissible, if it is well-defined and the
ranks o, ..., r, are constant [7, Definition 4.1].

Definition 2.1. The DA operator T : H: — L? is said to be regular with
tractability index 1 € N and characteristic values

p—1
ro <o <y <1y =m, l::m—Z(m—ri), (9)
i=0
if there is an admissible matrix function sequence Gy, ..., G, with @D

If, additionally, the coefficients A, B, D are as smooth as required for the exis-
tence of completely decoupling projectors then the DA operator T is said to be
fine.

Let Il.., denote the canonical projector function of the associated fine DAE,
see [4 Definition 2.37]. The projector IT.,,(t) acts in R™ and its rank is [ given
in (9) for all ¢ € [a,b]. The number [ actually accounts for the dynamical degree
of freedom of the associated DAE.

Note that for constant coefficients A, B, D the operator T is fine, exactly if the
matrix pencil {AD, B} is regular. Then the tractability index coincides with
the Kronecker index and the characteristic values describe the structure of the
Weierstra3—Kronecker form. Moreover, Il.,, represents the spectral projector
of the pencil onto the eigenspace corresponding to the finite eigenvalues along
the ones corresponding to the infinite eigenvalues [4, Theorem 1.33].

We quote [2] Theorem 2.2] concerning the characteristic properties of T':

Theorem 2.2. Let the bounded DA operator T : Hy, — L? be fine with tractabil-
ity index p € N and characteristic values @ Then the following statements
hold:

1. ker T has finite dimension, dimker T =1 = rank I,y .
2. T is surjective, thus Fredholm, exactly if p = 1.
3. If > 1, then im T is a nonclosed, proper subset of L?.

4. If u > 1 and the coefficients A, B, D are smooth enough, then the inclusion
C*([a,b],R™) CimT holds, so that T is densely solvable.



Example 2.3 (Continuation of Example . The DA operator T,

2y (t) + 21 (t)
(Tz)(t) = |tnaa(t) + 23(t) + (n + Daa(t) |, ae t € (0,1),
ntl‘g (t) + X3 (t)

is defined on H}, = {x2,23 € H'(0,1), z1 € L?(0,1)} with m = 3, k = 2. Its

image becomes
imT = {y1,2,y3 € L*(0,1) 1 ys € H'(0,1), yo — g € H'(0,1)}  L*.

This operator T is injective. The canonical projector function is simply Il ., =
0, which corresponds to [ = 0. O

Finally, we introduce the operator T : Hi, — L? x Rl =: Z associated with the

BVbey

Tx

_ 1
= | Goz(a) + Goa(v)|* © € HD

Tz

The product space Z = L? x R! equipped with its natural inner product
(2,2)z := (4, §) 2+ <m,7 > 2z=(y,r), z=(y,7) € Z,

is again a Hilbert space. Here, <, > denotes the Euclidean scalar product of R!.

We quote [2] Theorem 2.4] to provide properties of the operator T:

Theorem 2.4. Let the bounded DA operator T : H}, — L? be fine with index
u € N and characteristic values @D and let the boundary conditions be restricted
by . Then the following statements hold:

1. The BVP Tx = (y,r) 1is uniquely solvable for each right-hand side y €
imT, r € R! if and only if the condition

ker(GoX (a,a) + GpX (b,a)) = ker I an(a) (10)

holds. Here, X (t,a) denotes the maximal fundamental solution matrixz of
the associated DAFE, normalized at point aE|

2. If is valid, then the equation Ta = (y,r) is well-posed if u =1 and
otherwise essentially ill-posed.

3. If is valid, then T is injective.

4. If u=1 and 1s valid, then there exists a constant bound ¢t > 0 such
that

Tl p2xm = erlallay, @ € Hp(a,b).
D

2X is the unique solution of the IVP A(t)(DX)'(t) + B(t)X(t) = 0, t € (a,b), X(a) =
Hcan(a).




3 Basic Convergence Assertions

Now we turn to convergence properties of the least-squares method applied to
the operator equation representing the BVP - . Let T be injective and
(y,r) € imT be given, z, = T~ L(y,7).

Let the function set X, related to the partition

Tra=tyg<t; <---<tp, =0,

with maximal stepsize h and minimal stepsize hyin and the degree N > 1, be
given by as before.

Regarding convergence properties for h — 0 we have in mind a sequence of
partitions

Te:a=1tgs < -+ <tp,s=0,

with maximal and minimal stepsizes h(s), hmin,s;, s — 00, h(y — 0. The
degree N is uniform for all corresponding function sets X, ,. In favor of an
easier reading we drop the extra integer s but we thoroughly assure that the
indicated constants do not depend on the partitions and stepsizes in fact.
Following ideas developed in [3] (see also [2| Section 2.2]), the approximate
solution

pr = argmin{||A(Dp)’ + Bp — q||22 + |Gap(a) + Gep(b) — 7> : p € X} (11)

satisfies the inequality

Br
lpx — f*”H}) < 7 + o, (12)

s

with z. denoting the unique solution of the BVP and

o = [z, — &wa*HH57 PBra. = argmin{||z. _pHHLl) 1p € Xnh,

Br =T (xs = Bras)ll2 < | T|cr,

L IToly o (bl +1Gap(a) + Gup(B)[2)"
T peXop#0 [pllgy  peXapo Pl

Aiming for convergence properties, one needs upper estimates for the approxi-
mation errors a, and ., and a positive estimate from below for the instability
threshold ~;.

Let the solution z, be sufficiently smooth so that the interpolation function
Pint € Xy for x, is well-defined by N interpolation nodes on each subinterval
of the partition 7 and, additionally, by Dpint(a) = Dx.(a). Then, standard
interpolation results provide the estimates

(07 S ||pint - 1’*||H1D S cath 571’ S C,BhNa (13)

where ¢, and cg are constants independent of the special partition 7. The
most challenging task in this context is providing an appropriate estimate for
the threshold 7,. In [2], for equidistant partitions 7 with sufficiently small
stepsizes, the estimate

Y > thmin(N,u—l) (14)



with a constant ¢, > 0, is conjectured owing to numerous numerical experiments
and a strong proof for the cases N > y— 1 and N = 1 for constant-coefficient
DAEs.

Theorem [A.1] below in Section [4] verifies the inequality

Y > cvh”_1 (15)

for general regular linear DAEs, and this can be seen as main result of the
present paper. In addition, the stronger estimate is shown for a special
class of DAEs including all regular constant-coefficient DAEs (Theorem [4.7)).
So far it remains open if the stronger estimate is valid in more general cases.
As a consequence of the estimates and as well as the Theorems
and [£.7 we obtain

Theorem 3.1. Let the BVP - , with index p > 1, satisfy the assumptions
of Theorem (1) with the unique solution x, as well as the coefficients A, B
of the BVP being sufficiently smooth.

