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Abstract

This paper analyses an adaptive nonconforming finite element method for eigen-
value clusters of self-adjoint operators and proves optimal convergence rates (with
respect to the concept of nonlinear approximation classes) for the approximation of
the invariant subspace spanned by the eigenfunctions of the eigenvalue cluster. Ap-
plications include eigenvalues of the Laplacian and of the Stokes system.
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1 Introduction

Nonconforming finite element methods (FEMs) are of high interest in computational fluid
dynamics where they provide stable low-order discretisations with favourable local mass
conservation properties. Especially for eigenvalue problems, the nonconforming discretisa-
tion is even more attractive because it allows for a convenient computation of guaranteed
lower eigenvalue bounds [19]. In many practical situations the eigenvalues of interest form
an eigenvalue cluster where all eigenfunctions have to be discretised simultaneously in
adaptive algorithms. This paper applies and generalises the technique of the recent work
[33] to the nonconforming P; discretisation of the Laplace and Stokes eigenvalue problems
and proves optimal convergence rates of the simultaneous adaptive FEM computation for
the eigenfunctions in the cluster. Optimal convergence rates for adaptive FEMs for eigen-
value problems were established in [26, 18] for simple eigenvalues and in [25] for multiple
eigenvalues for conforming finite elements and in [14] for the nonconforming discretisation
of the first eigenvalue of the Laplacian. The main difference to the analysis of those results
is the additional difficulty that the cluster width should not enter the error estimates as an
additive term. Consider a polyhedral Lipschitz domain Q C R? for d > 2 and a simplicial
triangulation Ty. Let W be the invariant subspace spanned by the eigenfunctions of an
eigenvalue cluster and let W, describe the linear hull of the corresponding nonconforming
P1(Ty) eigenfunctions. The adaptive algorithm is driven by the explicit residual-based er-
ror estimator contributions of all discrete eigenfunctions in the cluster. The main results
of this paper state that the error quantities
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(in the case of the Laplace eigenproblem —Au = Au) and

. 1/2
sup Hl‘fv (o = vellze + llp(w) — p(ve)[|?)
g

(in the case of the Stokes eigenproblem —Au+(Dp)" = Au; divu = 0) decay as (card(T;) —
card(Tp)) 9, provided all eigenfunctions belong to the approximation class 2, (resp.
gIStokes) - Here, ||| denotes the L? norm and ||-|lxc denotes the nonconforming energy
norm (i.e., the L? norm of the piecewise derivative). Although one can prove using the
techniques of [32] or the different approach of [4] that those error quantities also control
the square root of the eigenvalue error, this paper merely studies the approximation of
the space W. An important methodological tool is the higher-order L? control for the
eigenfunction approximations which is proven by means of conforming companion opera-
tors. This kind of operators were introduced in [14] 4] in the two-dimensional case and
are generalised in this paper to higher space dimensions d > 2. The resulting L? error
estimates compare the L? error directly with the energy error and therefore do not employ
any a priori results of the eigenfunction approximation.

The proofs for optimal convergence rates of adaptive FEMs were initiated by [22], 46]
and extended to nonconforming FEMs for the Poisson equation [3, [42] and the Stokes
equations [2), 21], B39]. These approaches were recently unified in the axiomatic approach of
[12]. The convergence of adaptive FEMs for eigenvalues was proven in [35] [36 10]. The
optimality results |26} 34] [I8] concern simple eigenvalues and conforming FEMs while [14]
establishes optimaliy for the nonconforming discretisation of the first Laplace eigenvalue.
The first optimality analysis for an adaptive algorithm for multiple eigenvalues [25] based on
conforming FEMs introduced a simultaneous bulk criterion for all discrete eigenfunctions
of the multiple eigenvalue. In [33] this marking strategy was proven to lead to optimal
convergence rates in the case of eigenvalue clusters. The results of this paper establish a
corresponding result for the nonconforming P; FEM and the first optimality result for the
Stokes eigenproblem.

The remaining parts of this paper are organised as follows. Section [2] describes an
abstract framework for the discretisation of eigenvalue clusters. Section [3] introduces the
notation on triangulations and presents the conforming companion operators for the non-
conforming P; FEM in any space dimension. Section {4 is devoted to the analysis of the
adaptive FEM for the eigenvalues of the Laplacian. Section [5] studies the adaptive FEM
approximation of the eigenvalues of the Stokes system.

Throughout the paper standard notation on Lebesgue and Sobolev spaces is employed.
The integral mean is denoted by f. The notation a < b abbreviates a < Cb for a positive
generic constant C' that may depend on the domain 2 and the initial triangulation Ty but
not on the mesh-size or the eigenvalue cluster of interest. The notation a ~ b stands for
a<b=<a.

2 Approximation of Eigenvalue Clusters

Let (V,a(-,-)) be a separable Hilbert space over R with induced norm ||-||, and let b(-, -) be a
scalar product on V' with induced norm ||-|| such that the embedding (V, ||-|la) < (V, |||l»)
is compact. This paper is concerned with eigenvalue problems of the form: Find eigenpairs
(A, u) € R x V with ||u|y = 1 such that

a(u,v) = Ab(u,v) for all v e V. (2.1)
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It is well known from the spectral theory of selfadjoint compact operators [40] 23] that the
eigenvalue problem ([2.1)) has countably many eigenvalues, which are real and positive with
400 as only possible accumulation point. Suppose that the eigenvalues are enumerated as

0<)\1§)\2§)\3§...

and let (u1,ug,us,...) be some b-orthonormal system of corresponding eigenfunctions. For
any j € N, the eigenspace corresponding to A; is defined as

E()\j) :={u €V | (\,u) satisfies (2.1)} = spanf{uy | k € N and A\, = A;}.

In the present case of an eigenvalue problem of (the inverse of) a compact operator, the
spaces E/();) have finite dimension. The discretisation of is based on a family (over
a countable index set I) of separable (not necessarily finite-dimensional) Hilbert spaces Vy
with scalar products axc(+, -) and byc(+, -) on V +V; with induced norms ||-||q xc and ||||p.nc
such that ayc and by coincide with a and b when restricted to V'

aNC’VXV =a and ch|V><V =b.

The discrete eigenvalue problem seeks eigenpairs (Ag, ug) € R x V; with [Jug||pnc = 1 such
that
axc(ug, vg) = Agbne(ug,vg)  for all vy € V. (2.2)

The discrete eigenvalues can be enumerated
0< X1 <2< Ag3...

with corresponding byc-orthonormal eigenfunctions (w1, us2,u3...). For a cluster of
eigenvalues Api1,..., Apyn of length N € N, define the index set J :={n+1,...,n+ N}
and the spaces

W :=span{u; | j € J} and W, :=span{ue;|j € J}.

The eigenspaces E(\;) may differ for different j € J.
Assume that the cluster is contained in a compact interval [A, B] in the sense that

{NilieJyufrg el jeJy C[A B

This implies
-1 -1

sup max max{)\ Aojs A -)\k} < B/A. 2.3

(el GR)ET? R 4 23
Although in the applications in this paper dim(V;) will be finite-dimensional, the analysis
in this section admits the case dim(V;) € NU {oo}. Let J¢ := {1,...,dim(V;)}\ J denote
the complement of J. Assume that the cluster is separated from the remaining part of the
spectrum in the sense that there exists a separation bound

A
My := sup sup max i 0. (H1)

<
tel jego ke |Aej — Ak
Given f € V, let u € V denote the unique solution to the linear problem

a(u,v) =b(f,v) forallvelV.
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The quasi-Ritz projection Ryu € V; is defined as the unique solution to
anc(Reu,vg) = bue(f,ve) for all vy € V.
Let P denote the byc-orthogonal projection onto W, and define
Ag:=P,oRy. (2.4)

For any eigenfunction u € W, the function Ayu € Wy is regarded as its approximation. This
approximation does not depend on the basis of W,. Notice that Ayu is neither computable
without knowledge of u nor necessarily an eigenfunction.

The following result is essentially contained in the textbook [48] and in [10] for a
conforming finite element discretisation of the Laplace eigenvalue problem. The proof
presented here extends the arguments of [48| to a more abstract situation.

Proposition 2.1. Any eigenpair (A\,u) € R x W of (2.1)) with ||ully = 1 satisfies

HR@U — AEUHb,NC < MJH'LL — Rgqu’NC and

[u — Poullpne < [lu = Apullpne < (1+ My)|lu — Reullp xe-

Proof. Set vy := Ryu — Agpu and recall dim(Vy) € N U {oo}. Since the eigenfunctions
(wej | 3 =1,...,dim(V;)) form a byc-orthonormal system of V; and vy is byc-orthogonal
on Wy, there exist coefficients (a; | 7 € J¢) such that

vp = Z ajup; and Z a? = vaHg’NC.
jeJe jeJc
The definition of Ry, and the symmetry show that
(Ar,j — N)bxc(Reu, ugj) = Aone(u — Rou, ug ;).
This and the orthogonality of vy and Ayu lead to

A

[vellf wo = bxc(Reu, Y ajugg) = bye(u— Reu, Y ajm

jeJc jeJe

The Cauchy inequality, the estimate (H1)) and the byc-orthogonality of the discrete eigen-
functions therefore show
[vellpne < Mllu— Reulfpne.

