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Abstract

The volume C/J’Czomb (G) of the unit ball — with respect to the combinatorial length function {g —
of the space of measured foliations on a stable bordered surface Z appears as the prefactor of the
polynomial growth of the number of multicurves on L. We find the range of s € R for which
(B5°mP)s, as a function over the combinatorial moduli spaces, is integrable with respect to the
Kontsevich measure. The results depends on the topology of X, in contrast with the situation
for hyperbolic surfaces where [6] recently proved an optimal square-integrability.
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1 Introduction

1.1 Measured foliations and Teichmiiller spaces

Consider a smooth connected oriented surface & of genus g > 0 with n > 0 labelled boundaries which is
stable (ie. 2g —2 +n > 0), and denote by Mod? its pure mapping class group. A key role in this work
is played by the space MFx of measured foliations on £ (considered up to Whitehead equivalence), where
we require that 0X is a union of singular leaves. For later convenience, we also include the empty foliation.
From the work of Thurston, MF; is a topological space of dimension 6g — 6+ 2n equipped with a piecewise
linear integral structure. The set of integral points in MFs is identified with the set of multicurves My on Z,
and in fact MFs is the completion of the set of Q -weighted multicurves. The corresponding volume form
urh, called the Thurston measure, can be defined by asymptotics of lattice point counting.

There are two other natural spaces attached to Z: for a fixed L = (Ly,...,L,) € RZ, we consider the
ordinary Teichmiiller space T (L) and the combinatorial one T$°™(L). The former is identified with the set
of isotopy classes of hyperbolic structures on ~ making the boundaries geodesics of length L (we may allow
L; = --- = Ly = 0, meaning that each boundary component is replaced by a puncture and we consider
complete hyperbolic structures). The latter is the set of isotopy classes of embedded metric ribbon graphs
on X with fixed boundary length L, onto which X retracts. By definition the associated moduli spaces are

Mgn(L) =T (L)/Mod?,  MPWP(L) = TP (L)/Modg.

Such Teichmiiller spaces are equipped with a natural Mod2-invariant symplectic form: the Weil-Petersson
form wwp in the hyperbolic setting [16], and the Kontsevich form wg in the combinatorial one [18]. Both
measures pwp and pg assign a finite volume to the respective moduli spaces.

Ts (L) and TP (L) are topologically the same space but carry different geometries; the ordinary Teichmiiller
space has a natural smooth structure, while the combinatorial one is a polytopal complex. Nevertheless,
the two geometries share many interesting properties: they posses global coordinates that are Darboux for
the associated symplectic forms [4,27], and they admit a recursive partition of unity (Mirzakhani-McShane
identities) that integrate to a recursion for the associated symplectic volumes [4,20]. In this article we shall
examine another aspect of this parallelism regarding the asymptotic count of multicurves.

1.2 Random geometry of multicurves

Since the Weil-Petersson and the Kontsevich measures assign a finite volume to the respective moduli
spaces, normalising them defines a probability measure and thus the ensemble of random hyperbolic sur-
faces and the ensemble of random combinatorial surfaces. We shall study the behavior of the length spec-
trum of multicurves in these two ensembles. Concretely, the data of a hyperbolic metric o € Ts (L) or of an
embedded metric ribbon graph G € 7™ (L) induces a length function

MFs — R, MFs — R,
F s 0, (F) T l(F)

We want to study the Thurston volume of the unit balls — with respect to these lengths functions — in the
space of measured foliations:

Bs(0) = pm({F € MFz [ (5(F) <1}), B (G) = pwrn ({F € MPs | L6(F) < 11).

The function Bs of 0 € Tx (L) (resp. B — I of G € TP™P(L)) is mapping class group invariant, therefore
descends to a function B, (resp. @B?T‘{‘b) on the moduli spaces My (L) (resp. M;‘fﬁb(l_)). They naturally
appear in the study of the asymptotic number of multicurves with bounded length:
< <
Be(0) — tim TYEME LW ST) )y #HY Mz Ity <)

00 r6g—6-+21 00 r6g—6+2n




Because the function {; on MF is not very explicit it is delicate to extract properties of B; . In [22] Mirzakhani
initiated the study of B5 (o), and she established the following properties for punctured surfaces —i.e. over
T5(0). Her proof can be extended to bordered surfaces and more generally to lengths measured with respect
to a filling current [12].

Theorem 1.1. [22] For any L € RY,, the function By is continuous and proper on Tx (L), and induces a function
whose s-th power is integrable on Mg 1, (L) with respect to puwp for any s < 2, and not integrable for s > 2.

Arana-Herrera and Athreya [6] recently proved integrability for the limit case s = 2 in the case of punctured
surfaces.

The L!-norm of B r, is well-understood. It is in fact the same in the hyperbolic and combinatorial setting ir-
respectively of boundary lengths and coincides, up to normalisation, with the Masur—Veech volume MV g ,,
of the top stratum of the moduli space of meromorphic quadratic differentials on punctured surfaces with
simple poles at the punctures:

MV
VL € RY,, g = / By ndpuwp = / B 1y 1.1
20 24972+n (49 —4 + Tl)'(6g —6 + 271) Mg,n (L) am Hwe Mcgog\lb(L] gmn Hx ( )

We refer to [3,4,9,21] for the justification of the various parts of this statement. Besides, the values of MV g ,,
can be computed in many ways [3,8,9,17,28] and its large genus asymptotics are known [1,2].

In contrast, the computation of the L>-norm of B, is still an open problem. In this article, we study the
combinatorial analogue of the above quantities. We find that the computations are much simpler, due to
the polytopal nature of both MFy and M$*™P(L), that allows us to explicitly describe the function B (see
Proposition 2.7) and have a good understanding of its domain of integration.

Consider, for example, a torus with one boundary component. The associated moduli space Mfi’lmb(L) has
a single top-dimensional cell given by

{(ta, 85, 0c) €RS | a + 5+l =5} /7.

Here Z3 C Zg is cyclically permuting the three components, while Z, C Z is the elliptic involution stabil-
ising every point. Moreover, the Kontsevich measure on such cell is dux = df, dfg. We will see that

L 1
2 (0a + 8) (€ + L) (Lc + La)’

B (La, s, bc) =

and after integration

Llfs
/ (B dik = / dedy (1+y)t My (1 -y,
Mﬁmb(l_) 3 (0/1)2

In particular, we find integrability if and only if s < 2 and

712
| w7
Mf’lmb (L) 24

which is in agreement with the Masur—Veech volume MV, = %

More generally, the explicit description of BL™ allows us to characterise integrability, which surprisingly
depends on the topology of X.



Theorem 1.2. For any L € R, the function B™ is continuous and proper on T™(L). It induces on MPRP (L)

a function @C"mb whose s-th power is integrable if and only if s < sy .., where assuming that L is non-resonant
according to Deﬁmtzon 3.1:

+oo ifg=0andn =3,
ifg=0andne{4,5},org=1landn =1,

ifg=0andn > 6

gm ifg=landn>2
1+¥ ifg>2andn =1,
3(29 —3) 97 -
1
1+ 77— 2 and 2.
+3(29—1) ifg>2andn >

Note that generic L are non-resonant. Note that the (0,3) case is trivial, since J\/[gf’g“b(l_) is a point. The cases
(0,4), (0,5),and (g,1) for g > 1 are also special. The general case in genus 0 and in genus g > 1 are covered
by the last two lines, and they constitute the central result of the article. It is proved in Section 3, with three
main ingredients:

¢ astudy of the geometry of the cells in the combinatorial moduli space (Section 3.1);

¢ an independent characterization of integrability for inverse powers of products of linear forms with
positive coefficients via convex geometry (Appendix A);

o the identification of the regions of worst divergence in the integrals of (B°TP)s, which reduce to
questions involving the combinatorics of ribbon graphs and their subgraphs (Section 3.4).

The origin of the difference in integrability between the two settings can be explained as follows. In the
hyperbolic case, By is bounded from above by the product of inverse of lengths of short curves [22, Propo-
sition 3.6]. By the collar lemma such curves cannot intersect each other, so we can include them in a pair of
pants decomposition. This is sufficient to show that B ,, is integrable for s < 2. The integrability for s =2
is proved via a finer upper bound in [6]. In the combinatorial case, there is a similar bound but no collar
lemma, so there can be more short curves and this results in less integrability.

1.3 Consequences for hyperbolic surfaces with large boundaries

The two Teichmiiller spaces do not just sit apart from each other. From the works of Penner [26], Bowditch—
Epstein [7] and Luo [19] on the spine construction, there is a Modg—equivariant homeomorphism between
the Teichmiiller space Ts and its combinatorial counterpart

sp: Te(L) — T¥™(L),  LeRT.
The rescaling flow acts for 3 > 0 by taking o € Tx (L) and sending it to
of = (sp~' o pg osp)(o) € Tx(BL),

where pg: TP (L) — TP (BL) is the operation of dilating the metric on the ribbon graph by a factor j3.
In many ways [4,10,19,23], the asymptotic geometry of hyperbolic surfaces with metric o® when f — oo is
described by the combinatorial geometry sp(c) € T, In particular, [23] proves that the Weil-Petersson
measure on Tx (BL) converges to the Kontsevich measure on T$°™P (L), meaning that the Jacobian

1 (sp'opp)*duwr
Jacg = Bo9—6+2n dux




converges pointwise on 7™ (L) to 1.

The non-integrability of ((B‘é‘/’{{‘b )* implies an anomalous scaling of the integral of B ,, over the moduli space
of bordered Riemann surfaces when the boundary lengths tend to +oco. Indeed, the combinatorial function

describes the large time limit of the hyperbolic one under the rescaling flow, that is

lim Bég—6+2n(sp—1 ° pB)*@Z _ @czomb (12)

B—o00

uniformly on compacts of T5°™. But, by change of variable, we have for any L € R"}

B(6g—6+2n)(1—s) /

By diowe = [ Jacg - BOOC ((sp 0 p) 5 ) e
Mg/n(BL)

MR (L)

Then, the Fatou lemma and the pointwise convergence of the integrand as 3 — +oo imply that

/ (@;‘,’T‘{‘b)sdw < lim inf p(69-6+2n) (1=5) / B 1 diwp. (1.3)
Mg (L) B o0 Mg (BL)

Theorem 1.2 then implies

Corollary 1.3. For s > sg ,,, we have for any L € RZ:

lim B(6gi6+2n)(lis)/ @g,n dHWP = +o00.
Mg,n(ﬁ'—)

B—o0

It would be interesting to obtain an asymptotic equivalent of this integral for all values of s. When s <
$gn, We cannot currently conclude whether there is equality in (1.3). This could be proved by dominated
convergence only if one could describe a sufficiently integrable and uniform bound for the Jacobian Jacg
over T, This would requires careful estimates in the arguments by which the convergence of the Weil-
Petersson Poisson structure to the Kontsevich Poisson structure were proved in [23], which we do not
currently have.

