
Deformation Theory

Michael Kemeny∗

Lecture 6

The meaning of bonus exercises. While typing the notes, I (Emre) added
bonus exercises to emphasize some non-trivial points in the argument that are
not covered in lecture notes. They are occasionally very time consuming, so do
them at your own risk. In anycase, they are by no means included in the exam,
should you be interested in taking one. But, any run-of-the-mill exercises and
anything that is said to be ‘left to the reader’ are from the lecture notes; ignore
them at your own risk.

1 Finishing the proof from last week
Last week we showed that PicM satisfies the first two Schlessinger conditions
provided X is such that H0(X,OX) = k and dimkH

1(X,OX) <∞. This week
we will prove that PicM further satisfies the last two Schlessinger conditions.

Remark. Condition H4 requires that f ∗ g be bijective whenever g is a principle
small extension. Previous week we showed that for any two morphisms f and g
in Artk, with g surjective, the induced map f ∗ g for PicM is bijective. Hence
PicM satisfies H4.

The fact that H3 is satisfied by PicM is a consequence of the following lemma.

Lemma 1.1. If X is a scheme over k such that H1(X,OX) is finite dimensional,
then PicM (k[ε]) is a finite dimensional k-vector space

Proof.

Step 1:

We fixed M , a line bundle on X, to define PicM . Now we are going to show
that we may assume M = OX for this proof.

Let L0 ∈ PicM (k[ε]) be the zero element of the vector space structure (in
fact L0 is the image of M with respect to the structure map k → k[ε]). Define a
map:

PicM (k[ε]) → PicOX
(k[ε])

L 7→ L⊗ L∨0 .

Since tensoring with a line bundle is an invertible operation, this map is a
bijection.
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Bonus exercise. Show that the map above is a vector space isomorphism.

Step 2:

From this point onwards we may, and will, take M = OX . Let Y be Xk[ε] =
X ×Spec(k) Spec(k[ε]). Let r : Spec(k)→ Spec(k[ε]) be the map corresponding
to the quotient map k[ε]→ k. Let π : X → Spec(k) be the structure morphism.
The inclusion of the central fiber is given by µ := IdX ×(r ◦ π) : X → Y . By
definition we have

PicOX
(k[ε]) = {L ∈ Pic(Y ) | µ∗L ' OX} = ker(H1(Y,O∗Y )

µ∗→ H1(X,O∗X)).

Step 3:

Now we will concentrate on the map between the cohomologies. First, recall
that µ is a homeomorphism of the underlying topological spaces of X and Y . The
morphism between the structure sheaves µ# : OY → OX is simply the projection
on to the first factor where we make the obvious identification OY = OX ⊕ εOX .

Further note that we have O∗Y = O∗X · (1 + εOX). This gives an exact
sequence:

0 OX O∗Y O∗X 0
exp µ#

where the exponential map is defined so that exp(f) = 1 + εf . Note that the
surjection indeed coincides with the projection onto the first factor. We may
take the associated long exact sequence, observing that µ# obviously surjects on
the level of global sections, we are left with:

0 H1(OX) H1(O∗Y ) H1(O∗X)
µ∗

.

Consequently,
PicOX

(k[ε]) ' H1(OX).

But by hypothesis the latter vector space is finite dimensional over k and thus
so is PicOX

(k[ε]) once you prove the following.

Bonus exercise. The map PicOX
(k[ε]) ' H1(OX) is a k-vector space isomor-

phism.

Summing up the results so far we have:

Theorem 1.2. Let X be a scheme over k such that H0(X,OX) = k and
dimkH

1(X,OX) <∞. For any M ∈ Pic(X) the functor PicM satisfies the four
Schlessinger’s conditions H1, H2, H3 and H4.
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2 Schlessinger’s theorem
Recall that a natural transformation ν : F → G in Fun∗(Artk, (Sets)) is called
smooth if for any surjection f : A→ B the induced map

fν : F (A)→ F (B)×G(B) G(A)

is surjective.
Recall also that we defined the ‘tangent space’ of F to be tF := F (k[ε]) which

in certain cases will have a k-vector space structure. As for a ring R we will
refer to thR

as tR.
Finally, recall that a hull of F is a couple (R, r) with R ∈ Ârtk and r ∈ F̂ (R)

such that the induced map r̃ : hR → F is smooth and the map between the
tangent spaces tR → tF is an isomorphism.

We will now prove:

Theorem 2.1. Assume that F ∈ Fun∗(Artk, (Sets)) has a hull. Then F satisfies
the first three Schlessinger conditions.

As always let f : A′ → A and g : A′′ → A be in Artk. Let (R, r) be a hull of
F .

To be able to distinguish the two induced maps, we use the following notation:

f ∗F g : F (A′ ×A A′′)→ F (A′)×F (A) F (A
′′)

f ∗hR
g : hR(A

′ ×A A′′)→ hR(A
′)×hR(A) hR(A

′′).

Proof of condition 1. We will show that smoothness of r̃ : hR → F implies that
f ∗F g is surjective, for any f and g as above. By elementary diagram chasing
we construct a commutative diagram:

F (A′ ×A A′′) F (A′)×F (A) F (A
′′)

hR(A
′ ×A A′′) hR(A

′)×hR(A) hR(A
′′)

f∗F g

f∗hR
g

Check that the smoothness condition implies, for any B ∈ Artk, that hR(B)→
F (B) is surjective. (Hint: Take the map to be B → k.) Therefore, the vertical
arrows are surjective by smoothness.

By showing that the bottom horizontal map is surjective we may conclude
that the top horizontal map is surjective. Since hR is a hom functor, it preserves
fiber products. Therefore, the bottom horizontal arrow is a bijection.

