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Introduction

In physics, specifically in quantum field theory, the study of Feynman diagrams is a very
important topic. Feynman diagrams are essentially just graphs with additional struc-
ture, like edge types and edges that are not connected to a vertex, so called exterior legs.
Certain theories have a symmetry called BRST symmetry that induces a differential on
the space of states, the BRST differential, such that the states that actually appear in
the real world are homology classes of this differential. On the space of these diagrams,
a differential can be introduced, the so called combinatorial BRST differential. This
differential corresponds to the BRST differential, but operates on discrete objects.

The main result of this thesis is a generalization of the chain complex of (certain) Feyn-
man diagrams with the combinatorial BRST differential and the computation of its
homology, which is the topic of chapter 1. There are also two other differentials that
are part of the combinatorial BRST differential. One of these differentials will always
have trivial homology, while the other carries non-trivial information about the graph.
This differential is studied in chapter 2. In particular, computing the homology of this
differential entails solving an NP-complete problem of graph theory, so computing this
homology is NP-hard.

I want to thank Matthias Gorg, for spotting a mistake that gave me some new insight
while I was fixing it, Maximilian Weber, for criticizing my notation and helping me to
work through some details and Yves Radunz for helping me organize thousands of results
of my computations by sharing his LaTeX wisdom with me.



1 Chain complexes of Feynman graphs and their generalization

1.1 Marked graphs and their chain complexes

All the graphs in this thesis are undirected and come equipped with a well-order < on
the vertices, i.e. there exists a bijection ¢ : Iyery — {0,--- ,n} for some n such that
v < v & p(v) < '), where Tyert is the set of vertices of I'. This well-order is usually
called a labeling, and a relabeling of a graph is the same underlying graph with a possibly
different well-order on the vertices.

Definition 1.1.1. Let (M,0) be a pointed set. A graph with marked subgraphs in M is
a pair (I'; m), where T is a graph and m : sub(I') — M is a function, where sub(T") is the
set of subgraphs of I'. If m(vy) = z, we say ~ is (xz-)marked, and if m(vy) = 0 we say ~ is
unmarked. The skeleton of (I';m) is I'. A graph with marked edges is a graph where the
only marked subgraphs are those that consist of two vertices connected by an edge. A
graph with marked vertices is a graph where the only marked subgraphs are graphs that
consist of a single vertex. A graph with marked cycles is a graph where the only marked
subgraphs are cycles. We will often just write X for a graph with marked subgraphs.

For us, the set of markings M will always be the set {0, 1,2}, and a graph with marked
subgraphs in {0, 1,2} will just be a graph with marked subgraphs. To change markings
on a graph, we will be using the following notation:

Definition 1.1.2. Let (I',m) be a graph with marked subgraphs, € {0, 1,2}, and
S C sub(T") a set of subgraphs of I". Then, let

(F7m)5,:v = (F,m&z),

where

") x ifyes
ms () =
el m(vy) otherwise.

We will also use the notation X, in the obvious way. In the case of graphs with marked
vertices, which is most of this thesis, if v is a subgraph of I', X, , will mean X . .,
where all the vertices of v become marked with .

The following notations will be useful:

Definition 1.1.3. Let (S, <) be an ordered set and s € S. Then S.; is the set of

elements of S that are smaller than s.

Definition 1.1.4. Let I" be a graph, X = (I',m) be a marking. Then Fgfffeo C sub(T")
are all those subgraphs of I' that are marked in X and of type t € {vert,edge, cycle},
and I'"=* consists of all subgraphs that have a marking i and type t.

We will now define the chain complex we are interested in. We will use many standard
definitions and results from homological algebra which can be found in any textbook on
the topic, such as [Wei94].



Definition 1.1.5. Let I' be a graph and define £ to be the free abelian group generated
by all the graphs with marked vertices modulo the subgroup that is generated by all
graphs with the property that there exist two marked vertices that are adjacent. Let
L' be the subgroup of £ generated by all markings that have I' as their skeleton. If
1,7 are natural numbers, let Egj be the subgroup of £I' generated by all graphs that
have ¢ 1-marked vertices and j 2-marked vertices. Because in most cases the object of
interest will be the group with an arbitrary amount of 1-markings and a fixed amount
of 2-markings, we define
ﬁg = @ER
(2

By I' € £ (or any subgroup of £), we mean the completely unmarked graph. If an
element X of £ is a sum of graphs that all have ¢ 1-markings, we write deg; X = ¢, and
if it is a sum of graphs that have j 2-markings, we write degy X = j. The generators of
L, LV, etc. are called the canonical basis.

Definition 1.1.6. Let X € £l be an element of the canonical basis. The differentials
on L are defined as follows:

m#0
d: 8 =28, X Z (_1)|Fvert,<v|Xv’2
velm=0
m# m=
§: L0 = L0, X (—1)TveR Y (—pPesx,,
verm=1

vert

Note that in case X, 2 is a marking where two neighbors are marked, X, o = 0.

Proposition 1.1.7. d and § are in fact differentials, i.e. d*> = 0,6 =0, and dé+d6d = 0,
so D:=d+§ is also a differential.

