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Chapter 1

Construction and properties of
Brownian motion

1.1 Motivation

Why is the Brownian motion the central object of stochastic analysis?

Scaling limit of random walks

(Xk)k>1 iid. random variables with E[X;] = 0, 0* = Var(Xy) < oo. Put Sy := 0,
Sp =3 p_; Xg, n > 1. Zooming out (rescale time): Y( ) =8,,forn=0,1,...,N. Then
E[Yé%}] =0, Var(Y(N)) = Var(Sy) = No2. Standardlbe (rescale space): ZT(L/K, = UlanjV]\;
forn=20,1,...,N. Then E[Z (N)] =0, Var(Z (N)) = 1. Use linear interpolation to define
th(N)7 t €0, ] Asymptotics N — oo: (Zt(N),t € [0,1)) 4 (Bg,t € 10,1]), where 2, means
convergence in distribution on C([0,1]). This is Donsker’s invariance principle (functional
CLT).

Anti-derivative of “white noise”

Physicists and engineers often model random perturbations by a white noise process (I'y, t >
0). They postulate: I is a Gaussian process (all (I'y,,...,I;, ) are Gaussian) with E[I';] = 0,
Cov(T'y,T's) = 6(t — s) with “d-function” defined by d(x ) =0forz#0and [*_§(z)de =1
for all ¢ > 0. The idea of the covariance structure is that for f € L2([0,1]): the linear
functional fo t)T'; dt is Gaussian with mean 0 and

ar(/olf(t)l“tdt> ]E[/lf(t)f‘tdt/lf(s)l“sds}
//f E[rr, dtds—/ 12 (s) ds = I3

This will be made mathematically correct via the stochastic integral: fo Oy dt ~

[~

fo t) dB; (Wiener’s stochastic integral). White noise itself is difficult to define properly,
but the stochastlc integration theory is well developed. As we shall see, Brownian motion
can be seen as the anti-derivative of white noise.
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Why “white” noise? Fourier coefficients: for k > 1
Ci= [y Tugzcos (kt) dt ~N(0,1),
Dy= [y Tyesin(kt) dt ~N(0,1),

and for k=0

Co = Tydt ~ N (0,1).

&l

By polarisation we obtain:

Blcp) P2 % (E[(Cx+D)*] ~E (€0 - Di)?])
from above. 1 (H\/lg (cos (k) +sin (1)~ [~ | i)
0.

Then Cy, D, are uncorrelated. Equally, we can show that the entire set {Cy, k > 0}U{D;,l >
0} consists of independent (!) N(0,1)-distributed random variables. This gives formally

. 1 1 1
Iy = Cr—=cos (kt) + Di—=sin (kt) | + Co—=
for ¢ € [0, 27]. Hence, Brownian motion should be
B = i <C’k1 sin (kt) — Dki cos (kt)> + C’OL.
Tk Tk V2r

k=1

Continuous martingales

Let (M, t > 0) be a continuous martingale on a filtered probability space (2, F, (Fi)i>0, P)
with filtration (Fi)i>0 (V0 <t < s F; C F, sub-c-algebras of F), i.e.

(i) M; e L',
(ii) M, is Fp-measurable (“adapted”),
(iii) VO <t < s: E[M|F] = M, as.,
(iv) t — M;(w) is continuous for almost all (a.a.) w € Q.
They form basic stochastic objects! Fundamental results:
(a) M can be obtained by a (random) time shift of a Brownian motion B

M; = B‘r(t) + My, t>0.

(b) M can be obtained by averaging weighted Brownian increments (as a stochastic inte-
gral):
t
Mt:Mo+/ H,dBs, t>0,
0

where B is a Brownian motion and H is a suitable (random) integrand.

Understanding B means understanding continuous martingales!
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Diffusion, Laplace operator, physical Brownian motion

(By,t > 0) should be a continuous Markov (“memoryless”) process in R?. Let f: R? — R
be some physical quantity f(y) at some point y (e.g. temperature). Consider a diffusion
equation for some “density” ¢(y,t):

0 L=
FTid (y,t) + div (J (yvt)) =0,

where f(y,t) is the flux in y at time ¢. Usually, f(y,t) is proportional to —grad¢(y,t) =
—Vo(y,t). Then

0
57 1) — oD (y,t) =0

(here A =V -V = a‘% + 4+ 88—;5). This is a diffusion equation. We suggest as solutions
o(z,t) := E,[f(Bt)], Bo = = (Brownian motion starting in z), for all “nice” f. Let p(x,y,t)
be the transition density of B such that ¢(x,t) = fRd f)p(z,y,t) dy. This gives a PDE for
p:

%p (z,y,t) = 0?Aup (z,y,t) (master/heat equation). (1.1.1)

The solution with p(z,y,t) = §(x — y) is p(x,y,t) = (27)~4/2g=dt=1/2¢=lz=ul*/2to” (this g
the Gaussian density!). This yields the mathematical Brownian motion (up to a factor 202).

1.2 Approaches to construct Brownian motion

Definition 1.1. A stochastic process (B, t > 0) is called Brownian motion (or Wiener
process), if

(i) Bo =0 as.,
(ii) B has independent increments: Vn > 1,0 <ty < -+ < ty, : (By; — B, ;)1<i<n are
independent random variables,
(ili) By — Bs ~ N(0,t — s) for all t > s > 0 (stationary increments),

(iv) t — B;(w) is continuous for a.a. w € Q) (continuous trajectories/paths).

Let T > 0. The Wiener measure PV on (C([0,T], Bo(o,r)), where Be(o,1)) is the Borel-
o-algebra on C([0,T]) (if T' < oo this is induced by the sup-norm, if T = oo it is induced by
a special metric inducing the topology of uniform convergence on compact sets) is given by
the image measure induced by a Brownian motion B: PV (A) = P(B € A).

Remark 1.2.
(i) Given PV the coordinate process m; : C([0,T]) — R, m(f) = f(t), T < oo, defines

a Brownian motion (m,t € [0,7]) on [0,7T] (check via Stochastic processes I). Here,
(C([0,T7), Bc(jo,1))) is called (canonical) path space.

(i) (By)i>0 = (By,t > 0) is a centred Gaussian process with covariance function c(t, s) :=
Cov(B¢, Bs) = t A s (recall: B is a Gaussian process < Vn,0 < t; < -+ < t, :
(Bt,,...,B:,) is Gaussian). The Gaussianity of B follows by the independence and
normality of increments. With respect to the covariance function let s <t such that

Cov (B;,B;) = E[BB]=E|(B,+ B; — B, ) By
N—_——
indep. of Bsby (ii)
= E[B|+E[B, — BJ]E[B,] = s.
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Hence, Vs,t > 0 Cov (Bt, Bs) = s A t. How many Brownian motions are there? Since
the cylinder sets

Ay, e ={f€C0,T)]) : (f(t1),...,f(tn)) € C}

for 0 <t; <ty <...,t, <T < o0, C € Hgn, form an N-stable generator of B (o, 1)),
the Wiener measure P is uniquely (!) defined by these Gaussian properties.

(iii) The existence of a Brownian motion is much less evident. The main difficulty is the
continuity of paths (see exercises). Since (t,s) — C(t,s) = t A s is a positive semi-
definite function, a Gaussian process with mean 0 and covariance function C(t,s)
always exists by Kolmogorov’s consistency theorem (as a limit of a projective family
of distributions) on (RRJr,%H%R*). Hence, a process (By,t > 0) satisfying properties
(i)-(iii) of a Brownian motion always exists.

Donsker’s invariance principle

Show existence by tightness and Prokhorov’s theorem (see Stochastic processes I).

Kolmogorov/Chentsov: continuous version

Definition 1.3. A process (X¢,t € T) is a version of (X, teT)ifvteT: P(X, = X;) = 1.
X and X are called indistinguishable it P(Vt € T : Xy = X;) = 1.

Note that a version X of X has the same finite-dimensional distributions, i.e.

(Xtys---5 Xs,) % (X4, -, Xy,) which means Pty Xen) = P(XerXen) - We shall show
that a process B with properties (i)-(iii) of a Brownian motion has a continuous version B,
which then satisfies (iv) as well (surely!).

Example 1.4. Suppose (Xy,t € [0, 1]) is a continuous process. Then we can define a version
(X¢,t € ]0,1]) with discontinuous trajectories by

~ X t
Xt: ty ?éT
Xt+]., t=r1

where 7 ~ U([0,1]) is independent of X on (£, F,PP). This follows from P(X; = X)) =
P(r #t) = 1. Note that P(Vt € [0,1] : X; = X¢) = 0. Hence, (X;,t € [0,1]) is a version of
(X¢,t €10,1]) but they are not indistinguishable.

Theorem 1.5 (Kolmogorov-Chentov). Let (X;,0 < ¢t < 1) be a stochastic process on
(Q,F,P). If there are C > 0,«, 8 > 0 such that

Vs, t € [0,1] : E[| X, — X,|*] < C |t — "7,
then X has a continuous version X on (0, F,P). The paths t — X, (w) are even Hélder
continuous of reqularity v € (0,1] for any v < B/a, ie. 3L (w)Vt,s € [0,1] : | X (w) —
Xs (W) | < L(w)|t — s|7.
Proof. 1. Stochastic continuity: By Markov’s inequality

P(|X;— X,|>e) <e “B[|X; — X,| 9] < Ce |t —s|1HF.

For sequences s,, — t we have X, P, X, (stochastic continuity, necessary for a.s. continu-
ity).
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2. Control of increments along Dy, :={k-27":k=0,...,2"}: Let 0 <y < /. Then

(*)
P (|Xk2—" — X(h_1y2-n| > Q—W) < ¢ . meg—n(4h) — ¢ g—n(l+B—av)

By a union bound

on
P <k}=q1,.aji{2" ’Xk27" - X(k*l)Q*" 2 2_7“’) S ;P (|Xk27n - X(k‘fl)Q*" Z 2_’}/”)

< (.9 Bmam)

By the Borel-Cantelli-Lemma 3Q* € F,P(Q*) = 1 such that Vw € Q*3In*(w)¥n >
n*(w) ‘maXg=1,...2n |Xk2—n — X(k,1)2—7L| <277,

3. Beyond neighbours in D,: Let w € Q*, n > n*(w). We show Vm > nVs,t € D,,,0 <
[t —s| <27 | Xi(w) — Xs(w)| < 2- Z;n:n-u 2777 by induction on m. For m = n + 1 and
5,6 € Dy, |t — 8] < 27" we find that |t — s| = 2=™ = 2=(*D_ Apply 2. for n + 1. For
the induction step assume that the statement holds for m — 1. With respect to m assume
35,t € D,,_1 such that [t — 3| < [t —s|, | X5 — X,| <277, | X;— X;| < 277™. The induction
hypothesis implies then that

m—1 m
Xy — Xof <Xy = Xgl 41X — Xa| + [ Xs — X[ €2:277" 42 Y~ 277 =2. " 277,
j=n+1 Jj=n-+1

4. Hélder continuity on D :=J,,~; Dm: For s,t € D,0 <[t —s| < 27" (@) and n > n*(w)
with 27("+1) < |t — 5| < 27" we have

(o)
; 2
— : - = .9=v(n+1) —
X (w) = X (w)] <2 _Z 27 = S 2D < Ot — s,
j=n+1
5. Extension from D to [0,1]: Now define
0’ w ¢ Q*a
X (w) := 4 Xy (W), weNteD

limsy sep Xs (W), weQ*t¢ D

Then ¢ — X, (w) is continuous in ¢ (and well defined, topology result) and measurable in w.
Even more: for u € D,t ¢ D,(s,) C D,s, = t,we€ Q*,0< |t —u| < 9—n*(w)

~ 4.
X (w) = Xy ()| = lim [X;, (w) = Xy(w)| < limsupC' - |s,, —u|? = C - [t —u|?
n—oo

Sp—t

. n* ()
and similarly for u,t ¢ D. For 27" ) < |t — u| we can write |t — u| < Zi:l [t — tr—1]
with tg = U, ton* ) =t and |t — tp—1| < 2-1"(@) such that

2n*(w)
X -X@| < 0 Y [Fuw - X @)
k=1
on™(w)
< C- )t —teal
k=1
< OV | — .
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Then Yw € Q*, t,u € [0,1] :

~ - C-|t—ul”, t—u| <277 (@)
£ (@)~ X, @) {' | s

C-27 @ |t —w|V, |t —ul>27 )
C -2V @) |y,
N——

L(w)

IN

6. X is a version of X: By 1. for s, € D, s, =t X, P, X, and there exists 3(ny) such
that Xsnk Fras X,. By construction, P(X; = X;) = P(X; = limj,_ oo Xsnk) =1 O
Remark 1.6. Compare this to the very similar moment criterion for tightness (see Stochastic
processes I).

Corollary 1.7. Brownian motion exists and has a.s. ~y-Hélder continuous paths for any
v €(0,1/2).

Proof. The process B satisfying properties (i)-(iii) of a Brownian motion fulfills B; — B, ~
N(0,t —s) fort > s. Then Vm € N:

E[(B.— Bo) ™| =E |(VI=52)""| = (t= ) "E [22"] = (t = )™ 2m ~ 1) (2m — 3) ---1

for Z ~ N(0,1). With respect to the conditions in the theorem of Kolmogorov-Chentsov we
observe:

m=1: B8=0 (not yet...),
m=2: =1 (ves, 8 > 0) = v < 1/4 (not enough regularity),
-1
meN: B=m—-1 =~< 2
2m
Since m is arbitrary, there is for each v < sup,,,>; m=l — 1 a version B of B with y-Holder

continuous paths on [0,1]. Having constructed (B;,0 < t < 1), we can take independent
copies (Bt(n),t € 0,1])p>1, ie. BM 2 B and all independent, e.g. on a product space.
Define B; = thil B{n) + Bt(Etﬂ;Jrl). It is easy to check that (B, ¢t > 0) is then a Brownian

motion. ]

Approach by Wiener-Lévy, Cisielski, Ito-Nisio

Idea: “white noise” T'y(w) := > ro | YVi(w)pr(t) for Yy iid N(0,1) and a complete orthonormal
system (“basis”) (¢x)r>1 of L%([0,1]) (see exercises). The anti-derivative should define a
Brownian motion

By(w) = iYk(w)d)k(t) (1.2.1)
k=1

with ®, (t) = [ o1 (5) ds.

Theorem 1.8. defines a Brownian motion on [0,1] where the sum converges uni-
formly in probability, i.e.

N

Z Y. P (t) > E) =0.

Ve>0: lim P (sup sup
k=n-+1

n—o0 N>nt€[0,1]
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Proof. 1. Pointwise for t € [0,1]: Set M, (w) := > ;_; Yi(w)®x(t), F, = o(Y1,...,Ys).
Then (M, F,) is a martingale, because

E[Mn+1|]:n] = Mn+]E[Yn+1|]:n] (U] (t) =M, +0=M,.

(M,,) is L*-bounded:

E [M2] = zn:E (V2] @3 (t)
k=1

= > (Lo er)ie

k=1
oo
< Z < 1o, pr >
k=1
Parseval identity 9
= 110,017
= t

< 0.