For s = 1, we already mentioned in (1.1) that:

lim Bgndpwp = /

By ndiip = / BOmOd iy
B—00 /Mg n (BL) Mg (L)

Mg (L)

which is shown in [4] by a direct evaluation of the integrals. It would be more satisfactory if the equality
could be proved using the convergence property stated in (1.2).

In Appendix B.2, we discuss various discretisations of |- Mm (L) (@Cgf’r‘{‘b)sde which can be naturally defined

using the piecewise-linear integral structures on MFs and on T%™. They lead to interesting arithmetic
questions and give another possible way to study the behaviour of multicurve counting on surfaces with
large boundaries.

1.4 Organisation of the paper

The paper is organised as follows. Section 2, where we first recall definitions and facts about the combi-
natorial Teichmiiller space T5°™, and the description of the volume of the unit ball of measured foliations
through the statistics of length of multicurves are recalled in Subsection 2.1. Subsection 2.2 shows how
the combinatorial structures in 7™ allows the parametrisation of the set of measured foliations MFs and
makes explicit the polytopal structure of the latter. Building on this parametrisation of MFys, Subsection 2.3
is dedicated to the explicit description of the volume of the unit ball B5°™ in terms of rational functions.



This is the content of Proposition 2.7. As a direct application of the proposition, and as a preliminary result
for the rest of the paper, the integrability of (B{9™") * is then extensively studied in Subsection 2.4.

Section 3 is dedicated to the proof of the main result of the paper — Theorem 1.2. As a preliminary study,
we start with Subsection 3.1 by giving a precise characterisation of the vertices of the cells of the combi-
natorial Teichmiiller space. Then, in Subsection 3.2, we state the propositions that lead to the main result:
Proposition 3.7 turns the study of integrability of (@ff’lmb) * into a local integrability result; and Proposition
3.8 identifies the range of integrability as g and n vary. Those propositions are proved in Subsections 3.3
and 3.4 respectively.

The paper is supplemented with 2 appendices: the theorem of Appendix A is used in the course of the
proof of Proposition 3.7 in subsection 3.3; Appendix B deals with the discrete approach of the integrability,
coming from the integral structure of TP,
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2 Counting multicurves

2.1 Combinatorial geometry background

Let us recall some facts about the combinatorial moduli space and the combinatorial Teichmiiller space (we
refer to [4] for further readings).

The combinatorial moduli space. A ribbon graph is a finite graph G together with a cyclic order of the
edges at each vertex. Replacing edges by oriented closed ribbons and glueing them at each vertex according
to the cyclic order, we obtain a topological, oriented, compact surface |G|, called the geometric realisation of
G, with the graph embedded into it and onto which the surface retracts. The n boundary components of |G|
are also called faces, and we always assume they are labelled as 0G, ..., 0, G. We denote by Vg, Eg, Fg the
set of vertices, edges and faces respectively. For connected ribbon graphs, we define the genus g > 0 of the
ribbon graph to be the genus of |G|, and so #Vg — #Eg + #Fg = 2 — 2g. The datum (g, n) is called the type
of G. A ribbon graph is reduced if its vertices have valency > 3. We denote by Ry ., the set of reduced and
connected ribbon graphs of type (g,n), and by Ry’ its subset consisting of trivalent ribbon graphs only.
For 2g —2 4+ n > 0, these sets are non-empty and finite. Non-reduced or non-connected ribbon graphs will
only appear in Sections 3.2-3.4.

A metric ribbon graph G is the data of a ribbon graph G, together with the assignment of a positive real
number for each edge, thatis {g € R}¢. Notice that, for a point G € M;‘fﬁb (L) and any non-trivial edgepath
v, we can define its length £ (y) € R, as the sum of the length of edges (with multiplicity) which y travels
along. In particular, we can talk about length of the boundary components {g(09:G) of the ribbon graph,
and for a fixed L € R} we define the polytope

36() = { Le REe

€2:G) =1; } < REe.
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Figure 1: A ribbon graph G of type (0,4), and two embedded ribbon graphs [G, f] and [G, f'] on a sphere
with 4 boundary components X, with the same underlying graph G but different embeddings.

It has dimension #Eg —n. The automorphism group of G is acting on 3¢ (L), and we define the moduli space
of metric ribbon graphs as

3c(L)
Mcoian(L) — ,
9 GERgn Aut(G)

where the orbicells 3¢ (L)/Aut(G) are glued together through degeneration of edges. This endows Mwmb( )
with the structure of a polytopal orbicomplex of dimension 6g —64-2n, parametrising metric ribbon graphs
of genus g with n boundary components of length L € R'. Note that the top-dimensional cells correspond
to trivalent ribbon graphs.

The combinatorial Teichmiiller space. Fix now a smooth connected oriented stable surface L of genus
g > 0 with n > 0 labelled boundaries, denoted 9:1Z,...,9,Z. An embedded ribbon graph on L is the data
[G, f] of an isotopy class of proper embedding f: G < X of a ribbon graph G in X onto which X retracts,
respecting the labelling of the boundary components. As a consequence of the retraction condition, G has
the same genus and number of boundary components as ~. We denote by ER5 the set of embedded ribbon
graph on . The pure mapping class group of I acts on ERy, and the quotient ERy/Mod? is in natural
bijection with Rg .

An embedded metric ribbon graph G on L is the data [G, f] of an embedded ribbon graph on Z, together with
the assignment of a positive real number for each edge: {g € R¢. The polytopes

36(L) :{ee REG

(:6) = L; } c REs

parametrise metrics on [G, f] with boundary perimeters L € R, and we define the combinatorial Teichmller
space of X as

T = | 3e(D),

[G,fleERs

where the cells are glued together through degeneration of embedded edges. This endows T¥™ (L) with
the structure of a polytopal complex of dimension 6g — 6 + 2n, parametrising embedded metric ribbon
graphs on L with boundary components of lengths L € R}. The pure mapping class group of L acts on

‘I%"mb(l_), and we have a natural isomorphism ‘Ij{’mb(L)/ Modg = M‘é‘fﬁb(L).

Integrating functions. In [18] Kontsevich defined a 2-form wx on the moduli space M%",{{jb (L) that is sym-
plectic on the top-dimensional stratum. The associated symplectic volume form defines a measure ux on



M;‘fﬁb (L). In particular, for every measurable function f: M;‘jﬁ‘b (L) = R, we can consider its integral against
the Kontsevich measure, defined as

1
fdux = —_— / fdpx. 2.1
/Mcgo/rrn\b([_) HK Z #Aut(G) 36(L) bK ( )

GeRriyly,

Here, by abuse of notation, we denoted with the same symbols objects on the orbicells 3¢ (L)/Aut(G) and
on the unfolded cells 3g(L).

Combinatorial length of curves. If G € T3 (L), the homotopy class y of a simple closed curve admits
a unique non-backtracking edgepath representative on the graph underlying G, and we can define the
length {g () as the length of this representative. 7™ can also be described in terms of measured foliations
transverse to 0%, and this notion of length coincides with the intersection number of y with the measured
foliation associated to G. More generally, we can talk about the length with respect to G of any multicurve
¢ € M; by adding lengths of the components of c. We can then introduce the function:

. #{ceMs|lg(c) <}
mb _
BE™(6) = Jim —

Its basic properties have been studied in [4].

Proposition 2.1. [4] For any L € RT, the function @Czomb takes values in R, is continuous on ‘.Tjr_"mb(l_), and the

induced function BER® on MPmP (L) is integrable with respect to p.

2.2 Parametrisation of measured foliations

In this paragraph, we shall describe a parametrisation of the space of measured foliations MFs that depends
on a chosen embedded ribbon graph [G,f]. It is dual to the parametrisation of [25] — which considers
triangulations instead of ribbon graphs. This will allow us to effectively describe the function @;ﬂ’f{‘b on the

orbicell of the moduli space Mg‘fﬁb (L) determined by the ribbon graph G.

In what follows, it is useful to introduce a larger space MF3 of measured foliations, where now 9Z can be a
union of smooth and singular leaves (and we still include the empty foliation). It is a piecewise linear man-
ifold of dimension 6g—6+3n, with a piecewise integral structure whose integral points are the multicurves
M$ on X where the components are allowed to be homotopic to boundary components. In particular, we
can consider the associated Thurston measure uy, by lattice point count, and the function

BE™(G) = uh ({F € MFS | 66(F) <1}), G e TP™(L).

We have a homeomorphism
®: MFs x RY;, — MF§,

that also respects the piecewise linear structure: ®(Mjx x Zgo) = M3%. Thus, it respects the measures, when
MF; and MFs are equipped with their respective Thurston measures and R%, with the Lebesgue measure.
We also notice that MFs and RZ naturally sit inside MF} as @(+,0) and ®(2, -) respectively.

There is an elementary relation between the enumeration of multicurves with or without components ho-
motopic to boundaries.