The second claimed chain of inequalities follows from the projection property of P, and
the triangle inequality. O

The following algebraic identity applies frequently in the analysis. It states the impor-
tant property that, although Ayu is no eigenfunction in general, Ayu satisfies an equation
that is similar to an eigenfunction property.

Lemma 2.2. Any eigenpair (A\,u) € R x V' of (2.1)) satisfies
axc(Agu, vg) = Abne(Pru,vg) — for all vy € V.

In other words, Ry and Py commute, Py o Ry = Ryo Py.
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Proof. The proof is given in [33, Lemma 2.2| and repeated here for convenient reading.
The representation of Ayu in terms of the byc-orthonormal basis (ug ;)je.s reads as

Ay = Zaju&j with o = byc(Ryu,ug ;) forall j € J.
jeJ

The symmetry of ayc and by proves for any j € J that
aj = bne(Rpu,ug j) = )\Z;QNC(REU»WJ) = )\Z;)\ch(Uvuﬁ,j)-

Therefore, the discrete eigenvalue problem reveals

QNC(AZU7 W) = Z C“j)\é,ijc(UE,ja W)
jeJ

= AZ bue (bne (U, we ) j,ve) = Abone(Pru, ve). O
jedJ

The following result states a comparison of seminorms for the eigenfunctions. The
application in the subsequent sections will be the equivalence of error estimators.

Lemma 2.3. Suppose that
€= ma}Huj — Apujllpne < V14+1/(2N) =1 foralll e 1. (H2)
j€

Then, both (Pru;);c; and (Agu;j) ;5 form a basis of Wy. For any we € Wy with ||wellpne =
1, the coefficients of the representation wy = ZjeJﬁjPEUj and wy = ZjeJ’YjAZUj are
controlled as

max ¢ Y |87, lyl? p <244N  for N = card(J). (2.5)
JjeJ JjeJ
For any ¢ € I, any seminorm py on Vy satisfies

N7Y " pe(NiPruy)? < (B/A?Y - pe(Aejue)?

jedJ Jj€J
< (B/AY'(N +4N%) S pe(\s Prus?
jedJ
and
NS 7 pe(Agu)® < (BJAY  pelugy)® < (BJA) (2N +4N?) Y~ pe(Aguy)®.
jed Jj€J JjeJ
Proof. The proof follows from Lemma 5.1 and Proposition 5.2 of [33]. O

3 The Nonconforming P; Finite Element Space

This section introduces the necessary notation on regular simplicial triangulations and
recalls some elementary facts on the nonconforming P; finite element space. It furthermore
generalises the companion operators from [I4] to higher space dimensions.
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3.1 Notation on Regular Triangulations

Let To be a regular simplicial triangulation of € in the sense of [47], i.e., UTp = Q and
any two elements of Ty are either disjoint or share exactly one k-dimensional face for
k <d (e.g., a vertex or an edge). Throughout this paper, any regular triangulation of 2 is
assumed to be admissible in the sense that it is regular and a refinement of Ty created by
the refinement rules of [47] with proper initialisation of the refinement edges [47]. The set
of all admissible refinements is denoted by T. Given a triangulation T, € T, the piecewise
constant mesh-size function hy := hg, is defined by hy|z := hr := meas(T)'/? for any
simplex T' € T,.

The set of (d — 1)-dimensional hyper-faces (e.g., edges for d = 2 or faces for d = 3)
of Ty is denoted by F; while the interior (d — 1)-dimensional hyper-faces are denoted by
Fe(Q). Let every F' € F; be equipped with a fixed normal vector vp. Given F' € Fy(Q),
F = 0Ty N OT- shared by two simplices (T4,T-) € ‘J'l?, and a piecewise smooth function
v, define the jump of v across F' by

[v]p == v|r, — |7

For hyper-faces F' C 0 on the boundary, [v]F := v|p denotes the trace. For a simplex T,
the set of (d — 1)-dimensional hyper-faces belonging to 7' is denoted by F(T).

The set of piecewise polynomial functions of degree < k with respect to Ty is denoted by
Pr(T¢). The L? projection onto P (Ty) is denoted by Hé}e = H?. The k-th order oscillations
of a given function f € L%(Q) is defined as

osci(f, Te) = |[he(1 = TI}) f | £2(c)-

The piecewise action of a differential operator is indicated by the subscript NC, i.e., the
piecewise versions of D and div read as Dyc = Dy¢(r) and divye = divye) €8, (Dyev)|r =
D(v|r) for any T € Ty. The dependence on Ty in the notation is dropped whenever there
is no risk of confusion.

3.2 Nonconforming Finite Element Space and Companion Operator

The nonconforming P; finite element space, sometimes referred to as Crouzeix-Raviart
finite element space [24], reads as

vp is continuous in the interior hyper-faces’
ERY(Ty) := { vy € P1(Ty) | midpoints and vanishes in the midpoints
of hyper-faces on the boundary

Let, throughout this subsection, V; := V(T;) := €RY(T) and V := H}(Q). Given an
admissible refinement Ty, € T(T;) of Ty, define the operator J?ﬁ V 4+ Vi, — Ve by

/(v — 1) ds =0 forall Fe Fyandallv eV + Vi,
F

Note that & is indeed well-defined for functions in €R(Trtm). A (piecewise) integration
by parts proves the projection property DNCJ?R = H%D, ie.,

/ DyeI da = / Dvdr forall T € Ty and all v € V + Vi (3.1)
T T

The proof of the approximation and stability property

1hz! (0 = I0) | 2y + 1 Dxo(v = I70) |2y S (1 = 109) Dneoll 2y (3:2)

6
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for any v € V 4 Vjpy,, and any T € Ty follows from the discrete Friedrichs inequality [9,
Thm. 10.6.12] and a scaling argument.

The remaining parts of this subsection present conforming companion operators. The
idea behind these operators is to design for a nonconforming finite element function vy
some conforming companion Jgzi1vy € V with certain conservation properties. For d = 2
these kind of operators have been constructed by [14] and independently by [41]. The
following result extends [14] to any dimension d > 2.

Proposition 3.1 (companion operator in any space dimension). Given any vy € V; there
exists some Jap1vp € Payr1(Ty) NV such that vy — Jgp1vp is L? orthogonal onto the space
Po(Ty) of piecewise constants, it enjoys the integral mean property

117 (Dxc(ve — Japavr)) = 0, (3.3)
and it satisfies the approrimation and stability property

1k (v = Jar1ve)lz2() + 1 Dxe(ve — Japav0)l| 2 ()
_ (3.4)
< min|| Dye(ve = v)llz2(0)-

Proof. The design follows in three steps.
Step 1. The operator Jy : Vy — Pi(Ty) NV acts on any function vy € V; by averaging
the function values at each interior vertex z, i.e.,

Jive(z) = card(Tp(2)) ! Z velr(z) for all z € Ny(£2)
TG‘T[(Z)

where Ty(z) := {T € Ty | z € T} is the set of simplices that contain the vertex z. This
operator is also known as enriching operator in the context of fast solvers [8]. The proof
of the approximation property

[ (ve = Trve)llrz(@) S minfl Dxe(ve = 0)]lz2() (3:5)

is included in [I1, Thm. 5.1] for d = 2. A generalisation to higher dimensions is outlined in
the proof of [13, Thm. 4.9]. This and an inverse estimate [9] imply the stability property

[ Dxe(ve — JIW)HH(Q) S gg}HDNC(W - U)HL2(Q)- (3.6)
Step 2. Given any hyper-face F' = conv{zi,..., 24} with nodal P; conforming basis

functions @1, ..., pq € P1(Ty) NV, the quadratic edge-bubble function
d
(2 -1)!
P ]Hl%

is supported on the patch of F' (that is the union of simplices which F' belongs to) and
satisfies JEF brpds = 1. For any function vy € V; the operator Jy : Vy — Py(Ty) NV acts as

Jqvp = Jivp + Z (]i(vg — leg) d5> br.

