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Agenda

Abstract GNEPs in Banach space.

Existence of solutions and equilibrium conditions.

Nikaido-Isoda based path-following.

Numerical results.
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A GNEP with Abstract Constraints
Aim of player i = 1, . . . ,N: Given u−i , choose (ui , y) which solves:

min J1
i (y) + J2

i (ui ) over (ui , y) ∈ Ui × Y
subject to (s.t.)

Ay = B(ui , u−i ),

ui ∈ U i
ad,

y ∈ K .

(Pi )

Point (u, y) is GNE point, if no player can decrease their objective by
changing unilaterally (ui , y) to any other feasible point.

Data assumptions

Ui (i = 1, . . . ,N) reflexive sep. Banach spaces, U := ΠN
i=1Ui .

Y ,W reflexive B.-spaces, X B.-space.

Y ↪→ X is continuous.

If M ⊂ X∗ is bounded, then M weak-∗ relatively compact in X∗.
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Data Assumptions

A : Y → W linear isomorphism.

B ∈ L(U,W ); Bu =
∑m

i=1 Biui with Bi = B(·, 0−i ) with Bi ∈ L(Ui ,W ).

A−1B : U → X is compact.

K ⊂ X nonempty, closed, and convex set.

Norm topology on X : ∃ x ∈ K and ε > 0: Bε(x) ⊂ K .

∃ u ∈ Uad with A−1Bu ∈ K .

U i
ad ⊂ Ui nonempty, bounded, closed, and convex; and Uad := ΠN

i=1U i
ad.

J1
i : Y → R convex and completely continuous, and J2

i : Ui → R strictly
convex and continuous. In particular, if vk

Y
⇀ v , then J1

i (vk )→ J1
i (v).
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Reduced form using solution operator S : U → Y , Su := A−1(Bu):

minJi (ui , u−i ) := J1
i (S(ui , u−i )) + J2

i (ui ) over ui ∈ Ui

s.t.
ui ∈ U i

ad, S(ui , u−i ) ∈ K .

For u ∈ U strategy ui feasible for i th problem,

given u−i , for all i = 1, . . . ,N if and only if u ∈ C, where

C := {u ∈ Uad | Su ∈ K}.

Since C convex, problem structure of so-called jointly convex GNEP.

Definition (Generalized Nash Equilibrium)

ū ∈ C is Nash equilibrium provided

Ji (ūi , ū−i ) ≤ Ji (vi , ū−i ), ∀vi ∈ Ui : (vi , ū−i ) ∈ C, ∀i = 1, . . . ,N.
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Examples

Elliptic GNEP

Let i = 1, . . . ,N.

min 1
2 ||K

iy − y i
d ||2L2(Ω) + αi

2 ||ui ||2L2(Ω) over (ui , y) ∈ L2(Ω)×W 1,r
0 (Ω)

s.t.
−∆y =

∑N
i=1 χΩi ui , in W−1,r (Ω),

ai ≤ ui ≤ bi , a.e. in Ω,

y ≤ ψ, in Ω.

Ω ⊂ Rd , d ∈ {1, 2, 3}, r > max(d , 2), X = C(Ω).

M. Hintermüller ICCP 2014



Abstract GNEPs
Existence of an Equilibrium

Path-Following + Results

Examples

Parabolic GNEP

Let y = Su for u ∈ L2(0,T ; L2(Ω))N solve the initial boundary value problem

yt −∆y + c0y = Bu, in Q = Ω× (0,T ),

y = 0, on Σ = Γ× (0,T ),

y(·, 0) = 0, in Ω,

GNEP (i = 1, . . . ,N):

min 1
2 ||K

iS(ui , u−i )− y i
d ||2L2(Q) + αi

2 ||ui ||2L2(Q) over ui ∈ L2(Q)

s.t.
ai ≤ ui ≤ bi , a.e. in Q = Ω× (0,T ), S(ui , u−i ) ≤ ψ, in Q.
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Complexity

Major complications:

Existence: Classical (Ky Fan/Kakutani) theorems not directly
applicable.
(⇒ resort to weak topology).