By the 2nd martingale convergence theorem (M,,) converges almost surely and in L? to some
My = By € L?. We know that M,, ~ N(0,>";_, ®2(¢)). Since Y j_, ®Z(t) 22 ¢ (the oy
form an orthonormal basis, see above), we have M,, 4, N(0,t), implying B; ~ N(0,t).

2. Independent and stationary increments: For 0 <t <t; < --- <t <1it holds

> Vi(@k (1) = Ok (to) - - - Pk (m) — P (tm—1))
k=1 R

~N (07 (Z (Pr (ti) — P (tim1)) - (P (t5) — e (tj—l))> 1gz’,j§m> :

k=1
Noting that Dg(t;) — Pr(ti1) = fttii—l ords = (L e 9k)c2 and (f,g)r2 =
S ore {fyor) 12 (g, k)2 (polarisation of Parseval identity) we see
n
nh_{goz (Pr (t:) — Pk (tiz1)) (Pr (t5) — Pr (tj-1)) = Lty ta]s Lty _aty)) 22 = i
k=1

As above (B, — Byy,..., By, — By, ) ~ N(0,diag(t; — ti—1)1<i<m)-

3. Proof of continuity for the case of Haar basis: For the Haar basis consider double indices
(4, k) with j € Ng, k=0,...,27 — 1, and functions

o (t) = 1pa
Yoo (t) = Ly,1/2 — /21
Vi) = 272400 (27t — k).

Then (1) U{po} is a complete orthonormal system in L?([0, 1]). The anti-derivatives are

Qo (t) = t,
Too(t) = tA(1—t)

(the U are “hat functions” or “linear B-splines”). Then

W5 () =2712Wg 0 (27t — k).
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Consider
27 -1 _
£3(@)i= sup |3 Vi (@) By (1)) < _uag | Wil - 27077
M)
Then
J 271 o
sup Z Z VeV ()| >c] < 22*(]‘“)/2MJ4 > ¢
VN Y oy =
< P <3j > ] 2GR0y 5 9-G=0)/2 <1 B Jli) 5)
< Yor(M>272(Va-1)e).

jzJ

where we use that >, ; 2-0=N/2 = 172%1/2 Now use for Z ~ N(0,1) that P(|Z] > t) <
et/ for any ¢t > 1 (see Lemma ) we obtain

J 291 20 1
sup Z Z YieWir ()| >¢e] < Z Z exp(—27 (V2 — 1)%e?/2) L2, 0.
7271527 k=0 i>7 k=0

Hence, along a subsequence J,, — oo we have a.s. convergence. Therefore, with probability
1 are the continuous functions

J 271

Bl (w) = Yo,o(w Jrzzyyk k(1)

=0 k=0

converge uniformly to By (w). O

Remark 1.9.

(i) For v € (0,1/2) we even have Y~ ; A;(w)2? £, 0. This implies (direct calculations
or wavelet theory) also that B; has 7-Hélder continuous paths.

(ii) This construction offers another way (beyond Donsker) to simulate Brownian motion
by approximations By (w) (dyadic refinements of Brownian motion).

1.3 Properties of Brownian sample paths

We start by considering the quadratic variation of Brownian paths. Let 7,, n > 1, be a
sequence of partitions of [0,1], 7, C Tny1, for all n and maxy,er, [ty — ;| 2222 0. An
example is 7, = D,, from the previous proof.

Theorem 1.10. For each t € [0,1] let 7" :== 37, ., (B, — Bi,)?. Then we have

lim S =t a.s. and in L?.
n— oo

Remark 1.11. The limit is called quadratic variation in analogy to the variation of a function
f:
Vio.g (f) = sup D1 () = £ ()]

ti€Tt; <t
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where the supremum ranges over all partitions of [0,¢]. If Vig 4(f) < oo for all ¢ > 0, then f
is of finite/bounded variation. If f is continuous, it can be shown that

Vi (£) = lim Y |f (tipn) = £ (89)]
ti€Tn, ti <t

holds for any sequence of partitions 7,, such that maxy,er, [tiv1 — ;| 222 0.

Proof. 1. L*-convergence: We have E[SP] =37, o _,(tiy1 —t;) — t and

Var (S7) = > Var ((Btm — Bti)2>

ti €T, ti <t
= 2 Z (tip1 —ti)°
ti€Tn,t; <t
< leeaé [tiv1 — ti] t; (tig1 — ti)
—t
— 0

L2

Hence, S} = t.

2. a.s. convergence for ,, = D,: From 1. and ¢; € 7, with ¢;41 —t; = 27" we have E[(S]" —
t)?] <2-27" if t € Dy,. Hence, ), -, E[(SP —)?] < oo. By Chebyshev inequality and
Borel-Cantelli we obtain a.s. convergence (quick L2-convergence implies a.s. convergence).
3. a.s. convergence for any (1,): Let ¢4, := o((By,,, — Bi,)?,ti € Tn,m > n). Then
4, O 9,11 holds. We show for t € 7,: S = E[B?|%,]. Interpreting “n” as “—n”, this
implies that (S7,%,) is a backwards martingale such that S %%, E[B?| Ny>1 9] By 1.

we must have have E[ B | Nn>1 %] = t. Hence, consider (wlog ¢; = 0)

2
E[Bf|%.,] = E > (B —Bu) | |
i €T, ts <t
= Stn + ZE [(Btz'+1 - Bti) (Btj+1 - Btj)}g”]
i#j
= S?_FZ}BU{J _Bti, ! |Btj+1 _Btj|
i#]
‘E [Sgn (Bti+1 - Btl) sgn (Bti+l - Bt]-) | gn}
= S
A precise argument for the conditional expectation uses that
Bt _ Btv 4 S tiv
Bt.; — (Bt — Btl) t>t;,
is again a Brownian motion with |By,,, — By| = |Bi,,, — By,| but sgn(By,., — By,) =
- Sgn(Bt¢+1 - Bti)' O

Remark 1.12. Even without the nestedness 7, C 7,41 we have L2-convergence, but not
necessarily a.s. convergence.

Corollary 1.13. A typical Brownian path is on no interval of finite variation, i.e. P(30 <
a<b<1:Vyy(B)<oo)=0. In particular, Brownian motion is on no interval differen-
tiable with probability one.
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Proof. If Vi, 4(B(w)) < oo, then

S (Buw @) =By, (w))* < max|Bi,, W)~ By, ()]

t,€ETn
t;€Tn,ti €la,b]

270 (uniform continuity)

Z |Bt1+l ) - Bti (w)|7

t; €Tn,t; €[a,b]

22OV 0 (B.(w))

but the left hand side converges a.s. to b—a > 0. This is a contradiction! Finally, note that
a differentiable function is of finite variation. O

Without proof let us state the much stronger result.

Theorem 1.14 (Paley, Wigner, Zygmund (1933)). With probability one a Brownian path
is nowhere differentiable.

Proof. See |Karatzas| (1991). O
Lemma 1.15. For Z ~ N(0,1), a > 0, we have

a) P(Z >a) < f% a2/27
b) P(Z >a) > ﬁaile_azm.

Proof. a) use for z > a: e /2 < 36_7”2/2, then integrate.

b) use for z > a: e~ /2 > 1+1/a z(1+ 25)e —@*/2 — W(—zfle*ﬁﬂ) and integration.
O

Theorem 1.16 (Law of iterated logarithm, Khinchine (1933)). For a Brownian motion B
and almost all w € Q we have

B(w) =1

a) lim SUPt—0 2t log(log(t—1))

Bt (w) — 1

b) lim inf¢ 2t log(log(t—1))

Bi(w) _

C) hmsupt_mo m =

’

. B (w) _
d) liminf;_, o N 1.

Proof. By symmetry —B; is again a Brownian motion such that (a) = (b), (¢) = (d).

Moreover, by time inversion X; = t- By, t > 0, Xo = 0, is also a Brownian motion
(Stochastic processes I). We infer from (a) for X that

. tBy/; (w)
limsup ——t—~——==1
t—0 2t log (log (t))

Letting s = ¢t~! we obtain

B;
lim sup )

e ——
s—oo  +/2slog (log (s))

which is (c). Hence, it suffices to prove (a).
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Let h(t) = /2tlog(logt=1). The proof for

B,
li <1 1.3.1
gy <L s
will be given after Theorem H We show now that limsup,_,, h( 5 = 1 a.s. using the 2nd

part of Borel-Cantelli. Fix 9 € (0,1) and set A,, := {Bgn — Bgnt+1 > /1 —9h(9™)}. By
Lemma we obtain for x = y/2log(n) + 2log(log(d-1))

Byn — Bgn+1 ) Lemma €_$2/2 1
P(A,) =P| ————>7= > >c-
(4n) ( Vo — gntl V2T (x + %) ny/logn

for some constant ¢ > 0 and n > |1/logd| . Since > -, W = oo and (Ay)n>1 are

independent, Borel-Cantelli yields P(A,, infinitely often) = 1. The upper bound in (L.3.1))
applied to (—By) shows (with bounding small terms by 2 twice) that

—Bgni1 (W) < 2k (9"F1) < 4920 (97)
for all n > N(w) and w € Q*,P(Q2*) = 1. Hence, we have a.s.

Bﬁ'rn Bﬂvn — B197n+1 B§m+1

— — 1/2
Rm) — h@m) a2 VT

holds for infinitely many m > 1. Therefore

lim su
< 0] h( )

for any ¥ € (0,1). Take ¥, — 0 to conclude

By
P|limsup——2>1) =1.
( o h(B) )
Except for the gap in we are done. O

>V1— 4191/2> =1

Without proof let us state the main result for the modulus of continuity.

Theorem 1.17 (Lévy, 1937). It holds

. 1
¢ (hr?j(l)lp /20 logd 1 0<s<iSTi-s<s 1Be = Bl = 1) =L

Proof. See |Karatzas (1991)). O

1.4 Brownian motion as martingale and Markov process

Definition 1.18. A process (X;,t > 0) on (Q, F,P) is called

a) adapted to a filtration (F;)¢>o if X, is F;-measurable for all ¢ > 0,
b) (Fi)e>0-martingale if X is adapted, X; € L'(P) and E[X¢|Fs] = X, for all 0 < s < .

¢) (Fi)i=o-Brownian martingale if X is continuous, adapted, X; — X ~ N(0,¢ — s) and
if X; — X, is independent of Fy (written X; — X L Fy) for all s < t.

Remark 1.19. Any Brownian motion is also a Brownian motion with respect to its own
filtration Fy = o(Bs, s < t).
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Proposition 1.20. The following processes, derived from a Brownian motion B with respect
to (Fi)i>o0, are (Fi)i>0-martingales.

a) My = B, t >0,
b) M, = B? —t,t>0,
¢) My = exp(AB; — &°t),t > 0, for all \ € R,
Proof. Adaptedness is clear in all cases. Just check the martingale property for ¢ > s.
a) E[B|F] = E[B, + (B; — B)|Fs] = Bs + E[B; — B,] = B,.

b) E[B? — B2|F,] = E[(B; — Bs)*+2(B; — B,)Bs|Fs] = E[(B; — Bs)?] + 2B,E[B; — Bs] =
t — s. Rearranging the terms proves the claim.

c) We have

exp (/\Bt — %215) r 22
= | Fs = E | exp <)\ (B — Bs) — — (t — s)) ’ .7:5]
exp ()\BS — 73) i 2

r A2(t—s
= E eA(BiiBS):| 67#

r 2
Z~]V:(0,1) E e)\\/mZ} ef/\ (’;—s)

= 1,
where we used that the moment generating function of a Gaussian satisfies E[e*?] =
)\‘2
ez.

O

Theorem 1.21. If (By,t > 0) is a Brownian motion with respect to any filtration (Fy)i>o0,
then also with respect to its right-continuous extension Fy := Fpy =\, Fo-

Proof. We show a little more general statement, i.e. we show

E [f (Be+n — Be) pi] = E[f (Bin — Bt)| E 4]

for h > 0, any bounded F;-measurable ¢; and any bounded Borel-measurable f (the state-
ment follows then from choosing f = 14, ¢ = 1p for any A € Br, B € F). It suffices
to counsider f € Cy(R) (approximate the open intervals in R by such functions and use the
monotone class theorem). For £, — 0

E[f (Bi+n — Bt) ¢4] = E [nlggo f(Biyn — Biye,) @t}

Dom. conv.

lim E [f (Bt4h — Bite,) ¥t }
N

n— oo

LF.. 2F  €F

= lim E [f (Bt+h - Bt+€n)] E [th}

n— oo

Dom. conv.

E[f (Bign — By)] E[p] -

Remark 1.22.
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a) (Fi)i>o is usually larger than (F?);>0, admitting infinitesimal looks into the future.
This allows larger classes of stopping times.
b) (Fi)i>o is itself right-continuous: Fy C (V5o Fite C Nong Firoe = Ft-

Definition 1.23. For a filtration (F}),-, a random variable 7 :  — [0, o0 is called (Fy)s>0-
stopping time if {7 <t} € F; forallt > 0. We set F, :={A € F|An{r <t} € F, for all t >

0}.

Example 1.24. Let (X;,t > 0) be adapted to a right-continuous filtration (F;)i>o. Is
T4 :=inf{t > 0: X; € A} a stopping time for a Borel set A?

a) A open, (X;) is right-continuous: {r4 <t} = UTGQ ret 1Xr € A} € Fy. Since (Ft)i>o0
r<t0r = 7 >

EFrCFe
is right-continuous, we have also {74 <t} € Fiy = Fi.

b) F closed, (X;) continuous. Any open set O can be written as O = Un21 F,, with F,,

closed (e.g. F,, = B(2y,ry)). Hence, any closed set F can be written as F' =(,,~; Un,
U,, open. Thus, -

{TF < t} = m {TUngt} e F;.

n>1
¢) Any Borel set A? That’s very complicated...
The following facts are proved in the exercises.(the following is adapted from the lecture)
Theorem 1.25. We have for a filtration (Fi)>o.
a) Fr is a o-algebra. If T =t is deterministic, then F, = Fy.

b) If T is a bounded (F;)i>o0-stopping time and (X;,t > 0) is a right-continuous process,
then X, is well defined and F.-measurable. In particular, X, is F-measurable.

c) If 7,0 are (Fy)i>o-stopping times, then T Ao and TV o are stopping times, as well.

d) If T,0 are (Fi)i>o-stopping times and X is a Fr-measurable random variable, then
{r <o} € Frno and X1, <,y is Frpo-measurable.

Proof. See exercises. O

Theorem 1.26. Let (F;)i>0 be a filtration and (My,t > 0) a right-continuous (Fi)i>o0-
adapted and integrable process. Then the following statements are equivalent:

a) (Mg, t > 0) is a (F¢)i>o-martingale.
b) For all bounded (Fi)¢>o-stopping times T holds E[M.] = E[My)].

¢) (Optional sampling) For all bounded (Fi)¢>o-stopping times o < T holds E [ M| F,| =
M,

d) (Optional stopping) For all (Fi)i>o-stopping times T the stopped process M := Mpy,
t >0, is an (F;)i>o0-martingale.