Let X be given by . Then the following statements are valid for all partitions
w with sufficiently small stepsize h and uniformly bounded ratios % < p:

1. The least-squares collocation solutions p, defined by satisfy
Ipr = @[y, < chNTHHL

Hence, the choice of N such that N > p ensures convergence in H},, that
1S, Pr — Xy for h — 0.

2. M”neQUE']", Zfihe C()em:l‘ eNLS 4 und .Zg are C()’H,SI(L’]””) the golutions p ful.ﬁll
even
||p7\' — x*”Hl < Ch E":{(()7]\] u 1)

and the discrete solutions remain bounded in Hj, also if N < p— 1.

For providing the approximation p, in practice, one needs to replace the integral
by a discretized version. In Section[5]we will deal with one possible variant which
traces the matter back to overdetermined least-squares collocation.

4 Estimating the Instability Threshold

In this section we show the inequality
Vr = C'yh'u_l

to be valid for general regular linear DAEs with sufficiently smooth coefficients.
We summarize this main result in more detail as the following theorem. The
proof is performed in Subsection [£:3] below. It applies special properties of
piecewise polynomials given in Subsection [f.I] and basic facts concerning DAEs,
which are collected in Subsection [£21 In Subsection [£.4] we address the case
1 < N < p—1. In particular we verify the stronger inequality for arbitrary
regular DAEs with constant coefficients, which has been conjectured in [2] and
proved for N = 1.



Theorem 4.1. Let the bounded DA operator T : Hy, — L? be fine with index
w € N and characteristic values @D and let the boundary conditions be restricted
by . Let the condition be valid.

Let X be given by as before, and N > 1.

Then the following statements are valid for all partitions m with sufficiently small
mazimal stepsizes h and uniformly bounded ratios +—— - < p:

1. If u =1 then there is a constant cy > 0 such that Vr > Coy.

2. If u =2 then there is a constant cy > 0 such that vz > cyhmin > cylh.

3. If p > 2 and the coefficients A and B are suﬁciczently smoot}EI then there
15 a constant ¢y > 0 such that v, > 07h > Cy 57

min

Remark 4.2. More details concerning the constant c,, will be shown in the proof
later on. In the index-1 case one has simply ¢, = c{,l with ¢y from Proposition
2). In the higher-index case the constant ¢, provided in Theorem 3)
is inversely proportional to the value cy from Proposition 2) and also to
VOn—1, with g, 1 = dl,u—lcz—lHDﬁu—1||go> 0, see Lemma for dy ,,—1 and
Lemma {.4] for ¢j,_;. Note that cj,_; increases with the polynomial degree N.
Remark 4.3. For index-2 DAEs Theorem [{.1] offers one constant in item (2) and
another one in item (3), namely

11 1 1 |
C |1 em/(2
Hlitem@) = 3 DI Q1 D™ oo | DL 110 1+ KDL, =
111 1

Crlitem = e ’
ylitem (3) 242 ey /¢ 1DQ1 s DLy 1l

by completely different proofs.

Owing to the special form of D, |D|=1,|D*|=1, and DQ, = DII,Q:D* D, it
holds that || DQ1||c=|DIIoQ1 D" |-

Note that K = 0if II,_; = 0.

4.1 An auxiliary estimation concerning piecewise polyno-
mials

The following lemma is a straightforward consequence of [2, Lemma 3.3].

Lemma 4.4. Let the function q : [a,b] — R™ be polynomial with degree < K,
K > 0, in each of its components and on each subinterval of the partition
mia=tg<...,t, =b. Then the relations

a2 < et mllalda eIy < Cigllaliy, i=10 K,

min min

q 2 — Y, q 1=
lg 2. =0, [lg )3, =0

are valid with constants
¢ =4k Ag—it1, CF =4 max{A\g - Ax—it1, Ak—1-" Ax—i},

where the A\; > 0 are certain matriz eigenvalues, see [2, Lemma 3.3].
3See Subsection below for details.




Proof. For K = 0 the statement is trivially satisfied. Set K > 1. We have
il[t,_1.t,)€ Pr and therefore

s = [ aPar =33 [* ara =323 [ attor+7a
Jj=1i=1 tj—1 Jj=11i=
n.om hZ hj n h2 t;
>33 [t e oras= Y0 1 [ P
j=1i=1 K JO j=1 MKt
h2 . n t; h2. b h2.
> _min dt = "min dt = ""min /112 .
> 3 [T wopac= 2 [ Pac= 22 1%
J=1 tj—1
Then owing to q;|[tJ 14;,)€ Pr—1 we obtain ||¢'[|7. > 4A2m1 ll¢"||?. and further
h2
lall2> > i minlq”|13,, and so on. O

4.2 Preliminaries in matters of DAEs

To verify the statements of Theorem we apply results of the projector based
DAE analysis. We collect here just the necessary ingredients and refer to [4] [7]
for details. Let the DA operator T': H}, — L? corresponding to the DAE be
fine with tractability index p > 2 and the characteristic values @ Then there
are an admissible sequence of matrix valued function starting from Gy := AD
and ending up with a nonsingular G,,, see [4], Definition 2.6], as well as associated
projector valued functions

Po = D+D and Pl,-”apu—l GC([Q,b],L(Rm))

which provide a fine decoupling of the DAE. We have then the further projector
valued functions

QZZI_P27 i:O7"'7M_17
Iy :=PFy, II; .=1I; 1P EC([a,b],L(Rm), i=1,...,0—1,
DII;D* € CY([a,b], L(R¥), i=1,...,u— 1.

By means of the projector functions we decompose the unknown x and decouple
the DAE itself into their characteristic parts, see [4, Section 2.4].

The component u = DII,,_yx = DII, ;D" Dz satisfies the explicit regular
ODE residing in R¥,

v — (DI, 1D)'u+ DI, G, 'BIl,,_1D%u= DI, ,G.,'y,  (16)

and the components v; = II;_1Q;x = II;_1Q;D Dx, i = 1,...,u — 1 satisfy

10



the triangular subsystem involving several differentiations,

0 N M 1 (Dvy )’
’ ()
Ny—2u-1 :
B2, (Do) |
I Mo Mi 1 v ] Ly
s .
+ = Y-
Myu—2,-1 :
" I : Up—1 | Ly
Finally, one has for vg = Qgx the representation
pn—1 p—1
Vg = Eoy - HOD+U — Z Mo jU5 — ZNO j(DUj)/. (18)
j=1 j=1

The subspace im DII,,_; is an invariant subspace for the ODE (16). The com-
ponents vg, V1, . .,V,—1 remain within their subspaces im Qo, im I1,,_2Q1, .. .,
im I1pQ),—1, respectively. The structural decoupling is associated with the de-
composition

:E:D+u+vo+vl+~~~+v#_1.