FETF,(Q)

An immediate consequence of this choice reads as

][ Jyqvpds = ][ veds for all F € F).
F F

7
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An integration by parts shows the integral mean property of the gradients H(e)DJd = Dyc,
ie,

/DJdvgdm’:/Dchgda: for all T' € T.
T T

Let T € Ty with F' € F(T). The scaling ||brllz2@) < th/2 and the Holder and trace
inequalities [30] show

h;lH Z (]i‘ (’Ug — Jl’Ug) dS) bF‘ L2(T)
FeF(T)
<hd /2 Z ][ vg — Jvyp) ds‘
FeF(T)
S h;1/2 Z [[ve — JIWHL2(F)
FeF(T)

S h;IHW — Jvel z2ry + [ Dne(ve — J1ve) | 22(m)
This, the triangle inequality and the properties (3.5)—(3.6|) yield

1Py (ve = Jave) | z2(@) S min] Dxe(ve = v)llr2(g)- (3.7)

The stability property of J; follows with an inverse estimate [9]
| Duc(ve = Jave) |22y S Ihy (e = Javo)l| 20y S gg‘l}HDNc(W = v)lr2(0)
Step 3. On any simplex T' = conv{z1, ..., 2441} with nodal basis functions ¢1, ..., @441,
the volume bubble function is defined by

d+1

11 ¢ € Ho(int(T)) (3.8)
J=1

(2d + 1)!
b = o )

and satisfies f,.br dx = 1. Define

Jar1ve == Jque + Z <][ (Ue — Jdvg) d:v) br.
T

TeT,

The difference vy — Jg41v¢ is L2-orthogonal to all piecewise constant functions. Since by
vanishes on all F' € JFy, Jyz41 enjoys the integral mean property HgDJdH = Dye. The
Holder inequality and (3.7]) imply

F = s
T

—d/2 —(d=2)/2 _ .
< hp P oe — Javell 2y S 2 gg‘I}”DNC(’Uf = V)|lz2()

The scaling || Db ||z2(q) ~ h,gfl ~2/2 and the triangle inequality prove the stability property
[ Dxe(ve — Jd—HW)HL? < mmHDNc(W - U)HL?
A piecewise Poincaré inequality proves the approximation property

th( = Jay1ve)|lz2 ) S mmHDNc(W —V)lr2(0)- 0
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4 Eigenvalues of the Laplacian

This section studies the adaptive nonconforming FEM approximation of the Laplace eigen-
problem. Subsection presents L? and best-approximation estimates for the linear Pois-
son problem. Subsection [4.2] introduces the discretisation of the eigenvalue problem. A
‘theoretical’ (i.e., non-computable) error estimator and its discrete reliability are analysed
in Subsection [£.3] Subsections [£.4H4.F present the practical AFEM and prove contraction
and optimal convergence rates.

4.1 Nonconforming FEM for the Poisson Model Problem

This subsection revisits the nonconforming P discretisation of the linear Poisson equation.
Let V := HZ () be equipped with the scalar products

a(v,w) := (Dv, Dw)2qy and b(v,w) = (v,w)r2(q)

and induced norms ||v|| := a(v,v)"/? and |jv|| := b(v,v)/2. Given f € L?(), the weak
formulation of the Poisson problem —Awu = f under homogeneous Dirichlet boundary
conditions reads as

a(u,v) =b(f,v) forallveV. (4.1)

The nonconforming finite element discretisation is based on the space V; := €9} (T;) and
the scalar product

axc(ve, we) == (Dncve, Dxcwe) 2y for all (vg, wy) € V@Z
with norm ||-||xc := anc(+,-) and seeks uy = Ryu € Vp such that
anc(ug,ve) = b(f,ve) for all vy € V. (4.2)

A posteriori and a priori error estimates as well as best-approximation properties for this
problem are well-studied in the literature [6, 27, 37, [I7]. Error estimates in the L? norm
require a modification of the usual duality argument for conforming finite element methods.
The following proposition establishes an L? error estimate. The main ingredient is the use
of the companion operator Jyy1. For d = 2, this result was first obtained by [I4] and
[15]. A similar approach has independently been developed by [41] for d = 2. The result
presented here compares the L? error directly with the energy error and therefore uses no
a priori results of the eigenfunction approximation. This is important as the L? control
will usually lead to higher-order terms which can be absorbed for ||hg|lcc < 1.

Let 0 < s < 1 indicate the elliptic regularity index of the Poisson problem —Au = f
with homogeneous Dirichlet boundary conditions in the sense that |[u|| g1+sq) < C(s)| fllL2(0)-

Proposition 4.1 (L? error estimate for the linear problem). The exact solution u to (4.1
and the discrete solution uy to (4.2)) satisfy

[l — el S llhollZllv — uellne.
Proof. Let e := u — uy and let z € V denote the solution of
a(z,v) = b(e,v) forallveV.

Recall the companion operator J;y1 from Proposition Since Hg (ug — Jgpque) = 0, it
holds that )
llell* = b(Jagr1ue — ug,e) + ble,u — Jgpiup)
=b

0 (4.3)
(Jag1ue — ug, (1 —1Ip)e) + a(z, u — Jar1up).

9
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Piecewise Poincaré inequalities and ([3.4]) lead to
b(Jarrue — ug, (1 =T17)e) < [[holl5llel e

Since e is perpendicular to the conforming finite element functions in P;(T) NV and since
19 Dyo(ue — Jar1ue) = 0, the Scott-Zhang quasi-interpolation z¢ € P1(T) NV of 2 [45]
satisfies

a(z,u — Jgp1ue) = anc(e, 2) + anc(ue — Jar1ue, 2)

= anc(e, z — z¢) + anc (g — Jgr1ue, 2 — 20).
The Cauchy inequality and (3.4) imply
aNC(ea z = ZC) + GNC(UZ — Jap1ue, 2 — ZC) S WGWNCH‘Z - ZCWNC'

Standard a priori error estimates [9] and the elliptic regularity imply
Iz = zcll < [hollZcllzll 1+ (o) < IlhollSlell-
The combination of the above estimates proves

lell < lholl3clellxe- O

The next result states a best-approximation property in any space dimension. It gen-
eralises some recent results of the medius analysis [7], 37, [I7] to arbitrary space dimensions.
The result is stated with a refined oscillation term oscy (f, Ty). This will be important for
the analysis of eigenvalue problems.

Proposition 4.2 (best-approximation property). The solution uw € V to (4.1) with right-
hand side f € L*(Q) and the discrete solution uy € Vy to ([£.2)) satisfy

lu = uellne < N1 = 119) Dul| + osci(f, Te).

Proof. The projection property (3.1)) of the nonconforming interpolation operator ng and
the Pythagoras theorem show that

llu = wellRe = llue = I ullie + llu = T ullke.

Since [Ju—Iul|xe = [|(1—I19) Dul, it remains to estimate the first term on the right-hand
side. Set @y := uy — ngu. The properties of the companion operator from Proposition
show that

lue = 377 ullZe = axc(ue — u, @0)
=b(f, 00 — Jas100) + (1 — ) Du, Dxc(Jag1 — 1)) r2(a)-

The approximation and stability properties (3.4 show that this is bounded by

(lhef 1 + 111 = T1Z) Dul) loeline-

The efficiency [|hef]| < [[(1—T19) Du|4-oscy (f, T¢) in the spirit of [49] follows from arguments
similar to those of [33, Prop. 3.1|. This concludes the proof. O]

10
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4.2 Discretisation of the Laplace Eigenvalue Problem
The Laplace eigenvalue problem seeks eigenpairs (A, u) € R x V' with ||u|| = 1 such that

a(u,v) = Ab(u,v) for all v e V. (4.4)

The finite element discretisation based on a regular triangulation T, seeks discrete eigen-
pairs (A, ug) € R x Vp with [|us|| = 1 and

axc(ug, vg) = Ab(ug,ve) for all vy € V. (4.5)
Adopt the notation of Section [2] with exact and discrete eigenvalues
O0< A <A<, and 0< A < "'S)\&dim(w)
and their corresponding b-orthonormal systems of eigenfunctions

(u1,u2,u3,...) and (ug1,ue2,-- -, Urdim(Vy))-

Recall the definitions of Section 2} The set J = {n+1,...,n+ N} describes the eigenvalue
cluster of interest and W := span{u; | j € J} and W, := span{u,; | j € J} are the
exact and discrete invariant subspaces (not necessarily eigenspaces) related to the cluster.
In the present situation, the quasi-Ritz projection Ry maps the solution v € V of the

linear problem to the solution Ryu of the discrete linear problem . With the L?
projection Py, := P, onto Wy let Ag, := Ay := Pyo Ry.

The remaining parts of this subsection prove an L? error estimate as well as a best-ap-
proximation result.

Proposition 4.3 (L? error control). Provided ||hollco < 1, any eigenpair (\,u) € R x W
with ||ul| = 1 satisfies for some constant Cr2 and the separation constant My from (H1))
(Section[d) that

|u — Pou| < flu— Agul] S (1+ My)llu— Reul| < Cpra(1+ My)|lhollSollu — Aeuflxe.

Proof. Note that Ryu solves (4.2) with right-hand side f := Au. The combination of
Proposition [2.1] with Proposition [4.1] and Proposition [4.2] yields

lu = Ppull < flu = Agull < (1 + My)llhol[% (lu = Aeullxc + osci(Au, Tp)).
Provided ||hp||co < 1, the oscillation term can be absorbed. O

Proposition 4.4 (best-approximation property). Provided ||hollco < 1, any eigenpair
(A u) e Rx W of (4.4)) with |ul| =1 satisfies

lu — Aullve < (1 —1I9) D).
Proof. The triangle inequality proves for the quasi-Ritz projection Ryu that
lu = Agullve < llu = Reullxe + [ Rew — Apullne.

Set g := Ryu — Ayu. The definition of Ry and the discrete problem (cf. Lemma prove
that
I Rew — Apulle = anc(Rew — Agu, or) = Ab(u — Pru, ¢y).

11
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Hence, the Cauchy and discrete Friedrichs inequalities [9, Thm. 10.6.12] and the L? control
from Proposition [4.3] prove that

I Rew = Agullne S A+ My)[hollSllu = Agullxe.