Lemma 2.2. Forany G € ‘J'Czomb(L), we have

(6g — 6 +2n)! BL™(G)
@comb,o G) = pX .
=8 = (6" ran) TIL L



Proof. Since {g is homogeneous and additive under disjoint union of multicurves, we have
V(F,x) € MFs x RL),  (6(F) +le(x) = le(@(F,x)),  with lg(x Z xiLi.
Therefore, using homogeneity of the Thurston and Lebesgue measure, we find

1
@;"mb"(ﬁ):/ dtpm ({91 86(T) < 1)) - mue ({x | te(x) <1—t})

(/ dtoo-6+2n (] —t)“)-uTh({w@(fﬂ<1})-uLeb({x|zG(x)<1})
(69 —6+2n)!  omb 1

(69 —6+3n)! (B (G) n! T, L

(69— 6+ 2n)! BL™(G)

~6g—6+3n)! [, L’

O

Remark 2.3. The above statement can be generalised to any notion of length as follows. Let l: My — R,
be a locally convex function, that is additive under disjoint union of multicurves. It uniquely extends to a
continuous function on MF§, and it induces a function still denoted 1 on MFy. Furthermore, we have

(6g—6+2n)! prn({1<1})
(6g—6+3n)! T[i; Uo:x)

ph({1<1}) =

Fix now an embedded ribbon graph [G, f] in £. Each edge e of the embedded graph G — X is dual to a
unique — up to homotopy of proper embeddings' — arc «. between two (possibly the same) boundaries of
¥, and these arcs are pairwise disjoint. To a measured foliation, we associate the set of intersection numbers”
with these arcs

MF; — RES

e Fo— (UF )

eckg
By definition, m(g ) preserves the piecewise linear integral structures of MF3 and R;g .

The map mg 1) gives a description of MF; and MFs. We will show that it in fact gives a parametrisation of
MF} and MFy, after we introduce notations to describe the image.

Definition 2.4. Let G be a ribbon graph. A simple loop is a non-empty, closed, non-backtracking edgepath
on G that does not pass twice through the same edge. A dumbbell is a closed, non-backtracking edgepath y
on G that passes at most twice through each edge and such that the union of edges that are visited twice

1If X and Y are topological manifolds with boundaries, a continuous map f: X — Y is called a proper embedding if 1 (3Y) =
90X and we use the natural notion of homotopies among such.

2We recall that the intersection number is defined as follows (cf. [15, Section 5.3]). For a fixed isotopy class of measured foliation &
in X, and an arc a in X between two boundary components (or a simple closed curve), we have the notion of measure of a:

k
a) = sup <Z H?(a]’)>/
j=1

where ay, ..., ay are arcs of a, mutually disjoint and transverse to &, and where the sup is taken over all sums of this type. If « is
now a homotopy class of arc in X between two boundary components (or a homotopy class of simple closed curve), we set

U(F, «) = inf ug(a),
aco

where the inf is taken over representatives of . Such quantity is invariant under isotopy of F and Whitehead moves.

10



forms a non-empty edgepath p for which we have a decomposition y = y;-p-y2-p~!, where y; and v,

are simple loops. A simple loop or a dumbbell is called essential if it does not coincide with a boundary
component of G.

If [G, f] is an embedded ribbon graph in X, we call (essential) simple loop or dumbbell of [G, f] the homotopy
class of the image of any (essential) simple loop or dumbbell of G via f.

Definition 2.5. A corner in a trivalent ribbon graph G is an ordered triple A = (e, e’,e”) where e, e’,e” are
edges incident to a vertex in the cyclic order. Equivalently, a corner consists of a vertex v together with the
choice of an incident edge e. We say that a corner belongs to a face f € Fg if e’ and e” are edges around
that face. We denote C(f) the set of corners belonging to § and Cg the set of all corners of G. If we have an
assignment of real numbers (x¢)ece, and A = (e, e’, e”’) is a corner, we denote xpo = Xe/ + Xe — Xe.

Lemma 2.6. Fix an embedded ribbon graph [G, ] in L, with G trivalent. The map wmg ¢ is a homeomorphism onto
its image, which is the convex polyhedral cone

t={xeRig|vAcCs xaz0}.
The image of MFyx, denoted Z g, is the union ranging over the set O ={A: Fg — Cg | A(f) € C(f) } of the convex
polyhedral cones

Zoa={x€Zy|VieFs xaq=0}. 2.2)

Moreover, Zg is a fan and its rays are generated by the images of essential simple loops and essential dumbbells.
When the cell is not top-dimensional, one can obtain a similar description by resolving the non-trivalent vertices of
the underlying ribbon graph (in some arbitrary way) into trivalent vertices.

Proof. Letx € R;g be in the image of m(g ¢}, i.e. there exists F € MF3 such that m(g ¢/(F) = x. For a vertex v
of G, let us denote by e, e/, e” the adjacent edges, respecting the cyclic order. Then there must be a switch at
v and one should specify the weights of this switch. These are three numbers ye, Ye’, e € Rxo such that

Xe =Ye’ tYer, Xer =Ye T Yer, Xe =Ye T Yer-

This linear system of equations admits a solution in non-negative real numbers if and only if the three
corners conditions are satisfied, namely

Xe < Xe’ + Xer, Xe/ K Xer + Xe, Xerr < Xe +Xer.
When the solution exists, it is unique and given by the formulas

Ye = %, XA = Xe’ + Xer — X for each corner A = (e, e’,e”).
This gives the first part of the lemma. By definition, a measured foliation ¥ € MF3 belongs to MF; if and
only if none of its leaves is homotopic to a boundary component of X. This is the case when there is a
stop around each face §, i.e. if and only if there exists a corner A = (e, e’, e”) around f§ such that y. = 0,
or equivalently xo = 0. This justifies (2.2), which is written as a finite union of convex polyhedral cones
indexed by the location of the stops, i.e. maps A: Fg — Cg such that A(f) € C(f), and one easily checks it is
a fan.

The identification of the rays essentially follows from [24, Proof of Proposition 3.11.3]. For the reader’s
convenience, we spell out the argument. Assume that mg ¢ (F) = x belongs to a ray of Zg . We call o
the support of 7, i.e. the set of edges of G whose intersection with J is positive. By following the leaves of
F, we conclude that o is a union of closed curves on G. Moreover, o is connected, for otherwise we could
write x as a non-trivial sum over the connected components contradicting that x belongs to a ray.

11
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Figure 2: A ribbon graph G and an embedded ribbon graph [G, f] on a sphere with 4 boundary components
2, and all essential simple loops and dumbbells on them.

Choose arbitrarily an orientation on 0. We claim that o passes through each edge at most once in each
direction. If this were not the case, one could choose an origin on o so that it takes the form 0 = a-e-b-e
where a and b are non-empty paths. Then, 0; = a-e and 0, = b-e are closed curves, and there is a natural
decomposition of the weights of J into two measured foliations F;, F, with respective supports oy, 0, such
that x = m(g ¢ (F1) + mg £ (F2) contradicting that x belongs to a ray.

- )T

Since G is trivalent, if o passes through each edge at most once (in any direction), it must be an essential
simple loop. Now assume that o passes through certain edges in both directions. If e is an oriented edge,
we use the notation € for the edge with opposite orientation. If o were not an essential dumbbell, there
would exist oriented edges e # e’ with e # &/, and paths a, b, ¢, d such that one of the following cases
holds.

e 0 =a-e-b-e’-c-é-d-&’. Then, there exists a natural decomposition x = mg ¢ (F1) + mg f(F2) with
measured foliations F;, &, of respective supports 01 = a-e-c-é’ and 0, = d-é’-b-e.

12



a ¢

e 0 =a-e-b-éc-e’-d-& where b and d are non-empty. Then, there exists a natural decomposition
x = mg 1 (F1) + mg ¢ (F2) with measured foliations F7, F; of respective supports oy = a-e-b-e-a-e’-d-e’
and 0, =¢-e-b-é-c-e’-d-e’.

d s e b d s e b d 5 e b
e’ e e’ e e’ e
c c
In both cases this contradicts the assumption that x belongs to a ray. O

2.3 Volume of combinatorial unit balls

If G € TP, the description in Lemma 2.6 reduces the computation of the Thurston measure of the com-
binatorial unit ball { {g < 1} to the computation of volumes of truncations of polyhedral cones. This can be
carried out explicitly on a computer, but at a qualitative level, the result always takes the following form.

Let G be a trivalent ribbon graph on a surface I of type (g,n). We recall that G induces a decomposition
of the space of measured foliations MFs into polyhedral cones Zg A where A : Fg — Cg is a choice of
a corner in each face, and their union over A is denoted Zg. An elementary simplex of Zg is a cone of
dimension 6g — 6 + 2n in Zg whose extremal rays are linearly independent in RE¢ and are either essential
simple loops or essential dumbbells. A simplicial decomposition of Z¢ is a collection Tg of simplicial cones
with disjoint interior and whose union is Zg. Each simplicial cone t € Tg has 6g — 6 + 2n extremal rays
generated by an essential simple loop or dumbbell. We denote R(t) C R;S this set of generators. We define
det(t) to be the volume with respect to the Thurston measure py, of the simplex issued from the origin and
sides being R(t). The number det(t) is a positive integer and is also the number of integral point in the
semi-open simplex.

Proposition 2.7. Let G be a trivalent ribbon graph of type (g,m). For any G € 3g(L), that is any metric on
the underlying graph G, BL™P(G) is a rational function of the edge lengths. More precisely, for any simplicial

gmn
decomposition Tg of Zg we have
1 1
BOMP(G) = .
gn (G) (6g—6+2n)! teZTG det(t) - [ [per(r) La(pP)

Proof. By definition of a simplicial decomposition: BL™ (G) = 2 tets Mmn(tN{lg < 1}). From the definition
of the Thurston measure

_o#{xetnZi | Tece, xetole) <}
MTh(t N {eG < 1}) = T1—1>Too 169—6+2n

1 . #{ZEZ;E;) Zpekmzpﬂg(p) <T}
 det(t) T+ r69—6+2n
1 1

- det(t) (6g—6+2n)! HpeR(t) ls(p)
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Figure 3: The top-dimensional cell of Mﬁ‘/’lmb (L) parametrised by edge lengths ({4, {g, {c), together with two
essential simple loops p; and p;.

O

Remark 2.8. Proposition 2.7 extends to graphs G with higher valencies by choosing any resolution into a
trivalent graph with some edges of zero length.

2.4 How to use the formula: the (1,1) case.

There is a single trivalent ribbon graph G of genus 1 with one boundary component. For a fixed L € R,
the associated polytope is simply

36(L)={(la, s lc) ERY [ta+lg+Lc=51}.

