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Introduction

Consider the following bilevel programming problem

BLP [ f
(BLP) ey (x.¥)
s.t. y € S(x)
xeC

where S(x) denotes the set of solutions of the lower level problem

(P) min @(x.y)

s.t. yerl

@ f,p:R™M R are C?
@ C C R"closed.
el :={ycR"qg(y)<0,i=1,...,I} with g; € C?
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First-order approach for (BLP)

@ Condition y € S(x) is replaced by the first order optimality
conditions.

@ Karush-Kuhn-Tucker conditions: Under some Constraint
qualification (CQ) there are Lagrange multipliers A € R/ such that

0=Vyp(x,y) +ATVq(y), A >0, q(y) <0,ATq(y) =0

(Complementarity conditions)
Disadvantage: Multiplier X is introduced as additional variable and
this will cause troubles if the multiplier is not unique
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Upper level objective: miny ,(x; — 1) + (xo — 1)?
Lower level problem:

(Px) myin X1Y1 + X2
s.t. —y2<0

1
SV ¥ <0

Unique solution is x = (1,1), ¥ = (-1, 3). But for the formulation with
complementarity conditions the point x = (0,1) y = (0,0), A = (1,0)
also is a local minimizer.
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Alternative to KKT condition

@ Working with the generalized equation

0 € Vyo(x, ) + Nr(y)
and modern methods of variational analysis without introducing
multipliers to the overall problem.

@ Nr(y) denotes the regular normal cone to I" at y.
@ Hence we replace (BLP) by

(Fop) min o fxy)
sit. 0 € Vyo(x,y) + Nr(y)
xeC
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Combined first order and value function approach

If the lower level program is not convex, the first order approach may
fail. In this case we can replace (BLP) by the equivalent problem

VFP i f
(VEP)  min o f(x.y)
st p(xy) < V(x),
0 € Vy‘P(Xv}’) + Nr(y)a
x e C,

where
V(x) :==min{¢(x,y) |y €T}
denotes the optimal value function of the lower level problem.
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Variational Geometry

Let Q c RY be closed, z € Q

@ The (Bouligand-Severi) tangent/contingent cone to Q at z is
defined by

To(2) = {ueRdHtkw, Uk — U with Z + feue € Q).

© The (Fréchet) regular normal cone to Q at Z can be equivalently
defined by

No(2) := {v* e RY| |im§9p<“/;’z__zf> < o} = (Ta(2))°.

The regular normal cone is always convex.
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Definition
Let Q ¢ RY be closed, Z € Q, u € RY.
@ The (Mordukhovich) limiting normal cone to Q at z is defined by

No(2) := {v* eRY Az Bz vy v Ve NQ(zk)}

@ (Gfr2013) The limiting normal cone to Q at z in direction u is
defined by

Nq(z;u) := {v* eRY |3t L0, ux — U, Vi = v*: vj € NQ(2+tkuk)}

v

@ In general the limiting normal cone is nonconvex and
No(z) © Na(2). )

@ If Qis convex then Ng(Z) = Nq(Z) coincides with the normal cone
of convex analysis.

(*] NQ(Z) = NQ(Z; 0)

o Ifu¢g Tq(z) then No(z;u) =10
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Q= {(x,x) € RZ | xyxo = 0}

Q =T,(0,0) N,(0.0)

N((0,0); (0,1) N,(0,0)
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Generalized differentiation

Let W : RY = RS be a multifunction,
(z,w) € gph W = {(z,w) |w € W(2)}, (u,v) € RY x RS. The
@ graphical derivative DV (z, w) : RY = RS,
Q regular coderivative D*W(z, W) : RS = RY,
© limiting coderivative D*W(z, w) : RS = RY,
© limiting coderivative in direction (u, v)
D*V((z,w); (u,v)) : RS = RY
are defined by

gph DV (z, w) = Tgpw(z, w),
gph DW(2, W) = {(W", 2°) | (2", ~w") € Ngnw (2, W)},
gph D V(2. ) = {(W*, 2°) | (2", ~W") € Ngnw (2, W)},
gph D*W((Z, W); (u, V) = {(W*, 2°) | (2" — W") € Negnw (2, W); (u, V))}

v
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Optimization problems

Consider
(P) mzinf(z) subjectto 0 € V(2)

where
e f:RY — R continuously differentiable
@ VU : RY = RS is a multifunction with closed graph
Then the basic optimality condition at a local minimizer z is

Vf(Z)U > OVu e T¢,—1(0)(2)
which can be equivalently written as
0 € VA(2) + Ny-110)(2)

(B-stationarity: no feasible descent direction exists.)
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Constraint qualifications

We want to know wether a small residual d(0, W(z)) at a point z means
that z is near to the feasible region w=1(0).