~

The combination of the foregoing estimates with Proposition [£.2] results in
llu = Aullve < (1= 19) Dul| + M1 + M) [[holl3clw — Agullne + oser(Au, T).

If |holloo < 1 is sufficiently small, the higher-order terms on the right-hand side can be
absorbed. O

4.3 Theoretical Error Estimator and Discrete Reliability

The analysis relies on a theoretical, non-computable error estimator that does not depend
on the choice of the discrete eigenfunctions. This idea was first presented in [25]. Given
an eigenpair (A, u), the error estimator includes the elementwise residuals in terms of Pyu
and Apu. More precisely, define, for any T € Ty,

(T A u) o= B[Nl oy + Y ht I[Aeu] el 72y
FeF(T)
and, for any subset X C Ty,
g (3 N ug) = pg(T, Ajyuy) and - (K) ==Y pg (K, Ajyuy).
Tex jeJ

The following shorthand notation for higher-order terms will be frequently used in
the remaining parts of this section. For (¢,m) € N3 define (with the constant Cp2 from

Proposition
P = ol + M) Cr/llu — Agul? + lu— Asull. (4.6)

The theoretical error estimator satisfies the following discrete reliability.

Proposition 4.5 (discrete reliability). There exists a constant Cypel = 1 solely dependent
on To with |hollee < 1 such that any eigenpair (\,u) € R x W of with |jul| = 1
satisfies

20 Aeemu — Agull* < Chat (07 (Te \ Tems Ay ) +77,,)-

Proof. Let vy, denote the best-approximation (with respect to the norm ||-||xc) of Apu
in Vyy,,. The Pythagoras theorem reads as

[(Aeem — AoJullie = NAesmu — vermllic +  min  Jwerm — ApulRe.
w£+m€w+m

The second term has been estimated in |13, Thm. 3.1] by means of the jumps of Ayu. For
the analysis of the first term, let wpip, = Appmu — vop,. The projection property
of the nonconforming interpolation and the discrete eigenvalue problems (cf. Lemma [2.2)
reveal that

A cemt — vermllie = anc(Arym — Ae)u, 0rim)
= Ao((Prsm — Po)tt, poim) + Ao(Pru, (1= 77 00 m)-

The L? error estimate from Proposition and the approximation and stability property
(3.2)) conclude the proof. O

12



Nonconforming AFEM for Eigenvalue Clusters May 15, 2014

The reliability of the error estimator is an immediate consequence.

Proposition 4.6 (reliability and efficiency). Provided ||ho|lcc < 1, any eigenpair (A, u) €
R x W of (4.4) with ||ul| =1 satisfies

lu = Agullic < Clraipii (Te, A, ). (4.7)

For some constant Cog =~ 1, it holds that
pe(Tes A u)? < Clpllu — Agul3e (4.8)
Proof. The reliability
2lu — Agullic < Clra (H7(Te, X ) + Aol 3N (1 + M) flu — Aeull3e)

follows from the discrete reliability on a sequence of meshes Ty, With ||Rssm|lco — 0 and
the a priori convergence result of Proposition [£.4] Provided the initial mesh is sufficiently
fine, the higher-order terms on the right-hand side can be absorbed. The efficiency

s 2
208 (T, Ay w) < C2g (1+ Al holl X35 (1 + M) Cp2)” Jlu — Agullae

follows from the triangle inequality and the L? error control from Proposition combined
with the standard arguments of [49]. The assumption ||hg||co < 1 implies

17 (Te, A u) < Cligllu — AgulRe. =

4.4 Adaptive Algorithm and Contraction Property

This subsection presents the adaptive algorithm and proves the contraction property.
For any simplex T' € T, the explicit residual-based error estimator consists of the sum
of the residuals of the computed discrete eigenfunctions (ue;);es,

m(T) =Y | Wil Aejuesllizy + D hitllues)elia e
jed FEF(T)

Let, for any subset X C T,
i (K) ==Y nf(T).
TexX

For simple eigenvalues this type of error estimator was introduced by [28]. The adaptive
algorithm is driven by this computable error estimator and runs the following loop.

Algorithm 4.7 (nonconforming AFEM for the Laplace eigenproblem).
Input: Initial triangulation Ty, bulk parameter 0 < 6 < 1.

for ¢ =0,1,2,...

Solve. Compute discrete eigenpairs (A j,ue ;) e of with respect to 7.
Estimate. Compute local contributions of the error estimator (n%(T))T T,
Mark. Choose a minimal subset M, C T, such that 612 (T¢) < n2(M,).
Refine. Generate Ty := refine(Ty, My) with the refinement rules of [47].
end for

Output: Triangulations (T;), and discrete solutions (()\g,j,w’j)jg)e.

13
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The first important observation is that, by Lemma the non-computable error esti-
mator ug(My) satisfies the bulk criterion

Ope(Te) < pe(My)
for the modified bulk parameter
f:= ((B/A)'2N? +4N*) " o < 1. (4.9)
The following proposition states the error estimator reduction property.

Proposition 4.8 (error estimator reduction for py). Provided the assumptions and
(see Lemma[2.5) hold, there exist constants 0 < py <1 and 0 < K < oo such that Ty
and its one-level refinement Ty 1 generated by Algorithm and any eigenfunction u € W
with ||u|] = 1 and eigenvalue X satisfy (with v¢y from ([L.6))) that

pisa (Tern, Au) < pra (Te, A, u) + K ([Aeaw = AgullRe + [lholl3r?s) -

Proof. The standard techniques of [22, 46] and the bulk criterion (4.9) lead to a constant
K such that

M%—H(‘I@rl? )‘7 u)
< prpg (T, \w) + K ([Aes1u — Agullie + [|hes i A(Pr1 — Po)ull?) .

The triangle inequality for the term ||hpiiA(Ppy1 — Pp)ul| and the L? error control from
Proposition 4.3| prove the result. O

The next technical result is needed for the reduction of the volume contribution of the
error estimator. Inequalities of this type were previously utilised in [42] for d = 2 for the
linear Poisson problem and in [I3] for boundary value problems for d > 2.

Lemma 4.9 (control of the volume contribution). Provided ||ho||cc < 1, any triangulation
T € T and any admissible refinement Toip, of To satisfy for any 0 < § < oo and any
eigenpair (A\,u) € R x W of (4.4) with ||u|]| =1 that

|hesmAPeymul|Fagy + (1+671)(1 — Q_Z/d)th)\PNHé(u(frz\ier))
< 2(1+8)[|hol37f m + (14671 IheAPrulf2(q).-
Proof. The triangle and Young inequalities prove for any 0 < § < co that
ther)‘PéerUH%Q(Q)
< (14 8) | esm A Pepmts — Pew) 2y + (1+ 5 IhesmAPoul 2.
The relation h‘} m < h‘} /2 on Ty \ Tyym, proves
lheAPeull72 gy, < (1= 272/d)71(||h€)\P£U”%2(Q) — [|herm AP 22 (g))-
The preceding two displayed formulas together with Proposition prove the result. [

In the case of nonconforming discretisations of eigenvalue problems, the Galerkin or-
thogonality is violated at two points. First, the nonlinearity leads to a perturbation of the
right-hand side. Furthermore, the nonconforming finite element functions are not admis-
sible test functions in the continuous problem and, thus, additional techniques enter the
analysis. The notion of “quasi-orthogonality” traces back to [20].

14
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Proposition 4.10 (quasi-orthogonality). Under the hypothesis ||hol|cc < 1 there exists a
constant Cqo such that any eigenpair (A\,u) € R x W of {.4) with ||ul| =1, any T, € T,
and any admissible refinement Ty of Ty satisfy

|2anc(u — Appmtty Appmu — Agu)|
< Coo (IheXPrull 2 ur 3y ) + Teom) It = Argmulne.

Proof. Some algebraic manipulations with the projection property (3.1) of the noncon-
forming interpolation and the discrete eigenvalue problems (cf. Lemma [2.2) reveal

axc((1 = M)ty (Aprm — Ag)u)

= anc(Aprmu, U%_Tm(l — Appm)) — anc (Mg, 53 (1 = Mgy )u)

= Ab(Prmtt, T30 (1 = A )u) — Ab(Po, (1 = Mgy )u)

= Mb(Pew, (T52, = T (1 = Apgm)u) + A0((Pram — Po)u, T (1 = Apym)u).

Since S%fmv];r = J%mv\;r for all T € Ty N Tpypm, the first term of the right-hand side can be

controlled with (3.2 as
Ab(Pru, (355 = I8 (1 = Apyom)u)
S heAPeull 203 \30 400 1 Pno (1 = Argem)ull L20r\ 7000

For the second term, the discrete Friedrichs inequality [9, Thm. 10.6.12] and the stability
of ng reveal

Ab((Peam = PO, Iin (1 = Apsm)u) S M (Perm — Po)ulllu — Apymulle.

The triangle inequality and Proposition [4.3| control the term A||( Py, — Pr)ul| by 7¢ 1, from
(4.6]). This concludes the proof. O]

The following contraction property implies the convergence of the adaptive algorithm.

