
Functional monotone class theorem

Theorem. Let Ω be a set and H be a vector space of bounded functions from Ω to R such
that

1. the constant function 1 is an element of H,

2. if (fn)n∈N ⊆ H, fn ≥ 0, such that fn ↗ f for a bounded function f : Ω → R, then
f ∈ H.

If C ⊆ H and C is closed under multiplication (i.e. f, g ∈ C ⇒ f•g ∈ C), then σ(C) ⊆ H.

Proof. See e.g. planetmath or Williams (1991).

Exercise 1. Let (Ω,F ,P) be a probability space with random variables X,Y . Let further
G ⊆ F be a sub-σ-algebra such that Y ⊥ G and X ∈ G. Then

E [f (X,Y )| G] = g (X)

for g(x) =
´
f(x, y) dPY (y), where f is any bounded measurable function.

Exercise 2. Let X = (Xt, t ≥ 0) be a stochastic process on a probability space (Ω,F ,P)
with X0 = 0 and (Ft)t≥0 its natural filtration. Then it is equivalent:

(i) X has independent increments.

(ii) Xt −Xs ⊥ Fs for all t ≥ s.

Exercise 3. Consider the path space ET with canonical σ-algebra E⊗T = σ(πt : t ∈ T ),
where πt : ET → E, πt(f) = f(t) are the coordinate projections. Let further πS : ET →
ES , πS(f) = (f(t))t∈S be the projection to ES , S ⊆ T . Show that X : ET → R is E⊗T -
measurable if and only if there exists a E⊗S-measurable function g : ES → R for some
countable S ⊆ T such that X = g ◦ πS .
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