All coefficients in - are continuous and explicitly given in terms of an
admissible matrix function sequence as

Nor == —Qo@Q1D*
Noj = —QoPy -+ P;_1Q; D™, j=2,...,u—1,
Nijiv1 = —I;_1QiQix1 D™,
Nij = —IT;1Q;Piy1 -+ Pj_1Q; D, j=id2. -1, i=1,...
Mo :=QoPr---P,_1M;DII;_1Q;, j=1...,p—1,
Mij =1; 1QiPiyq-- P,y M;DI;_1Qy,j=4+1,...,p—1,i=1,...,0—
Lo:=QoPy - P, 1G, ',
L= i—lQiPi+1"'P;¢—1G;17 i=1,...,u—2,
Ly =1, 5Q,1G,",

Ho := QoP1--- P, KII,_1,
in which

p—1

K= —1,.1)G Byl 1+ Y (I = II_)(P — Q)(DIDY) DII,

=1
7j—1

M; =3I = I){P.D* (DI D) — Qi1 DF (DII}s1 DY)} DIT; 1 Qi D,

k=0

j=1...,p—1.

11

2

v/~L_27

)



It should be added at this point, that the coefficients of the ODE are
uniquely determined in the scope of the fine decoupling. This justifies to speak
about the inherent explicit reqular ODE (IERODE) of the given DAE.

We introduce the factitious function space (cf, also [7])

Y = {y eL?: Vy—1 =Ly, Dy, € H!,

j—1

J—1
Vp—j = Ly E Niu—ju—jri(DVp—j+i) E :M#*J,#*]+1vﬂ*]+l’

i=1 =1
Dv,_; € H, for j:2,...,,u—1}

and its norm

p—1
1/2
lylly = (lyliz= + Y _lI(Dwi)'I72) ", yeY.
=1

Both, the space and its norm are special and strongly depend on the decoupling
coefficients which in turn depend on the given data A, D, B.

Proposition 4.5. Let the DA operator T : HY, — L? be fine with characteristic
values @ and index > 2. Then the following results:

1. imT =Y.
2. The space Y equipped with the norm ||-||y is complete.

3. Let the operator T corresponding to the BVP satisfy the conditions of
Theorem (z) Then there is a constant cy such that the inequality

|2l s < ey (lly + Y2 for yeYreRLa=T"(y,r),
becomes valid.

Proof. (1) and (2) can be checked by a straightforward use of the above decou-
pling formulas analogously to the case of the Banach space setting in [7].

(3) The operator T is bounded also with respect to the new image space
(Y, ||-lly). Namely, for each z € H}, one has ||[Tx||p: < cr||z| 1, and further,
owing to the decoupling,

Dv; = DII;_1Q;x = DII;_1Q;D* Dz,
(Dv;)" = (DI;1Q;D")' Dz + DII;_1Q;D" (Dz)', i=1,...,p—1,

which leads to | Tz|y < c¥ ||z - Therefore, in the new setting, the operator
T;HE) =Y x R! is a homeomorphism, and hence, its inverse is bounded. [

Next we focus our interest on elements Tp = A(Dp)+Bp, p € X,. Tp belongs to
Y, basically it is continuous on the intervals of the partition 7 and has possible
jumps at the gridpoints. To this end, let C,”* denote the linear space of functions
being bounded and piecewise of class C* with jumps and breakpoints only at
the gridpoints of 7. Denote

Yo ={yeL?: DL, ;yeC" i=1,...,pu—1},
YO :={yel:DL, jyeCt i=1,...,u—1}.
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Lemma 4.6. Let the DA operator T be fine with index 1 > 1 and let its coeffi-
cients A and B be sufficiently smooth such that

DNy—ijp—itjs DMyipmipiDY €CH =1 i1, i=2,...,p—1.
1. Then the inclusion Y CY follows and further the inequality

pn—1 p—1e

Iyl < lyliz = llylZe + D > dis [(DLu—i) I,y € Ve,

i=1 s=0
with constants d; s basically given by the coefficients A and B. In partic-
ular, for p =2 it results that di o =0,d11 =1, i.e.,
Iyll3 < lyllz = lyllZ: + 1(DL1y) 72,y € Yo

For 1 > 3, the coefficients d; s with s > 0 are strictly positive. The
coefficient dy ,—1 in front of the highest derivative term reads

d17ﬂ—1 — 2||DH0Q1 cee QM—1D+”30'

2. 1If, additionally,
DL, ;[ABleCt " i=1,...,u—1,
then the inclusion T(X,) C Y0 C Y is also valid.

Proof. (1): We show that for each arbitrary y. € Y, there exists a z. € H},
such that Tz, = y.. We first provide a solution u, € H' of the IVP

v — (DI, D")'u+ DI, G, ' BIl, 1D u= DII,,_1G,"y., u(a) = 0.

We put (cf. ) Vip—1 = Lu—1y« yielding Dv,,—1 = DL, _1y. € CA~! and
then consecutively for j =2,...,u—1,

j—1

Vg = Lug¥e = D [Mu—ju—jsi DT Dvapjivi + N i (Dvsp— i)'
=1

yielding Dv,,_; € C#7J. Finally we determine v,y according to . The
resulting function z, = DV u, + vi + vs1 + -+ + Vspu—1 belongs to H}, and
satisfies the DAE a.e. on [a,b]. This proves that y. € Y, and hence Y, C Y.
Next we provide the norm-inequality. For p = 2 the assertion is evident. We
turn to the case p > 3.

Let y € Y, be given. Regarding the definition of the function space Y which
is closely related to the decoupled system we state that (Dv,_1)® =
(Dﬁu_ly)(i), i =1,...,u0— 1, and derive by straightforward technical com-

13



putations consecutively for j =2,...,u— 1,

j—1
(Dvy—;)" = (DLyu—jy)" — Z[(DM#*j,u*j+iD+)/D”#*j+i
i=1

+ (DMy—jyu—jriD™ + (DNjumji—ji) ) (DVyu— i)

+ DNu*j’u*jJri(D”u*jH)N]

= (DLu—y) — [DNu—jpmji1 (DL j1y)” + -+
+ (_1)j71DNﬂ_j7H—j+1 . DNH_27H_1(D£M—1y)(j):I,

g

Jj—1
™ Z Z Ejis(DLu—jriy)™.

i=1 s=0

Regarding the definition of the coefficients Ny ;+1 and the basic properties of
the involved projector functions we obtain

j—1
(Dvu—j)' = (DLu—jy) + Y DIy 1Quy - Queji DT (DL jriy) Y
im1
J—=1 i
YN Eia(DLu i),
i=1 5=0

where the matrix functions &; ; s are given by derivatives of the coefficients My,
and by Ny, and their derivatives. Each of the involved coefficients is sufficiently
smooth, at least continuous, thus uniformly bounded on [a, b]. The coefficients
&;.i s vanish in case of constant A, B.