@ V is called metrically regular around (z,0) € gph WV with modulus
k > 0, if there are neighborhoods U of z and V of 0 such that

d(z, W' (w)) < kd(w,¥(2)) VzeUwelV.

@ Vs called metrically subregular at (z,0) € gph W with modulus
k > 0, if there is a neighborhood U of Z such that

d(z,v~1(0)) < kd(0,¥(2)) VzeU.

Note: If W is metrically subregular at (z, 0) then

Ty-1(0)(2) = {u|0 € D¥(Z,0)(u)}
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Characterizations of metric (sub)regularity

Note:
@ WV is metrically regular around (zZ,0) < W~ has the Aubin
property (is Lipschitz-like, pseudo-Lipschitz) around (0, ).
@ WV is metrically subregular at (z,0) < W~ is calmat (0, Z).

Let0 € ¢(2).
@ (Mordukhovich criterion) V is metrically regular around (z,0) if

and only if
0e D'V(z,0)(w*) = w"=0

© (Gfr.2013, First order sufficient condition for metric subregularity
(FOSCMS)) V is metrically subregular at (z,0) if for every u # 0
with 0 € DV (z,0)(u) one has

0e€ D'V((z,0),(u,0)(w") = w"=0
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Metric (sub)regularity of inequality systems

r={yloeM(y)}, M(y):=q(y)-R.
Notation:

Z(y) == {ilqi(y) = 0}, TE"(y) :={v|Vaq(y)v <0, ie I(y)} Vyerl

@ (Mordukhovich criterion) M is metrically regular around (y, 0) iff
Vq(y)'™A=0,1>0q()A=0 = A=0.

Moreover, this condition holds if and only MFCQ is fulfilled at y .

Q@ (Gfr.2011, Second order sufficient condition for metric
subregularity (SOSCMS)): If for every 0 # v € TE(¥) one has

Va(y)'A=0,1>0, q(7)"A=0, vVIVEA\Tg)(7)v >0 = A=0,

then M is metrically subregular at (y,0).
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Example

~¥;+y2<0
F=qyeR? -y -y <0
1 <0
MFCQ is violated at (0, 0), but SOSCMS is fulfilled.

X =0
1
Hy=X

x N
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S-stationarity and M-stationarity

Recall that B-stationarity reads as
0 € VA(2) + Ny10)(2)-
Assumption: We have the representation
¥71(0) = {z| G(z) € Q}

where G : R — RP smooth and Q C RP closed.
Then we always have

VG(2) No(G(2)) € Nyo1()(2)
and, if G(-) — Q is metrically subregular at (z,0),

/,\\/772,71 (o)(z) C VG(2) TNTQ(G(Z)) (0).
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@ Zzis called to be S-stationary if
0 € VA(2) + VG(2)"Nao(G(2))

@ Zis called to be M-stationary if

0 € V£(2) + VG(2) " Nrya2))(0)

@ A S-stationary point is always B-stationary, but a local minimizer
needs not to be S-stationary. An extra condition is required, e.g.
that VG(Z) is surjective.

@ Under metric subregularity, a local minimizer is always
M-stationary.

@ A M-stationary point needs not to be B-stationary, i.e., a feasible
descent direction can exist.
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Theorem (Gfr./Outrata 2014)

Assume that G(z) € Q, G(-) — Q is metrically subregular at (z,0). If
there exists a subspace L such that

Ta(G(2)) + L C Ta(G(2))
and
VG(Z)RY 4+ L=RP

then ) A
Ng-1(0)(2) = VG(2) No(G(2))
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First order approach

(FOP) —  min e T0Y)
s.t. 0 € Vyp(x,y) + Nr(y)
xeC

Constraints can be written in the form 0 € W(x, y) respectively
G(x,y) € Qwith

V(x,y) = ( VW(X;(Y_)ENF(V) ) :

G(x,y) = ( (y’_vyxso(x’y)) ) Q=gph A x C

Gfrerer (JKU Linz) Generalized derivatives Berlin, 6.8.2014



FOSCMS

Let0 € W(X,y), ¥* := —Vyu(X,¥).
0,

(X,
If there does not exist (u, v) # (0,0) and w # 0 satisfying
y)

ue Te(X), 0€ Vip(X. 7)u+ Viye(X, 7)v + DNe (7, 77)(v),

nygp(x’}_/)TW € Ne(X; ),
0 € V2,0(%, J)W + DR (7, 7°): (v, ~ V2, 0(%, )t — V2, 0(%, 7)V)) (W)
0)).