The automorphism group of G is Zg, where the subgroup Z3 C Z, is cyclically permuting the three edges,
while Z, C Zg is the elliptic involution stabilising every point and is the automorphism group of G for
which the lengths of the edges are not equal.

G has a unique face f and six corners; from the elliptic involution acting on G, CBff’lmb reduces to the sum
of three contributions. The first one corresponds to the corner A(f) = (A, B, C). The polytope Zg a is a
simplicial cone, with extremal rays p; = (1,1,0) and p, = (1,0,1) corresponding to the essential simple
loops of Figure 3, and with determinant 1. The two contributions are obtained by cyclic permutation of the
role of (A, B, C). For a point G = (€, {p,Lc) € 3g(L), we find {g(p1) = €A + B, {g(p2) = A + {c, and
det(t) = 1. Similarly for the other polyhedral cones, so that

BEP (04,0 e)—1 ! 41 L 2 L
L SATBCT T 0 (A +0) (€A + L) 2 (A +88) (8 + Lc) 2 (Ea +£c)(Es + €c) 23)
L 1 ’
2 (0a + ) +Lo)(Le +LA)

Besides

b,
BIT* (LA, ts, Lc) 2/3 dxadxpdxc i, (¢ 40c)4xp (Cot+0a )4xc (Ea+ls)<1
R+

B 1 2 B (L, Ls, Lc)
~6(La +8)(€g +Lc)(fc +LA) 3! L

as expected from Lemma 2.2.

Let us now integrate over the moduli space (see Equation (2.1)). We recall that #Aut(G) = 6, and the
Kontsevich measure on 3¢ (L) is dux = dfadfg. Expressing {c = % — o — (g and performing the change
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of variable ({a,{g) = %(a, b), we can compute

L dladis

1
@Comb dHK _ = - -
/Mif’{“b( L) 6 Oé\ejei‘fl_%z 2 (ta +Es)(7 —€A)(7 —1B)

1 dadb

6 O;Si)b:ll (a+b)(1—a)(l—D0b)
1 (! In(a)
3y 1—a
_ Lip(1) —Lig(—1) _ 72
B 6 Y
As expected from (1.1), this value coincides with me (L) Br1dpwp = 721—: found e.g. in [3].

da

Let us look at the integral of the s-th power for s > 1

comb _ m '_ dadb
/Mg?]mb(u Bii™ dux = 6 B(s), Bls) = /“'b>0 ((a+b)1—a)(1— b))s'

a+b<1

By elementary means we shall prove that it is finite if and only if s < 2, and more precisely
Proposition 2.9. We have B(s) ~ 5= when s — 2~

Proof. Let D = {(a,b) € R, | a +b < 1} be the 2-simplex. If s = 2, we shall see that the non-integrability
comes from the dlvergence of the integrand at the vertices of D, i.e. (a,b) = (0,0), (a,b) = (1,0) and
(a,b) = (0,1). We decompose the domain of integration, introducing

Dp={(e,b)eD |a+b<3}}, Dp={(a,b)eD|a>3}, Du={(a,b)eD|b>3}

and D =D\ (Doo UDjoU Dll). We analyse separately the contributions of these domains to the integral,
with obvious notations:
B(s) = Boo(s) + Bio(s) + Boi(s) + B(s).

The integrand being a continuous function on D, B(s) remains bounded when s — 2. For the first three
contributions, the idea is to choose coordinates transforming the domain into a square and which include
a coordinate ¢ measuring the distance to the vertex, then split the integrand into a contribution coming
solely from the vanishing factor in the denominator, and a remainder which will remain bounded when s
approaches 2.

We start with Bgo(s). With the change of variable (c,u) = (a+b ), we find:

’a+b
s du
Boo s /dcc /o (1—cu)(1—c+cu)’
3 1 1
_ 1-s 1-s _
_/ dcc 7%+ dcc /odu<((1—cu)(1—c+cu))s 1)

2 s
1/2 / dec'*0(c

s:>22—s+o( )

[N

where the O(c) is uniform for ¢ € [0, ] and s € (0,2), and we observed ( )27 =1+ 0(2—s)whens — 2.
For B1o(s), we perform the change of Varlable (c,u) = (1 —a, g ) and get

—s du —
BlO / dCC /0 (1—Cu)(1—C+Cu))S _BOO(S)-
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Exchanging the role of a and b we also have By;(s) = Boo(s), hence the result. O

There is no simple expression for B(s), but the expression can be transformed in various ways. For instance,

with the change of variable (c,v) = (a + b, ;{3 ) sending (a,b) € D to (¢,v) € (0, 1)%

! cdc ! dv
B(S)_/o (C(l—C))S/o 1+ v —v)*

By symmetry v — 1 —v, we can restrict the integration to v € [0, 3] while multiplying the result by 2. We
then set y = 5% and x = 1 — 2v, obtaining

B(s) =2*° / dxdy (1 +y)36 " Dyl=s(1 —y>x?) s
(0,1)2

as announced in the introduction.

Proposition 2.9 tells us that the behaviour of @ff’lmb already deviates from the one of B, as the latter has a

finite square-norm for the Weil-Petersson measure. This simple example shows that @g‘,’{{‘b has non-trivial
integrability properties. The purpose of the next section is to analyse them systematically.

3 Integrability of B

3.1 Geometry of the cells in TE™P(L)

As a preparation, we study the geometry of the cells 3 (L) of M$®™(L), and in particular we shall charac-
terise the tangent cone at the vertices of the cells.

Definition 3.1. We say that L € R is non-resonant if for any non-zero map €: {1,...,n} — {-1,0,1}, we
have
n
Z €1I_i # 0.
i=1

Definition 3.2. Let G be a trivalent ribbon graph with n boundary components and let S C Eg. We let
G§ the subgraph of the dual graph G* in which we keep only the duals of edges from S. We call a subset
S C Eg asupport set of G if

e it has n elements,
¢ each face of G contains at least an edge in S,
¢ each connected component of G§ contains a unique cycle which has odd length.

Definition 3.3. Let G be a trivalent ribbon graph. For L € RT and A a point of the cell closure 3g(L) we
define
EAl ={ecEg|Ae=0}.

Lemma 3.4. Let G be a trivalent ribbon graph of genus g with n faces.

(A) Let L € R} be non-resonant and 3 (L) be a top-dimensional cell of the combinatorial moduli space Jv[gfﬁb(l_).
IfA = (Ae)eck, is @ vertex of the cell closure 36 (L) C RES, then E \ E[A] is a support set.

(B) Conversely, let S C Eg a support set for G. Then there exists a non-resonant L € R} and a vertex A of the cell
closure 3g (L) such that S = E \ E[A].
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Lemma 3.5. Let L € R} be non-resonant and 3¢ (L) be a top-dimensional cell of the combinatorial moduli space
M;‘jﬁb(L). Then the tangent cones at any vertex of the cell closure 3¢ (L) are simplicial. Furthermore, at a given
vertex A the rays v(¢) of the tangent cone are indexed by the edges e € E[N] in such a way that

ve' € EN, 1l =beer.

Proof of Lemma 3.4. The closure of the polytope is determined by inequalities {. > 0 for each e € Eg and n
equalities of the form

Y iele=L, ie€{l,...mn},

ecel!
where Eg) is the set of edges around the i-th face and a; € {1,2}is the multiplicity of the edge e around
this face. Now, for an arbitrary S C Eg, consider the inhomogeneous linear system of equations in the
variables (fc)ecE,

le=0 forec Eg \ S,
{ &\ 3.1)

ZeGE(Gi) ai,e(’,e =1 forie {1, .. .,n}.
We claim that
1. the system (3.1) is invertible in ({¢)ect if and only if S is a support set,
2. if L; is non-resonant and S is a support set then the solution of the system is such that £, > 0 for e € S.

Let us prove the first claim. The matrix associated to the family of equations Ze cEW aiele = Lj is the
G

incidence matrix of the graph G%. In order for the incidence matrix to be invertible there must be as many
edges as vertices in each connected component of G§, hence a unique cycle. Next, degree one vertices
does not play any role in the invertibility (the edge length {. adjacent to a the vertex dual to the i-th face
must be set to £, = L;). Hence one can get rid of the tree part of the graph. Finally the incidence matrix
of a cycle is invertible if and only if it has odd length. Indeed if the cycle is even then the alternating
vector (1,—1,1,—1,...,1,—1) belongs to the kernel. Whereas if the cycle is odd, the alternating vector
(1,-1,1,-1,...,1) is mapped to twice a basis vector and the matrix is invertible by cyclic symmetry. This
concludes the proof that S must be a support set.

.....

in (3.1). Assume that for ey € S we have {,, = 0. Then G §\ (eo) contains at least one tree component. Let S’
be the vertices of a tree component of Gg, (., and S’ = S{ U S; a bipartition of S’ (i.e. vertices in S are only
adjacent to S3). Then } ;.s, Li =2 ;cs, Li and hence L; is resonant. This concludes the proof of the second
claim.

We turn to the proof of the first part (A) of the lemma. Assume that A is a vertex and S :={e € Eg|A. > 0} is
such that the system (3.1) admits a unique solution. Necessarily #S < n. If S is not contained in a support
set then the graph G¥ contains an even cycle and the solution of (3.1) is not unique. Let us suppose by
contradiction that #S < n and let S O S be a support set. Then A is a solution of the system (3.1) with the
subset of edges S’. It contradicts our second claim that states that A, would be positive forall e € S’.

For the converse — part (B) of the lemma — pick a support set and a positive vector ({¢)ccs. Because the
system is bijective there is no further inequality {. > 0 that can be set to an equality {. = 0. In other words,
completing the vector ({¢).cs with zeros, we obtain a vertex. Now if the positive values are generic enough
the associated face lengths L; are non-resonant. O

Proof of Lemma 3.5. Let L; be non-resonant. Let A = (A¢)ece be a vertex of 3¢(L) and SIA] ={e € EglAe >
0}. By Lemma 3.4 S is a support set. The invertibility of the homogeneous linear system underlying (3.1)
shows that the projection map from the tangent space

n

D36 =({teRP | 3 ajete =0}

i=1 ccEd
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to REc\SIA s an isomorphism. Then, the preimage of the canonical basis gives a basis of Ty3¢ (L) that are
rays of the tangent cone at A, proving the last part of the lemma. O

It will be useful for the study of integrability of BX™P to cover 3¢ (L) by neighbourhoods of the vertices.

gn

Lemma 3.6. Let 3G (L) be a top-dimensional cell, and denote by A (L) the set of vertices of its closure. There exists
€ € (0,1), depending only on g, n and L, such that

36()= |J Ugan  Ugia={le€3c(l) | Ve S\l (c>e}. (32)
AEAG(L)

Proof. Let{ € 3g(L). Since 3¢(L) is a polytope, there exists t € [0,1]\¢ (1) such that

(= Z thA, Z ty = 1.