Proof. See exercises. O
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Proposition 1.27. Let (M, t > 0) be a right-continuous martingale or a right-continuous
non-negative submartingale and A >0 . Then

1
IP’( sup | M| > A) < —E[|Mr|] (Maximal inequality)

0<t<T A
for all T > 0. Moreover, for p>1 and My € LP we have

P
]E[ sup |Mt|p} < (p) E[|[Mr|’] (Doob’s inequality ).
0<i<T p—1

Proof. (based on Stochastic processes I. Set S, = {k27"T : k =0,...,2"} and consider the
discrete-time martingale (My, k € S,,). Then by the discrete-time Doob’s inequality

P <Sup | M| > )\> < M
keS, A

Since Lisup, o [Mi|>A} — L{supgcpcq [Mi|>A} @S 1 — 00 by right-continuity, dominated
convergence yields T

E [| M
IP’( sup | M| > /\) = lim P <sup | M| > /\) < M
0<t<T n—eo \kes, A

(adapted from the lecture) From this we deduce

1 E[| M E [| M
lim ]P’( sup | M 2)\+) < lim sup I 71"‘] _ [|[Mr]]
neo \o<t<T n nooo A+ A

n

Doob’s inequality follows in the same way from Stochastic processes I. O
1.4.1 Ruin problems

Let 745 = min{t > 0: B, ¢ (a,b)} for (a < 0 < b). T4, is a stopping time (see above).

Theorem 1.28. It holds

a) P(B,,, =b) = 12

T falt
b) P(B‘ra,b = Cl) = ‘a‘b_‘rb’

¢) Elrap] = |al - b.

Proof. M; = B? —t is a martingale. Hence, by the stopping theorem

E[Bza,mm] = ]E[Tmb A m]
<(Jal+b)? TTasb

for any m > 0. The left hand side is bounded and the right hand side is monotone in m
such that (adapted from the lecture)

2
Ta, b\

oo > limsupE {B

} =limsupE[ryp Am] =lmE [1,5 Am] =E[14] .

Hence, 7, < oo P-a.s. Using dominated convergence on the left and monotone convergence
on the right as m — oo, we conclude

E [Bfa,b} = E [7as) -
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In particular, P(7,5 < oo) = 1. Now use that (B, ,):>0 is a martingale such that
E [BMTM} = 0. We obtain E [BTM] = 0 by proving that (Byar, ,)men is uniformly inte-
grable. This is done as in Stochastic processes I and is also called Wald identity. (or use
dominated convergence, right?)Then

0=E[B,,,| =P(Br,,=a)-a+(1-P(B,,,=a))-b

and thus

Finally,
E[B2,| = a®P(B,,, =a) + 0 (1-P (B, =a)) = lal -
O

Now consider 7, = inf{¢ > 0 : B; > b} for b > 0. We have P(7, < o0) = 1, but E[r] = o0,
because

a) P(r, <00) > P(1p = Tap) = |J|ﬁb — 1, as a = —oo,
b) E[ry] > E[ras] = |a] - b — o0, as a — —o0.
What about the exact law of 7,7

Theorem 1.29 (Laplace transform of P™). We have for any A > 0:

E[e ] = e V2R,
This means that 7, has the Lebesgue density

2 1
fo(t) = ———=e° /2’51]R+ (1) (i—sta,ble distribution,).

(Y2 . .
Proof. M, = e®B:=rt is a martingale and we have 0 < Mips, < e 7, < 0o a.s. Thus we
have for any ¢ and by dominated convergence, as well as setting finally A\ = 0‘727 that

o2
1 =E[Mo) = E[Mypr,] = E[M,,] = E [eab—TTb] =E [e3m] oV,
Calculating the Laplace transform of f; yields the density. U

Proof of the law of the iterated logarithm completed. It remains to show

B
PlL —<1)=1
<1T§$1ph<t> = )

for h(t) = y/2tloglogt—!. Consider M; = exp(AB; — /\;t) and the maximal inequality for

M for any S > O:
P B.—2s) 8
o@?é‘t sT %)=

P (max M, > e”\ﬁ)

0<s<t
E [My]
er
— M,
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Take 9,6 € (0,1), A = (1+ §)9 ("), B = Fh("):
P(ogﬁ%n (B —s) ) < exp (— (1+8)9"h (") /2)

= (nlog (1971))_(1+5) ,

which is summable in n. By Borel-Cantelli there exists Qg 5 with P (29 ,5) = 1, Ny s(w) such
that for all w € Qy 5 and all n > Ny s(w):

max <Bs (w) — # 9" "h (19”)) < %h (9m).

0<s<yn
Then

maXign—lgsg,gn Bs (OJ)

IA

sup Bi (@) sup
t€(19" 1 ,,971] h (t) te(ﬂnfl’,&n] h (t)

< (1+2) gy B
= 5 up
2 t€(§"71,79"] h/ (t)

0
< (142 )92
< (1+3)
As n — oo we therefore obtain

. By (w) < 5> ~1/2
lim su <(1+=)9V
isor h( — U2

for all w € Qs,9. Taking d,, = 0, ¥,, — 1 rational we conclude

. B,
P (1 <1)=1.
(”?félpw) )

1.4.2 Strong Markov property and the reflection principle

We shall now study the Markov property of Brownian motion. It is even a strong Markov
process (see below) which is not true in general for continuous time processes.

Theorem 1.30. Let B be a Brownian motion with respect to (Fi)i>o and 7 an a.s. fi-
nite (Fi)e>o0-stopping time. Then By := B,1y — By,t > 0, is again a Brownian motion
independent of F,, i.e. a Brownian motion has the strong Markov property.

Proof. We show for ¢ : @ — R F,.-measurable, bounded and F : C([0,00)) — R Borel-
measurable bounded

E{@F((Bt7t>0 /FdIP*

where P* is the Wiener measure on C([0, c0)). It suffices again to consider F' € Cy(C([0,0)))
(approximation argument in Polish spaces). Let 7" be the nth dyadic approximation of 7,
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iLe. 7"(w) € {k27" 1 k € No}, 7"(w) = 7(w). Set B'(w) = B;, (w)++(w) — By, (w)(w). Then

E[@F(Bn)} - ZBE oF b 1rnpany

L Byy-n,—B,,-n again BM,indep. of Fjo-n

= ZE @I{TTL:'I{:an} /Fd]P*
~———

k>0

Frp—n-mb.

= E[y] / F dP*.
Since F(B") — F(B), D C T yields
for ()] = for ()

]E[cp]/Fd]P’*.

We apply this to obtain the reflection principle (Bachelier 1900).
Theorem 1.31. It holds P(1, <t) =2P(B; > b) = P(|B| > b) for b > 0.

Proof. We have P(B; > b) = P(By > b,7, < t). Writing By —b = B; — B,, = Bt_Tb this
yields

P(B,>b)=E {E [1[0,00) (Bt_fb)

fn} 1{n§t}}

and by symmetrie (the probability for Bt,ﬂ) being positive is the same as being negative we
have

1
(B 2b) = ;P (n <1).
O

Corollary 1.32. The random variables M; = maxo<s<¢ Bs, |Bi|, My — By all have the same
law.

Proof. For the first two random variables observe that P(M; > b) = P(r, < t) >0 above
P(|B;| > b) for all b > 0. With respect to the third random variable we use time inversion:
Bs = Bi_s — By, 0 < s <t is again a Brownian motion. Then

M, — B, = Orggéct (Bs — B;) = o?fgt(Bt‘“ —By) = Orgg;(t B, =: M;.

Since M, 4 M, (same law), we also have M; — B, 4 M,. O
Remark 1.33 (Lévy). (M — By, t > 0) and (| Be|,t > 0) have the same law on C[0, 00).

Theorem 1.34 (First Arcsine law). For Brownian motion the random time Ty =
argmax,co 1) Bt is a.s. unique and satisfies

2
P (7ar < t) = —arcsin (ﬁ) , telo,1],
7r

i.e. it has density f;,,(t) = L

m/t(1—t)
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Proof. Let M := maxg<¢<1 B¢. Then

0<u<s s<v<1

P(Ht<s:B;=M) = <maxB max BU>

s<v<1

= < u<5 Bs_z — Bs) > max (B, —BS)> .

The processes (Bs—z — Bs, 0
motions. Thus

INA
=3}
I/\

d (By — Bs,s < v < 1) are independent Brownian

P(3t<s:B=M)=P|s|Z1| >V1-s|Z
N—_—— N————
2|B.| 2B,

for Z1, Zo iid N(0,1) such that rearranging the terms yields

= P ﬁ < \/g
2+ 73
polar coordinates .
= P ([sind] < V/s),

where we use that (Rcosd, Rsind) ~ N(0, E;) with R* ~ exp(3), ¥ ~ U0, 27], where E,

is two dimensional identity matrix. By symmetrie considerations we have
P(|sin19| < \/5) = P(\sinﬁ\ <45,0<9< g) —i—P(\sinﬁ\ < \/g,g <9< w)
+P <sin19 <Vs,m <9< ‘;%) +P (|sim9| < /s, gﬂ <9< 27r>
= 4P (sind < /s)
-2 arcsin v/s.
0

The calculation also shows
P ( max B, = max Bv> =P (Vs|Zi| =V1—5s|Zs]) =0
0<u<s s<v<1

Hence,

IP’(EISGQQ[O 1] : rgaxB = maxB)zO

s<v<1

and therefore
P (there are t1 # tosuch that By, = By, = M) =0.

With probability one the argmax is unique and well-defined. O



Chapter 2

Continuous martingales and
stochastic integration

2.1 Continuous (local) martingales

Definition 2.1. (M, t > 0) is called (F)i>0-local martingale if

o (adapted from the lecture) M is (Ft)¢>o-adapted,
o there are (F;)¢>o-stopping times (7,),>1 such that 7,(w) — oo a.s.,

e the stopped processes M/"(w) := M, (ae(w), t > 0, are (added this) uniformly
integrable (F)¢>o-martingales for all n > 1.

(Tn)n>1 1s called localising sequence of stopping times for M.

Example 2.2.

a) Each right-continuous martingale is a local martingale by optional stopping.

b) Let A be a non-negative random variable with E[A] = oo, independent of a Brownian
motion B. Then M;(w) := A(w)Bi(w), t > 0, is NOT a martingale, because for
all t > 0 E[|M;]] = oo, i.e. My ¢ L'. Put 7, := inf{t > 0 : |[M;| > n}. Then
Tn,n > 1, are stopping times with respect to F; = 0(A, B, s < t), increasing in n and
lim,, 00 7(w) = 00 a.s. (because M is continuous and thus locally bounded). We have

e (adapted from the lecture) E[|M{™|] = E[|Mo|1¢-, =0y + |M{™ |17, 501] < n < 0o,

=0 <n
o M™ is (Fi)i>o-adapted (by definition of (F})i>0),
e s < t:(adapted from the lecture!)|ARE [Binr, | Fs]| = |ABsar,| < n is integrable

such that

E [ M| Fs) = AR [ Bipr, | Fs]
opt. stopp. AB

SNATp

— Tn
- M.

20
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Recall the martingale transform or discrete stochastic integral from Stochastic processes I:
If (X,)nen is predictable, bounded, (M), ),en a martingale, then

n
(XoM),=> Xp (My— M)
k=1
]:k_l-mb.

is again a martingale. Interpretation in finance as value of a portfolio (X} number of stocks
in period k, M}, price of stock in period k).

Definition 2.3. A process (X;,t > 0) of the form

ka L(r (@) ()] (B)

with0 =79 < 71 < -+ — 00 asequence of (F;);>o-stopping times and §, are F,, -measurable
random variables is called simple. For another (F;);>o-adapted process Y then define

(Xo Y ka KA7k+1(w) (w) — Yinr, (w) (w)) :

This is called the stochastic integral and is sometimes denoted as fg X,dY,. We set € :=
{(Xt,t>0): X simple and bounded} .

Proposition 2.4. (adapted: added linearity, stopping)Let X and Y be simple processes.
We have the following properties of (X o M ):

a) If M is a continuous L?-martingale and X is bounded, then (X o M) is again an
L% -martingale.

b) If M is a local continuous martingale, then (X o M) is again a local martingale.

¢) (Linearity) If M is a local continuous martingale, thenVa, 8 € R: ((aX + Y )o M) =
a(XoM)+5(Y oM).

Proof. See exercises. O

Lemma 2.5. If X is a simple, bounded process and M is a continuous L?-martingale, then

B[(xo ] =& [ e (5 [0,

k>0

f"'k/\t:| - Mr2k/\t> < 02]E [ME]

holds, where || X (w)||loo < C a.s. for a deterministic constant C' > 0.

Proof. (adapted from the lecture!)Observe from Theorem that §plir, <y 18 Frone
measurable. For n < m we have

2

(ka TRy At — ‘rk/\t)>
2
<Z€k1{7—k<t} Thii AL M‘rk/\t)>

=2 Z gkgjl{mﬁt}l{‘fjﬁt} (Mﬂc+1/\t - MTkM) (M7j+1/\t - MTJ‘M)

n<k<jg

+ Z §k1{Tk<t} ( T+ AL T MTk/\t>2
k=n
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such that

2
(Z gk} Te4+1 AL Tk/\t)>
= (2 Z E|:£k1{rk§t} <M7'k+1/\t - MTk/\t>]E |:§j1{‘r]§t} <M‘I’]‘+1/\t - MTj/\t) “FTj/\t:|:|

n<k<j
[Z 1<t} (IE [ Fer1 AL ]:Tkm:} - ME,mt) })
[Z §k1{7k<t}( [ 1At .FTk/\t] - M-?k/\t):|>

>0 because of Jensen
2 2
<C E E [ TerAt MTk,\t}

AT
< C*(E[M7]-E[M?,,]),

=0

where the last inequality follows from Jensen’s inequality and optional stopping (Theo-
rem [1.26). Because M is uniformly integrable on [0,¢] and continuous, the last term
converges to 0 as n — oo. In particular, (3)_; & (Mr at — Mrnt))n>1 is an L?(P)-
Cauchy sequence. Observing that (X o M);(w) is a finite sum for all w, i.e. (X o M) (w) =
limyp oo (3 h—q &(w) (Mo, At (W) — My p¢(w)), this implies

2
E[(XoM)f] = nl;ngoE (ka Tes 1AL — Tk/\t)>

= E kal{rkq}( [ Thp1 AL

k>0

-Frk/\t} - Mfk/\t)

C* (B [M7] - E[M5])
C’E [M7].

O

In the sequel we fix a filtered probability space (Q, F,P, (F:)) where (Fi)¢>0 is complete,
i.e. each N € F with P(N) = 0 is already in Fy C F; V¢t > 0. (added remark)This implies
that a process which is indistinguishable of an adapted process is again adapted.

Definition 2.6. By M? we denote the set of all (F;);>o-martingales (M;,t > 0) with My =
0, M; € L? for all t > 0 and with continuous paths. We put [|M||xz = > 0" ) 27" (|| Myl 22 A
1) for M = (M, t > 0) € M2

Lemma 2.7. M? is a vector space and d(M,N) = ||M — N||ye2 is a metric on M2 when
identifying indistinguishable martingales.