The highest involved derivative term is (DL,_1y)*~", and it can be found
exclusively in

pn—2
(Dun)" = (DL1y)" + Z DITyQ: -+ Qix1 DT (DLi1y) Y
i=1
n—2 1
+ Z Z Eﬂ—l,i,s(D‘ci-i-ly)(S)'
=1 s=0

We estimate
1D 22 <IDLuc ) 22

j—1
+D P, 1Quj - Quojsi DV ool (DL i) T 2
=1

i

j—1
Y Y € islloo (DL j4i9) |-

i=1 s=0 L
=:ej,i,8

14



and thus

pn—1 p—1
YN Dvu) llzz < D IDLu— ) Iz
j=1 j=1

u—1j—1
+ DS IPI, 5 1Qu s+ Qi D o l(DLy i)Y | 2

j=11i=1

p—1j5-1 4

JrZZZ”gJ“”OOH DL/A J-Hy) )||L2~

1 1 0
J=li=ls= =:e],1,5

We rearrange the last formula to the form

—lp—j
ZH Dvy—j)[lz2 < ZZ sl (DL Jy) ')”L?v

with the coefficients
di -1 =|DIoQ1 -+ Qu-1D" | s,

di -2 =|DIL Qs - Qu-1DT || o tep—11—2,4—2,
Jl,u—?) :HDHQQS e Q,u—lDJr||oo+€/t—2,/t—3,/t—3 + €u—1,u—2,u—3>

p—1

di2 =|DI-3Qu-2Qu-1D" oot Y ejj-12,
j=2

p—1 p—1
di1=1+ Z ejj—1,1, dio= Z €5,j—1,0,
j=2 Jj=2
doy—2 =||DIIyQ1 - Qu—2D"| o0,

pn—1

dyy =1+ E €ji—a1, dap= E €j,j—2,05

d'u,171 = ].7 d#,1,0 =0.

Observe that the coefficients dj,s are strictly positive for each s > 0. Finally we
derive

p—1 —

2
ZH(‘DUH J )II7 < ( [(Dvy—j) ||L2>
j=1 j=1
—1p—j 5
(ZZ (DL )22 )
j=1 =1
p—1p—g
<D disll(DLu— )7,
j=11i=1
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where dy ;1 = 2&%#71 and d; ; := 2(S — 1)d?

7,8

if (i,s) # (1, — 1). Thereby,
S =SS i1 = Lu(u+1) — 1 denotes the maximal number of summands.
(2): For each arbitrary p € X, and the corresponding y = Tp = A(Dp)’ + Bp
it holds that y € C2 and L,,_;y = L,,_;A(Dp) + L,—jBp € C£7J, thus Tp €
Y0, O
4.3 Proof of Theorem [4.1]

Part (1)

The first assertion is a consequence of the boundedness of the inverse operator
T

Part (2)

In the case of © = 2 one has simply
Y={yelL?: v =Ly Dv € H} ={yc L?: DII,Q,G;'y € H'}

and [[yl[3 = [lyll7= + [(DIToQ1G3 y) |17
Consider an arbitrary p € X, and set ¢ := Tp = A(Dp)’ + Bp, r := Gup(a) +
Gpp(b). Owing to the decoupling we find that
DIIyQ1G5'q = DIIyQ1p = DITyQ, D™ Dp,
(DIIpQ1G5 'q)' = (DI1yQ1D ") Dp + DIIoQ:1 D™ (Dp)’,
[(DIo@1G3 ' q)'||72 < 2[(DHo@1 D™ (|5 | Dpll7e + 2 DITQi D |5, [[(Dp)' |72,

and Lemma |4.4] implies

_ ci
I(DM@1Gs Y 13 < 2((DI6QuD™ |2+ DMTo@u D | 75— ) 1Dl

min

1 *

= ,127'(201||DHOQ1D+||<2>0 +O(h?))|| DplI7
1

h2

min

< 3¢ | DIToQ, D |2 | Dp|3-, (19)

for sufficiently small A > 0 where ¢}||DIIoQ1 DT ||%,> 0. On the other hand we
decompose

Dp = DIIp + DIIyQ:p = DII1p + DII,Q:1G5 'q.

Taking into account that the component DIIp satisfies the IERODE and the
boundary condition we obtain

1Dpll72 < 2K (lallFe + [r*) + 2| D@1 G5 |3 llall 22 < 20K + d)(llgll7= + %),

with d :=||DITyQ1G5* |2 =|£1]/2,> 0. Tt happens that K = 0 if the IERODE
is absent owing to II; = 0. K has moderate size if the related BVP is well-
conditioned (cf.[5]). Inserting into we arrive at

- 6
(D@1 G5 a) (172 < 57—

min

gi(llallzz +1r),
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with g1 = ¢||DIIyQ1 DT ||, (K + d) > 0. and further, for sufficiently fine
partitions,

g3 + Ir* < llgllZ= + Ir[* + hz I (lgll3s + 1) < hz I (lgl2s + I+[?)-

min min

Finally, regarding this and applying Proposition 3) we obtain

ITpl72 + |Gap(a) + Gop(b)®

2 _
S ) PN

_ i TR A+ (Gap(a) + Gop(®)? I TpIIZ: + [Gap(a) + Gop (D)

PEX,p£0 Pl7s TP} +1Gap(a) + Gop(D)[?
>CY2 Zhi}in/ggl
1 2 2712
= 90 hmm = fyhmm
Part (3)

Let the coefficients A and B be smooth enough to ensure that (cf. (I7))

DNH*Z}M*ZFFS? DMN*iaM*i‘FSD—"_ S Cﬂ_i7 1= 2a cee b — 17 s = 1) e 77; - 1)

DL, i, DL,_;A, DL, ;BeC'" i=1,...,p— 1.

By construction, for ¢ = 1,...,u — 1, the matrix function DL, _; has the
nullspace

ker DL,,—; =ker L,,_; = ker G, Qu-iPy—iy1--- Pu1G,!

of constant dimension 7,—;. By this, the pointwise Moore-Penrose inverse
(DL,—;)* is as smooth as DL and so are the orthoprojector function

n—1is
Uﬂ_i = Dﬁu_i(DLM_i)—i_
as well as the matrix functions

Q[,ufi = U#,Z‘A, %P«*i = Up‘,iB.

Given the partition 7 : a = tg < t; < -+ < t, = b with midpoints t;_,,, :=

ti—1+h;/2, j=1,...,n, we introduce the auxiliary functions
n—1i
1 s77()
U7"7 H—i(t) = ;(t — tjfl/g) Up,fi(tjfl/Q)’
s=0
Sk (”)
2 uﬂ(t) =Ux #*i(t)z *(t _tj 1/2) Q[ ! (tj—1/2)v
p=0 p
rly
Br, i(t) == Ux W i(t) E(t*tj 1/2)p % ( j— 1/2) te [tj—latj)a
p=0

j=1...,n, i=1,...,0—1,
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the components of which are piecewise polynomial. By straightforward compu-
tations it can be checked that

Qlff,Lfi(tj,m) = Qlif—i(tjfl/z) = (Up—i ) (t;_1/2),
‘B;S,Lq(tj—l/z) = %Eii(tj—l/z) = (Uu—iB) D (tj12),
s=0,...,u—1, i=1,...,u0—1, j=1,...,n, (20)
and, furthermore, for h — 0,