Equilibria: Generalized Nash vs. more tractable variational equilibria.
(⇒ consider variational equilibria).

Numerical approach: Handling of state constraints.
(⇒ Moreau-Yosida regularization).

Update of path parameter: Primal-dual path-following strategy.
(⇒ Nikaido-Isoda function).
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Literature

Finite dimensions. Much work done for generalized Nash equilibrium
problems (GNEPs); see works by Facchinei, Kanzow, Pang,
Fukushima, and many more.

Infinite dimensions. Significantly less in function spaces: Desideri;
Ramos, Glowinski, & Periaux; Ramos & Roubicek; Kanzow & Borzı̀
(multiobjective – monotone VI, but not GNEP!)
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First-order conditions for GNEPs

Optimality Conditions for Generalized Nash Equilibria

If a Nash equilibrium ū ∈ U of (P) satisfies

∀i = 1, . . . ,N,∃ui ∈ U i
ad : Bε(0) ⊂ S(ui , ū−i )− K

for some ε > 0, then ∃ ȳ ∈ Y , p̄ ∈ (W ∗)N , λ̄ ∈ U∗ and µ̄ ∈ (X∗)N :

(OSi )


ȳ = Sū,
−p̄i ∈ A−∗

(
∂J1

i (ȳ) + µ̄i
)
,

λ̄i ∈ ∂IU i
ad

(ūi ),

µ̄i ∈ ∂IK (ȳ),
0 ∈ ∂J2

i (ūi )− B∗i p̄i + λ̄i ,

is fulfilled for i = 1, . . . ,N. Coupled system is denoted by (OS).

Conversely, if the tuple (ū, ȳ , p̄, λ̄, µ̄) ∈ U × Y × (W ∗)N × U∗ × (X∗)N

satisfies the coupled system (OS), then ū is a Nash equilibrium.

M. Hintermüller ICCP 2014
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Nikaido-Isoda function

Nikaido-Isoda function Ψ : U × U → R defined by

Ψ(u, v) :=
N∑

i=1

[Ji (ui , u−i )− Ji (vi , u−i )] .

In addition, define V : C → R by

V (u) = max
v
{Ψ(u, v) | v ∈ U : (vi , u−i ) ∈ C for i = 1, . . . ,N}.

Observation: For v = u we get V (u) ≥ Ψ(u, u) = 0 for u ∈ C.

A point ū ∈ U is a Nash equilibrium of (P) if and only if ū ∈ C and V (ū) = 0.

M. Hintermüller ICCP 2014
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Variational Equilibria

Since (P) is a jointly-convex GNEP we can use the more restrictive
solution concept of variational equilibria ([Rosen ’65]).

Define R̂ : C → C by

R̂(u) := argmax
v
{Ψ(u, v) | v ∈ C} = argmin

v

{∑N

i=1
Ji (vi , u−i ) | v ∈ C

}
and V̂ : C → R by

V̂ (u) := Ψ(u, R̂(u)) = max
v
{Ψ(u, v) | v ∈ C} .

A point ū ∈ U is called a variational equilibrium of (P) if ū ∈ C and V̂ (ū) = 0.

M. Hintermüller ICCP 2014
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Variational Equilibria: Properties

Variational Equilibria are Nash Equilibria

Every variational equilibrium of (P) is also a Nash equilibrium of (P).

A point ū ∈ C is a variational equilibrium if and only if ū = R̂(ū).

Existence

The GNEP (P) admits a variational equilibrium ū ∈ U.

Proof uses Kakutani’s Fixed Point Theorem applied to weak topology (yields
compactness of C and upper semicontinuity of set-valued map R̂, which then
has a fixed point).

⇒ (P) admits Nash equilibrium.

M. Hintermüller ICCP 2014
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Variational Equilibria: First-order conditions

Slater constraint qualification (weaker than previous CQ.)