Proposition 4.11 (contraction property). Under the condition ||hollcc < 1, there exist
0<p2<1land0<p,y<oo such that, for any eigenpair (A\,u) € R x W with ||u|| =1,
the term & = p2(To, A, u) + Bllu — Apul2¢ + Y| hePoul|?® satisfies

§§+1 < pa&s for all £ € Ny.
Proof. Throughout the proof, the following shorthand notation applies

eri=lu—Arulse,  ers1i= lu— Aerulsc

pe =i Todw),  pger = i (Tepn, A ).

The error estimator reduction from Proposition 1.8 and elementary algebraic manipu-
lations plus the quasi-orthogonality (Proposition 4.10)) lead to

2 2
piyr + Kep

< pii + K(e? + 2a(u — Appru, (Ap — Agr)u) + HhngoT?J)

< piuj + K(6§ + Coo (1heXPeull L2(ugp\ 7, 0) + Te1) €041 + ||h0\|g07'c?,1>~

15
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This and the Young inequality for any 0 < & < 1 lead to
N%-H +K(1- Cq05/2)e§+1
<pipi+ K (e? + Coo/e(|lheXPeulliz g g,y + T21) + llhoHZon%l).
The reliability proves for any 0 < ¢ < oo that this is bounded by
(01 + K(CFra)iii
+ K((l —Q)ej + qu/g(Hhﬁ)‘PZUH%?(UT@\THm) +17,) + HhOHgorl%I)'
Lemma states for any 0 < § < oo and ¢q := (1 — 272/%) that

20|[holl2r2y  (|heAPwul®  ||hesiAPryrul?
+ — =
Cd Cd (1+0"1)ey

[ReAPrul 2 g,y <

Altogether,

qu||h€+1>\P€+1u||2>

2 2
Kot + K <(1 - Oq0€/2)e€+1 + 6(1 + 5_1)Cd

sun+Kaﬁmm%+K<u—<m%

CoollheAPpul|?
(7 Cunlt + 2810l ) + ol ), + Sl

ECq
Define

26| hol|?
t%ﬁa:%@m@vwwm%wmﬂ%ﬂ+fm
d

) + [1hol12)-
Recall the definition (4.6) of r,;. The reliability (4.7)) implies
K (7 Cao(1 + 280l fea) + 0|12 )21 < (o, . 6) (12 + 1340).

This and the fact that ||heAPoul/? < u2 together with the foregoing estimates prove

Coollhe1 APy yyull?
e(l+d71)eq

(1 tlho 2.0 + K (1= Cone/2)ed +
< (p1 + K(CRa + t(ho,e,0) + Ke )

- K((l —Q)el + (qu - 5) th/\Pgu\P).

ECq
Hence, for
 K(1—Cqee/2) o KCyo
b= 1 —t(ho,e,0) ’ T e(140"Yeq(1 — t(ho,e,0))’
and

P2 1- t(hOa &, 5) ’

1-¢ _
1— Cyoe/2’ (1467)(Co 52%)/0‘10}’
it follows that

po1 + Begyy + APt APraull® < pape + Bef + | heAPoul|?).

Choose 0 := Cqo/(e%cq) and e < 2¢Cy'. The choice of sufficiently small ¢, € and ||hg||s
yields p2 < 1. O
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4.5 Optimal Convergence Rates

Let, for any m € N, the set of triangulations in T whose cardinality differs from that of Ty
by m or less be denoted by

T(m) :={T € T | card(T) — card(Tp) < m}.

Define the seminorm

ulg, = supm® _inf ||(1 —TI%)Du
ula, 3= sup m? inf |1~ 1) Du]

and the approximation class
Ao :={veV||v|a, <oo}.
Define the following alternative set, also referred to as approximation class
ANCA = {u ev| |ulgme.a < oo}

for

ulgge.s 1= supm? _inf fju— Arule
for the eigenfunction approximation Agu with respect to a triangulation J. Proposition 4.4
proves that these two approximation classes are equivalent in the sense that any eigenfunc-
tion u € W belongs to 2, if and only if it belongs to ngc’A. The following theorem states
optimality of Algorithm [£.7] The proof follows in the remaining parts of this section.

Theorem 4.12 (optimal convergence rates). Provided the bulk parameter 6 < 1 and the
initial mesh-size || ho|loo < 1 are sufficiently small, Algom'thm computes sequences of tri-
angulations (Tp)e and discrete eigenpairs ((Agj, uej)je), with optimal rate of convergence
in the sense that, for some constant Copt,

2
sup (card(Ty) — card(T0)) ™ > lluy — Aetj[ie < Copt Y _[ujl2xc.a-
ten jed jes
Proposition [£.4] implies the following immediate consequence.

Corollary 4.13. Provided the bulk parameter 6 < 1 and the initial mesh-size ||ho|loo < 1
are sufficiently small, Algorithm computes triangulations (Ty)¢ and discrete eigenpairs
((Nej,uej)jes), with optimal rate of convergence in the sense that

1/2
d(T,) — card(Tp))? inf — < |2 O
sup(card(Ty) — card(Tp))? sup inf [lw — vyflxc S gl :
tenN ﬁ”ﬁ”ﬁ“gewf jed
wll=

The remaining part of this subsection is devoted to the proof of Theorem which
follows the methodology of [46, 22] as in [33]. The optimality proof of this section is
concerned with the simultaneous error of all eigenfunction approximations. Consider

=2 = 1 (T0) + 63 My — Auglide 7 3 ek PP for all £ € Ny
Jj€J JjeJ
for the parameters g and ~ from Proposition The proof excludes the pathological
case Zg = 0. Choose 0 < 7 < ZjeJ‘“j@NcyA/E& and set £(¢) := /T Zy. Let N(¢) € N be
minimal with the property ’

S leslies < (07 N0
jed 7

17



Nonconforming AFEM for Eigenvalue Clusters May 15, 2014

Let for a fixed £ € N, ‘}g € T denote the optimal triangulation of cardinality
card(T;) < card(Tp) + N(¢)
in the sense that the projection A= A@ with respect to :J:g satisfies
>l = Augllie < N7 Jujlanea < e(t)? (4.10)
jeJ jeJ

and define ‘/J\'g =T ® ﬁ'g as the overlay [22], that is the smallest common refinement of T
and Ty. The arguments of [22] [33] lead to

. 1/(20)
card(Ty \ Tp) < N(¢) < 2<Z|uj|;NC,A> e(0)~/e. (4.11)
jer
Let A := A@ denote the projection with respect to ‘j\’g.

Lemma 4.14. Provided ||ho||sc < 1, it holds that

> g — Aujli? e S e(0)2.

jeJ

Proof. Recall that by definition of the overlay [22] the triangulations T, and T, are nested.
Hence, the best-approximation result of Proposition and (4.10) prove

D Mg = AuglRe S lluy — Augllie < (). O
jeJ jeJ
Lemma 4.15 (key argument). Provided ||ho|lcc < 1, there exists Co =~ 1 such that
1 (Te) < Copg(Te \ To).
Proof. The triangle inequality and the Young inequality imply for any j € J, that

luj — AgusliRe < 2luj — AujlRc + 2 Au; — AgujlRe

Hence, the discrete reliability from Proposition leads to
luj — AeujllRc <2+ CaXslholl3s (1 + My)*CFa)llu; — Aujllie
+ CaraAi 1holl 2 (1 + My)?Clalluy — AR
+ C?irel“% ((‘TE \ T, )‘.77 uj)‘

The term with [|uj — Agu;]|3. can be absorbed for sufficiently small ||hg||oc < 1. Therefore,
Lemma implies for constants C3 = 1 ~ Cy and ||ho||cc < 1 that

D My = AgugllRe < Cae(0)* + Capf (Te \ To).
JjeJ

Let Ceq denote the constant of C3Z% < CequZ(T¢) (which exists by reliability). The effi-
ciency (4.8)), the definition of £(¢) and the preceding estimates prove

Co 1 (T2) < Cse(0) + Capi(Te\ To)
< 7Ceqtf (Tg) + Capf (To \ To).

For a sufficiently small choice of 7, the constant Cs := (C’;ﬁ? — TC'eq)_lC4 is positive. [
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The finish of the optimality proof follows the arguments of [22, 46]. The proof is
identical to that of |33, Lemma 7.3] and therefore omitted.

Lemma 4.16 (finish of the optimality proof). The choice
0<0<1/(Cy(BJA)*(2N? +4N?))
implies the existence of a constant C(c) such that

1/2

1/2
(card(Ty) ~ card(o)" | Sl ~ Al | < 0@ Thsyes) - O

JjeJ jeJ
5 Eigenvalues of the Stokes System

This section studies the adaptive nonconforming FEM approximation of the Stokes eigen-
problem. Subsection presents new L? and best-approximation estimates for the linear
Stokes equations. Subsection [5.2] introduces the discretisation of the eigenvalue problem.
A theoretical error estimator and its discrete reliability are analysed in Subsection [5.3
Subsections [5.4H5.5] present the practical AFEM and prove contraction and optimal con-
vergence rates. Whenever there is no significant modification compared to the case of the
eigenvalues of the Laplacian, the arguments are merely sketched.