1 1
ha—i ||Qlu—i —2Ar, u—i||oo5: i

- max
K=t q<¢<b
1

hp—t

|Q’[,u—i(t) - err, ,u—i(t)|4) 07

[B—i — B, p—illoo:= 1B—i(t) = Br, u—i(t)|— 0,

h“_i anglz?%(b
i=1,...,u—1. (21)

Next, the projector functions from Subsection providing a fine decoupling
also provide the decompositions

I=P---P,1+{UI—-P--P,1)
=P P a4+ QiFP- P+ + QuoPu1 +Qu1,
I=GuP Py 1G' +Gu(I— Py Puo)G
=GuP1- Py 1G  + GuQ1 Py Py G -
+ GNQN,gPM,lG;l + GquflG,fl
=GuP1- Py 1G '+ Bily+ -+ By oLy o+ By 1L, 1.
By this we define the additional bounded operator Ty : H}, — L2,

p—1
Tpx:=GuPr- Py G e+ Y By il i yi(Dx) + B i), x € Hp,
i=1

and investigate the difference

p—1
Tx—Tew =Y By ily i[(A—Aryi)(Dx) + (B — By i)
i=1

p—1
= Z Bu—iﬁu—i[(mu—i - Qlﬂ,u—i)(Dl‘)/ + (%u—i - %mu—i)x}-
i=1
Regarding the relations we know that there is a constant Cp2 > 0 such
that
[Tz — Trallp2< hCre2|[z|my, =€ H},. (22)

Next we estimate the difference Tp — T,.p for p € X in the Y-norm. Since both
Tp and T,p belong to the space Y0 we can use Lemma and obtain
ITp — Tepll¥ <ITp — Trpllz

p—1 p—1

=|Tp = Tapllio+ DD disl(DLu—i(Tp — Trp)) |72

=1 s=0

18



Owing to the properties of the projector functions it holds that £,,_; B, —;L,,—; =
L,—; and, for i # j, L,—jBu—;L,—; = 0. This implies

DL, —i(Tp —Txp) = DLy i{(Ap—i — le#,i)(Dp)/ + (Bu—i — Brpu—i)p}

= DLy i[(Ap—i = Arp—i) (Bu—i — B i) [(Dpp) ] s W—ip-

=Wy

The matrix function W,_; is again of class C*~*, and p is piecewise polynomial.
Further, the expressions

1 ..
hufifs” IES_)lHOO, s=0,...,u—4,i=1,...,p—1,

become arbitrarily small if & tends to zero. Deriving

(DL, —i(Tp — Twp))( 9 = = (Wy- 110)( ?)
_W(5)2p+sw(5 1)~ ()+ -‘rSW(l) ~(p—i— 1)+W ~(u—i)
and using Lemma we estimate
(DLy—i(Tp = Trp)) |2 <[Wi—illoollPll L2 =Wp—illoo [Pl 112, »
I(DLu—i(Tp = Tep)) 2 <IW,_illoo 1Bl 22+ Wp—illoo 17l 22

=W —illocllpll ey, +11Wp—illoo 17" £,

VC;

<IW_illoollpll e, + W h—slloo 7— o 1Pl 2,

< (17t Wil L2l
and, analogously, for s =2,..., u — 1,

, Crp®
IDLui(Tp = Tep) Dl (IWDiloct -+ Woilloo 2 ) Il
In the consequence, it follows that the inequalities
(DLy—i(Tp = Tep))I|2< eislplliy, P € Xn,y
and, finally,
I(Tp = Tep)lly < evllpllay, P € Xn, (23)

are valid with values ¢; , €y being arbitrarily small if & is sufficiently small.
Owing to Proposition [£.5]it holds that

(TRl + [Gapla) + G2 1
PEX7,p#0 ||P||H}J Toy)

On the other hand, regarding we can estimate

| Teplly=ITp — (Tp — Trp)lly 2| Tplly —Tp — Trplly 2 Tplly —ev lIpl 112,
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and

(ITxpll¥ + |Gap(a) + Gop()*)/? = %(”Twp”Y +1Gap(a) + Gip(b)])

> (1Tl +(Gapla) + Gup(V)] = <x ol )
1
> 2 (ITplR + 1Ga(a) + Gon(®))' 2 = ex'lplny)

> (= =y )l
—— —€ .
_ﬂc;f Y JIIPIlHE

Since ey becomes arbitrarily small for sufficiently fine partitions, it results that

| Txpll¥ + |Gap(a) + Gop(®)]* 1
PEX . pH£0 P17y ~ 8¢

(24)

Moreover, with the help of , we find
1Tpll2 = (| Txpllz = TP — Trpllrz 2 [ Tpllrz — hCr2|[pll ay,

and thus

(ITpll72 +1Gap(a) + Gop(b)*)'/? = %(”TPHLQ +|Gap(a) + Gyp(b)])

1
> \ﬁ(llTﬂpllL’z + |Gap(a) + Gop(b)| — hCL>||pl 1))
1
= \ﬁ((llTﬂplliz +|Gap(a) + Gyp(b)[*)/* = hCp2|plluy, ) -

Summarize what we have obtained so far:

(ITplZ2 +1Gap(a) + Gop(b)*)*/*

PEXr o el
o i Tl +1Gap(@) + Gop®P)
"~ pEX,p#0 [v2lIp%es
_ (IT=pl +|Gap(a) + Gop (D))
PEXr,p#0 Pl
Z(\/gCy)71
1/2
y (HTﬂp%z +|Gap(a) +Gbp<b>|2> ? e
[Topl} +1Gap(a) + Gip (D)

=:¢

Next we provide an estimate of the expression €.
For each given nontrivial p € X, the corresponding ¢ = T,p belongs to Y,
and the inequality implies

Pl < 8ci-(lall +1Gap(a) + Grp(b)[*)- (25)

Denote further, for i =1,..., 40— 1,

qu—i = Qlw,ufi(Dp)/ + %ﬂ',ufipy
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such that
ﬁu—iq = ﬁu—i‘]u—ia Uu—iq = Uu—i‘]u—'i~
Owing to Lemma [£.6] we can estimate

-1 p—1

lall < llgllz = llallZ: +sz” (DL,—i0) |12

i=1 s=0
-1 p—1

Hq||L2+ZZdls D'Cu iqu— 1) )HQL?-

i=1 s=0
Deriving
(DLy—iqu- 1)(8) = (DLy- 1) (‘Iu )(S)+ (Dﬁufi)(s)(qlt*i)(o)
yields
I(DLyu-iau-0) 22 <IHDLu-)Olocll(ge—i) 2+ ..
H(DLu=) P oo l1(gu—) V| 2-

Since each component of g,,_; is piecewise polynomial, we obtain by Lemma@
the further inequalities