0 ∈ int (S(Uad)− K ) , interior taken in X .

First-order optimality conditions

Suppose Slater CQ satisfied. Then ū ∈ U is variational equilibrium of (P) if
and only if ∃ ȳ ∈ Y , p̄ ∈ (W ∗)N , λ̄ ∈ U∗ and µ̄ ∈ X∗ such that

(ÔSi )


ȳ = Sū,
−p̄i ∈ A−∗

(
∂J1

i (ȳ) + µ̄
)
,

λ̄i ∈ ∂IU i
ad

(ūi ),

µ̄ ∈ ∂IK (ȳ),
0 ∈ ∂J2

i (ūi )− B∗i p̄i + λ̄i ,

is fulfilled for each i = 1, . . . ,N. Coupled system referred to by (ÔS).
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Reducible Case

Structural assumption.

J1
i = J1

0 + J̃1
i where J1

0 convex and continuously Gâteaux differentiable,
and J̃1

i linear-affine; w. l. o. g. we assume J̃1
i ∈ Y ∗.

Includes typical tracking-type functionals: J1
i (y) = 1

2‖y − yd
i ‖2

Y . Since,

1
2
‖y − yd

i ‖2
L2 =

1
2
‖y‖2

L2 − (y , y i
d )L2 +

1
2
||y i

d ||2L2 .

Single objective PDE constrained optimization

Under the above assumption there exists a unique variational equilibrium ū of
(P), which is the unique solution of the convex optimization problem

minimize Ĵ(u) := J1
0 (Su) +

N∑
i=1

(
J2

i (ui ) + 〈S∗i J̃1
i , ui〉U∗

i ,Ui

)
over u ∈ U.

s.t. u ∈ C.

M. Hintermüller ICCP 2014
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Path-Following
Penalty function (e.g. Moreau-Yosida regularization).

β : X → R+ is convex, continuous, and cont. Gâteaux-differentiable
with kerβ = K , i.e., β(y) = 0 whenever y ∈ K , else β(y) > 0.

Consider

min J1
i (y) + J2

i (ui ) + γβ(y) over (ui , y) ∈ Ui × Y
s.t.

Ay = B(ui , u−i ), ui ∈ U i
ad.

(Pi,γ)

First-order conditions.

For all i = 1, . . . ,N, uγ is a Nash equilibrium if and only if there exist yγ ∈ Y ,
pγ ∈ (W ∗)N , λγ ∈ U∗ and µγ ∈ X∗ such that

(OSi,γ)


yγ = Suγ ,
−pγi = A−∗

(
(J1

i )′(yγ) + µγ
)
,

λγi ∈ ∂IU i
ad

(uγi ),

µγ = γβ′(yγ),
0 = (J2

i )′(uγi )− B∗i pγi + λγi .

M. Hintermüller ICCP 2014



Abstract GNEPs
Existence of an Equilibrium

Path-Following + Results

Primal-Dual Path
For γ > 0, Sγ ⊆ U × Y × (W ∗)N × U∗ × X∗ set of solutions of (OSγ).

C :=
{(

(uγ , yγ , pγ , λγ , µγ)
)
γ>0 | ∀γ > 0 : (uγ , yγ , pγ , λγ , µγ) ∈ Sγ

}
.

We call every element C =
(
(uγ , yγ , pγ , λγ , µγ)

)
γ>0 ∈ C a primal-dual path.

Uniform Boundedness

Let (P) fulfill Slater CQ. Then ∃ 0 < ρ <∞ such that for all γ > 0:

‖uγ‖U + ‖yγ‖Y + ‖pγ‖(W∗)N + ‖λγ‖U∗ + ‖µγ‖X∗ ≤ ρ.

Path convergence

Let (P) fulfill Slater CQ. Then for every primal-dual path C ∈ C ∃ γn →∞:

uγn U
⇀ u∗, yγn Y

⇀ y∗, pγn (W∗)N

⇀ p∗, λγn U∗
⇀ λ∗, µγn

X∗

⇀∗ µ∗.