5.1 Nonconforming Discretisation of the Stokes Equations

One important advantage of the nonconforming P; finite element method is that it provides
a stable low-order discretisation of the Stokes equations [24]. The strong form of the linear
Stokes equations for a given force f seeks the velocity field u and the pressure p such that

—~Au+ (Dp)" = fand divu=01in Q, wulgq =0.

Conforming finite elements satisfying the constraint divu = 0 pointwise a.e. are rather
complicated, see [44] [38]. The nonconforming P; finite element satisfies favourable local
mass-conservation property for the piecewise divergence.
Let V := [H(Q)]? and M := LE(Q) := {q € L*(Q) | [,qdz = 0} and define the
bilinear form
a(v,w) := (Dv, Dw) 2y for all (v,w) € V2

with induced norm ||-||. Furthermore define
b(v,q) = —(divv,q) 2 forall (v,q) €V x M

and set (") 1= (- )z with ] == [ z(ay.
Given f € [L?(Q)]%, the linear Stokes problem seeks (u,p) € V x M such that

a(u,v) +b(v,p) = ¢(f,v) foralvelV,

5.1
b(u,q) = 0 for all ¢ € M. (5.1)

This mixed system can be reformulated as an elliptic problem. Let Z := {v € V | divv = 0}
denote the space of divergence-free vector fields. Problem (5.1)) is equivalent to

a(u,v) = c(f,v) forallveZ (5.2)

19



Nonconforming AFEM for Eigenvalue Clusters May 15, 2014

and the pressure variable p plays the role of a Lagrange multiplier. The equivalence with
follows from the Ladyzhenskaya lemma [9] [I] which states that the divergence operator
div : V — M has a continuous right-inverse. Note that carries more information than
in the sense that the pressure variable p extracts information from f € [L?(Q)]¢ even
if f is zero as an element of the dual space Z*.

The nonconforming P; finite element discretisation of the linear Stokes equations is

based on the nonconforming finite element space V; := [@%6(7@)}d and My := Po(Ty) N
L3(Q) and the bilinear forms

axc(ve, we) := (Dxevy, Dxcwy) 2y for all (vg, wy) € %
with induced norm ||-||xc and
buo(ve, qe) = —(divne ve, @) p2(o)  for all (ve, qr) € Ve x M.
The nonconforming FEM seeks (ug, pg) € Vp x My such that

axc(ug, ve) + bnc(ve, pe) = c(f,ve)  for all vy €V,

(5.3)
ch(uz, qz) =0 for all g, € M,.
The well-posedness follows from the discrete inf-sup condition [5]
b
0< B < inf sup M (5.4)

ae€ M0} v\ {0y llvellne laell

Obviously, the discrete solution u, of ([5.3)) is piecewise divergence-free, divyc ug = 0. The
equivalent formulation based on the space Zy := {vy € V; | divyc vy = 0} reads as

anc(ug,ve) = b(f,vg) for all vy € Z,. (5.5)

Note that the nonconforming interpolation operator J%m maps the space Z onto Z,.
This follows from the projection property (3.1]). It is well-established in the literature [29]
and follows from the discrete inf-sup condition (5.4) of the system (5.3|) that the error in

the pressure variable can be controlled as

lp = pell < Nhef Il + llu — wellxe- (5.6)

The main difference to the analysis of the Laplace operator is that the pressure variable
enters the analysis even if one considers the elliptic formulations and . One
reason is that the companion operator J;y1 from Proposition does not map the space
Zy on Z only. Also the efficiency error estimate of the volume term ||hyf]| leads to a
pressure term on the right-hand side.

The following best-approximation result has been proved by [16] with techniques from
the medius analysis [37] for the case d = 2,

lp = pell + llw = wellne < 111 = TZ)pl| + |1 = TIF) Dul| + osco(f, T).

The following result gives a generalisation to d > 2 space dimensions with a refined oscil-
lation term.

Proposition 5.1 (best-approximation result). Let f € [L%(Q)]¢. Then, the solution
(u,p) € V- x M of (5.1) and the discrete solution (ug,pg) € Vo x My of (5.3)) satisfy

llu = wellxe + [lp = pell < 111 = 1Z) D + [|(1 = TI9)p]| + osc1(f, Te).
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Proof. The projection property (3.1]) of the nonconforming interpolation operator ng and
the Pythagoras theorem show that

e e
lu = uellRe = llue = I ullRe + lu = I ullRe.

Since [Ju—Iul|xe = ||(1—119) Dul|, it remains to estimate the first term on the right-hand
side. Set @y := uy — U%mu. The properties of the companion operator from Proposition
and divye up = 0 = divye ngu show that

llue — Tl 2 = anc(ue — u, @¢)
= c(f, 00 — Jar100) — buc(pr — Japr00, (1 = TI9)p)
+ ((1 = ) Du, Dxc(Jar1 — Do) 2 (0)-

The approximation and stability properties (3.4)) show that this is bounded by

(lhef I+ 111 = T)pl + llue — I ullne) loelne-

The efficiency ||hef|| < [[(1—119) Dul| +||(1 — 1Y) pl| + osci (f, T¢) in the sense of [49] follows
from arguments similar to those of [33, Prop. 3.1]. This and (5.6) conclude the proof. O

Remark 5.2. One may ask whether possibly an estimate of the type

lu — wellne S ||(1 = TI2) Dul| + oscillations

~

may be valid. To see that the esimate is indeed untrue consider the case of a simply-
connected domain ) for d = 2 and the constant right-hand side f = (1,1). Clearly, f
is an irrotational vector field which implies that there is a function ¢ € H'(Q) such that
f = Dv. The integration by parts therefore shows that

c(f,v)=0 forallve Z.

Hence, u = 0 and the right-hand side of the estimate equals zero, while the left-hand side
equals ||ugl|lxc.  The latter, however, is not zero because f does not represent the zero
functional in the dual space Z;, although it is zero in Z*. This is due to the fact that the
integration by parts with functions vy € Zy leads to additional jump terms.

The next result is an L? error estimate for arbitrary regularity of the solution. Let
0 < s <1 indicate the elliptic regularity of the problem ([5.1]) in the sense that [31, 43]

[ull s () + Pl (@) < C()If l20)- (5.7)

Proposition 5.3 (L? error control for the linear Stokes problem). The ezact solution
(u,p) € V- x M of the linear problem (5.1)) and its nonconforming finite element approxi-

mation (ug,pe) € Vi x My from (5.3)) satisfy
= el S NhellZe (I = wellxe + [1p = pell + oscr1 (f, Te)).-

Proof. Let (z,q) € V x M denote the solution of problem (j5.1) with right-hand side
e = u—uy and set v := u — Jy41uy for the companion operator Jg41 from Proposition [3.1}
Since H?(ue — Jgr1ug) = 0, it holds that

lel|* = e(Jagprue — ug, €) + c(e, v)

0 (5.8)
= (Jay1ue — ug, (1 = TIy)e) 2(q) + a(z,v) + b(v, q).
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Piecewise Poincaré inequalities and ([3.4]) lead to
(Jar1ue — ug, (1= 17)e) 120 < [1hollZllellZe:
The definition of v and divu = 0 = divyc uy prove

a(z,v) + b(v,q) = axc(e, z) + axc((1 — Jat1)we, 2) + bnc(ur — Jar1ue, q).

May 15, 2014

(5.9)

The projection property (3.1]) of ng and the continuous and discrete problems (/5.1]) and
(5.3) followed by the approximation and stability properties (3.2]) of ng show for the first

term on the right-hand side of (5.9 that

axo(e, 2) = a(u, z) — axc(ue, I572) = (f,2 =I5 2) 12(q) S [1hef||[[(1 = TI9) D2)]|.

Recall that divye J%%z = divz = 0. The projection property (3.3)) and the stability (3.4))

of Jg41 show for the second term on the right-hand side of ([5.9) that

anc((1 = Jag1)ug, 2) = (Dne(1 = Jag1)ug, (1 = 119) D2) 12 ()
< Jlu — wellxe||(1 = T17) Dz|].

Since H? div(ug — Jg41ug) = 0, the third contribution of ([5.9) satisfies

bao (e — Jap1ue), q) = buo(ue — Japrue, (1 —119)q)
< Jlue — Jaauellne [1(1 = T19)q].-

The best-approximation property (3.4) of Jgzy1 proves that |luy — Jgp1ue|nc
Altogether,

lel* < llhollZ el + ke fINI(1 = TI) D2)]|
+llellse (I1(1 = TI2)ql| + (1 - T19) D=]]).

Standard a priori estimates [9] and the elliptic regularity imply
(1 = T9) D) + [[(1 = )]l S [lholl3slel-
The combination of the above estimates proves
lell S lholl2e(llellxe + llhef1)-
An efficiency estimate similar to that of [33, Prop. 3.1] proves
lhe fIl S 111 =) Dul| + [|(1 = TI9)p]| + oscr1(f, T).-

This concludes the proof.