AEAG (L) A€AG (L)
In particular, there exists Ag € Ag (L) such that t), > m. So, for any e € S[Ag], we have

mingesa) Ae

le >
¢ #Ag(L)

As vertices are characterised by their support set (which are certain subsets of E¢ of cardinality n), #Ag (L)
is bounded by a constant ¢ depending only on g, n. For fixed L € R, let ¢’ > 0 (depending on g, n and L)
be the minimum of A. over e € S[A], A € Ag(L) and G trivalent ribbon graphs of type (g, n). Equation (3.2)
holds with e < %, in particular we can take € < 1. O

3.2 Main result

The proof of the main result Theorem 1.2 will be decomposed in two intermediate results which we now
state, and which are established in the next subsections. They require the following extension of the defini-
tion of MF$ from Section 2.2 to unstable surfaces. When X is a topological cylinder, i.e. has type (0,2), we
set MF} = R, consisting of the real non-negative multiple of a boundary-homotopic curve. In that case
the dimension is not given by 6g — 6 + 3n = 0 but rather

dim MFg = 1.

When I is a topological disk, i.e. has type (0,1), we set MF3 = {0}, so that the dimension is 0. And, if X is a
union of connected surfaces (Xi);, we set MFyx = [ [; MF§ .

Proposition 3.7. Let g, n with2g —2+mn >0, L € R} be non-resonant, G a trivalent ribbon graph of type (g, n)
and A a vertex of the cell closure 3 (L) C M%’mb(l_). Let € and Ug 1 as in Lemma 3.6. Then the integral

[, @y
G,L,A

converges if and only if
s < min §(G/),
E'CE[A]
E'#£0
where E[A] is the subset of edges of G that have length O at A, and for any ribbon graph T we defined:

#Er
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Proposition 3.8. Let g, nwith2g—2+n > 0and (g,n) # (0,3), and L € R non-resonant. The minimum Sgn
of $(Gg+) over trivalent ribbon graphs G of type (g,m), over vertices A € /\G( L) and non-empty subsets of edges
E’ C E[A], is given by

2 ifg=0andn € {4,5}
4 2 1 .
p— — = >
3+3Ln/2j—2 ifg=0andn > 6,
2 if (g,m)=(1,1)
s* = 4 .
gn 3 ifg=1landn > 2,
1+¥ if 2andn =1,
3(29 —3) 9>
1
1+ —— 2 2.
+3(29—1) ifg>2andn >

Proof of Theorem 1.2 assuming Propositions 3.7 and 3.8. By Lemma 3.6, the space Mcomb( L) is covered by the
finitely many open sets Ug,». Hence the integral of (@C‘fmb) over Mc‘fmb( ) dlverges if and only if the
integral over at least one Ug 1) diverges. Now Proposition 3.7 reformulates the divergence over Ug
in terms of subgraphs and Proposition 3.8 provides the smallest exponent s ,, above which one of the
integrals is diverging. O

3.3 Local integrability: proof of Proposition 3.7

Our starting point to prove Proposition 3.7 is Proposition 2.7, writing @;‘ﬁ{‘b(G) as a linear combination of
elementary rational functions. We first show that it suffices to analyse the integrability of these elemen-
tary rational functions. Then, we rely on Theorem A.1 proved in Appendix A to analyse the indices of
convergence of the latters.

For a fixed G € ng‘Xl, L € R} and s € Ry, we consider the integral of the s-th power of @3‘,’1‘{"3 over Ug 1
lgals) = / (BmP)* duk € (0, +00l. (3.4)
Ug,L,a

We will study its convergence by comparison with more elementary integrals, defined as follows.

Definition 3.9. Let G be a trivalent ribbon graph. For A a vertex of a cell closure 3 (L). We define the linear
map 0 : REMN — REs as follows. Given x € RFM, the vector 6(x) € RE¢ is the unique solution of the linear
system of equations for { = (£¢)ece, — see the proof of Lemma 3.5:

le =%e if e € E[A],
ZeeEg) aiele =L ie{l,...,n}.

Given a ribbon graph G, a vertex A of G and an elementary simplex t (see Section 2.3) we define the elemen-
tary integral Jg 1 a+(s) as

J (s) : / [Tecep dle
GLAt(s) = 5
©01EN TTperym (Zecem Pele)

where R(t)[A] is the subset of rays of R(t) vanishing at A, i.e. the subset of curves in R(t) supported in E[A].

€ (0,+o0], (3.5

Lemma 3.10. Let s > 0. The integral lg 1,(s) in (3.4) converges if and only if for any elementary simplex t the
integral Jg 1 a+(s) in (3.5) converges.
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Proof. We first notice that, if s € (0, 1), we can write
(Ben®(G))" < max {1, BER*(G)},

so we can assume s > 1. Let Tg be as in Proposition 2.7 a simplicial decomposition of Zg. We obtain from
Proposition 2.7 that

1
@comb -, (36)
( s tEZTG HpeR(t)(eG(p))

where

—1 N
c1 = (#Tg)s 1. (maXtETG (dett) ) .

(6g —6+2n)!

We now integrate the inequality (3.6) over Ug . Integrating over the cell 3g(L) instead of the orbicell
3c(L)/Aut(G) we find

duk(G)
Ig,LA(s) =/ BOmPY dpy < ¢ )
Uc,La ( o tEZT Ug,a HpeR(t)(eG(p))s

From the definition of Ug 1 A in Lemma 3.6 we see that assuming € < 1 (otherwise we can take € = 1 in the
following equation)

dux(G) < 1 dux(G)
Ug,La HpeR(t) (KG(Q))S ~ esleg—otan) Ug,LA HpeR(t)m “G(p))s'

Observe there exists c; > 0 such that Ug,x C 0((0,c2)® ™). Besides, for the vertex A, the Kontsevich
measure on 3¢ (L) is the restriction onto 3¢ (L) of the pushforward via 6 of a measure of the form

2° T dte (3.7)

ecE[A]

for some k € Z that is bounded in absolute value by a constant depending only on g and n, see [18].
Therefore,

[Tecen dle
lgra(s) <c3 Z / CEM

iere J ot Tperm (Xeeke pefe(0))’
(3.8)

for some constant c4 depending on € and s. We have used homogeneity of the integrand to get the last line
of (3.8) as for e € E[A] we have 0.(f) = {. and R(t)[A] is always a linear combination of edges in E[A]. We
deduce that the convergence of all elementary integrals imply the one of (CB;‘/’{{‘WG ))* over Ug,1 .

We then search for a lower bound for (3.4). We get it by taking into consideration only the s-th power of
the contribution of a single elementary simplex t C Zg. It suffices to integrate this contribution over one
cell 3¢ (L) instead of an orbicell. For the lower bound we can also integrate over a single set Ug 1 of the
cover, and in fact replace it by a set of the form 0 ((0, C5)ED‘]) which is strictly contained in Ug 1 5 foracs > 0
chosen small enough, depending only on g, n, L. Recalling (3.7) for the Kontsevich measure against which
we integrate on Ug 1, and using again homogeneity, we find there exists cs > 0 depending only on g,n, L
such that

¢ max max Jgac(s) <lgrals) (3.9)

AEAG(L) teTg

By the two inequalities (3.8)-(3.9) we obtain the claim. O
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Lemma 3.11. The integral lg 1 A(s) converges if and only if

s < min §(G|E’)/
E’CE[A]
B #£0

where §(Gg/) is given by (3.3).

Proof. Let s be strictly smaller that the minimum. We shall prove that I 1 A(s) converges. By Lemma 3.10
it suffices to prove that all elementary integrals Jg 1 A t(s) converge. By Theorem A.1 from Appendix A it
suffices to show that

1 # R CE
- < max {p € R | supp p € }. (3.10)
S E'CE[A] #E/

E£D

where supp p is the set of edges involved in the ray p. As the rays contained in E’ must be linearly indepen-
dent, there are at most dim MF}, of them, where L’ is the surface underlying Gg.. This is also true when
L’ has unstable components, thanks to our special definition. In other words, the right-hand side in (3.10)
is smaller than 1/ min §(Gg/).

We shall now prove that for s = min §(Gg/) the integral Ig 1 A (s) diverges. Again by Lemma 3.10 it suffices
to exhibit an elementary simplex t in Zg such that the associated elementary integral Jg 1 (s) diverges.
For this purpose let E’ be such that §(G|g;) = s and X’ the geometric realisation of Gg,. By definition
of §(Gjg/) we can find dim MF}, independent rays supported in E’ C E[A]. This subset of rays can be
completed into an elementary simplex of MFy (X is the original surface of type (g, n)), by including curves
whose length remain bounded away from 0 at A. By the last part of Theorem A.1, the integral over this
elementary simplex diverges. O

3.4 Identifying the worst diverging subgraph: proof of Proposition 3.8

Let g > 0O and n > 0 such that2g —2+n > 0 and (g,n) # (0,3), and L € R} non-resonant. We want
to compute the minimum sg ,, of §(T") defined in (3.3), over trivalent ribbon graphs G of type (g,n), over
vertices of A of 36(L), and over non-empty subgraphs I' C Gg ). Let 8} be that minimum for fixed G, A. To
prove Proposition 3.8, we first reduce the computation of s ,, to the problem of finding the worst diverging
relevant subgraph. The study of the various integrability ranges as g and n vary is cut into pieces in Lemmata
3.14 to 3.17. We start by the following elementary observation.