Moreover, the point (u∗, y∗, p∗, λ∗, µ∗) fulfills the first order optimality
conditions (ÔS), in particular u∗ is a variational equilibrium of (P).

M. Hintermüller ICCP 2014
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Path-Following

For any γ > 0 let Ψγ : U × U → R be the Nikaido-Isoda function for
(Pγ), i.e.

Ψγ(u, v) :=
N∑

i=1

[J γi (ui , u−i )− J γi (vi , u−i )] ,

where J γi (u) := J1
i (Su) + J2

i (u) + γβ(Su) represents the objective of
(Pi,γ), and

consider V : U × R+ → R defined by

V (u, γ) := max
v∈Uad

Ψγ(u, v) =
N∑

i=1

J γi (ui , u−i )− min
v∈Uad

N∑
i=1

J γi (vi , u−i ).

One observes that V (u, γ) ≥ 0 for all u ∈ Uad and analogously to before:

V (u, γ) = 0 if and only if u is an equilibrium.

M. Hintermüller ICCP 2014
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γ-Update Strategy.

Given NE uγ for γ, find γ+ > γ based on deviations of V (uγ , γ′) from zero.

Let V(γ + η) := V (uγ , γ + η), η > 0, and assume the directional
derivative V ′(γ, η) exists.

We observe V(γ + tη) = V(γ) + V ′(γ; tη) + o(t) = V ′(γ; tη) + o(t).

Therefore, we can base either directly on V ′(γ; η) or an efficient
approximation thereof.

Estimate of dir. deriv.

For any γ > 0, let uγ be the corresponding equilibrium and define
V(γ + η) := V (uγ , γ + η), η > 0. It holds that for all η > 0:

ηNβ(S(uγ)) ≥ lim sup
t↓0

t−1(V(γ+tη)−V(γ)) ≥ lim inf
t↓0

t−1(V(γ+tη)−V(γ)) ≥ 0.

M. Hintermüller ICCP 2014
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γ-Update Strategy.

Redundancy: If β(S(uγ)) = 0, then there is no need to increase γ, as
the current state yγ is feasible.

State constraint not redundant: Bound secants by a fixed threshold
πpath > 0 and choosing η > 0 such that

ηNβ(S(uγ)) ≤ πpath.

For example:
η =

πpath

Nβ(S(uγ))

and then use the update γ := γ + η.

Solvers.

Reducible case. Semi-smooth Newton method (mesh independent).

General case. Projected gradient-type method.

M. Hintermüller ICCP 2014
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Elliptic GNEP – Reducible

N = 4, Ω = (0, 1)× (0, 1), uniform grid with mesh size h.

A := −∆ discretized by standard 5-point stencil.

Nested Grid-Strategy: 9-point prolongation coarse→ fine mesh.

Stopping criterion: H−1-norm of reduced system, with tol = 10−6 (for
sufficiently fine mesh sizes).

γ-Update: Given h, we update γ until Cγ−1 > h2, C > 0. Then refine
mesh and continue.

M. Hintermüller ICCP 2014
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Elliptic GNEP: Example 1

Example

Objectives: Ji (ui , y) = 1
2‖y − y i

d‖2
L2 + αi

2 ‖ui‖2
L2 ,

ai ≤ ui ≤ bi with ai = −10, bi = 10 for i = 1, . . . , 4,

K = {y ≥ ψ}.
α1 = 2.1853, α2 = 2.0942, α3 = 2.8730, α4 = 2.0866.

For (x1, x2) ∈ Ω we defined the obstacle ψ by

ψ(x1, x2) = cos(5
√

(x2
1 − 0.5)2 + (x2

2 − 0.5)2).