S llellxe-

O

Remark 5.4. The right-hand side in Proposition s also an upper bound for p — py
in the H™1 norm. Although the proof is not difficult, it is not given here because the H !

error control is not required in the analysis of this paper.
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5.2 Discretisation of the Stokes Eigenvalue Problem

The Stokes eigenvalue problem seeks (A, u,p) € R x V' x M with ||u|| = 1 such that

a(u,v) + b(v,p) = Ac(u,v) forall v e V,

5.10
b(u,q) = 0 for all ¢ € M. (5.10)

Although (A, u,p) is rather a triple than a pair it is referred to as eigenpair and identified
with the pair (A, (u,p)). As in the foregoing section, an equivalent formulation reads as

a(u,v) = Ae(u,v) for all v € Z. (5.11)
The nonconforming FEM seeks (ug, pg) € Vy x My with |Jug|]| = 1 such that

anc(ue, ve) + bnc(ve, o) = Aec(ug,ve)  for all vy € V,

(5.12)
bxe(ug, q) = 0 for all gp € M.
An equivalent formulation reads as
axc(ug,vg) = Ape(ug,vp) for all vy € Z,. (5.13)

The elliptic formulation on the spaces Z and Zy shows that this problem fits in the frame-
work of Section [2| (where b from Section |2 is replaced by ¢) with exact and discrete eigen-
values

O0< A <X<... and O<)‘f,1§"‘§)‘f,dim(2g)

and their corresponding c-orthonormal systems of eigenfunctions

(uy,u2,us,...) € ZN  and (ug,1,ue2, - - - Updim(z,)) € Z?lm(Z‘).

The corresponding pressures are denoted by p1,p2, ... and pg1, ..., Drdim(z,), respectively.
Recall the definitions of Section 2} The set J = {n+1,...,n+ N} describes the eigenvalue
cluster of interest and W := span{u; | j € J} C Z and Wy := span{ug; | j € J} C Z,
are the exact and discrete invariant subspaces (not necessarily eigenspaces) related to the
cluster. In the present situation, the quasi-Ritz projection R, maps the solution v € Z
of the linear problem to the solution Ryu € Z; of the discrete linear problem
with discrete pressure p(Ryu) € M, from . The L? projection onto W, is denoted by
Ps, := P;. Furthermore Ay, := Ay := Pyo Ry. In view of Lemma @ the discrete pressure
p(Apu) € My corresponding to Ayu is defined via

anc(Aeu, vg) + buc(ve, p(Agu)) = Ae(Pru,vg)  for all vy € V. (5.14)

It is not difficult to see that p(Asu) is well-defined: Lemma [2.2] shows that Ayu solves the
discrete source problem with right-hand side f = Pyu. Hence, p(Asu) is the discrete
pressure (or Lagrange multiplier) of .

The following result gives an L? error estimate for the eigenfunctions.

Proposition 5.5 (L? error estimate). Provided ||ho|loo < 1, there exists a constant Cpz
such that any eigenpair (\,u,p) € R x W x M of (5.10) with ||u|| = 1 satisfies

lu — Peul| < [lu—Agull < Cpa(1+ M) |[holl% (11 — ) Dul| + [|(1 — 1I)p])).
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Proof. Proposition and the L? error estimate from Propositionresult in the following
inequality for the solution (Reu,p(Rsu)) of (5.3) to the right-hand side f := Au,

[l — Peu|| < {lu— Agull
S (U4 M) hellSe (e — Reulle + [lp — p(Rew) || + oscr,1(Au, T)).

The best-approximation result for the linear Stokes problem (Proposition [5.1)) therefore
yields

Ju = Agul] (14 M) el (101 = ) Dul| + (1~ T)p|| + osea (v, Ty)).

If the initial mesh-size is sufficiently small, the discrete Friedrichs inequality [9, Thm. 10.6.12]
allows to absorb the oscillation terms on the right-hand side. O

The L? error control and the best-approximation of the quasi-Ritz projection from
Proposition [5.1] result in the following best-approximation property for the eigenfunction
approximation.

Proposition 5.6 (best-approximation property). Provided the initial mesh-size is suffi-
ciently fine ||holleoc < 1, any eigenpair (A, u,p) € R x W x M of with ||ul] = 1
satisfies

lu — Agulle + llp = p(Aew)|| S [I(1 = TI9) Dul| + [|(1 — TI9)p]|.

Proof. The L? control of Proposition and the best-approximation result for the linear
case of Proposition [5.1] enable the arguments from the proof of Proposition [f.4] The details
are omitted for brevity. O

5.3 Theoretical Error Estimator and Discrete Reliability

The analysis relies on a theoretical, non-computable error estimator that does not depend
on the choice of the discrete eigenfunctions. Given an eigenpair (A, u), the theoretical error
estimator includes the elementwise residuals in terms of Pyu and Agu. More precisely,
define, for any T € T,

i (T, M u) = W APl oy + D b Al el m
FeF(T)

and, for any subset K C T,

N?(:K7 )‘j7uj) = Z M%(T7 Aj?“j) and N?(:K) = ZM%(:K? Aj?“j)'
TeX jeJ

The following shorthand notation for higher-order terms will be frequently used in the
remaining parts of this section. For (¢,m) € N2 define

P = [holl3e (1 + M)Coa (IIp = p(Aew)]? + Ilp = p(Aeymr)|
(5.15)

/
2 2
ol = el + llu = werml3e)
The following result states the discrete reliability for the theoretical error estimator.

The discrete reliability for the linear Stokes problem was first established by [39, 21]. The
proof presented here is valid for the eigenvalue problem and any space dimension.
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Proposition 5.7 (discrete reliability). There exists a constant Care) = 1 such that, for
any eigenpair (A, u,p) € R x W x M of with ||ul| = 1, any admissible refinement
Team of Tg € T and the respective discrete eigenfunction approximations Apu € Vp and
Apimu € Vi satisfy

1P(Argmu) — p(Agu)|?

(5.16)
SN Avhm = Ao)ullZe + APl 2 urpg, 0y F T

and
2(I(Aerm — Aoull¥c + [P(Arrmu) — p(Agu)|?)

< Cgrel (M% ((‘Tf \ “Tf-i-m) + Irtg,m) .

Proof. The discrete inf-sup condition ([5.4)) shows that there exists some g1, € Vi, with
lpermllne = 1 such that

(5.17)

Ip(Arsmu) — p(Aew) || S bnc(@em, P(Arpmu) — p(Agu)).

The discrete eigenvalue problems on the levels £+ m and ¢ (recall Lemma [2.2| and (5.14)),
some algebra and the integral mean property (3.1) of the nonconforming interpolation
operator f]%m show that
b(Petms P(Aermu) — p(Agu))
= ¢\ (Pepm — Po)tt, prim) + (AP, (1 =I5 peqm)
- aNC((A€+m - Ag)u, (Pf-i-m)'

Proposition and the discrete Friedrichs inequality [9 Thm. 10.6.12] control the first
term on the right-hand side as

AN (Prm — Po)u, 0o1m) S Tom-

This, the approximation and stability properties (3.2)) and the discrete Friedrichs inequality

[9, Thm. 10.6.12| for ¢y, prove (5.16).
Let vg4,, denote the best-approximation with respect to the norm ||-||xc of Agu in Viyp,.

The Pythagoras theorem
[(Aerm — Aoullie = IArrmu — vermllie + lverm — Avulie (5.18)
prove together with (5.16[) that

1P(Apmw) — p(Aew)]|? + | (Artm — A)ullZe
S A cmt — vermllze + verm — Aeullie (5.19)
+ 1heAPoull )\ T ) + Tlm-

Set Gprm := Npymt — Vo Elementary algebra and the projection property (3.1)) show

A crmt — vepmllie = anc(Aesmt — Vetm, Pesm)
= axc(Arrmts ram) — anc(Aet, I Gpim).
The discrete eigenvalue problem and the identity show that this equals
ane (A rgrmt; Gom) — anc(Aett, I dpsm)
= c(APpmtts, Bom) — AP, I8 pim)
— bxe(Gesm, P(Arymu)) + buc (977 b ym, p(Aew)).

25



Nonconforming AFEM for Eigenvalue Clusters May 15, 2014

Since the velocity approximations Ayu € Wy and Agyu € Wyyy, are piecewise divergence-
free, the projection property of J%m shows that

bNC(¢€+map(A€+m)) — bxe (j%m¢€+m7p(A€u))
= bxo(Verm — Mg, p(Agu) — p(Apymu)).
The combination of the foregoing three displayed formulae yields
IAeemte = vermlRe

= Ae(Prymt = Po, $o1m) + Ae(Pott, b — I7 G 4m) (5.20)
=+ bne (UZer - Afuvp(AZeru) - p(AgU)).

Proposition and the discrete Friedrichs inequality [9, Thm. 10.6.12] control the first
contribution as

AC(Porm — Pt $om) S Teamlldesmllne:

The approximation and stability properties (3.2)) of ng and the fact that ngqﬁg+mlT =
Go4m|T for all T € Ty \ Tpqp, prove for the second term of (5.20) that

(AP, Gy — 37 borm) S I1he APl 2ugp 3, 4 ) | Sesmllne.