Proof. Vector space properties are easily checked. d is well-defined (i.e. d(M,N) < oo for
all M, N € M?), clearly symmetric, non-negative and satisfies the triangle inequality (cf.
the metric on C(R™)). Moreover,

d(M,N) =0 VYn>1:|M, — N2 = 0. (2.1.1)
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Furthermore, if M, N are indistinguishable, then M; — N; = 0 for all ¢ P-a.s. and therefore
d(M,N) = 0. If, on the other hand, M — N € M? and d(M,N) = 0, then (M, — N;)? is a
submartingale and for all t > 0

E [(Mt - Nt)ﬂ <E {(MMH - N[tj+1)2} = [[(M — N)Ltj+1||2L2 =0

by (2.1.1). Hence, P(M; = N;) = 1 for all ¢ > 0 and therefore M, N indistinguishable, as
they are also continuous (cf. exercises). O

Proposition 2.8. (M? d) is a complete space.

Proof. Let (M) ey € M? be a Cauchy sequence, i.e. limp, n—yoo[|M ™ — M™|| \2 = 0.
(suggestion: (suggestion: Then Then for all ¢ > 0 (]\'fg”]'))nzl is a Cauchy sequence in L?(F;)
(see the submartingale argument from above). Because L?(F;) is complete, there exist
M; € L*(F;) such that ]\f[t(") L®. M,. We claim that (M;,t > 0) is a martingale. Indeed,
M; € L? and adaptedness are clear.Then for all ¢ > 0 (Mt("))nzl is a Cauchy sequence in L?
(see the submartingale argument from above). Because L? is complete, there exist M, € L?
such that Mt(n) L_2> M;. We claim that (M;,t > 0) is an L?-martingale. Indeed, M; € L? is
clear. Moreover, for all ¢ > 0 there exists a subsequence Mt("’“) &5y My and all Mt("’“) are

Fi-measurable. Because all nullsets are already in F;, M; is F;-measurable. For s < t and
A € F, we have then

E[M14] — E {Mﬁ"ﬂAH _ ‘(Mt M 1)

20 (0,14) 12 = 0.
Hence,

E [M;14] - lim E [an) 1 A]

n— oo

n— oo

= IE[MS]-A]

lim E [M§">1 A]
such that E[M,|F;s] = M,. We still have to show that M is continuous. By Proposition

(Doob’s inequality) (adapted from the lecture)

E [ sup ‘Mt(m) — Mt(")
0<t<T

2
] <4E “M}m) ~ M

2
] —0
as m,n — oo for all T' > 0. We can then select a subsequence M ("*) such that

E [ sup ‘Mt(n’““) — Mt(n"')
0<t<T

2
B

for all k& € N. Hence, Borel-Cantelli implies for almost all w that (M ™) (w))yey is a

(C([0,77), I |loc )-Cauchy sequence. By completeness of this space and because Mt(n’“) L M,
we see that M is a.s. continuous on [0,7]. We obtain that M is a.s. continuous on
Urenl0,7] = RT. Because the filtration is complete, we can find a process M & M? which
is indistinguishable of M. In particular, || M) — Z\TfHMg = ||M™) — M| pz — 0. O

Remark 2.9. If we restrict the martingales in M? to the time interval [0, 7] for some T’ > 0,
then M?2|( ) with [|M]| := [[Mr]|3, is even a Hilbert space (cf. exercises).

Theorem 2.10. If M € M? has finite variation on [0,T), i.e. Vp(M(w)) < 0o a.s., then
M is a.s. constant on [0,T] (i.e. equal to 0).
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Proof. Let m = {0 =1ty <ty <--- <tp =T} be a partition of [0,7]. Then

m—1 . m—1
M t 1
E [MTQ”} =E Z (Mt2k+1 o Mt2k> et E Z (Mtk+1 o Mtk)ﬂ :
k=0 k=0

Assume first 3K > 0Vw € Q such that Vp(M(w)) < K < co. Then

m—1
E [M%] < E[Og}ixm |Mtk+1 - Mtk-| ’ ];) |Mtk+1 — My, @ =K-E [Og}ixm |Mtk“ - My, @ ’

<Vp(M)<K

For partitions 7(™ such that maxy, |t§€”+) . ,t](Cn)| — 0, uniform continuity of M on [0, T] yields

mMaxo<k<m |Mt;€1>1 = M| 22, 0. Since
[M; (w)] < [Mo (w)| + Vi (M (w)) < K,
——
—0

we have |M;, ., — M, | < 2K and dominated convergence implies

E My — M, @m|| 2222
[o;rzzxm oy~ Mg } 0
(independent of the sequence of partitions). Hence, E [M%] = 0 and because M? is a

submartingale, we also have E[M?] = 0 for all ¢t € [0,7]. This implies M; = 0 for all
t € [0,T] a.s. by continuity.

Let now M € M2 and put 7, = inf{t > 0: V;(M) > n} (observe that V;(M) is continuous,
increasing in ¢ and (F;);>o-adapted). Then 7, is a stopping time and the stopped martingale
M[™ = Mia-, satisfies by the first part above (note: Vp(M™) < n) for all 0 < ¢ < T that
Min-, = 0 a.s. More precisely, it holds P(V0 <t < T : Min,, = 0) = 1. Since Vp(M) < o0
a.s., we have 7, — oo a.s. and thus P(vn > 1,0 <t < T : Mir,, = 0) = 1 and thus
PVO<t<T: M, =0)=1. O

Corollary 2.11. Any non-trivial (non-constant) continuous L?-martingale has indefinite
variation on every interval [s,t], in particular, is non-differentiable there.

Proof. Immediate consequence of the previous theorem. O

Remark 2.12.

a) This holds more generally for any continuous local martingale.

b) There are of course many discontinuous martingales of finite variation, e.g. M; =
Ni — A, t > 0, with N; Poisson process of intensity At (on [0,77]).

Theorem 2.13. (adapted from lecture: we don’t need My = 0 here)Every continuous
bounded martingale M posesses a unique (up to indistuinguishability) continuous (added
adapted)adapted increasing process ((M), ,t > 0) with (M), = 0 such that (M} — (M), ,t >
0) is a martingale.

Proof. We first show existence of (M). For all n > 1 introduce the stopping times 7' (w) = 0,
Thpr (W) =1nf{t >0 [Myirn ) (w) = Mon()(w)] = 27"} Let us write tj = ¢ A 73’ and note
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limy,_, oo 7 (w) = 00, because M is uniformly continuous on each compact [0,7]. The main
point is

M8

Mp o= 37 (M -6 )

=~
Il
_

I
K

2 o0
(Mg =My, ) 4230 Mg, (Myg = Mg,
k=1

E
I
—

—:A7 =2.(H"-M),

with H' = Y77, Mep Ln | oo (t) simple and bounded. The following properties are
easily checked:

i Jy(w) = {(w) : k >0} C Jpg1(w),
i supyso [H — HP 7' < 270D sup, oo |HP — My| < 277,
iii. A%, < A7, .
k k+1

For all ¢ > 0 we have by linearity of the stochastic integral for simple processes (Proposition

and Lemma

E [((H" o M), (H"' o M),)’] = E[((H" - H™1) 0 M);]
I

< (n+DR [MtQ]
M b01<1nded O -t
- | —

summable!

Hence, ((H™ o M)), ., converges in M2 to some continuous martingale N € M? (by com-
pleteness of M2 and by completeness of the underlying filtration). Therefore (M7 — AP, t >
0),, converges in M2 to 2- N and thus, A7 converges in L? better: in L*(F;) to some A; for
each t , i.e. A is adapted.. Moreover, convergence in M? ensures even uniform convergence
on compacts such that for a subsequence (ny) we have

P(A7* — A; uniformly on [0,7]) =1

for all T € N (cf. proof of Proposition 2.8)), i.e. A is a.s. continuous. (ii) and (iii) yield
that (A;) is increasing on Jo(w) = U,,>1 Jn(w). Suppose I C Joo(w)® is an open interval.
Then Vn,k 77" (w) ¢ I implies M;(w) is constant on I, i.e. A;(w) is constant on I (since
each A} is so). In all, we obtain that A;(w) is increasing on [0,00) globally, i.e. A is an
increasing, adapted, a.s. continuous process with Ay = 0, M? — A; = 2N, which is a
continuous martingale. So, existence is proven if we choose (M), = A;.suggestion: if we
choose a continuous indistinguishable version A of A which still satisfies these properties
and set (M), = A;.

With respect to uniqueness, suppose that A is another such process with M? — A, = Ny,
where N is a continuous martingale. Then At—flt = Nt —2N; is also a continuous martingale
with Ay — Ay = 0 and is of finite variation as difference of two increasing functions for each
w. By Theorem we have 4, — A, = 0 for all t > 0 a.s. and therefore A, A are
indistinguishable.

O
Remark 2.14.
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a) This is the analogue of the Doob composition of (M?2) in discrete time. There the
compensator A, of the submartingale M? satisfied

=) E [(Mk - Mkfl)Q‘ fk—l} =: (M),
k=1
where A,, is predictible (i.e. JF,_j-measurable). In continuous time the predictability

is replaced by the continuity requirement of A.

b) One can prove for partitions 7™ with |7("| = max \tkﬂ — t,(cn)| — 0 that
' 2
= Jim 37 (M 0 = Mo

in probability, i.e. M has finite quadratic variation (cf. the Brownian motion case and

Corollary below).

Corollary 2.15. (adapted from the lecture: added 0 in 0)For every continuous local mar-
tingale M there exists a unique (up to indistinguishability) increasing, continuous process
(M) such that (M), =0 and M? — (M), is a local martingale.

Proof. Use stopping times and apply the previous theorem. See exercises. O

Example 2.16. For Brownian motion B we have (B), =t (deterministic!), because (B —
t,t > 0) is a martingale and f(¢) = ¢ is increasing, continuous and f(0) = 0.

2.2 Stochastic integration

Recall
A simple process X has the form Xy(w) = > .7 &(W)lr_ () (t); &k 18 Fro_i-
measurable. For simple, bounded X, M € M2 we defined the stochastic integral

t o)
/ ngM = (XOM)tzzgk (MTk/\t_MTk71/\t) GME
O =

Can we extend this to more general integrands X7 To put it differently: Which processes X
can we approximate by simple, bounded processes X (™ such that (X (). M Jn>1 COLVErges
in M? (which is complete)?

Lemma 2.17. Let 7 be a bounded stopping time. For simple, bounded X and M € M? we
have

(XoM), /X2

E[(XoM [/ X2d }

Proof. (adapted from the lecture!)The martingale property according to Lemma ensures
E[(XoM) ]=0and

E[(xon?] Lemmeld S [ehtinen (M0~ 08 )]

In particular,
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(check that the proof still works if we use 7 instead of ¢ using Theorem [1.25]). Observe now
that Ny := M? — (M), is a martingale such that

E [éil{rk,lsr} (Mf,m - MTQHAT)}
=E {Szl{mlﬁf} ( <M>Tk/\7' - <M>Tk,1/\f + Nep_inr = NTk/\T)]
—E |10 <ry (M) pnr = (M), )]

+ E|:§]%1{Tk1<T}E [Nrk_l/\‘r - N‘rk/\7'| ]:‘rk_l/\‘r]:|

EFrp_1AT =0
opt. stopp.
= E [&31{%719} <<M>7—k/\7— - <M>-rk,1/\7—>]

=E [& (M), 0, — (M), 00 ]

Thus, -
E[(XoM)?|=E [/O X3d<M>u} ,

where the integral in the last line is just a usual Lebesgue-Stieltjes integral. In particular,

E[(XOM)i—/OTxgdW)u] ZOZE[(XOM)g—/OOXZd(M)u]

Theorem [1.26] (part (b)) yields the claim. O

Remark 2.18. The last identity will be seen as a major tool in the construction of the
stochastic integral and is called Ité isometry (for simple integrands).

Definition 2.19. A process (X, t > 0) is called progressively measurable with respect to
(Ft)e>o if X is (F)-adapted and (w, s) — Xs(w) on Q x [0,t] is Fy ® HBg y-measurable for
all ¢ > 0.

Lemma 2.20. FEvery adapted and left- or right-continuous process is progressively measur-
able.

Proof. We consider only the left-continuous case. Write X7 := X j,_1ys/,, for s € [@, %)
and X" := X;. By left-continuity, X? %5y X for each s € [0,t]. For all A € %r we have

S

{(w,s) € 2 x[0,t]: X (w) € A}

" (k—1), k
= {Xt € A} X {t} U kL_Jl {X(k;l)t S A} X [ - t, Et) e F ® %[O,t]-
Therefore (w, s) — X['(w) is F; ® %o, j-measurable and thus also (w, s) — X,(w). O

Remark 2.21. The white noise process (cf. exercises) is NOT jointly measurable in Q x [0, ¢]
for any ¢t > 0 and thus not progressively measurable.

Definition 2.22. For M € M? introduce the space of “integrands”
t
Z (M) = {(Xt7t > 0) progressively measurable process :Vt > 0:E [/ X2d <M>S] < oo}
0

and endow it with the (semi-)metric

dy (X,Y) =27 (|X = Ylan A1),
n=1
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where "
1X|20 = E [ / X3d<M>t] .

(adapted: moved out the definition of £ to the definition of simple processes above)

Lemma 2.23. (Z(M),dy) is a complete metric space, if we identify any two elements
with distance 0 with respect to dy (quotient space with respect to the kernel of the metric).

Proof. Use completeness of the restrictions in .Z (M) to [0,n] under the semi-norm ||-||ar,n
(which is a norm after identificiation of elements in the kernel of dps) and proceed as for the
completeness proof of M?2. O

Theorem 2.24. & is dense in L (M).

Proof. The proof relies on the fact that a subspace L of a Hilbert space H is dense if its
orthogonal complement L+ = {h € H : VI € L (I,h) = 0} is trivial, i.e. L+ = {0}. Note
that da(X,Y) < e if N € Nsuch that Y7 ;27" 1=2"" <¢/2and (changed £/2 to
e/4) | X =Y ||mn < e/4. Therefore it suffices to show that & is dense with respect to ||-||ar,
for all T > 0 (restricting to [0,77). Then we have a Hilbert space (£ (M)|(o,77, |||[a,7), cf.
exercises, 1i.e.

T
<X7Y>M,T =E l/o Xsst<M>s] :

Now suppose Z € Z(M)]|jo,r) satisfies E[fOT XiZyd(M),] = 0 for all X € £. For X; =
£ 15,4 (t), § Fs-measurable, bounded, 0 < s < u < T, this means

E[/jf-Zﬂl(M%}:O.

7| =0

]-'s] =0 a.s.

Therefore,
E [f-IE [/ Zyd (M),

for all bounded F;-measurable & such that

E[/Suth<M>t

Hence, (' Z¢d(M),,u > 0) is a martingale. Since ¢ — (M), is continuous, so is u
fou Zyd(M),. Moreover, u fou Z;d (M), has finite variation. Indeed, for a partition
m = {tr} of [0,T] we have

>

k

[ zaon,

tk71 tkfl

tr T
<§k:/ A d<M>t:/0 |Z,| d (M), < o a.s.