Lemma 3.12. For fixed G and A, §y is also the minimum of §(T") over non-empty connected subgraph T C Ggpp]

without univalent vertices (if there are no such subgraphs, §\ = +o0). For such a T', denoting (gr,nr) its type and

v(rz) its number of bivalent vertices, we must have v(rz) > nr and

v if (gr,mr) = (0,2),
§(r) = V(rz] (3.11)
1+——— h ise.
+ 69r — 6+ 3nr otherwise

Proof. 1If Gjg[p) is a forest of trees, so must be I" for any non-empty subgraph I' C Gjg[»}, and so || is a union
of topological disks. Accordingly, MF[;, has dimension 0, leading to §(I') = +oco, hence 85 = +oo. Now
assume it is not the case, and let I" realising the equality §(I") = §5.

Assume that I has a univalent vertex with incident edge e. Then e cannot be the only edge of I, otherwise
ITl would have type (0,1) and this is already ruled out. Thus, I'" = I'"\ {e} is non-empty. As || and [T
are homeomorphic, we have dim MF"F,| = dim MF"rl but #Er, < #Er, therefore §(I'") < §(I"), contradicting
minimality. Therefore, I'" cannot contain a univalent vertex.
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Now assume that I" is not connected. Denote (I})}f:l its connected components, d; = dim MF"m and e; =
#Er,. We have

Kk
R S e R e;
s(r) = S, s(r = <.
21:1 i t
Up to relabelling we can assume that <& < Z— forany i € {1,...,k}. This can be written e;d; < eid; and

d
summing over i we deduce that §(7) = 13—1 < §(T"). Therefore, I is a connected and minimising subgraph.
As edges in E[A] have zero length at A, faces of Gjg[5) cannot be faces of G. In particular, around each face
of Gjgn; there should be at least one vertex which is incident to an edge in S[A] = Eg \ E[A] (thus having
positive length at A) and pointing towards this face. As this vertex is trivalent in G, it must have valency
1 or 2 in Gjgjpj. A connected minimising subgraph I' C Ggpy is obtained by erasing further edges from
Ge[a), and as we know that I' cannot contain univalent vertices, we deduce that the erasing procedure will

create at least one bivalent vertex per face of I', i.e. v(rz) > nr.

Now let I be an arbitrary non-empty connected ribbon graph without univalent vertices, with vertices of
valency 2 (their number is denoted v(rz)) or 3. If T" has type (0, 2), all vertices must be bivalent and be aligned
on a circle separating the two faces, therefore §(I") = v(rz). If I" has type (gr,nr) # (0,2), all bivalent vertices
must be incident to two distinct edges. If we erase the bivalent vertices, we obtain a trivalent ribbon graph
of the same type, hence having exactly 6gr — 6 + 3nr edges. Coming back to I' we obtain

#Er = 6gr — 6+ 3nr +v,(-2).

Together with MF|'” is 6gr — 6 + 3nr, we obtain the desired formula. O

Definition 3.13. A graph I' C G is relevant if it is connected, has no univalent vertices, has at least as many
bivalent vertices as faces. We say that I" is a vanishing subgraph if ' C G g5 for some trivalent ribbon graph
G, some non-resonant L and some vertex A of 3 (L).

Our strategy to compute sj ., will consist in exhibiting certain relevant subgraphs 'y x of type (h, k), that we
can realise as vanishing subgraphs in a ribbon graph Gg ., of type (g, n). We will see that at least one such
subgraph exist for each (g, n), which by Lemma 3.12 implies that s ,, < +oco and only relevant subgraphs
have to be discussed. We will then justify that our examples of subgraphs provide the minimal value of §
for fixed (g, n), thus giving access to sj ,, with help of (3.11).

Ifh=0and k > 2orh =1and k > 1, we introduce I}, x as described in Figure 4. It appears as a van-

(2) (2) ) _

ishing subgraph in a trivalent ribbon graph Gy, 2. Since (gr,,, “Fo,w"r(]k) =(0,k, k) and (Qﬂ,k/“n,kr"n .

(1,k,k), we have from (3.11)

2 ifk=2 4

8(Tox) = _ , 8(Mx) = 3.
M ifk>3 3
3k—6

If in the above Gk we apply the substitution of Figure 5, we obtain another ribbon graph Gy k1 con-
taining I, x as a vanishing subgraph. For h > 2, it will be sufficient to consider the graphs I, 1 of Figure 6,
which can be realised as vanishing subgraph of Gy, x for any k > 2. They have 1 bivalent vertex, genus h
and 1 face, hence

6h —2

6h—3

Note that setting h = 1 in this formula gives the value 3, which matches the value of §(I'1). This squares
with the fact that the construction of Figure 6 in the case h = 1 gives the same result as I'; described in
Figure 4.

§(Tha) =

g — _4 2
Lemma 3.14. For non-resonant L, we have s§, = sj5 = 2 and s;,, = 3 + 57576 forn = 6.
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2k

2 4 2k —4

2k —2

C Gk

Figure 4: In orange: the graphs gy (for k > 2) and I x (for k > 1), emphasizing the bivalent vertices
o. In black: the graph G in which they are realised as a vanishing subgraph. The vertex A of 3¢, (L)
is identified by assigning to the black edges the length necessary to make up for the fixed perimeters L,
and zero lengths to the orange edges. The only inequality imposed in the picture is Ly;_1 < Lp; for all
i€ {l1,...,k}. For pairwise distinct (a fortiori, non-resonant) boundary lengths, these inequalities can always
be satisfied up to relabelling the faces.

in Gp ok in Gy k41 in G oK1

Nz N/
Figure 5: Two substitutions of the lollipop with inner perimeter Ly;_1 to obtain Gh k41 from Gk — the
subgraph I, x is unchanged. The vertex of 3g,.,, ,,(L) is identified by assigning zero lengths to the purple
edge — on top of the edges of I}, x — and other edge lengths in order to realise the boundary perimeters L.
The structure of the rest of the graph still imposes Ly;—1 < Ly; fori € {1,...,k}. Besides, we can consider
the first substitution when Loy < Lay1 + Lok—1 is satisfied, while the second substitution is possible for

Lok > Loky1 + Lok—1. For non-resonant L, up to relabelling of the faces, we can always achieve one of these
two sets of inequalities.

Proof. Let G be a trivalent ribbon graph of genus g = 0 with n faces, L € R non-resonant, and A a vertex
in 3g(L). By Lemma 3.12, it is enough to discuss relevant subgraphs I' C Gjgyj. Recall that #E[A] =
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C Grx

Figure 6: For h > 2, the ribbon graph I}, ; (in orange) realised as a vanishing subgraph of a ribbon graph
Gh (for k > 2). The vertex A of 36, , (L) corresponds to assigning zero lengths to the edges in purple and
in orange, and positive lengths to the black edges making up for the boundary perimeters L. Note that L;
is the perimeter of the face obtained by travelling along all handles. The only inequality imposed by the
picture is L3 > Ly, which for non-resonant L can always be imposed up to relabelling the faces.

6g — 6+ 2n = 2n — 6 here.

If n =4, we have #E[A] = 2. The only relevant subgraph of G|g 5 that can occur is Iy, and it has §(Ip») = 2.
It is a vanishing subgraph in G4, hence s;, = 2.

If n =5, we have #E[A] = 3. A relevant subgraph of Ggp,j is either a I, or a graph with 3 bivalent vertices
on a circle separating two faces. The former yields § = 2 and does occur as a vanishing subgraph in Gos
(see Figure 5), while the latter has § = 3. Hence s;5 = 2.

We now assume n > 6. Let I' be a relevant subgraph of Gjg[;. It must have genus 0, and vl(az) > nr by
definition of relevance. If ' is not a 2, we must have nr > 3, and

2)
Y Inr—6 4 2

M =1 r > =4 =

) =14 3 =623 6 3 3nr 6

with equality if and only if v(rz) = nr. The right-hand side is a decreasing function of nr. We claim (and
justify at the end) that n > 2nr, and deduce that

4 2

e e s
o237 36

(3.12)

and note that the right-hand side is strictly smaller than 2. If n is even, I » does occurs as a vanishing
subgraph of Go,, thus saturating the inequality (3.12). Hence s; ., = 3 + 55;/577- lf nis odd, I n1 occurs
as a vanishing subgraph in Gon (obtained from Gon—; with the substitution of Figure 5), achieving the
same result.

It remains to justify that G has at least twice as many faces as I', i.e. n > 2nr. It suffices to show it for the
subgraph I'\ := G|gp), since I' C Gjgp). As edges in E[A] have zero lengths at A, faces of T’y cannot be faces of
G. In the proof of Lemma 3.12, we show that for each face f of I', one can choose a bivalent vertex v(f) which
came from a trivalent vertex in G and so that the edge e(f) incident to v(f) in G but not in I', points towards
f. We consider the graph G’ C G obtained by taking the union of T, with the connected components of
G \ T\ containing { e(f) | f € Fr, }. Since G’ has genus 0, inside each face of I’y one should find at least two
faces of G’. Hencen > ngs > 2nr,. O

Lemma 3.15. We have s}, = 2, and for n > 2 and L non-resonant, s; = = 3.
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Proof. The case (g,n) = (1,1) has already been treated by hand in Proposition 2.9, leading to s7; = 2.
We now assume g = 1 and n > 2, and let I' a relevant subgraph of Gg»;. If it has genus 0, the proof of

Lemma 3.14 shows that §(I') > 3. If it has genus 1, using again V(r2) > nr, we have §(I") > 3 with equality if
and only if v(rz) = nr. The graph Ty » if nis even, or I n_: if nis odd, is a vanishing subgraph of G, , and

achieves the equality. Hence s, = 2 O

Lemma 3.16. For g,n > 2 and L non-resonant, we have sg,n =1+ 3(2;771).

Proof. Let " be a relevant subgraph of some G|g ) with G of type (g,n). Then I' has genus gr € {0,..., g}
and v,(-z) > nr. If gr € {0,1}, we know from the proof of the previous lemmata that §(I") > %. Ifgr > 2,
using v(rz) > nr, we get from (3.11) the lower bound

R 6gr —6+4nr
N>-——m— ——.
8N 6gr —6+3nr

The right-hand side is an increasing function of nr and a decreasing function of gr. We can therefore lower
bound it by its value at (gr,nr) = (g, 1), which is

6g—2 1
$(I) > =1 .
SN >8=3 =331
Equalities are achieved with the graph I'y 1, which is realised as a vanishing subgraph of G4 ., (see Figure 6).
Hencesy, =1+ m. O

Lemma 3.17. For g > 2,n = 1and L non-resonant, we have s} ; =1 + m.