Therefore, the combination of ((5.19)—(5.20) and the Young inequality prove for some con-
stant C ~ 1 that

Ip(Aemu) — p(Agw)[|* + [|Aermu — AgullZq
< O(IheAPllE 2oy ) + T + Notm = Aculle )

1 1
+ S M6eemlEe + 5 Ip(Aeimt) — p(Aew)|*

The Pythagoras theorem implies the stability ||¢etmllne < [[(Arwm — Ae)uf|ne. Hence, the
terms on the right-hand side with the prefactor 1/2 can be absorbed. The estimate

lverm = Aullfe S Y >0 b llAwdpllia g
TeT\Tpym FEF(T)

is proven in [I3, Thm. 3.1] and bounds the second contribution on the right-hand side of
(5.19). O

As in Subsection the following reliability and efficiency are an immediate conse-
quence of the discrete reliability.

Corollary 5.8 (reliability and efficiency). Provided ||hollco < 1, any eigenpair (\,u,p) €
R x W x M of (5.10) with ||ul]| =1 satisfies

lu — Aeullic + I = p(Aew) [|* < Clraps (Te, A, ) (5.21)
and, for some constant Ceg =~ 1,
pe(Tey Ay u)? < Co(lu — AgulRe + o — p(Ag) 1) (5.22)

Proof. Let (Tprm | m € N) be a sequence of nested refinements of T, with ||Asim|lcc — 0
as m — oo. The a priori convergence results (for instance Proposition and the discrete
reliability prove the reliability. The efficiency follows from the standard techniques of [49].
Higher-order terms are absorbed for ||hgl/c < 1. O
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5.4 Adaptive Algorithm and Contraction Property

This section presents the adaptive algorithm and the contraction property.
For any simplex T' € T, the explicit residual-based error estimator consists of the sum
of the residuals of the computed discrete eigenfunctions (ug ;);e.,

M (T) ==Y | Wil Aejuesllizy + D hrtllues)rlage
jeg FeF(T)

Let, for any subset KX C 7T,
(%) = 3 (D).
Tex
For the linear Stokes problem this type of error estimator without pressure contribution
was introduced by [29].
The adaptive algorithm is driven by this computable error estimator and runs the
following loop.

Algorithm 5.9 (AFEM for the Stokes eigenvalue problem).

Input: Initial triangulation Ty, bulk parameter 0 < 6 < 1.

for ¢ =0,1,2,...

Solve. Compute discrete eigenpairs (A j,ue 5, pe;)jes of with respect to JTp.

Estimate. Compute local contributions of the error estimator (n7 (7)), 7,

Mark. Choose a minimal subset M, C T, such that 917%(‘3'@) < 77%(3\/[@).

Refine. Generate Ty := refine(T,, M;) with the refinement rules of [47].

end for

Output: Triangulations (T;), and discrete solutions (()\g’j,uaj,p&j)jej)g.
The proof of the contraction property follows in a similar way as for the eigenvalues of

the Laplacian. The error estimator reduction is identical to that of Proposition [4.8]

Proposition 5.10 (quasi-orthogonality). Under the hypothesis ||ho|loc < 1 there exists a
constant Cqyo such that any eigenpair (\,u,p) € R x W x M of (5.10) with ||u|| =1, any
Te € T and any admissible refinement Ty of Ty satisfy

12anc(u — Aprmt, Appmu — Apu)|
< Cool[lheAPoull 2 (urp\7y s ) + Tem) v — Aepmullne-
Proof. The nonconforming interpolation operator J%m maps functions from Z as well as
functions from Z,,,, to the space Z, i.e., it preserves the (piecewise) divergence-free

property. Hence, the proof of Proposition [£.10] applies almost verbatim. The details are
omitted. n

Note that the quasi-orthogonality is stated for the velocity approximations only. A
quasi-orthogonality of the pressure as in [39] is not needed in this analysis.

Proposition 5.11 (contraction property). Under the condition ||hollcc < 1, there exist
0<p2<land0< B,y < oo such that, for any eigenpair (A, u, P) € Rx W x M of (5.10))
with |Ju|| = 1, the term €2 := p3 (T, A\, u) + Bllu — Agul|? + y||he Pou||* satisfies

£?+1 < ,0255? for all £ € Ny.

Proof. The proof essentially follows the steps from Proposition The pressure variable
only arises in higher-order terms that are controlled by the error estimator. The details
are omitted for brevity. O
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5.5 Optimal Convergence Rates

This subsection establishes optimal convergence rates of Algorithm [5.9] For the linear
Stokes problem, the optimal convergence of AFEMs has been proven in [2] [39, 21].
Define the seminorm

|(u, p)laggrores := sup m? _inf ([|(1 —T15) Dul| + [[(1 — 1I5)pl})
7 meN  TET(m)

and the approximation class
Q[CSTtokeS = {(U,q) eV xM ‘ |(U7q)’m§rtokes < OO} .

The set A5k does not depend on the finite element method and instead concerns the
approximability of the derivative and the pressure variable by piecewise constant functions.
The following alternative set, also referred to as approximation class, is used for proving
optimal convergence rates

mgC,Stokes = {(u,p) eVxM ‘ ‘U|QlNc,smkes < OO}

for

[(u, p)gvesiores == sup m? _inf (|lu — Agullxc + [lp — p(Agu)]]).
7 meN TeT(m)

Proposition [5.6] establishes the equivalence of those two approximation classes in the sense
that any eigenfunction (u,p) € W x M satisfies (u,p) € A5k if and only if (u,p) €
ngc’smkes. The following theorem states optimality of Algorithm The proof will be
outlined in the remaining parts of this section.

Theorem 5.12 (optimal convergence rates). Provided the bulk parameter 6 < 1 and
the initial mesh-size ||hollco < 1 are sufficiently small, Algorithm computes sequences
of triangulations (Ty), and discrete eigenpairs ((Aej,uej,Dej)jes), with optimal rate of
convergence in the sense that, for some constant Copt, it holds that

20
sup (card(Ty) — card(T0))™" > (lu; — AeujllZe + llp; — p(Aeuy)|I?)
jeJ

S COpt Z| (u] Y p_]) |;NC,Stokes .
jed

Let for any w € W with the representation w = ) jeg QU the corresponding pressure
be defined as p(w) := >, ; a;p;. For any v, € W, with representation v, = >, ; BjAu;
define p(ve) := > ;c; Bjp(Aeu;). Proposition implies the following immediate conse-
quence.

Corollary 5.13. Provided the bulk parameter 6 < 1 and the initial mesh-size ||hp|loo < 1
are sufficiently small, Algom'thm computes triangulations (Ty)¢ and discrete eigenpairs
((Nejrue, peg)jes), with optimal rate of convergence in the sense that

7 i 1/2
sup(card(Ty) — card(T0))” sup inf (Jlw — vel|2e + [|p(w) — p(ve)[?)"
leN ”uljuenli/l 'UZGW[
1/2
N Z|(uj7pj)’glgtokes . -
jeJ
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The proof of optimal convergence rates is almost identical to that presented in Subsec-
tion The only difference is that the pressure term appears in certain estimates. The
modifications are sketched in the remaining part of this subsection.

Consider

=2 = W3(T0) + B3y — Ayl + 3 S llheds Pey|? - for all £ € Ny
jeJ jeJ

for the parameters 5 and 7 from Proposition [5.11} Choose

0<r< Z|(Uj,pj)|§[Nc,Stokes/E(2)
jeJ

and set £(¢) := /T Ep. Let N(¢) € N be minimal with the property

Z’(uj7pj)|§l§(3,stokcs < 5(@2 N(K)QU'
jeJ

Let ‘}g € T denote the optimal triangulation of cardinality
card(T;) < card(Tp) + N(¢)
in the sense that the projection A= A@ with respect to ;JV'g satisfies
™ (Mg — Bl + llpy — p(Rap)[?) < N (O Shlpcse < (07 (5:23)
JjeJ jeJ
and define ﬁ'g =T, ® Ty as the overlay. The arguments of [22, [33] lead to
R 1/(20)
card(T¢ \ Ty) < N(£) <2 ( Z\ug-\;Nc,smkeS> e(0)~e.
jes
Let A := A@ denote the projection with respect to 7.

Lemma 5.14. Provided ||hol|oc < 1, it holds that
> (g = Rl + lIps = p(Ruy)2) S 2(0)2
Jje€J

Proof. As in the proof of Lemma recall that by definition of the overlay [22] the tri-
angulations T, and T, are nested. Hence, the best-approximation result of Proposition

and ([5.23)) prove
> (s = R 2e + llpy — p(Ruy)|2)

JjeJ

S Y (s = R + llpy — p(Ray)|?) < e(0)2 =
JjeJ

Lemma 5.15 (key argument). Provided ||ho|lcc < 1, there exists Co =~ 1 such that

13(To) < Copd(To \ To).
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Proof. The discrete reliability from Proposition the efficiency from Corollary and
the arguments of Lemma lead to the desired estimate. The details are omitted for
brevity. [

The finish of the optimality proof is identical to that of [33, Lemma 7.3] and therefore

omitted.

Lemma 5.16 (finish of the optimality proof). The choice

0<0<1/(Ca(B/A2N? +4N?))

implies the existence of some constant C(o) such that

1/2
sup (card(Ty) — card(T0))” [ > (luy — Aeusllic + [lp; — p(Aej)[|?)
leN jed
1/2
< o) Llwsmlgeso) 0
jeJ
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