(as a proof for the last step consider e.g. E[foT 1| Z)d (M), < E[fOT ZZ2d(M),]-E[(M),] <
oo by Cauchy-Schwarz). Theorem then yields [ Z;d (M), is a.s. constant in u, i.e.
Zy(w) = 0 for almost all w € Q and d (M (w))-almost all ¢ > 0. This in turn implies that

fOT Z2d (M), =0 as. for all T > 0 and thus ||Z||a,7 = 0. This shows that the orthogonal
complement is trivial (on the quotient space as ||-|| a7 is only a semi-norm). O

Remark 2.25.
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a) £ C Z(M) holds because each X € € is (F;)-adapted and left-continuous, thus by the
lemma progressively measurable. Moreover,

E ; i(éd(M)s <E UO CQd(M)S] = C*’E[(M),] = C* [M}] < co.
<c?

b) The proof above is “algebraic”. A more constructive approximation argument can also
be used, but is challenging if ¢ — (M), is not absolutely continuous (cf. |Karatzas
(1991))).

Now we are able to define the stochastic integral fot XsdM; for all X € Z(M) by approx-
imation. Choose X(") € & such that dp; (X, X) — 0 (by density always possible) and

infer that .
(/ X§">dMs,tzo> c M?
0 n>1

converges in M?2. By completeness, the limit is what we want:

t t
/ X,dM, = lim [ X7dM,.
O n— 00 0

The convergence of ([, X (") dM),,>1 in M? follows easily by isometry (Lemma :

dpg2 < / XM dan,, / X§m>dMs>
“\Jo 0
v 97 1/2

2k | E (/ / (x - x(m) dMS> Al
0
1/2

k 2
]E_/O (X(gLX(g >) d<M>s] A1l

M8

=
Il
—

I
NE
N

>
Il
—

—dy <X<n>7 X<m>) .
This means that X — fo X dMsy is an isometry from (€, dys) to (M2, daqz). This extends
to its closure € = .2 (M) by continuity.
Definition 2.26. For X € .Z(M) define (f(;5 X, dMjg,t > 0) as the element of M2 obtained
by extending the isometry X — [; X, dM, from & to its closure .2 (M).

Example 2.27. Let M be a bounded continuous martingale, My = 0 (i.e. M € M?). We
want to study fg M, dM,. First note

e[ [ azaon,| <crian) <o <o

and M € Z(M). For a partition 7 = {0 = tp < t1 < -+ < &y = T}, M =
Sy My, 1, 4,(t) € £ As M is continuous, this implies M] %%, M, when
|| = supy, |ty — tk—1] — 0. Dominated convergence (M is bounded!) yields

2
T
E/ M~ M, | d(M)
0 N———

—0

| —0
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as 7| = 0. Thus, [ M, dM; = limpr o [y MF dM; (in M2). Now note that

t m
/ MTdM, = ZMtk,l/\t (Mtk/\t - Mtk,lAt)
0 k=1
1 9 2 1 < 2
= 3 Mg — My | — B Z (Mtk/\t - Mtk_l/\t)

~ k=1

converges in L2 limit is increasing, continuous process

This means that ;" (Mg — Mtk_l/\t)Q Lz, (M), (whenever || — 0), cf. Brownian
motion case. Furthermore, we have fot Mg dM, = $(MZ — (M),).

Jiﬁ(en)mrk 2.28. For f € Ch: fot f(s)df(s) = fot f(s)f(s)ds = (f()* — f(0)) = L f()* if
0)=0.

Theorem 2.29. (added properties from tutorial)For M € M2 and X,Y € Z(M) the
stochastic integral has the following properties:

a) (linearity) Yo, 8 € R: [j(aX + BY)sdM, = a [; XsdM, + B [ Ys dM;,

b) (to-isometry) E[( [y X, dM,)"] = E[[ix2d(M),] = |X[3%, and
1o Xs dM| pz = [1X]|ar,
¢) (quadratic variation) ([, XsdM,), = f(f X2d(M),, t>0.
Proof. Show by approximation with simple and bounded processes (cf. exercises). O

Lemma 2.30. For M € M?, X € £(M), 7 stopping time (all with respect to some filtration
(Fi)e>0) we have

(XoM) Z(XOMT)tZ((Xl[OyT])oM)t

tAT

Proof. 1. for X, = Y 1o, §kl(r, 1, (t) simple and bounded. (adapted from the lecture)
The first equality follows directly from

(Xo M)r/\t = ka (Mrk,ATAt - M‘r;,;_l/\‘r/\t)
k=1

ng <M77'—k/\t - M‘:kfl/\t) .
k=1

For the second equality note that X1j, € £(M), because 1y, adapted and left-

continuous. Therefore the second equality is clear for Xt(") =31 &kl(r_ 1 ,m (1), because

XMt = &L ()
k=1

= Zgkl{Tk,lfT}1(7’;9,1/\7',7';6/\7'] (t)
—_———

k=1
Frpe_ynr—mb.



CHAPTER 2. CONTINUOUS MARTINGALES AND STOCHASTIC INTEGRATION31
is simple and bounded by Thoerem such that

() o).,

kal{‘rk 1<-r} Tk/\‘f'/\t MTk,l/\T/\t)

ng TEATAL — M‘rk,l/\r/\t)

= (X(”) oM) .
TAL
Because X (™ 9M, X and X ”)1[0771 dum X197, we obtain therefore
(X o M), = lim (X®@onr) = lim ((X"1) 0 M) = ((X1j) 0 M)
in L2(P).

2. for general X € £(M): For T > 0 we have fOTXfl[OVT](t)d<M>t < fOT X2d (M),.
Moreover, we also have X € Z(M7) because

[ oo, =[x,

TAT

= X7 d(M),
0

/OTde<M>

(adapted from the lecture: have to argue why (M7) = (M)_, and why the second equality
holds) For the first equality we use that M?,, — (M)_,, and (M])* — (MT), are martingales
by optional stopping (Theorem such that uniqueness of the quadratic variation shows
(M7), = (M)_,, as. forallt > 0. For the second equality we use that the measure d (M)_, ,
which is induced by the map ¢ — (M)_,,, is supported on [0, 7]. Now take simple processes
X dv, X and use X(")l[oyf] A, X1o,r] as well as X)) dur X Then the result is
obtained by identifying the limits as n — oo. O

Remark 2.31. From now on we can just write TM X, dM, to mean one of the three stochas-

tic integrals. If the limit ¢ — oo exists, we Just write fOT XsdMs. Similarly we write
[P X dM, = [) XodM, — [ XodM, for 0 < a <b, ie. [> XodMy = [° X 1144(s) dMs.

Definition 2.32. For a continuous local martingale M with My = 0 we set

T
Lroe(M) = {(Xt,t>0):Xprogr. mb,VT>0:]P’</ X2 d (M), <oo> :1}.
0

Let o, be the localizing sequence of M such that M°" is a bounded martingale and let p,, :=
inf{t >0: fot X2+ 1)d(M), >n}, n>1, for X € Lo.(M) be stopping times. Set 7,
Apnp, such that 7, — oo a.s. and M T is stlll a bounded continuous martmgale by Theorem

Then we define (X o M), ( (fo X dM,)(w) = limy, 00 (fo Xy dMT")(w).
Remark 2.33.

a) Even for M € M? the space F,.(M) is much larger than #(M). For Brownian
motion, for instance, we have

T
Loc(B) = {(Xt,t > 0) : X prog. mb. and / XZ2dt < coa.s. forall T > 0}
0

and any continuous, adapted process lies in Z,.(B) (no moment assumptions like
E[X2] < oo for T > 0).
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b) If M € M2 and X € (M), then by the lemma [) X,dM" = [}"™ X, dM, which

t .
tends a.s. to fo XsdMg as n — o0, since 7, — 00 a.s.

Theorem 2.34. Let M be a continuous local martingale with My = 0 and let X € Loe(M).
Then:

a) The stochastic integral fg’ XsdMy is well-defined as an a.s. limit.

) (fot XsdMg,t > 0) is itself a continuous local martingale with quadratic variation
. t
<f0 XS dM5>t = fo st d <M>s

¢) (adapted from the lecture: added stopping from the lemma) For any stopping time T
which is a.s. finite we have (X o M)] = (X1 jo M)y = (X o M7),.

Proof. a) Let (T)nen be as after Definition m Then M™ € M? and X € L (M™),

because
V X2d (M), / X2d TAS]g]E[/ X§d<M>S}§n<oo,
0

(adapted from the lecture: have to argue why this holds) which follows as in the proof of
Lemma m (adapted from the lecture: took out the first sentence)From Lemma we
have for m > n > 1 and 7,,, > 7,, that

t
/ X, dM = / X, dMI ™
0
= / Xod(M™)7

Lemmal.3d /MT"X dM T

Hence, taking m = n we obtain fot XodMTr = fMT" Xy dM7 and therefore
tATh tAT,
/ X, dMT = / X, M (2.2.1)
0 0

In particular, fg XsdMIm = fot XsdMI™ a.s. on {t < 7,}. (adapted from the lecture: whole
argument after this) This equality is satisfied for all m > n, so letting m — oo this yields
for w € {t < 7,,} that

(/OthdMs) W)= lim </ X, dMTm> (/ X de) B 229

Furthermore, since 7, — 00 a.s. for any (w,t) € (2 x Ry) we can find ng such that this is
satisfied for all n > ng. Thus the stochastic integral is well-defined.

b) (adapted from the lecture: whole argument after this)Setting m = n in (2.2.1)) we obtain

with (2.2.9) that

tATn tATh
(X o M)inr, :/ XsdM, = / XsdMI" = (X o M™)ipr,
0 0

a.s. and the right-hand side is in M?2. Thus, (fot XsdMg,t > 0) is a continuous local
martingale with localising sequence (7). The quadratic variation is

</ Xdes> = lim </ XdesT"> = lim X2d<MT">S
0 n n—oo t n— oo 0

tATh

t
= lim X2d(M)SAT = lim X§d<M)S=/ X2d(M
n—oo Jq " n—oo [q 0
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¢) (adapted from the lecture: added proof)Follows from Lemma [2.30}

m (Xo(M")™),=(XoMT),.

=1i
n—oo

(X o M)} = (X o M), = lim (XoM™),,,

O

Remark 2.35. Note that E Uot X2d (M)s] may be infinite such that It6 isometry may not

make sense.

Theorem 2.36. Let M be a continuous local martingale, My = 0 and let X be an
adapted continuous process. Then X € Loo(M) and for partitions m,, of [0,t] with
|| = maxe, ex,, [tk+1 — tx] = 0 we have

t
> Xi, (My, — My,_,) R/ XsdMy, n— oo.
0

tr€Tn

Proof. For (0,) a localising sequence of M we define stopping times 7,, = o, A inf{t >
0:|X¢| > n}. Because of Lemma X is progressively measurable. Since a continuous
function is bounded on any compact interval, we thus obtain X € Z(M). We have (adapted
from the lecture: added measurability and comment on X simple and changed I _[0,7,,](t k-
1) to the one below)

Z thfl (M;;cn - Mt‘rknfl) = Z th—ll{'rnztk—l} (Mtk/\‘l'n - Mtkfl/\Tn)
—_—

Ltk ETm Lt ETm
Fer_yarn—Mb.

t
/ ( Z th11{Tn>tk—1}l(tk—l/\Tmtk/\Tn](S)> dM;—n
0

Lt ETm

t
= /0 < Z thll(tkl/\7'n7tk/\7'n](s)> dMJ",

t€Tm

because

Z th—l1{Tn,2tk—1}1(tk—1/\7'nytk/\7'n](s): Z th—ll(tk—l/\Tnvtk/\Tn](s)

thE€Tm thE€Tm

is simple. Observe (adapted from the lecture: changed arguments after this) that

2
t
E /O (Z th11{Tn,2tk1}1(tk1/\Tn,tk/\Tn](s)XS) d<MT”>s

t ETm

ZEUt (X, — X.)° d<M”>s]~

tp€Tm k=1ATn
—0by continuity of x

This, however, converges to 0 by dominated convergence (observe that
Stien tt:j\lTA"T (Xt y — X5)2d(M™), < 4n?(M™),). We have by Ito6 isometry (or
convergence wrt. dpsr.) that

t tATh
> Xy (M7 — M )ﬂ/ X, dMT" Thm:'m/ X, dM,.
0 0

tr—1
t €ETm

Let Zm = > cn. Xty (M, — My, _,) and Q,, := {t < 7,} such that Q, C Q41 and
P(U, Q) = 1. We know that Z,,1q, £ Z1g, as m — oo where Z = fot X, dM,, (adapted
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from the lecture: add because... because

Zmla, ( Z th—l(Mtk - Mtk1)> 1{t§7'n}

Lk ETm
= ( Z th71(Mt7;: - Mg;nl)> l{tg‘rn}v
tk€ETm
Tn At
Zlq, = (/ X dMs> li<ry
0
and because of the Tschebycheff inequality. (adapted from the lecture: changed argu-

ment)For ¢ > 0 and § > 0 let n and mg large enough such that P(Q¢) < ¢ and for all

2
m > myg
P(|Zm — Z|1q, >¢) <

| >

This implies

P(|Z — Zm| > ) <P({|Z = Zm| > e} N Q) + P(Q2) <

N

O

Remark 2.37. This is a Riemann-type approximation of fot XsdMg, but it is important to
use X3, _, and not any X for s € [tr—1, tx] in the sum to guarantee the martingale properties.
Note that this gives a concrete approximation method for the stochastic integral. Form this
result only, however, one cannot deduce the properties of ( fg XsdMg, t > 0) as a process
like being a local martingale, being continuous or calculating its quadratic variation.

Corollary 2.38. If M is a continuous local martingale, My = 0, then for partitions m,, of
[0,T] with |my,| — 0 as m — oo we have for all t € [0,T]:

Z (Mtk/\t - ]\4151«_1/\75)2 R <M>t’

M, dM, = 5ME — —(M),. (2.2.3)
0
Proof. We write (always to = 0, maxy t, = T)

2 E 2 2
Mt - Mt/\tk - Mt/\tk_l

ek ETm

Z ((Mt/\tk - Mt/\tk,l)2 +2My,_, (Mtk/\t - Mtk,l/\t)) .

e €ETm

By the theorem

such that .
2
Z (Mtk/\t - Mtk_l/\t) LN MtQ — 2/ My dM, =: Q.
0

thE€ETm
Since M and fo My dM, are continuous, so is ). The limit @ is independent of the choice
of (m,,). We can thus consider refinements 7, C 7,41 for all m > 1. We have for m > n
that ¢ — Ztkerrm (My, nt — My, a¢)? is increasing for t € 7, D m,. Hence, the limit Q is

increasing a.s. on J,,~, Tm. By continuity of Q and density of | J,,,~; 7 we conclude that

Q; is increasing on [0,7]. Observing finally that M? — Q; = 2 fg My dM; is a continuous
local martingale starting in 0, we see that Q; = (M), a.s. for all ¢ > 0 (by uniqueness of
(M),). O
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Remark 2.39. Compare (2 to the standard equation for f € C1, f(0) = 0:

/f )df (s /f (5) ds = 5.1(5).

Hence, the meaning of quadratic variation lies at the heart of the difference between stochas-
tic and deterministic integration.