Proof. Since n =1, Gjgjp is obtained from G by removing a single edge. Either it is connected, has genus

g—1and 2 faces, or it has two connected components I'") of genus gt} < g with 1 face, such that gt +g(?) =

g. Both cases can be realised. In view of the proofs of previous lemmata, the connected situation gives a
smaller value of §. So, s’;/l = 8(I'g—1,1), which takes the value 1 + ﬁ. O
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A An integrability lemma

The aim of this appendix is to prove a general result about integrability of rational functions, see Theo-
rem A.1 below. It is used in Section 3.3 to prove Proposition 3.7.

We consider a polynomial

which is the product of d linear forms in the e Varlables X1...,Xe, having non-negative coefficients. We are
interested in determining the values of s > 0 for which the integral

dxl . "dXe
I(P:s) ::/ P ) Al
o1)e P(x1,...,Xe)® (A1)

converges. Let us define

§(P):—sup{t>0’/ W<+m}.
(01]e

P(x1,...,%Xe)

Let A = (Aij)1<iga be the variables/linear forms adjacency matrix, that is
1<j<e

A — 1 if the coefficient of x; in P; is non-zero,
Y 0 otherwise.

Clearly §(P) only depends on A.

Theorem A.1. In the previous situation, we have

1 1
= max — min A;
8(P) Ic}{;...,e}#JiZ jey o
1%

Moreover, the integral I(P; §(P)) in (A.1) diverges.

The proof has two steps. We first identify ﬁp] as the solution of a max-min problem. This is Lemma A.2
below. It turns out that this lemma is just a special case of the fact that such an exponent of convergence
can be read on the Newton polytope of the denominator. In a second step, we linearise the optimisation
problem and analyse the solution of the equivalent min-max problem, which leads to Theorem A.1.

Lemma A.2. In the previous situation, we have

1
—— = min max E oij,
5(P) xEA1<j<e 4

where

e
A= {(Cxij)lgigd vi,j 0< &y < Aij and Vi Z xij = 1}.
1<j<e :

Moreover, the integral |(P; §(P)) diverges.

Proof. By elementary inequalities, it suffices to consider P(xi, ..., x.) = H?:l (Zjezl Ai)‘Xj). Let x € A and
Mi =} 5, aij > 1. Using the concavity of the logarithm and the fact that x; € [0, 1], we have:

e
V’LG{l,...,d}, ZA;L]'XJ'/Z(X”X)/HX i HX;"’LJ’.
j=1 j=1 j=1

o
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Taking the product over i we get

e a B S
P(x1,...,%e)® > (ijz‘l “”) > (axg-oxe)™™,  te= max ) o
=1

/ dx; - - dxe _(/1 dx)e

(01]¢ (Xle"‘Xe)St“ 0 XStzx

converges if and only if st < 1. Since & € A was arbitrary, we obtain §(P) > maxy
upper bound

Now the integral

1

to’

in other words the

d

1 1
< = i e )
§(P) S ¥(P) 322%2’1;“” (A2)

Now, we want to show that the integral diverges for s = §. In a first step, we reformulate the minimising
problem using the Newton polytope of P at infinity, that is

d
Vi ZAU(XU 21}
j=1

For this purpose, we observe that § = min, ¢y [[pll« for the polytope

d

r={(Z o),

i=

d e
T/:{<Z(xij>1<j<e ’Vi'j 0< oy < Ay and Vi ;“ij 21}.
=

i=1

Since P = P’ + (Rxg), it is clear that § = minyegp [[pllo. Then, we claim that § is the minimum s such
that p(s) == L,...,H belongs to P. Indeed, if p(s) € P, there exists («;),; such that % = Zle ayj for any

s/ s
j € {1,...,e}. Since all those values are equal, we also have % = max; Z?:l «ij. The minimal such s is thus

given by 3.

In a second step, we are going to upper bound P(xj, ..., x¢) by the power of a single variable, but the choice
of the variable and the power will be optimised depending on the region in (0, 1]¢, leading to a diverging
integral for s = §. For this purpose we choose a supporting hyperplane J for the polytope P at (é, e p)
Let Joo C {1,..., e} the set of indices j such that J{ does not intersect the j-th axis. For j ¢ J.,, we denote h;

the coordinate of the intersection. Denoting wy, ..., w, the canonical basis of R¢, we have

HnN R;O = { Z tjthj + Z thj

Vi 20 and thzl}.

SEIS SIS j€Je
Let us define
(01 — R
Q: X — max{xulueﬂfﬂRgO}:max{x?"|1<j<e}'

The equality holds because the linear form u Z]e _1UjIn(x;) necessarily reaches its maximum at the
vertices which are on the axes. As H is a supporting hyperplane of P at p, for each monomial x;" - - - xt
appearing in P we have xj" - - - xte < Q(x). For x € (0,1]¢, we deduce that P(x) < P(1) - Q(x) and hence

. 1 / dx;---dxe
I(P;3) > - _—
(P3s) P(1)* Jioa1e Qx1,...,%e)8
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We now prove that the integral on the right-hand side diverges. Let jo € {1, ..., e} be an index for which h;;,
is minimal, and set D == {x € (0,1]° | Vj xj < Xj, }. By minimality of h;:

DC{xe(01° |V (x)™ < (xj,)™0 }.
hiO

Hence Q(x1,...,%e) = X;,

dxq - - dxe dxq - -dxe / dxq - --dxe /1 dx
- > - = — = . . A3
~/(0,11e Q(Xlr“-/xe)s D Q(Xlr-"rxe)s D X;jos 0 Xhios*e+1 ( )

Computing the sum of the coordinates of (%, e, %) cHN R;O, we find that ¢ > Zjeéloo tjh;. Since h;, was
minimal, this implies ¢ > h;,. So: hj;§ — e +1 < 1, implying that the integral (A.3) diverges. We conclude
that [(P; §) diverges, and in particular that we have equality in (A.2). O

and

Proof of Theorem A.1. Consider the simplex A = {f € R, | Z] _1B5 = 1}. Since extrema in A of linear
forms are reached at vertices, we have

1
—— = min max E ®ij = minmax E E o By
S(P) xeA 1<)<e xeA BeA 13
]: 1=

By the min-max principle

1
= max min e
3(P) pea ocEAZZ iB-

=1 1i=1

The minimum over « being reached at the vertices of A, we obtain

1
DN I&ag m(p), where m(p) = lz 1r<n)1£1e AijBj.

We claim that the maximum is reached by a vector 3 whose non-vanishing entries are all equal, in other
words by a vector of the form
1 ifje]
B; =< #] ’
0  otherwise.

for some non-empty subset ] C {1,..., e}. The thesis is an immediate consequence of this claim.

To justify the claim, let us take a maximiser (3 of m such that the (non-empty) set TI(3) ={ ;5 | 1 <j < e \{0}
has minimal cardinality. Assume that #IT(3) > 1. We can pick b,c € TT(3) such that 0 < b < ¢, and define
Jo =1{j€{l,...,e}| B; = b} and likewise J.. The sets ], and J. are disjoint and non-empty. Given t € R,
we define a vector B* by

LIS
b+#] ifj € Jp,

t— L
Bj C_E ifj € J,

B; otherwise.

For small t, ' remains in the simplex since the sum of coordinates of § — 3" is zero. Furthermore

MY = (MB)\ (b, ) U{b+ 5, e — 5.

Now define I, = {i€{1,...,d} [ mini¢jce AijB; = b } and likewise I.. If #Ib il #IC then for t # 0 small
enough we have m(f) # m(p"). For small t, we see that m(") is linear in t and non -constant. Given that
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the sign of t is arbitrary, this contradicts the fact that  maximises m. Therefore, we must have z}—z = z}z‘ ,

which implies that m(B) = m(p*") for t small enough. Now let ty be the smallest positive t such that b+ #]tb
orc— #]% is an element of TT() U {0}. Then #TT(R*) < #I1(B), but by continuity m(f) = m(p*), so p* is
a maximiser of m, leading to a contradiction with the minimality of #IT(3). Returning to the start of the

argument, we conclude that #IT(3) = 1, as desired. O

B Discrete integration

B.1 Principle

Unlike Mg ., (L), the combinatorial moduli space Mcg‘fﬁb(l_) admits an integral structure M%‘fﬁbfz(l_) consist-
ing of those metric ribbon graphs with integral edge lengths. Since each edge is bounded by two (possibly
the same) faces, M°mP/Z(L) is empty unless L € Z and Y {-, L; is even. We assume this condition through-

g,
out this section. Since M‘é‘)’g‘b’z (L) is finite, we can consider the discrete integration of Q%g‘?{{‘b, ie.
(@comb ( G )) S
Ngn(L;s) = ~9n __ B.1
on(Lis) 2 #Aut(G) (B.1)

GEMETZ (L)
which is well-defined for any s € C. We may also rescale the integral structure by a factor k > 0 and perform

a sum over the set Mffﬁlb’z/ “(L) of metric ribbon graphs whose edge lengths are integral multiples of 1/k.

The definition of combinatorial lengths functions and B$°™ makes clear that:
VG e MPOTP(L),  BIRP(kT'G) = ko9 gomt(G)

where k™G is the metric ribbon graph G in which all edge lengths are multiplied by k~!. Recall from [18]
that the Kontsevich measure is essentially a Lebesgue measure:

dpk ﬁ di; =229 T dee
i=1

eckg

and that the sublattice of Z™ where ) i" ; L; is even, has index 2. It follows by definition of the Riemann

integral, that for s in the range of integrability of Q?;‘,’T‘{‘b, we must have

lim k(s~D69=6+20n - (KL;s) =2~ (2973 / (BE?)* duk. (B.2)
ke Mgme (L)

Note that the contributions of the cells of positive codimension vanish in the limit.