I(DLy—igu—i) 12 < hs (VDL y—illoo+O(R)) llgyu—ill 2,

s 1 *
||<D£ufzqufz)()”%2 S hQS ( sHDE,u*lHCQ)o—i_O(h)) qu77ﬁ||%2,
and
pn—1 p—1e
ol < gl + 37 3 disz (€D Lu- Bt OM) llgu-il:
i=1 s=0 min

||q||L2+Z zu g (diguicy | DL—i]% +OM)) llg—ill3s.

m1n

='9u—i

So far we have the relation

p—1
lqll5 + |Gap(a) + Gep(®)* < llal72 + |Gap(a) + Gop(d)*+ ) PRI g~ Z2

i=1 "“min
(26)
with
Gu—1= dl,uflczfl||D£M*1||<2>o> 0, (27)

see Lemma for dy ,,—1 and Lemma for ¢f_;.
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If the projector functions U,,_; are constant ones, we know that q,—; = U,—iqu—; =
U,—iq, and, therefore,

g3 + |Gap(a) + Gop(®)* < llallZ: + |Gap(a) + po(0) ]

1
+ 1212 (29u—1 + O(hz)) H‘I||2L2
1
Wg’gufl <||Q||2L2 + |Gap(a) + Gop(b)[?).

min

and hence,
o
39#—1
If the projector functions U,,_; vary with ¢, the situation is slightly more difficult.
Then, regarding the properties we express, for t € [t;_1,t;), j=1,...,n,

n—1i
R u—i(t) = g(t —tj_1/2)° le(rs,,)ufi(tjfl/Q) + Rt p—i(t)
s=0 "
p—i 1
= g(t —tj_1/2)° (Uu—iA)(S)(tj—1/2) + Rapp—i(t),
s=0 "~
and, analogously,
p—1 1
B u—ilt) = g(f —ti1y2)" B, i(tj1/2) + R i)
s=0 "’
p—i 1
= ;(f —ti_1/2)° (U,—iB)® (ti—1/2) + R u—i(l),
s=0 "~

Since the components of Ry ,—; and Ry ,—; are piecewise smooth as polyno-
mials it results that

1Retpilloo= O* =), R pyillo= OR* ), i=1,...,u—1
This leads to the relations
Uﬂ-,u—i%ﬂ',u—i = QlTI',/L—i + Uw,u—im%,u—i
Uw,u—i%w,u—i = %mu—i + Uﬂ7u—im‘37u—i
and

qu—i = Q'lw,ufi(Dp)/ + %w,/_tfip
=Ur p—iGu—i — Ur p—i(Ra,u—i(Dp)’ + Res u—ip)
= Up—iQu—i +(U7T,H—i - Uu—i)qu—i - Uﬂ',u—i(mgl,u—i(Dp)l + m%,u—ip)a
———
=Up—iq
(I - (Uﬂ',p,fi - Up,fi))q,ufi = quiq - Uﬂ',,u,fi(mﬁ,ufi(Dp)l + m%,ufip)
For sufficiently fine partitions we estimate ||(I — (Ux,u—i —Uu—i)) " *[lso< 2. This

gives

u—illz2 < 2llall L2 +O R~ ) [pll a3,
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Regarding also (25) we arrive at
gl 72< 4llall724+0 R D) (l4]5+|Gap(a) + Gop(b)[*).

Inserting this result into we arrive at the inequality

p—1

2
lall} +1Gap(@) + Cop®)P< lall?2 + |Gopla) + CopB)*+ Y gy s lal
=1 ""min
pn—1
2 —i
3 O D) (g} +|Gap(a) + Cop (b))
i=1 '"min

and hence,
1
lgll3 + |Gapla) + Gop(b)[* < W(&qufl +0(h*)(llall 72 +|Gap(a) + Gop(D)[)

min

+O01*)(lll§- + |Gap(a) + Gop(b) ).

that is, for all sufficiently fine partitions,

2
lall¥ + |Gap(a) + Gop(b)]*< W9gu_1(|\QHZLa +1Gap(a) + Gyp(D) )

min

yielding

¢ > ! pol

— N
=3 /729;1,71 min

Summarizing all we know means

11 1 1 1
D . S S Yo R — Y A Yo S —" Y o
Tr Z \/gcy 3 /;29/171 min L ]-2CY /791171 min Lz Z 24CY /79#71 min
a

4.4 On possible stronger estimates if | < N < pu—1

The question if the stronger estimate is valid matters for DAEs with index
1 > 3 only. We address this question in the context of Subsection that is,
the proof of Part (3) of Theorem and we take the notation from Subsection
43

For K > 0, let P"x denote the set of componentwise piecewise polynomial
functions [a, b] — R™ of degree less or equal to K.

Let K,,_; denote the minimal polynomial degree such that

Qu—i = Ar y—1(Dp)' + B —1p € Prk, ., forallpe Xp, i=1,...,u—1

By construction, it holds that 1 <N < K,,_; <2(p—1) + N.

In the case of constant coefficients A and B, one has K,_; = N, for i =
1,...,u — 1. The following theorem generalizes the respective result obtained
in [2] for N = 1.
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Theorem 4.7. Let the bounded DA operator T : HE — L? be associated with
a constant-coefficient DAE with index p € N and characteristic values @ and
let the boundary conditions be restricted by . Let the condition be valid.
Let X be given by as before, and N > 1.
Then, there is a constant c, > 0 such that
min(N,u—1 1 in(N,u—1

Y > C’Yhmin p—1) > C’ymhmm( p—1)
for all partitions ™ with sufficiently small maximal stepsizes h and uniformly
bounded ratios ﬁ <.

Proof. Since Theorem appliesﬂ it remains to show the stronger inequality
forthecase 1 < N <pu—2, >3 Put iy :=p—N,2 <4 < pu—1. We
continue using the framework of Theorem and its proof.

Let p € X; and ¢ = Txp. Then, DL, ;q,—i = DL, iq € Pff’N such that
IDL,—iqu—illL2<||DLyu—illoollgll 2, ¢ = 1,..., u— 1. Regarding that the deriva-
tives (Dﬁuﬂ-quﬂ-)(s), s > N + 1, vanish, and applying Lemma we derive

p—1p—1

DD dus

i=1 s=0

(DLy-iu-i) |72

T H—Tx p—1 p—i

=303 didll(DLyigqu-d) PN+ Y > dis

1=1 s=0 i=1.+1 s=0

R — .
< iy [Z dip—i, N IIDL—i,

min “;—1

|(D£/L—iqlz—i)(5) ”%2

2, +0(h")] llall3:

=Gp—ix
and then
lqlly +|Gap(a) + Gip(b)[?

pn—1 p—i

<llalZ2+|Gapla) + Gop®)P+ D> disl|(DLu—igu—i) |12
i=1 s=0

I
<llls+Gap(a) + Cop(6) *+ 5 |3 gumi. + O] a3

min “;—1

;e
< 2N Z 29u—i. (HQHQL?HGaP(a) + Gpp(b)]?).

min ;—1

This leads to

A —
\/ Zi;l 2gu—i*
and hence
1
Yr Z hN = C’yhfr\:in'

\/gf?y\/ Zﬁ;l 29—,
O

4Note that for constant A and B the proof of Theorem simplifies essentially regarding
that then T = T';.
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It may happen also for DAEs with time-varying coefficients A and B that
K, _; < p— 1, and possibly, the order reduces.