Proof of condition 2. We take g to be the map k[ε]→ k. We wish to prove that
f ∗F g is a bijection for any f . Denote A′×k k[ε] by A′[ε]. Using also the tangent
space notation, the commutative diagram in the previous proof becomes:

F (A′[ε]) F (A′)× tF

hR(A
′[ε]) hR(A

′)× tR

f∗F g

∼
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We will show that f ∗F g is injective. Take x, y ∈ F (A′[ε]) which map to the
same (α, β) ∈ F (A′)× tF . Fix a lift a ∈ hR(A′) of α ∈ F (A′). By smoothness
the following map is surjective:

hR(A
′[ε])→ hR(A

′)×F (A′) F (A
′[ε]).

Therefore we may pick lifts ϕx, ϕy ∈ hr(A′[ε]) of (a, x) and (a, y) respectively.
Using the bottom horizontal arrow of our commutative diagram, we may associate
these lifts to pairs (a, ϕ′x) and (a, ϕ′y) in hR(A′)× tR, uniquely. Since (R, r) is a
hull, the rightmost vertical arrow is a bijection between the second components.
But both ϕ′x and ϕ′y map to the same element β so they must be equal.

It follows that x and y are equal. This proves injectivity of f ∗F g and having
established surjectivity in the previous proof, we are done.

Proof of condition 3. This is immediate because tF ' tR by hypothesis. But
tR ' R/mR ∈ Artk which implies that dimk tR <∞.

3 Additional Lemmas
For future reference we will prove two lemmas. This first implies a fact we have
been using so far: If F satisfies H2 then tF has a canonical vector space structure.
We will be interested in the following kind of functors.

Definition 3.1. A functor satisfying the first two Schlessinger conditions is said
to be a functor with good deformation theory.

Let us first introduce a notation. For a k-vector space V we define k[V ] to
be the k-algebra where elements in V give a square zero ideal. Note for instance
that k[V ]×k k[W ] ' k[V ⊕W ].

Bonus exercise. Prove that if F satisfies H2 then it satisfies the hypothesis of
the following lemma.

Lemma 3.2. Suppose F is a functor such that for any two finite dimensional k-
vector spaces V and W the canonical map F (k[V ]×kk[W ])→ F (k[V ])×F (k[W ])
is a bijection. Then F (k[V ]), and in particular tF = F (k[ε]), has a canonical
vector space structure. Moreover, there is a natural isomorphism:

tF ⊗ V → F (k[V ]).

Proof. The addition on V defines an “addition” map on k[V ] as follows:

k[V ]×k k[V ] → k[V ]

(c+ v, c+ w) → (c, v + w)

where c ∈ k and v, w ∈ V . Similarly, scalar multiplication on V defines scalar
multiplication on k[V ], e.g. a ∈ k takes (c, v) to (c, av). Using the canonical
isomorphism (induced by the projection maps)

F (k[V ]×k F [V ])→ F (k[V ])× F (k[V ])
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we can carry the addition and scalar multiplication maps on k[V ] to the set
F (k[V ]) via F . Its easy to check that these satisfy the necessary vector space
axioms making F (k[V ]) a vector space. (e.g. by showing that F preserves the
commutativity of necessary diagrams.)

Since homC(k[ε], k[V ]) ' V , which is a k-linear map with respect to the
natural vector space structures on both sides, given (x, v) ∈ tF we can treat
v ∈ V as a map k[ε]→ k[V ] thereby define F (v)(x) ∈ F (k[V ]). This is a k-linear
map and it induces the map

tF ⊗ V → F (k[V ]).

Notice k[V ] '
∏dimV
i=1 k[ε] where the product is taken over k. Thus it is easy to

see that the map above is an isomorphism.

We will need the following exercise for the final lemma:

Exercise. F satisfies H1 iff for any f : A′ → A and any small extension
g : A′′ → A in Artk the map F (A′ ×A A′′)→ F (A′)×F (A) F (A

′′) is surjective.
(That is, the condition of being principle may be omitted.)

Lemma 3.3. Suppose F is a functor with good deformation theory. Let B → A
be a small extension in Artk with kernel M . Then there is a canonical transitive
action of F (k[M ]) = tF ⊗kM on the fibers of F (B)→ F (A).

Proof. First off let V := tF ⊗kM .
To see why we should expect such an action, and motivate the remaining

part of the proof, we will first assume B → A is split. That is B ' A[M ]. By
the previous lemma and using H2 we have

F (B) ' F (A)× F (k[M ]) ' F (A)× V

In this case the fiber of the map F (B)→ F (A) is just V and the action of V on
the fibers is clearly transitive as well as canonical (because the bijections above
are canonical).

As for the general proof, consider B ×A B. It is left as an exercise to show
that B[M ] ' B ×A B, where the isomorphism is canonical with respect to their
universal properties (Hint: The map is defined by (b,m)→ (b, b+m)).

Using H2 again we conclude F (B[M ]) = F (B) × V . This gives us the
following sequence of maps:

F (B)× V ' F (B[M ]) ' F (B ×A B) � F (B)×F (A) F (B)

where the last arrow is a surjection due toH1. The projection on to the first factor
gives us the first factor we began with and projection on to the second factor
allows us to define the V action on the set F (B). The fibers of F (B)→ F (A) are
obviously preserved, simply due to the codomain of the map above. Transitivity
of the action follows from the surjectivity of that map.

Bonus exercise. Check that this is indeed a group action. (Hint: Express this
condition using diagrams or you are in trouble.)
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