Chapter 3

Main theorems of stochastic
analysis

3.1 It6’s formula

Definition 3.1. A continuous semimartingale (X;,t > 0) with respect to a filtration (F);>0
is a continuous process which can be written as X; = M;+A; with a continuous local (F;)>0-
martingale M and an (F;);>o-adapted, continuous process A with paths ¢t — A;(w) of a.s.
finite variation on compact intervals. Then we define for ¢t > 0

(/Ot Y, dXs> (w) == (/Ot Y, dMs) (w) +/OtYs(w)dAS(w),

whenever the right-hand side is well-defined, i.e. Y € Zo.(M) and fot |Ys||[dAs| < o0 aus.
(here |[dAg| = dAT + dAJ is the toal variation of the signed measure dA; = dAT — dA7).
Moreover, we set

<X>t = lim Z (th/\t - th,lAt)Q,

—
|| =0 tRE€ETm

whenever the limit exists in probability.

Definition 3.2. Let X,Y be continuous semimartingales. Then we define the quadratic
covariation by polarisation:

1

(X,Y), = 1

(<X+Y>t - <X_Y>t)v t>0.
Proposition 3.3. Let X,Y be continuous semimartingales.

a) The quadratic covariation exists and satisfies (X,Y), = im0, cx (thm -
thflm) (Ytk/\t — Y}FIM) in probability, where 7 is any partition of [0, c0).

b) a continuous semimartingale (X¢,t > 0) with decomposition X = M + A into a con-
tinuous local martingale and a continuous process of bounded variation on compacts A
we have

(X), = (M),= lim > (Xeont — Xepont) "

—0
[mm =0,

Proof. See exercises. O

36
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Theorem 3.4 (Partial integration). For continuous semimartingales X,Y we have
t t
XYy = XoYo + XSdYS—&—/ YidX, +(X)Y),, t>0.
0 0

In particular,

t
X3=X§+2/ XodXs+(X),, t>0.
0

Proof. By polarisation it suffices to prove the second identity. We have for any partition of
[0,T],t<T:

S (Kuene = X ine)® = XP=X2-23" Xuo ine (Xeone — Xeuint)

trem tre™
= X7 -X§5-2 Z Xipoint (Myne — My, 1)
tpem
+2 Z Xe_int (Agnt — Aty _int) -
tpem

The left-hand side converges in probability to (X), whereas the right-hand side converges
in probability to

¢ ¢ ¢
XE—X§—2/ XdeS—Q/ X dAs :Xf—Xg—Q/ X dXs
0 0 0
using Riemann-Stieltjes approximation (we even have >, - Xy ae(Atne — Aty yat) —

fg X dA, as.). O

Theorem 3.5 (Associativity of the stochastic integral). Let M € M?, X € £(M) and
Y € Z(X o M) with respect to a filtration (Fi)i>0. Then:

a) YX € L(M).
b)) Yo(XoM))=(YX)oM),a.s
Proof. See exercises. O

The main result of this section will be Ité’s formula (a.k.a. It6’s lemma).

Theorem 3.6 (Ito’s formula). For a continuous semimartingale X and f € C%(R) the
process (f(X¢),t > 0) is again a continuous semimartingale and satisfies

f(X:) = f(Xo) + /f $)dXs + = /f” t>0.

Proof. There are two main proof strategies.

1. proof (sketch). Writing f(X:) — f(Xo) as a telescoping sum and Taylor expansions, we
obtain

FX) = F(X0) = D (F(Xeent) = F(Xty_ine)
trET
Ta;lor Z (fl(th_l/\t) (th/\t - th_l/\t)
tre™

1
“v‘*f/l (th71/\t) (th/\t - th71At)2 + O((th'/\t a th’l/\t)2>

/f dX—l—/f”
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as |m| — 0, because the remainder terms converge to 0 in probability (not proven here, check
literature).

2. proof. We first show that It6’s formula holds for polynomials f. We already know that
it holds for f(z) = z and f(z) = z? (by partial integration). By linearity it holds for
polynomials f of maximal degree 2. We argue now inductively. Assume that the claim
holds for polynomials of order of maximal degree m — 1, i.e.

X;?H:Xé“*w/o (m—1)X;ﬂ—2dXS+/0 m-1)(m=-2) )2(m )X;"-3d<X>S.

By partial integration and associativity of the stochastic integral (Theorem [3.5) we then
have

xmo o= xmlx,

t t
= X5"*1X0+/ X;”_ldXs—i—/ XodX"h 4+ (X, X™7),
0

= Xpr /XmldX

(/X —1X’”2dX+/X m=1) )Xm3d<X)>

+<X,/( —-1)Xm- 2dXS+A>
0 t

for a finite variation process A. Therefore

t -1 ) t
XP o= XP+m / xmotgx, 4 oD m=2) )2<m ) / Xm2d (X
0 0

+</ 1dXS,/ (ml)X;WQdXS> )
0 0 t

By polarisation we obtain

</0 1dxs,/0' (m 1>X;"-2dXs>t

< 1dMs,/ —1)Xm—2dM>
= / m—1) X" 2d (M),

:/ m—1) X2 d(X),

t

(=)

(=)

such that

t t
1
X;”:X{;wm/ X;’%MX#%/X;”*%@)S.
0 0

By linearity we thus have It6’s formula for all polynomials f of maximal degree m.

We now show It&’s formula for X taking values in the interval [-K, K] for some K > 0. By
Weierstrak’s approximation theorem there are polynomials p,, such that

sup | f"(x) = pin(x)] = 0,

z€[—K,K)
sup | f'(x) = plu(2)] = 0,
z€[—K,K]|

sup |f(z) —pm(z)] — 0
ze[—K,K]
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as m — oo. Therefore we have a.s. p,(X:) — f(X:) and p,(Xo) — f(Xo) and by the

uniform convergences from above also fot(f’(Xs) —pl (X)) dX, E 0 and fot(f”(Xs) —
P (Xs))d(X), — 0 a.s. Since Itd’s formula holds for each p,, by these convergences it also
holds for f.

The last step in the proof is to show It6’s formula for general X and f. The formula holds
for the stopped semi-martingales X% with 7 =inf {t > 0: |X;| > K}:

() = 1)+ [z g [ aoes),
K / TK TK ’ ! TK TK 1 ! " TK TK
= 0+ [ e anz s [ e aazg e aar,.

By the stopping property of stochastic integrals in Theorem and fot FI(XT<)dATx =

K s as well as K K) = K we obtain
ST PH(XTR) dA Was [y f/(X7€)d (M), = [s" f7/(XT<)d (M), btai

1

tATK tATK
F(Xinn) = £0) + [ rx)axee5 [ ) a,.

Letting K — oo we have 7 — 0o a.s. by continuity of X and thus t A 7 — ¢ and

t
0

f(X2) = f(X0) +/ F(Xs) dX, +;/Ot F1(X,) d(X), .
O

Remark 3.7. Suppose t — X; is C*(R). Then (X), = 0 and It6’s formula specialises to the
fundamental theorem of calculus: f(X;) = f(Xo) + fot F(Xs) X! ds. Likewise, Ito’s formula
allows to calculate the stochastic integral fot (X)) dXs.

Example 3.8 (Geometric Brownian motion). We want to solve the stochastic differential

equation
dXt :Xt (Mdt+UdBt) :‘U,Xt dt+O'Xt dBt (*)

with Xo = zo, i.e. we want to find a process (X;,¢ > 0) such that

t t
Xt:Xo—i—/ Xsuds—i—o/ XsdBg, a.s.
0 0

Informally we consider f(x) = logz, f'(x) = %, f(x) = fx%, x > 0. If we assume that

such a process X exists we have by Itd’s formula
1
df (X3) = f/(Xy) dX; + §f//(Xt) d(X),,

ie.

t 1 1 t
log(X,) — log(Xo) + / X / (— =) ),

t 1 t 1
= log(zo) +/0 (pds+ o dBs) — 5/0 X2 o?X?ds
o2
= log(xg) + ut + 0By — Tt'

Applying now the exponential function we therefore get

o2
X, = xgexp ((u— 2> t-l—(TBt) .
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Rigorously you can apply Itd’s formula to the right-hand side and derive (*). What happens
for t — o7 If p > o

2
o2

similarly, if 4 < %, then X; — 0 a.s. Finally, if 4 = %2, then limsup,_,., X; = oo and

then X; — oo a.s. by the law of the iterated logarithm and

liminf; 0o Xy = 0 a.s. If 4 =0, then X is a martingale (see Proposition |1.20)), but u < "72
such that X; — 0 such that X cannot be a uniformly integrable martingale.

Definition 3.9. A d-dimensional continuous semimartingale X; = (Xt(l), e ,Xt(d))T is a
vector of d one-dimensional continuous semimartingales X, ... X(@ A d-dimensional
Brownian motion By = (Bt(l),...,Bt(d))T consists of d independent Brownian motions

BW . B@,
Remark  3.10. As usual we  understand fot (x XN gy, =

(foth(l) dl/'s7...,ng£d) dYs) for a continuous semimartingale Y. More-
over, if Y is a d-dimensional continuous semimartngale, then we define

T T
I <<X§1)7...,X§d)) d (Y;“),...,Y;d)) > =0 xP ay®) ete.

Theorem 3.11. Let X be a d-dimensional continuous semimartingale and

0%g

R? x R
8372-96]-60( x RT)

feC? (R xRT) = {g ‘REXRT = R, (z,t) = g(x,t) :

for lgi,jgd,% eC(Rde+)}.

Then (f(X,t),t > 0) is a (one-dimensional) continuous semimartingale satisfying

[t of w ., [1Of
f(XO,0)+;/O S (X0 5) dX +/ o (Xors) ds

0

f(Xe,1)

1L toerf
+—
2i,j:1 0 8xixj

(Xs,5) d<X<i>,X<J‘>>

S

= f(X0,0) + /Ot <Vrf(sts), dXS> + /Ot %(Xs,s) ds

1 t
—|—§/ <Vif(Xsas)a d<X>S>HS(RdXd) ’
0

d
4,j=1

where the Hilbert-Schmidt-norm on R*™*? is induced by (M,N)ys = > M;;N;; =

trace(MNT) for any M, N € R4,

Proof. Long and tedious analogue of the proof of Theorem Check cited literature for
details. .

Corollary 3.12. For d-dimensional Brownian motion B and f € C*'(R? x R*) we have
t t 9 1 [t
F(B0) = 10.0)+ [ (Vaf (Bas)aBa)+ [ 7 (Bas)dst ;[ £.f(Bus)d,
0 0 0
where N, f = % + % + e+ ? is the Laplace operator.
ok T35 T4
Proof. It remains to show (B(), B(j)>t =t6;;. We know already (B, B(i)>t =(BW) =t

and we must show for two independent Brownian motions B(Y), B() that <B(1)7 B(2)>t =0
for all ¢ > 0. We have by definition

<B<1>,B<2>> _ i (<B<1) +B(2>> _ <B<1) _B<2)> ) ’
t t t
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but % (B(l) iB@))t is again a Brownian motion such that <B(1) iB(2)>t = 2t, le.
<B(1) B2 )>t =0.

Corollary 3.13. If f € C*Y(R? x R) satisfies % = —3A.f (for all (x,t)), then
(f(Bt,t),t > 0) s a continuous local martingale.

Proof. We have f(Bt,t) = f((),O) + fg <fo(Bs,s), st> which is a sum of continuous
local martingales and therefore itself again a local martingale. O

Remark 3.14. Functions f € C%'(R? x R) as in the corollary satisfy the heat equation
which is an important partial differential equation in applications. See also (1.1.1)) in the
introduction.

Example 3.15. Note that if f : R? — R is harmonic, i.e. Af(z) = 0 for all z € R%. Then
(f(By),t > 0) is a continuous local martingale.

1. If d = 2, then for f : R?\ {0} — R, f(z) = log|z| we calculate that %(x) =

1 2 2\ _ 2z; . m %f _ |=PP=2we, 1 227
(3log(a? +23) = (2+12) = oz and Gr: (x) = B = WP T Thus
’f | 2°f _ 2 ai+a; — 2 .

52 T oz = pr 2 = 0 Let now D, g := {z € R* : r < |z| < R} for
0 < r < R. Then h(z) := % is harmonic on D, g, h(z) = 0 for |z| = R,

h(z) = 1 for |z| = r. Define the stopping time 7 = inf{¢t > 0 : |B;+z| € {R,r}}
for some x € D, g. We have P(7 < c0) = 1 because limsup,_, . |B;| = o0 a.s. (con-
sider e.g. limsup,_, . |B¢| > limsup,_, |Bt(1)| = 00). Moreover, h(x + By),t > 0, is
bounded on [0, 7]. Dominated convergence yields

o) _ E [h(z + By)]
opt. sampling gy ]

_ E [1{\x+BT\=T}]

_ ]PD(|93—|—B7—|:T)

Here we use that the above arguments yield that also (h(m + Biar),t > 0) is a
continuous local martingale if Ah = 0. Since h is bounded on [0, 7], we have that
(h(x + Biar,t > 0) is a martingale and thus E [h(z + Biar)] = h(z), take t — oo by
dominated convergence. For R — oo we have 7, p — Tyoo = inf{t > 0: |B; + | =r}
such that log R — log |z]

. og R —log|x

P (77,00 < 00) = ngnoo logR —logr

Hence, with probability one the 2-dimensional Brownian motion hits any disc in finite
time. This is called 2D-Brownian motion is recurrent for discs. This means that a.s.
the trajectories of 2D-Brownian motion lie dense in R?, i.e. {|B;|,t > 0} = R? (show
this by considering any disc D,z around any point y € R?, not only around 0). By

considering only rational coordinates and rational r, R the claim follows a.s.).
2. If d = 3, then for f(z) = |z~ is harmonic on R%\ {0}. With D, r as before and
—d —d
h(z) = % harmonic on D, g, h(z ) =0 for |z| = R, h(z) =1 for |z| = r
you conclude similarly P(7, o < 00) = ‘Zf‘ < 1 (because of R?=¢ — 0 as R — o).
Hence, d-dimensional Brownian motion is transient for d > 3.
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3.2 First consequences of It6’s formula

First we establish Lévy’s characterisation of Brownian motion.

Theorem 3.16. The following are equivalent:
a) B is a Brownian motion (on some filtered probability space (2, F,P, (F)).
b) B is a continuous local martingale with By =0, (B), =t fort >0 on (Q, F,P, (F)).

Proof. (a) = (b). Clear.

(b) = (a). Let us show that M; = exp(iuB; + “7%), t >0, is for any u € R a complex-
valued martingale (i.e. real and imaginary parts are real-valued martingales). We apply

Itd’s formula (which equally holds for C-valued functions f):
t 1 t t 1
M, = M +/ iuM, dB, + 7/ (iu)> M d(B), +/ —u?M,ds

=s

=0

t
M + / iuM, dB,.
0

Since |M,| < e"’s/2 < o0, we have iuM € Z(B) and (fotiuMs dBs,t > 0) is in M?
(everything coordinatewise for complex-valued processes). Thus, for all 0 < s < ¢ we have
2
E[%Z\]—"b] =1 (note My # 0 a.s.) and E[exp(iu(B; — B;)|Fs] = exp(—%_s)). We obtain
. u2 t—s
immediately from E[e?*(B:=B:)] = ¢~ = for all u € R that B, — B, ~ N(0,t —s). More
precisely, for A € F; we get

E [eiu(BﬁBs)lA] _ e [14].
——
=P(A)
This shows that B; — By is independent of F; (cf. exercises or argue directly that indepen-
dence can be checked on a generator of the o-algebras o(B; — B;) and Fs and use that the
distribution of By — B, and therefore the independence of its generated o-algebra of F is
uniquely determined by its characteristic function). Putting things together we have shown
that By = 0 (by assumption), ¢ — B; is continuous and F;-adapted (by assumption) and
for all 0 < s <t By — By is independent of Fs and By — B; ~ N(0,t — s). O

Consequences of this result are far reaching, see e.g. next section. Now we establish a very
useful moment inequality.