Example 4.8. We inspect the index-3 DAE from Example in more detail.
The projector functions

1 00 0 -1 0 0 tn 1
Q=10 0 0],@=10 1 0],Q2=|0 —tin -1
0 00 0 —tn O 0 tn(l+tn) 14ty
generate a fine decoupling and yield further
0 0 O 100 0 0O 100
Li=l0 1 o|l,ts=10 0 0|, Lo=1]0 0 0|, 0=10 1 of,
0 —tn O 0 0 1 0 0 1 0 0 O
and, on each interval [t;_1,¢;),
10 l4t—tj 15 O 0
@ =10 0| (Dp)+ 0 0 tn p, pEXn,
0 0 0 0 1+t—tj_1/
10 1 0 0
g=|tn 1| (Dp)+ [0 1+n 0|p, peX,.
0 0 0 0 0

We observe that ;1 = N + 1 and K3 = N. Recall that Theorem Fi;fl provides
the estimate v, > c,yif2 for all N > 1.

Set N = 1. Then the derivative ¢ disappears in the treatment of the term €,
and, therefore, the stronger estimate vy, > Evh_l is also valid. (Il

In general, working with low-degree ansatz-functions, that is 1 < N < pu —
2, stronger estimates might be valid. When estimating the expression & in

Subsection Part (3), we are then allowed to replace certain applied there
inequalities qui)iHng Veih i llgu—ill 2 by Hq;(i)i”L?: 0 accordingly.

For instance, if K,,_1 < p — 2 then v, > Eﬂ,h“_z is valid, and K,_1 < p — 3,
K, 1 < p—3imply v > &,h* 3, and so on.

5 Collocation via Discrete Norms

As described in Section [I] the least-squares collocation applied to a uniquely
solvable BVP - means that we solve the overdetermined collocation
scheme @ - comprising Mnm + [ equations in the least-squares sense, that
is, we minimize the expression

> hy D AW@DP) (1) + B(t)p(t) — y(0)” + [Gapla) + Gop(b) = r*. (28)
Jj=1 tESj
subject to p € X,. The linear space of piecewise polynomial functions X,

be defined as before in , the M > N interpolation nodes 0 < 71 < T <
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-+ < 1y < 1 be fixed, and S; be the resulting sets of collocation points on the
subinterval [t;_1,t;) as before.

On the other hand, assuming y to be sufficiently smooth, so that for every ¢t € S;
the function value y(t) is well-defined and interpolation makes sense, we denote
by y, the interpolating piecewise polynomial defined by

yﬂ"[t]‘—l,t]‘)e,})]’r\;}—l’ yﬂ'(t):y(t)7 tESja J=1...,n (29)
Set zx = (yr,7) such that
On =12 = zzllz =y = yallz2 < csh™. (30)

Following [3], it makes sense to turn to the perturbed equation 7z = y, and
provide the further approximate solution

po € argmin{||Tp — Yrll2z + |Gapla) + Gyp(b) —7? : p e X}, (31)
which satisfies the inequality

P2 — @iy, < T + . (32)

Next, let the entries of the coefficients A and B be polynomials of at most
degree N4 p (at least on each subinterval of the coarsest partition = we start
with). Then, for each p € X, the expression Tp = A(Dp)’ + Bp is a piecewise
polynomial function and Tp\[tFl’tj)G PrNN ap OD each subinterval. Choosing

M-1>N+Nagp
we ensure

{Tp - yﬂ‘}htj_l,tj): {A(Dp)/ + Bp - yﬂ'}|[tj—17tj)€ ,P]\w}fl'
Note that we have Ny g =1 and M = 2N + 1 in Example E Set

w : = A(Dp)" + Bp — Yn,
w(tj—1 + 11hy) wh

: eR™  Ww=|:|eRmMn"
w(tj—1 + Tarhy) W,

Sl

thZh

and derive along the lines of |2 Subsection 2.3] that
lwl|7. = WTLW, (33)

with a symmetric, positive definite matrix £. Its entries do not at all depend
on the partition 7TE| Further, there are positive constants cy,, ¢, depending only
on L such that

cL|Wla < lwlr> < ep[Wia. (34)

51n [2] only equidistant partitions are considered. By marginal modifications the arguments
remain valid also for general partitions.
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Here, we denote the Euclidean norm of W € R™M" by |W|y and introduce
|wla := [W]a. Actually, the relation [34] indicates a norm equivalence on the
related finite-dimensional subspace in L?, cf. [2, Proposition 2.7].

Regarding the interpolation condition (29)), expression exactly coincides
with

W3 +[Gapla) + Gop(b) — [ = [wl3 + |Gap(a) + Gip(b) — rf?

It comes out that the least-squares collocation generates an approximate solu-
tion pfr“, if instead of minimizing

[wll72 + |Gap(a) + Gop(b) — r[?, (35)

we use the equivalent norm |wl|s for ||w||p,. In this context, |w| L, can be
interpreted as a weighted form of |w|y. Experiments using both norms indicate
no significant differences, see [2, Section 6].

As a consequence of the estimates and as well as the Theorems
and [7] we obtain

Theorem 5.1. Let the BVP - , with index p > 1, satisfy the assumptions
of Theorem (1) and have the unique, sufficiently smooth solution x,.. If the
entries of the coefficients A and B are polynomials at most of degree Ny g, Xr
be given by , and M is chosen in such a way that M > 1+ N + NA,BE'
with N > 1, then the following statements are valid for all partitions m™ with
sufficiently small stepsize h and uniformly bounded ratios hh < p:

in

1. The least-squares collocation solutions pS~ of the overdetermined system

@ - defined by satisfy

P07 — @l gy, < ch™—HFT
Hence, the choice of N such that N > p ensures convergence in Hp,, that
is, por — x, for h — 0.

2. Moreover, if the coefficients A und B are constant (that is Na.p =0), the
solutions po= fulfill even

6 — gy, < chmON =D

and the discrete solutions remain bounded in H}, also if N < pu— 1.