B.2 Motivation and elementary results

Although we do not undertake a systematic study here, we see both geometric and arithmetic reasons why
the study of the discrete integration of CBg‘fﬁ‘b is an interesting problem.

Let us start by recalling the picture in the hyperbolic world. For a stable punctured surface X, we have the
isomorphisms of measured spaces (the maps may be ill-defined on negligible sets):

(QTs, myy) — (MFs x MFg, py ® pm) «— (Tx x MFx, pwp @ pirn) (B.3)

where ¥ is a punctured surface, QT the bundle of meromorphic quadratic differentials on £ with simple
poles at the punctures, and 4y is a suitably normalised Masur—Veech measure. The first morphism consists
in taking the horizontal and vertical trajectories of the differential, the second morphism in taking the
horocyclic foliation associated to a hyperbolic structure. The Thurston measure py, comes from asymptotic
of lattice points counting, so one can consider discretised versions of f Mgn (0) Bgmn duwp by summing over

lattice points instead of integrating, and obtain the integrals by studying the asymptotics of such sums.
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(i) Lattice points in MFs x MFjs that fill the surface X are square-tiled surfaces. Their enumeration was
studied in [9] in order to compute Masur-Veech volumes, and it enjoys quasi-modularity proper-
ties [11,13,14].

(ii) Performing lattice sums along MFs and integration along Mg , lead to statistics of multicurves for
random hyperbolic surfaces. They were studied in [3,5,21].

The appearance of even zeta values (Bernoulli numbers) in [ Mon Bgnduwp can be understood from (i) or
(ii), and both (i) and (ii) can be computed by topological recursion.

In the combinatorial world, one has to use bordered surfaces of fixed boundary lengths L and consider
differentials with double poles, but there is a similar diagram. In fact, T7°™ can already be realised [4]
as a subset of a space of measured foliations MF§ (differing from MFy by the choice of boundary behav-
ior), replacing the right part of (B.3), and it is equipped with Kontsevich measure which also comes from
asymptotics of lattice point counts. We therefore have three discretised versions of [’ Mg (L) BLMPAy:

(I) Lattice sums along MFs and integration along Mcomb( ) leads to statistics of multicurves for random
combinatorial surfaces. They were studied in [4].

(I) Integration along MF; and lattice sums along Mcomb( L) leads to 714 (L; s = 1) defined in (B.1).

(III) Sums over lattice points in M‘;‘fﬁ‘b(L) x MFs. The latter are ordered pairs (G,y) where G is a metric
ribbon graph and vy is a multicurve, which in view of Lemma 2.6 can be identified with an integral
point in the fan Z¢.

Here we will not discuss (III) and content ourselves with elementary facts about (II). An explicit evaluation
can be carried out for the (1,1) case.

Proposition B.1. For L € 27, we have:

L_1 L_q
BE(G) 11 131
Ma(L1) = =y 42
(L) 2 FAUHG)  24-1¢ 'L Lk
GeMif’lmb'Z(L) k=1 k=1

In generating series form:

> M (L1)zE = i(lfi_z(z) +1n%(1 —Z)).

L>0
We know from (B.2) with (1.1) that:

2 2
lim 72y (kL;1) =2~ (2973+n) / B Ay = @ _r
k— 00 Mcomb( ) 4 24
keZ,
This indeed agrees with the formula for 771;(L;1), and we see that it involves truncations of the series
defining ((2). For general (g,n), we can give the following formula which performs the lattice sum over
MRS,
Proposition B.2. For each ribbon graph of type (g, ), fix a simplicial decomposition Tg of Zg. We have

n

Z ng,n(]-llu-,]_n;l)Hzl-i

LijLn>0 i=1
Li+:-+Lyn even

Pi,e Pp,e
_ Z Z / 1—[ pr 1—[ H?:l Z; HpeR(t) Xp
#Aut =t (6g—6+ Zn)' det(t) /1% n o Pie Poe

GERgn " peR(t ecbe \1—-IliL12" HpER(t) Xp

where Py (resp. P, ) is the number of times the edge e appears along the i-th boundary face (resp. the ray p) —
counted with multiplicity.
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This suggests that the general (g, n) case could have interesting arithmetics, possibly in relation with poly-
logarithms, and we know a priori that it should make appear truncations of even zeta values.

Another way to study the integrability property of (@‘é‘/’;{‘b) ® is to study the result of the discrete integration
Ny n(KL; s) for large integral k. The non-integrability cases will be detected by an anomalous scaling of this
function, i.e. a growth faster than k= (s71)(69=6+2n) when k — co. This can also be read from the dominant
singularity of the generating series Ngn(z;L,s) = Y . Ngn(kL s)z*. Namely, we expect logarithmic
singularities for Ngn(z; L, s) when s = s ., which will correspond to the appearance of logarithms in the
large k — oo asymptotics of 11y (kL; s} . ). We do not venture in a systematic singularity analysis, but give

gn
for (g,n) = (1,1) evidence of the logarithmic behavior by an elementary argument.

Proposition B.3. There exists c, > ¢ > 0, such that

InL InL

\V’L€22+, Clﬁgnl/l(L;SZZ) ngﬁ.

The three propositions will be proved in the next two subsections.

B.3 The (1,1) case
Proof of Proposition B.1. Our starting point is (2.3) for B{9™, which yields for L € 27, :
1
6

1 1
S= ) reerg T X @

a+b+c=¢ a+b=
a,b,c>0 a,b>0

1

N (L) = 1

St + =Ty,
2 2

with

Here the first terms corresponds to integer points in the top-dimensional cell, while the second sum counts
for the codimension-1 cell 3g/(L) = {(a,b) €R% [a+b = %} associated to the unique 4-valent ribbon
graph G’ of type (1,1), whose automorphism group is Z4. We can simplify the second sum as

For the record, its generating series is

a+b

z
T(z):Zng“: Z o =1n*(1—2).
a,b>0

The first sum could be evaluated by direct manipulations, but we prefer a generating series approach, as it
can be adapted (Section B.4) in any topology. We introduce

S(z) = Z S¢z%

>0

We also introduce the refined generating series

a+b_b+c, ct+a
Zi % Z3

m/ S(z) = S(Vz,Vz,Vz).

S(z1,22,23) = ) _
a,b,c>0
The advantage is that taking derivatives with respect to z; and z,, we can decouple the summation variables
and recognise geometric series. Indeed, for z1, 2, z3 € [0,1)
717373
(1-z122)(1 — z123) (1 — 225)

2120,,0,,5(21,22,23) =
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Since S(z1, 2, z) vanishes when z; = 0 or z; = 0, we get by integration

X1X223 XmdXZ
S(z1, 22, 23)
T (1 —x1%2)(1 — x123) (1 — x223)

:/ 232523 y1y2dydy;
012 (1 —=y1y2z122) (1 — y12123) (1 — Ya2223)°

Hence

// 2% dy;dy, _/1 Zdy In (F2£)
(1—zy1y2) (1 —zy1)(1 —2zy2) Jo (1—y)(1—yz)

_z

/H du In(1+u) zLi(z)
1*2 0 wl4+u) 1—z

7

where the last identity can be proved by differentiating the integral with respect to z and integrating again
from 0 to z. The expansion in powers of z yields

Hence:
- -1 1
p— Z @.
k=1
O

Proof of Proposition B.3. We have 1y1(L;2) = 1§ L+ }IT% , where the first (resp. second) term is the contribu-
tion from the top-dimensional (codimension 1) cell, namely

gfl Z ( 1 N 1 N 1 )2
z_4a+bﬂ:z (a+b)(a+c) (a+b)(b+c) (a+c)b+c))’
a,b,c>0

~ 1
Tg = Z W

a+b=¢(
a,b>0

This last expression can be evaluated as follows.

oy Lot 22
ke (0—k)22 ke (L—k)

—
EI\’I
$H
wl\’l

-1
' 4 1
gl @ty
k=1 k=1

N

Therefore T, = O(£~2) when £ — oo. Let us transform the first expression:

T4 = \la+b)latc)  (a+b)b+c)  (atc)(b+c)
a,b,c>0

3 1 3 1
- a+bZ+c:z 2(a+b2b+c)? 2(atbbrolate)
a,b,c>0
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Given a triple of integer summing up to ¢, at least one of them is > /3. Therefore

e T Yo i)+ Hmricem )
£ 4\ (€/3)2(a+1)2 " (€/3)%) "2\ (t/33(a+b) " (¢/3)2(a+c)?

a+b+c=¢L

a,b,c>0
_3 541n(e+ 1(€2/2) L3 54ln€+27ln€ _ glnt
~ 4 2 ¢4 2 & 2 o

provided we choose c¢; > 81 and { large enough. Since any linear factor in the denominators is < {, we get

3
~ 1+5 ,Int
S 2 _ 4 2 2 C ,
t Z 2(a + b)2 172
a+b+c=¢
a,b,c>0

provided we choose c¢; € (0,9) and { large enough. To get both inequalities we relabeled summation indices
to collect terms. O

B.4 An integral formula for arbitrary (g, n): proof of Proposition B.2

We want to compute

Z ng,n(]—ll-..,Ln;l)HZ%i

Ly,..Ln>0 i=1
Li+:--+Ly even

=2 #Aut Z B (G0 [ =" (B4)

GERgn cEg—Z4 1e<€1E<n
G

B 1 | ) P FIC ‘
= Z #Aut(G) Z Z gnldet HpER(t)(ZEEEGﬁpreee),

GERgn C:Eg—Z, teTg

where dgn =69 — 6+ 2n. Here (G, {) € Mcg‘fﬁb'z is the ribbon graph G equipped with the metric {, and we
have used in the last line Proposition 2.7. To handle the sum over {, we generalise the trick seen in the proof
of Proposition B.1. Namely, for fixed G and t, we introduce the easily-computable refined generating series

n . n P Poe
> IT(TI= II <) - 11 (1 o “)
P

C:Eg—Z, ecEg i=1 PER(t) ecEg o J A HpER(t)X

and we observe that multiplying it by [ [,cg1) d;—: and integrating over x,, € [0, 1]R(Y) yields the sums

Pi,eze
Z H?:l HeEEG Ziﬁ
L:Ec—Z4 HPGR(t) (ZeEEG Pp,ege)

which appear in (B.4). |
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