Theorem 3.17 (Burkholder-Davis-Gundy inequality (BDG)). For every p > 0 there are
constants cp, C, > 0 such that for any continuous local martingale M with My = 0 we have

&E (M| S E[(ML)] < GE [(M)2?],

oo
where M} = maxo<s<¢ |Ms|.

Remark 3.18.

a) Since t — (M),, t — M} are increasing, (M)__ and M7, are well-defined in [0, oo].

o0

b) Usually, we are interested in M* for a stopping (or deterministic) time 7. The BDG
inequality applied to the stopped local martingale M ™ yields

& (M) SE[(M;)) < GE [(a)2?].

T
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Proof. For the lower bound see exercises. We prove the upper bound only for p > 2 (for
the general case cf. Revuz and Yor| (1999)); Karatzas (1991)). We apply Itd’s formula to
f(x) = |z|P which is in C? for p > 2:

‘ - I -
M7 = Mol + [ pIM P sen() M.+ 5 [ bl - D) IMP (),

Let us assume that M is a bounded martingale. Otherwise localise via the localising sequence
of stopping times with the minimum of 7,, = inf{t > 0 : |M;| > n}. For bounded M € M?
we have p|M|P~1sgn(M,) € £(M) such that the stochastic integral is a true martingale
with expectation zero. Therefore

e = 22 s] [anpaon)]
< 22 Dg(agy2 )]
< YDy 7 o],

using Holder inequality in the third line. By Doob’s inequality (Proposition [1.27))

Bl < (S27) e E i B [0

]2/17

for any p > 1 such that

E [(Mt*)pf/p < <p pi 1>p p(p2_ 1)E [<M>f/2} 2/[).

Hence, observing that (M) is a non-negative increasing process for all ¢ > 0

E[(M;)"] < GE [(M)2?].

oo

Monotone convergence yields the assertion for ¢ — oco. O

3.3 Martingale representation theorems

Theorem 3.19 (Doob 1953). Suppose M is a continuous local martingale with My = 0 and
an absolutely continuous quadratic variation process t — (M),. Then there is a Brownian
motion B (possibly defined on an extension of the original probability space) and a process
X € ZLoe(B) such that

t
Mt:/ XsdBs, t>0,a.s
0

Proof. 1. step. Write (M), (w) = fot Gs(w)ds and suppose G4(w) > 0 a.s. and a.e. (almost

everywhere). Put By := fot Gs_l/ 2dM, s, t > 0. If well-defined, then B; is a continuous local
martingale with By = 0 (as a stochastic integral) ad

t t
(B), :/ G;td (M), :/ G7'Gyds =1t.
0 0

By Theorem [3.16] B is a Brownian motion and by associativity of the stochastic integral
(Theorem [3.5

t t
/ G2 4B, :/ GY2G;Y%dM, = M,.
0 0
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Thus, we choose X, = Gi/2. It remains to show G;l/z € ZLoc(M). For a.a. s and a.a.

o (M), (W)= (M), ()

w we have Gg4(w) = limy,_, , from which we may conclude that Gy is
progressively measurable. Moreover, we have for all t > 0

t 2 +
[ () aan, = [ 61 Guds =t <.
0 0

This implies G~/2 € Z,c(M).
2. step. If Gs(w) > 0 does not almost always hold, then construct a Brownian mo-
tion B’ on some filtered probability space (', F', (F{),P’) and consider the product space

(Q x Q' F x F' (Fe @ F)yso JP’), where M and B’ are still (F; ® F/)-local martingales.
Put

t t
Bt = / Gs_l/Q]_{GS>O} dMS +/ 1{Gs:0} ng, t 2 0
0 0

Then B is a continuous local martingale, By = 0 and

0 t 0 t

+2</0 Gs‘l/Ql{Gs>0}dMs,/O 1{G5_0}dB;>
t

=:A
t t
= /G21/21{G5>0}d<M>5+/ Lig.—0y d(B), +0
0 N—— 0 N——
=G ds =ds
t t
= /1{GS>O}dS+/ 1{Gs:0} ds
0 0

= t7
if we can show that A = 0. For this there are two possible arguments:

i) (fy XsdM], [[YodM2), = fg X,Y,d(M"',M?)_holds (use approximation by simple
integrands, see e.g. [Karatzas| (1991)) such that

. . t
</ G—1/21{G>0}dMS,/ 1{G_0}dB;> :/ G~Y?.0d(M,B'), =0.
0 0 t 0

ii) The processes ((Mz, Gt, B;),t > 0) and (M, Gy, —Bj),t > 0) have exactly the same
distribution such that

</O G 1 g0y dM,/O 1(o—0) ng> :—</0 G*1/21{G>0}dMs,/O 1{G_0}dB;>
t t

such that they both equal zero.

This means again by Theorem that B is a Brownian motion and as above M; =
Jyai?aB,.
O

Remark.

a) A function f: RT — R is absolutely continuous if there is a function g € L'([0,T]) for
all T > 0 such that f(t) = f(0) + fg g(s)ds. We have g(s) = f'(s) for Lebesgue-a.a.
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b) For general My we then obtain M; = My + fot X, dBg by considering M, = M; — M.

Theorem 3.20 (Brownian martingales). Let (F;)i>o be the canonical filtration of a Brown-
ian motion B, i.e. Fp = o(Bs,s < t) completed by events of probability zero in o(By,t > 0).
Then for each random variable Z € L*(Q, Fuo,P) there is a unique process h € £ (B) such
that

o0
Z:IE[Z]+/ hs dBs,
0

where E[fooo h? ds] < co. Moreover, for each martingale M bounded in L? (for each continu-
ous local martingale, respectively) adapted to (Fy)i>o0, there is an h € £ (B) (h € Loe(B))
and a constant C > 0 such that

t
Mt:C’Jr/ hsdBg, t>0,a.s.
0

Remark 3.21. M is not assumed to be continuous a priori (see below).
We first need a Lemma.

Lemma 3.22. The vector space generated by the random variables exp(i Z?zl Aj(By, —
By, ) for 0 =ty <t1 < -+ <y, A1,..., Ay € R is dense in LA(Q, Foo, P) of C-valued
L?-random variables.

Proof. We show that Z € LZ(2, Foo, P) with

<Z,exp i> X (B, = By,_,) > =E [Zexp | i) X\ (B, = By,_,) || =0 (%
j=1

L2 =t
for all n, (¢;), (A\;) must satisfy Z = 0 a.s. For F' € %g~ we set
‘U,(F) = IE [Z].F (Bt1 — Btoa e ,Btn — Btn—l)] .

Then 4 is a complex-valued finite measure. Then (*) shows that the characteristic function
of u vanishes identically. By uniqueness of characteristic functions this means that y = 0
holds. Hence, E[Z1 4] = 0 holds for all A € o(By,,..., B:,). By a monotone class argument
(or measure-theoretic induction) this extends to A € o(Bs,s > 0). Adding nullsets to A
does not affect validity of E[Z14] = 0. Therefore E[Z14] = 0 for all A € F and thus
Z =0 a.s. (consider for this A ={Z > 0} and A= {Z < 0}).

Proof of Theorem[3.20, Let H be the vector space of all Z € L2(, Fa,P) with repre-
sentation Z = E[Z] + fooo hsdBs;. The Z € H the process h is unique because for h,h’
fooo hsdB, = fooo k! dBs a.s. Then fooo(hs — hl)dBs =0 a.s. and by Ito’s isometry

(/OOO (he — 1) st)2
E{/Ooc(hs—h’s)z ds} .

Thus hs = R/, a.s. for almost all s. (indistinguishable?) Moreover, for Z € H we have

(E [Z] + /000 hs dBS>2

Using this formula for E [Z2] we obtain directly that a sequence (Z,,) in H converging to
Z € L? has corresponding processes (h,,) which form a Cauchy sequence with respect to

0 = E

E[Z?] =E :(IE[Z})Q—i—/OOOE[hﬂ ds+2-0.
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[h][? =[5~ E [h%] ds. Then by the construction of the stochastisc integral this implies that
I3~ hn dBs converges in L? (Ito isometry on [0,00)). Since also E[Z,] — E[Z] holds, we
have

Z:]E[Z]+/ hs dBs,
0

where hy = lim,_,o0 fps. That’s why H is closed. Now let us write f(s) =
> i1 A1, .1,)(s) and consider

t t

f — oxp (4 1/ e

&l =e p(z/o f(S)st+2/of(S)dS)-
=:X;

By It6’s formula we get
t
&f =&f+ [ il s(s) b,
0
because the quadratic variation terms cancel (see proof of Theorem [3.16)). Then

exp ZZ)‘J' (Btj - Btj—l) + 92 Z)‘?(tj —tj1) | =1 +/ szf(s) dBs
j=1 j=1 0

and both the left-hand side and therefore also exp(i >, Aj(By, — By, ,)) is in H. By the
lemma, linear combinations of the latter random variables are dense in L?. Therefore H is
dense in L?. Since H is closed, we must have H = L2.

For the second part we know by the martingale convergence theorem (reference?)(e.g. from
Stochastic processes 1) that if M is an L?-bounded martingale, then there exists an Fo-

Lz,a‘s.

measurable random variable M, such that M; = %%, M . From the first part we therefore
find h € Z(B) with My, = E[My] + fooo hs dBs and thus for all ¢ > 0 we have M; =
E[Mx|Fi] = E[Ms] + fg hs dBs, a.s. In particular, M has a continuous version (namely the
right-hand side of this equality).

If M is only a local martingale, but continuous, with associated stopping times (7,,), then
the stopped processes N = M are uniformly integrable martingales. By the martingale
convergence theorem (reference?) there exists an F,,-measurable random variable M, € L*.
Since L? is dense in L', we find F,,-measurable random variables Még ) € L? such that
Még) L_1> M, as n — oo. By the first part we can associate with each Még) a continuous
L2-bounded martingale Mt(n) = E[Még)] —|—f0t h{™ dB, for processes h(") € Z(B). By Doob’s
maximal inequality we find then for € > 0 that

define further stopping times o, = 7, Ainf {¢ > 0 : | M| > n}. Since My is Fp-measurable, we
have that My is constant a.s. (0(Bp) = {0, 2}. Then there exist processes h,, € £ (B) such
that Mipy, = Mo+ fg hn,s dBg, t > 0. By uniqueness of h,,, we have hy, s = hn,s - 1j0,5,,](5)
for m < n (P-a.s., A-a.e.). So, since o, — o0 a.s. we can define a process hg such that
hin,s = hsljo,4,,1(s) for all m > 1. Hence, we have a.s.

P < sup ‘Mt — Mt(")

0<t<oo

tAo,

t
M, = lim M;n,, = Mo+ lim hsdBy = My + / h, dB,.
0

n—oo n— oo 0
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Corollary 3.23. Every local martingale with respect to (F;)i>0 as above has a continuous
Version.

Proof. t fot hs dB, is continuous such that M; = C + fot hs dBs a.s. and the right-hand
side is a.s. continuous in . O

Corollary 3.24. (F;)i>0, the completion of the canonical Brownian filtration, is right-
continuous, i.e. Fy = Fry = (),o, Fs, t > 0.

Proof. Let Z be an F;-measurable bounded random variable. Then there is an h such that
Z =E[Z] + fooo hs dBs by the theorem. Since Z is F;;.-measurable for any € > 0, we have

t+e
Z:IE[Z|]-}+E]:E[Z}+/ hs dB,.
0

By uniqueness of h, we derive that hs = 0 a.s. for a.a. s € [t +¢£,00). Use &, — 0 such that
h = hljg 4 up to indistinguishability and Z = E[Z] + fot hs dB; is F;-measurable. Therefore

Fip = Fr. O
Theorem 3.25. If M is a continuous local martingale, then there exists a Brownian motion
B and a family of stopping times 1, such that M; = B,, (="random change of Brownian
motion”).

3.4 The Girsanov theorem

3.4.1 Motivation

Let PV be the Wiener measure (i.e. the law of Brownian motion) on (C([0,1]), Zc(0.1)))-
Which probability measures Q on the same space are equivalent /absolutely continuous with
respect to PV (i.e. Q ~ PV, Q < PV) and what are the corresponding Radon-Nikodym
densities? As motivation consider first the finite-dimensional case, i.e. let Xy,... X, ~
N(0,1) be iid random variables and let P,, be the law on (R, #gn). We realize X1,..., X,
as the coordinate projections on R™. Consider

n 1 n
Zn(X1,. .. &y) = €xp <kz_1 kT — 5 ];uﬁ)

for some pj € R. Then by independence

E[Z.(X1,...,X,)] = E Py

exp (2 Mk)

]._.[ E [exp (pr Xk ]) T3 Bl
k=1

n
<H e#k/2> fm1 Mk
k=1

1.

This means that fR" Zn(x1,. . xp)dPy (21, ... ,2,) = 1 and we have Z,, > 0. This means Z,,
is a density with respect to ]P’ Hence, we can define a probability measure Q,, on (R™, B~ )
via 3%" = Zp, ie. Qu(A fA ZndP,, A € Prn. What is the law of the coordinate
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projections X7, ..., X, under Q,?7 With )\, denoting the n-dimensional Lebesgue-measure,
we have
d@’ﬂ d@n dPn — /2 _ 2
- =) = Zo(x) - (2m) " |l=1%/2
e = @) @) = Zu(e) - 2m) e

—n/2 - 1 « 1 &
= (2m) / exp (Zﬂkxk_QZNi_2;xi>
= (2,”)771/2 exp < Z HE — :L‘k > .

k:

Thus, (Xi,...,X,) are independent under Q,, and each X is N(ug,1)-distributed. In
particular, (Xi,...,X,) with X = Xj — py is iid N(0, 1)-distributed under Q,,. This is
also true if (Xq,...,X,,) is defined on some abstract probability space (Q, F,P,) (not only
on Q = R™). We shall exploit this to obtain an infinite-dimensional analogue. Suppose
h :[0,1] — R is given such that A(t fo s)ds for some function g € L*([0,1]). Let
B = (By,t > 0) be a Brownian motion on (2, F,P). Then Xy := /n(Bjy/n — Bi—1)/n) i
N(0,1), k=1,...,n. Putting yu, = v/n(h(£) — h(%1)) and

s o ($5 (0 (5) - (57)) i o) 3503 (2)

we define as above Q,, on (2, F) via d%;” = Z,. Then we also have
X, = \/E(Bﬁ *BQ) ﬁ(h(k) h(k_l)>
n n n n
(e () - (e (5)))
n n ked n

and (X1,...,X,) ~ N(0, E,,) under Q,, where E,, is the n-dimensional unit matrix. Under
Q.,, we have that X1,..., X, is distributed like the increments of Brownian motion at k& /n.