O1 =
]
0, 1

2

[
×
]
0, 1

2

[
, O2 =

] 1
2 , 1
[
×
]
0, 1

2

[
, O3 =

]
0, 1

2

[
×
] 1

2 , 1
[
,O4 =] 1

2 , 1
[
×
] 1

2 , 1
[
, , Bi := χOi .

T := [0.25, 0.75]× [0.25, 0.75] ⊂ R2, we define f = −χT ∆ψ − 11.

y i
d = χTψ

M. Hintermüller ICCP 2014
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Elliptic GNEP

Example

ql := ||yl+1 − yl ||H1
0
/||yl − yl−1||H1

0
,

rl := ||yl+1 − yl ||H1
0

sl := ||∆yl +
N∑

i=1

χBi

(
α̃ipl − (α̃iχBi pl − b̃i )+ + (ãi − α̃iχBi pl )+

)
+ f ||H−1 +

||∆pl + γ(ψ − yl )+ + yl ||H−1

γmax represents the penalty parameter at which Cγ−1 > h2, C = 1e3

‘iter’ total number of iterations on mesh size h

M. Hintermüller ICCP 2014
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h = 1/128 h = 1/256 h = 1/512
0.25911 0.305 0.29818

ql 0.065435 0.013243 0.016935
4.4273e-10 7.9809e-09 2.868e-08

0.035755 0.041051 0.035415
rl 0.0023397 0.00054362 0.00059974

1.0358e-12 4.3386e-12 1.7201e-11
6.9274 5.1778 13.9437

sl 1.0617e-10 9.1398e-10 7.502e-09
9.9346e-11 8.586e-10 7.5513e-09

Table: Behavior of the Newton Step in Example 1.
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γmax iter h
8192 16 1/4
32768 5 1/8

131072 2 1/16
524288 6 1/32

2097152 5 1/64
8388608 8 1/128
33554432 8 1/256

134217728 8 1/512

Table: Behavior of the Outer Loop in Example 2
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Elliptic GNEP

Figure: (u∗1 , u
∗
2 , u
∗
3 , u
∗
4 ) for Example 1.
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Elliptic GNEP

Figure: l: y∗ (dark) and ψ (light); r: λ∗ for Example 1.

M. Hintermüller ICCP 2014



Abstract GNEPs
Existence of an Equilibrium

Path-Following + Results

Elliptic GNEP: Example 2

Figure: l: Optimal controls and active sets for Example 2.
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Example 2

Figure: l: Optimal state for Example 2.
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Example 2

Figure: l: Convergence behavior for Example 2.
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Parabolic GNEP

Here, we consider the settings:

Ui = L2(0,T ; L2(Ω)),
V =

{
y ∈ L2(0,T ; H1

0 (Ω) ∩ H2(Ω))
∣∣yt ∈ L2(0,T ; L2(Ω))

}
,

W = L2(0,T ; L2(Ω))× H1
0 (Ω), X = C(Q),

Ay = (yt −∆y + c0y , y(0))T , B ∈ L(L2(0,T ; L2(Ω)) analogous to elliptic
case,

ψ ∈ V , ψ|∂Ω > 0,

ai , bi ∈ L2(Q), ai ≤ bi , a.e. in Q,

y i
d ∈ L2(Ω), αi > 0,

U i
ad :=

{
v ∈ L2(Q) |ai ≤ v ≤ bi , a.e. in Q

}
,

K = ψ + C(Q)− (the cone of nonpositive continuous functions on Q),

Ji (u) = 1
2 ||S(ui , u−i )− y i

d ||2L2(L2) + αi
2 ||ui ||2L2(L2).
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Equilibrium Controls ui , i = 1, . . . ,4
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Equilibrium State y
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Summary

Motivating applications: Spot markets, sub/trans-sonic airfoil design.

Abstract GNEPs

Uniform Slater CQ, Slater CQ;
Ky Fan with weak topology;
Moreau-Yosida regularization of state constraint;
sequence of NEPs.

Nikaido-Isoda-based primal-dual path following.

M. Hintermüller ICCP 2014
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