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Exercises

Let (Q,F, (Ft)t>0,P) be a filtered probability space, where (F):>0 is a filtration satisfying the usual
conditions, and let B be an (JF;)-Brownian motion. We recall that H2 denotes the set of continuous
martingales M such that Mo = 0 and sup;sq E[M?] < co and A? := L*(R4 x €2, Prog, A\@[P) is the set of

1/2
progressively measurable real valued processes (¢¢)¢>0 such that ||¢[|s2 = (E[ I qﬁgdsD < 0.

Exercise 8.1 (12 Points)

We denote by £ the set of real valued processes ¢ of the form ¢; := E?:_ol il (g, 4., (t), t > 0, where
n € N, u; is a bounded and F;;,-measurable real random varibale and 0 < tp <t; < ... <t,. For¢ € £
and 0 < t < o0, set

t n—1
[ 0uBui= 3 wilBrians — B
0 i=0
a) Prove that if ¢ € £, then the following holds:
i) ([ ¢sdBs, [ ¢sdBs)t = [o ¢2ds,t > 0.
ii) E[ I </>3st} — 0 and E[( Je ¢sst)2} - E[ Je ¢2ds}
Hint: One can show at first that if 0 =ty < t; < ... <t, < tpy1 = oo and X is an adapted integrable
process such that for t; < s <t <t;y;, E[X; — X, |.7-" ] =0, then X is a martingale.
Now, we recall from the lecture that the map ¢ — I(¢) := fooo ¢sdBs is a linear isometry on &,
then it is uniquely extended to a linear isometry on A% (denoted agaln I). We recall also that

for t > 0, A%(t) := L*([0,t] x Q, Prog, X o,y ® P), and for ¢ € A*(¢ fo ¢sdBs := I(11g ).

b) Prove that for ¢ > 0, if ¢ € A%(¢), then

t t 2 t
E / ¢Sst :o;de /gbsdBS :IE /¢§ds.

c¢) Prove that for t > 0, if ¢, € A%(t), then IE / ¢sdBy / wsdB / gbswsds

Exercise 8.2 (5 Points)

Prove that for all ¢ € A2, there exists M € H? such that for all t, M; = fot ¢sdBs almost surely and
ME — fot ¢2ds is a martingale.

From now on, for ¢ € A?, (fot ¢sst)t will denote the continuous martingale M such that for all ¢,

M, = fot ¢sdBs almost surely. M is called the stochastic integral of ¢.

Exercise 8.3 (5 Points)
Let t > 0. For ¢ and ¢ € A2, set M, := fg ¢sdBs and Ny := fot PsdBs. Show that:

a) (M, N); = [} ¢sthsds and MyN; — (M, N); is a martingale.
b) If T is a stopping time, then E {MtTNtT} = [ T ¢Sz/15ds}

Due date: June 15, 2016. You may submit your solutions in groups of two.