We want to study now the asymptotic behaviour of Q,,. For this take the dyadic grid with
n=2,j— occ. Let Fj = 0(Byg-s,k=0,...,27), j > 1, be a filtration on (€, F). Then

(Z2i)j>1 is an (F;);>1-martingale (cf. exercises). We use h(t fo s) ds to obtain
Zy = €xp kX:l(n/klg(s)ds) (BﬁBk;l)2;<n/Clg(s)ds> -

k
Since g, (t) = > p_; (n Sy g(s) ds) 1x=1 &) (t) (Haar approximation) converges to g a.e.
and in L2([0,1]) we have

1 1
Z, = exp(/ gn(s) dBs —*/ gn(s)ds)
0 2Jo

—>f01 g2(s)ds

L%(P) fo 9(s)d

B 7 —exp (/Olg(s)st—;/Olgz(s)ds).

One can show Z, 42, Z. holds even in L'. This is easily checked by showing
E[Zx|F;| = Zai, ie. (Za,j > 1) is a closable martingale (to be done precisely, see
below). This implies in particular Ep[Zs] = Ep[Zy;] = 1. Define Q on (Q,F)

k-1
n

))
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via % = Z,. From exercises we obtain for any n = 27 that ﬁ (Xl,...,)_(n) =
((BL —h (%)) — (Bo — h(0)),...,(By — h(1)) — (Bu - h("T—l))) has law N(0,1E,)
under Q, i.e. the law of the increments of Brownian motion (B1 — By,...,B; — Bn-1)

under P. Since B¢ ((0,1]) = 0(F;,j > 1) holds and (B; — h(t),0 <t < 1) is continuous. This
implies (Bx —h(%), k=0,...,n) under Q is thus distributed like (Bx,k = 0,...,n) under
P and By i B; — h(t) is a Brownian motion under Q., using that 9321([0,1]) =o(F;,j>1)
and the definition of Brownian motion. This is the Cameron-Martin theorem.

3.4.2 The Girsanov and the Cameron-Martin theorem
Lemma 3.26. Suppose (Z;,0 <t < T) is a non-negative martingale on (Q, F, (Ft),P) with
E[Zr] = 1. Define Qr on (Q, Fr) via di?% = Zr. Then for any Y € L*(Qr) we have for

all0<s<t<T

1
Eg, [Y|Fs] = 71}3[@ [YZ:| Ft], P-a.s., Qr—a.s.
S

Proof. See exercises. O

Corollary 3.27. If (MtZ_t,O <t < T) is a martingale on (2, F,(F),P) for some Fi-
adapted process M, then M = (M;,0 <t <T) is a martingale on (Q, F, (Fi)i>0,Qr) (with
the notation from above).

Proof. See exercises. O

Now let us recall the stochastic exponential

t 1 t
Z; = exp X,dB, — = | XZ%ds), t>0,
2 S
0 0

for some X € Z,.(B). This is a non-negative local martingale due to Itd’s formula:

t t t
1 1
Z 1+/ ZSXSdBS—i—f/ Zstds—f/ Z.X2ds
0 2 0 2 0

t
= 1+/ ZsXsdBs.
0

We have that (Z;,0 < ¢ < T) is a martingale if (and only if) E[Zr] = 1.

Theorem 3.28 (Girsanov, 1960). If (Z;,0 <t < T) with Z; = exp(fot X dB,— 3 ngz ds)
is a martingale on (Q, Fr, (F;),P), then

t
BtZ:Bt*/ Xst, OStST,
0

defines a Brownian motion with respect to (0, Fr, (Ft)o<t<T, Qr) with % = Zp.

Proof. The key idea is to apply Levy’s characterisation of Brownian motion (Theorem [3.16)).

1. (BiZ,0 <t < T) is a continuous local P-martingale. Integration by parts (under PP)
yields indeed:

t t
Bz = BoZo+ / B, dZ, + / Z,dB, + (B, 7),
0 0

t t t t
= 0+/ B,Z,X,dB, +/ Z,dBy f/ ZsXs ds+/ 1-Z;X.ds
0 0 0 0

t
/ (B X, +1)Z, dB,
0
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which is a continuous local P-martingale.

2. (By,0 <t <T) is a local Qr-martingale. Let (BZ)ipr,, 0 < t < T, be P-martingales
for suitable stopping times 7,, — oo. By the first step and Corollary We see that Bin,,
is a continuous Qp-martingale with respect to (Fiar, Jo<i<r and thus (B;,0 <t < T) is a
continuous local martingale with respect to Q.

3. B has quadratic variation <B> =t under Qr. We need to show that (B —¢,0 <t <T)
is a continuous local martingale under Qr. Equivalently (see below) it is enough to show
that (Z,(B%—1t),0 <t < T) is a continuous local martingale under P. Continuity is obvious.
Use (under P) (B), = (B — [, X.ds), = (B), =t such that

32—2/ B, dB; + (B) _2/ B,dB; +t

and by partial integration

t t t
Zy(B} —t) = / ZSQBSdBS—i-/ (B2 —8)Z,X, dBS+/ Z,X 2B, ds
0 0 0

t
2/ (ZsB, + (B? — 5)Z, X, dB,
0

which is a local P-martingale. This yields directly the claim. O

We are now interested in the support of Wiener measure P on (C([0,1]), Be(o1))-

Trivial question: Suppose U ~ U([0, 1]). Which of the outcomes U = 0.5, U =0, U = —1
is typical? We can argue that 0 and 0.5 are typical outcomes, because any open interval
around 0 and 0.5 has positive probability while this is not true for —1.

Definition 3.29. The support of a probability measure P on a metric space S equipped
with its Borel-o-algebra is the smallest closed set A such that P(A) = 1 holds, ie. A =

ﬂFclosed,P(F):y The set

_ {f € C([0,1]) : 3g € L2(0,1]) ¥t € [0, 1] f(¢) = /0 o(s) ds}

is called Cameron-Martin space.

Remark. A is the space of all weakly differentiable (= absolutely continuous) functions f
with £(0) =0, f' € L% ie. 2 = H*n{f € C([0,1]) : £(0) = 0} with the L?-Sobolev space
o'

The Girsanov theorem yields a very interesting shift property of Wiener measure.

Proposition 3.30. For all h € S the laws of Brownian motion (By,t € [0,1]) and Brow-
nian motion with drift h, i.e. (B; + h(t),t € [0,1]), are equivalent on (C([0,1]), Bc(0,1]))-

Proof For g € L%*([0,1]) with h(t fo s)ds we consider Z; = exp fo s) dBs

3 fo 2ds),0 <t <1. Sinceg € L2 is determlnlstle g € Z(B) and Z; is well- deﬁned We
have that fo s)dBs is normally distributed (v1a Gaussian approximations, cf. exercises)
with IEfO dB s] =0, E[( fo s)dB;)?] = [, g*(s)ds, i.e. fo s)dBs ~ ||g||3.U, where

U~ N(0,1). Z is a martingale, because
E[Z]=E {efglg(S)st} o= 3 Jo g% ds — Alalla—4lell}e — 1.

By Girsanov B, = fo s)ds = By — h(t) is a Q-Brownian motion with % = Z; on
JF7 such that B; = Bt + h(t) is a Brownian motion with drift under Q;. Since by definition
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Q1 < Pon (2, F) and the density Z; is strictly positive, Q; and P are equivalent measures
and so are their image measures Qf , P? under B on (C([0, 1]), Z¢(0,1]))- Hence, the law of
Brownian motion P? and the law of Brownian motion PZ and the law of Brownian motion
with drift h QP are equivalent. O

Corollary 3.31. The support of P on (C([0,1]), Bc(o,1))) is given by # ={f cC([0,1]) :
f(0) =0}

Proof. For any h € 7, ¢ > 0, we have (|| f||oc = supg<;<1 [f(?)])
P(|B+hle <) = Ep[lypinj.ze)]

= Eq [1{|\B+humg}}
= Eq, [1{Bjwsge]
= Ep [1{B|w<e)z]
> 0,

because Z; > 0 P-a.s. and P(||Bl|oc <€) > 0 such that 1)<} Z1 > 0 on a set of positive
P-measure (note: we have proved

1> 1 w2
= = 2
]P’<Os<121<)1Bt§s> P(|Z] <e¢) /;6 \/ﬂe dz >0
for all e > 05 it is also possible to show that P(supg<;<; |B:| <€) > 0 for all e > 0 (“small ball
property of Brownian motion”)). This means all |[-[|s-balls around h € J# of radius £ > 0
are charged (i.e. have positive probability) by PV. For any open set O with O N JZ # () we
have P (0) > 0. Hence, O open with P"(O) = 0 must satisfy O N # = (), i.e. O C #°
such that (J, open,Pw (0)=0 O C s7°. Taking complements this means the support of PV

contains ./ and thus /. Because By = 0 a.s. the support of PV is exactly /7. O

So far it remained open how to check in general whether Z; = exp ( fg X,dBg — % fot X2 ds)

is a martingale. There are two useful sufficient conditions for that, namely the Kazamaki
and the Nowikov condition, see. e.g. |Revuz and Yor| (1999). Here we merely prove an
e-weaker version of Novikov’s condition.

Theorem 3.32 (Weak Novikov condition). Let M be a continuous local martingale, My = 0
and Z, = eMe=3M) . Then E[Zr] = 1 holds (and (Z;,0 < t < T) is a martingale) if for

some e >0
oo (& +2) 00,)] <

Proof. Suppose 1, — oo are stopping times such that (Zinr,,0 < ¢t < T') are martingales
(cf. exercises). We show that (Zrar, )n>1 are uniformly integrable. Then

E [ZT] = nlL)II;o E [ZT/\Tn] =1.
=E[Z0]

For this we prove that sup,,~; E[Z},, ] < oo for some 7 > 1. For any p > 1 we have
. 1
Z{ = exp|rM;— 5" (M),

— exp (th — g (rM), + % (pr? —7) <M>t>
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such that by Holder-inequality

2 1/p 1/q
E[Zfn,,] <E [exp <p7’MT/\Tn -2 <rM>TATn>} B [exp (4 (o2 = 1) (M)p,, )]

:]E[exp(pT‘MTAT” - % <pT]\/I>T/\Tn )] e

Observe that prM; is a local martingale such that exp (...) is a stopped non-negative local
martingale and, in particular, a submartingale. Hence, by Fatou’s lemma and because

<M>T/\Tn S <M>T

£ 1. <17 o (g2 2= 0 )]

where we use that ¢ = p%l by Hoélder inequality. This is finite if ﬁ(pr2 -r)<i+e
The left-hand side for 7 — 1 converges to & which for p — 1 in turn converges to % By
continuity there are r,p > 1 such that it is smaller than % + €. O

Corollary 3.33. The previous proposition still holds if there are times 0 =tg <t; < -- <

t, =T such that
o ((5+2) 0, -, )] <

holds for k=1,...,n.

Proof. We have

ElZr] = E []E {exp (MT - % <M>T> ‘ Ftn_l”
1

E [exp <Mtn1 -3 (M}t”1> E [exp ((Mtn M, ) - % ((M)tn - (M)t"1>> ‘ FtM” .

Now (My — My, ,,t € [tn—1,1,)) is also a continuous local martingale starting at ¢t = ¢,,_1

in zero with quadratic variation (M), — (M), . Thus, the previous argument (for
Novikov’s condition) applied to (My — M, _,,t € [tn_l, t,]) and conditional on F,_, yields
that Elexp(My, — My, — 5((M), — (M), _)|F;,,] = 1, using Elexp((3 + &)((M), —
(M), )] < oo. We obtain the claim by applying this argument for ¢,,1,¢,_2,... yields

E[Z7] = 1. O

Remark 3.34. A different proof is given in Karatzas| (1991) using a multi-dimensional version
of Novikov’s condition.

3.4.3 Maximum-Likelihood estimation for Ornstein-Uhlenbeck
processes

Consider the Ornstein-Uhlenbeck-process X solving the SDE dX; = —aX; dt+dB;, Xg =0,
where a € R is a parameter. A solution is given by X; = fot e~ (=) dB,. a = 0 corresponds
to Brownian motion. Our aim is to estimate a € R from the observation of one trajectory
(Xt,t € [0,T]). The Maximum-Likelihood approach is then the following, first in a more
general setting: Suppose we observe Y, a random variable (even function valued), with
density p, where a € A, the parameter set, is an unknown parameter. Here, we assume that
all densities p, are taken with respect to one dominating measure (e.g. Lebesgue-measure
or the Wiener-measure). Then the Maximum-Likelihood estimator & is the value of a which
maximises p,(y) over a € A where y is a realisation of Y. Formally, @ = arg maxaea pa(y).
Here, we shall use the Girsanov Theorem to determine the density of (X;,t € [0,T]) with
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respect to the Wiener measure on C([0, 7], Be(o,17))- We want that (X;,¢ € [0,77]) is an

Ornstein-Uhlenbeck- pI“OCGbS with parameter @ under Q(®). For this write dX; = —aX,;+dB,,
Xo = 0 with a Q(®-Brownian motion B, whereas under Q® = P X should be just a

Brownian motion. So, we have B, = X, — (fa fo X ds) , which is indeed a Q(a)—Browman

motion for
dQ(@ ’ Lty
— Ip = —aX.dX, — = X2d
1P T = exp /O(a 2/0 a“X:ds

by Girsanov’s Theorem. In order to apply Girsanov, we must make sure that

T 1 /7T
exp / (—aXsdX, — f/ a’X%ds || =1
0 2Jo

holds. By the corollary to Novikov’s condition it suffices to show

1 b
exp (2+s> a2/ BZds || < o0
te—1

for suitable 0 = tg < t; < --- < t, =T (observe for Z ~ N(0,1) that E[eczz] < oo if and
only if ¢ < %) For interval lengths ¢y —t;_1 such that (% + 5) a? (tp — t_1) this expectation
is indeed finite (check!). Hence,

dQ(®) /T 1T
——=exp| —a XSdXSff/ XZds
a0 ( 0 2 Jo

is the density of the law of the Ornstein-Uhlenbeck-process on [0, 7] with respect to the law
of Brownian motion. Thus, the Maximum-Likelihood-estimator is given by

o2 (T
arg max exp fa/ X, dX, f—/ X2ds
acR 2 0
= argmax <—a/ XsdX, — / X2 ds)
acR

— [ X, dX,
fOT X2ds

13 -7)
J X2 ds

E[Z7] =E

E

Q>
I

If our observations (X;,t € [0,T]) are generated under Q(®) for some ag € R, then

= [V Xy(~aoX, ds + dB,) ) X, dB, My
a = 2 = ap — ﬁ = ag — W
fo X2ds Jo X2ds T

for the martingale M; = fg X dB;. We always have (M), = fOT X2ds %5 oo for T — o0

such that the law of large numbers for martinges (cf. ) yields ar M) ap as T — oo

(consistent estimator). If ap > 0 (Casymptotically stationary case’), then a central limit

theorem holds: 1

VT (a7 — ag) T2, N(0,
2@0

)

under Q(?) . For ag < 0 we even have an exponentially fast convergence in e
0 for some ¢ > 0.

CT( a.s

ar —ap) L2
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