In Gfr./Outrata 2014 explicitA formulas for the graphical derivative and
the regular coderivative of N under a weak constraint qualification for
the lower level problem (SOSCMS) were given.

then the multifunction W is metrically subregular at ((x, y),
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Notation: L(x,y,\) = ¢(x,y) + ATq(y)
K(y.y")={ve @)y v =0}
Ny.7*) = {A € Ne (@) I Va) A =77},
(7, 7% v) == argmax v V2(\Tq)(¥)v
AEA(y.7)

Theorem (Gfr.2014)
Let0 € W(X,y), assume that SOSCMS holds for q(-) — R at y and assume
that there does not exist (u, v, A, 1, w) satisfying

(070) 7& (U, V) € TC()_() X K(}_/L}_/*)V w 7& 0, _v)z(yso()_(h}_/)TW € NC()_(; U),

AENT Y5 V)s 1€ Ty aen(N); p’Vq(y)v =0,

0= v)(y‘:D(X yu+ Vf,yﬂ()_(,}_/,)\)V-i- vq(}_/)Tﬂ

Vai(y)w=0,Vi: \; >0V pu >0

w2 L(X, ¥, \)w < 0.

Then V is metrically subregular at ((X,y),0).
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S-stationarity conditions

Theorem (Gfr./Outrata 2014)

Let (x,y) be a local minimum for (FOP), assume that SOSCMS holds
for q(-) — R aty and that V is metrically subregular at ((X, y),0). If
there is a subspace L with To(X) + L C T¢(X) and a multiplier

X € Ny, y*) such that

Vaye(X, Y)L+ span {Vqi(y) |i € I"(N)} = R™,
then there is a multiplier w such that the S-stationarity conditions
0 € Vif(X,§)+ VieX,§)'w+ Ne(X)
0 € Vyf(%,7) + Vie(X.y)'w+ D*Ne (7, 7) (w)
hold.
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Value function approach

(VFP) Gy f(x,y)
s.t. o(x,y) < V(x),
0 € Vyp(x,y) + Nr(y),
xeC,

The constraint ¢(x, y) < V(x) introduces some redundancy and the
multifunction associated with the constraints is never metrically regular.
However we can give sufficient conditions for metric subregularity.

@ Then we can replace (VFP) by the problem

N g (V) H el y) = V(X))
st 0 € Vyp(x,y) + Nr(y),

x € C,

where the penalty parameter o is chosen sufficiently large (but finite).
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. (P(Xay)_ V(X)A_ R_
V(x,y) =1 Vye(x,y) 2 Nr(y)
X —_

Theorem

Let0 € U(X,7), ¥* = —Vyp(X,¥), C={x|hi(x) <0,i=1,...,p}, where
h; € C'. Assume that there is a compact set Q C R™ and a neighborhood U
of X such that S(x) C Q Vx € U and assume that q(-) — R fulfills SOSCMS
aty. Ifthere is a direction u € R" satisfying

Vh(X)u <0, i:h(X) =0,

Vxp(X, y)u < Vxp(X,y)uVy € S(X),y #y

and for every critical direction 0 £ v € K(y,y*), every extreme point \ of
Ay, y*; v) and every w # 0 with Vg;(y)w = 0, Vi : \; > 0 one has

wTL(X, 7, \)w > 0,

then U is metrically subregular at ((X, y),0).

v

Gfrerer (JKU Linz) Generalized derivatives Berlin, 6.8.2014 24 /29



Some References

@ H. GFRERER, First order and second order characterizations of
metric subregularity and calmness of constraint set mappings,
SIAM J. Optim., 21 (2011), pp. 1439-1474.

@ H. GFRERER, On directional metric regularity, subregularity and
optimality conditions for nonsmooth mathematical programs,
Set-Valued Var. Anal., 21(2013), pp. 151-176.

@ H. GFRERER, J. V. OUTRATA, On computation of generalized
derivatives of the normal-cone mapping and their applications,
2014, www.numa.uni-linz.ac.at

Gfrerer (JKU Linz) Generalized derivatives Berlin, 6.8.2014 25/29



	Introduction
	Variational analysis
	Applications