6 Numerical Experiments

In the first instance we exhibit once again order results of the experiments
carried out in [2] for Example The numerical orders of convergence are
calculated using the norm of L2(0, 1), cf. and R3M"_cf. ([28)), in the image
space. All results can be found in Table[2] In this and the following tables, the
error is measured in the H},(0,1)-norm. The column labelled order contains an
estimation kes; of the order,

kese = log([lpn — 2|l my, /Ip2n — #(l 1y, )/ log 2.
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Table 2: Example Error of the collocation solution for n = —2 and N = 3.
The M = 2N + 1 collocation points 7; are uniformly distributed. The columns
labelled L? show results for minimizing the expression (35)) while the columns
labelled R show results for minimizing the expression
L? R

n | error order | error  order

10 | 6.31e-4 6.51e-4

20 | 1.44e-4 2.1 | 1.47e-4 2.1

40 | 3.47e-5 2.1 | 3.52e-5 2.1

80 | 8.53e-6 2.0 | 8.59e-6 2.0
160 | 2.12¢-6 2.0 | 2.12e-6 2.0
320 | 5.27e-7 2.0 | 5.28e-7 2.0
640 | 1.79e-7 1.6 | 1.39e-7 1.9

Table 3: Example Error of the collocation solution for n = —2 and N = 1.
The M = 3 collocation points 7; are uniformly distributed. The columns labelled
L? show results for minimizing the expression (35 while the columns labelled
R show results for minimizing the expression
L? R

n | error  order | error  order

10 | 5.65e-1 4.94e-1

20 | 3.93e-1 0.5 | 3.14e-1 0.6

40 | 2.49e-1 0.6 | 2.14e-1 0.6

80 | 1.85e-1 04 | 1.62e-1 0.4
160 | 1.42e-1 0.4 | 1.26e-1 04
320 | 1.12e-1 0.3 | 1.00e-1 0.3
640 | 9.01e-2 0.3 | 8.17e-2 0.3

Observe that the numerically estimated order of convergence is even higher than
expected in view of the theory.

In order to test the boundedness of the error suggested by the results for constant
coefficient DAESs in the case N < u — 1, we show the results for the example for
N =1 in Table[3] Note that Theorem [£.I] provides a bound on the error of the
order h~'. We do not only observe boundedness but a convergence of order 0.3
— 0.4. This is even sharper than the behavior suggested by Example

A slightly more involved example is obtaint by applying the transformation

1 ki2(t) kis(t)
z(t) = K(ty(t), K() =10 1 kas(t)
0 0 1

as well as a corresponding refactorization of the leading term. This does not
change the index of the DAE, see [4]. In particular, the number of dynami-
cal degrees of freedom remains [ = 0. Since the index of the DAE is three,
Theorem [4.1| provides the estimate v, > ¢,h~2. The DAE for y reads

A(Dy)' + By = q(t), (36)

6This can be generalized to the case of piecewise polynomial entries featuring a finite
number of breakpoints. Then the breakpoints have to be incorporated into the partitions.
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Table 4: Errors and estimation of the convergence order for . The expression

has been used.

N=2 N=3 N =14 N=5

n error order error order error order error order

10 | 1.06e-1 6.45e-2 2.39¢-3 1.02e-4

20 | 6.15e-2 0.8 | 3.23e-2 1.0 | 4.25e-4 2.5 | 1.28e-5 3.0

40 | 3.99e-2 0.6 | 1.60e-2 1.0 | 7.53e-5 2.5 | 1.60e-6 3.0

80 | 2.70e-2 0.6 | 7.89e-3 1.0 | 1.33e-5 2.5 | 2.04e-7 3.0
160 | 1.87e-2 0.5 | 3.92e-3 1.0 | 2.37e-6 2.5 | 8.54e-8 1.3
320 | 1.31e-2 0.5 | 1.95e-3 1.0 | 5.27e-7 2.2 | 3.42e-7 —=2.0
640 | 9.23e-3 0.5 | 9.75e-4 1.0 | 1.59e-6 —1.6 | 5.29¢-1 —2.0

Table 5: Errors and estimation of the convergence order for N = 5. The columns
labelled L? show results for minimizing the expression (35)) while the columns
labelled R show results for minimizing the expression (28)).

L? R
n | error order | error  order
10 | 1.02e-4 4.33e-5
20 | 1.28e-5 3.0 | 5.13e-6 3.1
40 | 1.60e-6 3.0 | 6.30e-7 3.0
80 | 2.04e-7 3.0 | 7.93e-8 3.0
160 | 8.54e-8 1.3 | 3.26e-8 1.3
320 | 3.42e-7 2.0 | 1.42e-7 2.1
640 | 5.29e-1 —2.0 | 5.07e-2 —1.8
where
5 1 ka3 - o1 0 3 1 k2 k13 + kg
A= |tn kastn+1|, D{O 0 J, B= |0 n+1 (n+1)kas+ tnky,
0 0 0 tn tnkas + 1
In the experiments below 7 = —0.2 has been chosen. The transformation is
given by
k1o =sint, ki3 = —sint, ko3 = cost.

Table [4] shows the errors as well as an estimation of the order of convergence.
It can be observed that the orders are as predicted by Theorem [I.1] for N = 3
and N = 5 while the order is by 0.5 higher for the even orders N. We do not
have any explanation for this behavior.

In the next experiment, we replaced the norm in L? by a discrete version as
indicated in . The collocation points have been chosen as Gaussian points
scaled to (0,1) and one additonal point close to 0.5 but not coinciding with a
Gaussian point[] Table [5| compares both versions and . Both versions
behave similar and support the considerations in Section

Finally, we consider the case of N = 1. The experiment is done using the
settings as in Table [5| but with a different NV E| The results are listed in Table @
Note that Theorem [£.7] does not apply here. Theorem [4.I] guarantees a bound

"The exact value is 1/2(1 4 1/42(245 — 14 - 701/2)1/2) for N = 5.
8The collocation points are 1/2 and 3/4.

29



Table 6: Errors and estimation of the convergence order for N = 1. The columns
labelled L? show results for minimizing the expression (35)) while the columns
labelled R show results for minimizing the expression
L? R

n | error  order | error  order

10 | 2.97e-1 1.76e-1

20 | 1.75e-1 0.8 | 1.01e-1 0.8

40 | 1.03e-1 0.8 | 6.85e-2 0.6

80 | 7.06e-2 0.5 | 5.68e-2 0.3
160 | 5.87e-2 0.3 | 5.16e-2 0.1
320 | 5.33e-2 0.1 | 4.72¢-2 0.1
640 | 4.88e-2 0.1 | 4.24e-2 0.2

of the order h~!, only. However, the approximate solution does not only remain
bounded but we oberserve even convergence although rather slow. We do not
have any theoretical backup for this behavior.

7 Conclusions

We have consolidated the recently developed new least-squares collocation meth-
od for the numerical solution of initial value and boundary value problems in
linear higher-index DAEs. The motivation for this method originates from the
fact that higher-index DAEs are essentially ill-posed problems in natural topolo-
gies. We provide the corresponding functional analytic setting.

The basic idea of the proposed numerical method is the approximation of such
a problem by a least-squares method where both, the image and the pre-image
space are discretized. In the context of DAEs, this idea results in an extremely
simple algorithm whose computational complexity is comparable to standard
polynomial collocation methods for systems of ordinary differential equations.
In particular, neither analytical preprocessing nor special structures of the DAE
is necessary. In the numerical experiments, the method behaves in a robust and
stable way, showing fast convergence. In our opinion, treating the DAEs as
ill-posed problems is a fruitful approach and this idea deserves further research
interest.
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