Proof. This proof is essentially the same as corresponding proofs in [Krel3], pages 200
and 201. We will give the proof here again for convenience.
Let X be an element of the canonical basis of £I'. Then:

mv,Q?ﬁO

m#0
Cx)= Y (P el Xy, L, =0
v#wEvaer:tO
m— mv’2:1
PX) == Y (e el =0
v;éweFf,’ér:tl

because these sums split into two parts, v < w and v > w, which have a relative sign.

m#0
5d(X) = Z (_1)‘Fvert,<v|6(XU72)
velm=0
m# m#0 m=
= —(—1)ITE Yo (e NEL L X = —6d(X)
velm=0 wermsl



We will now give an example. The notation for this and every other image is as
follows: Unmarked vertices are drawn as vertices with white center, 1-marked vertices
with grey center and 2-marked vertices with black center. In all graphs that are drawn,
the ordering is from left to right (if it is relevant), i.e. the leftmost vertex is the first in
the order.

Example 1.1.8. Let X :=e——o0—o0. Then
d(X)=—-e—o0—e, and 6(X) = —e—o0—o.
Piecing this together gives:
D(X)=—e o—eo o.

Definition 1.1.9. With these differentials £ can be turned into (3 different) chain
complexes. d,d and D can be restricted to maps

d,6,D: L] — Lf, .
The resulting chain complexes are called Eg., EF,. and ﬁll;),- respectively.

We could also define chain complexes Ly o := @r L'g , for 0 € {d, 0, D}. From a physics
perspective, these are more natural objects to study; but because they decompose, all
the information is contained in the smaller chain complexes. In any category of R-
modules where R is a ring, taking homology commutes with taking direct sums of chain
complexes, so H;i(Lpe) = @ H;(LL,). Thus, it suffices to compute H;(L},) for any
graph I'. 7 7
There is one property of these chain complexes that we want to mention now. Let the
automorphism group of I" act on the vector space £! in by permuting the markings and
leaving the labeling invariant, i.e.

o((T,m)) := (T',;om)

with (em)(v) := m(o(v)). The spaces EZ»FJ- are invariant subspaces, so it is a natural ques-
tion to ask if this leaves the chain complexes invariant. Clearly, graph automorphisms
induce arrows that have the potential to be an isomorphism of chain complexes (because
they are isomorphisms), but as it turns out, these arrows do not form a morphism of
chain complexes.

Example 1.1.10. Let X :=e o @ and (12) be the permutation that exchanges the first
and second vertex, i.e. (12)X =0 e e. Then D(X) = d(X) and it is easy to see that
swapping the first two vertices anticommutes with D, i.e. ((12)o D)X = —(Do (12))X.
But swapping the first and third vertex clearly commutes with D.

These sign issues are everything that goes wrong though:

Proposition 1.1.11. Let 0 € {d,0,D}. There is a natural action of AutT' on the
chain complex 557. ® Za, i.e. a morphism p : Autl’ — Aut Eg. ® Zo such that if
acAutl', X € /Jg}i ® Zs, then d(p(a)(X)) = p(a)(d(X)), and « is an isomorphism of
chain complezes.



Proof. This is obvious from the above. O

This means that representation theory of Zs could be used to study these complexes,

but this is out of scope of this thesis. We will later see that Eg. ® 7.3 is in many other
ways better behaved than [,F’_
There are several other general statements that could be proven for all these chain
complexes. But as will be shown in this chapter, the homologies of EE’. and Eg’. do
not depend on I' and are 0 except in degree 0. This means that all these statements
become irrelevant for these chain complexes. Because some of these statements are easier
stated or proven in the special case of 55,- and because there are some dependencies in
these statements that made it difficult to separate these, all such results can be found
in chapter 2.

1.2 Connection to Feynman diagrams

The Feynman diagrams under consideration in this thesis consist of gluons and ghosts
only, which means that there are two types of edges (ghosts and gluons) and three types
of vertices:

e 3-valent vertices with only gluon edges
e 4-valent vertices with only gluon edges
e 3-valent vertices that have two ghost edges and a gluon edge.

Ghosts will be relevant later in this section. For now, we only care about gluons.
Because of the Feynman rules of the 3- and 4-gluon vertices, it is possible to replace a
4-gluon vertex by a sum of 3 3-gluon vertices. This is described in [Krel3] and repeated
here. Let ® denote the Feynman rules of a diagram, then the Feynman rules of the
4-gluon vertex are as follows:

<I>< >< ) _ fa1a26fa3a4b(gu1uaguzu4 _ gu1u4gu2u3)

+ fa1a3bfa2a4b(gu1u2gu3u4 _ gu1u4gu3u2)

b b
+ fa1a4 fa2a3 (9“1“29“4“3 _ 9“1“39“4“2),

where fo¢ is defined by the relation [X?, X?] = X¢fo%¢ with X? the generators of the

Lie algebra of SU(3), and g is a metric. Note that the second term is the same as the
first term, just with 2 and 3 exchanged, and the third term is the same as the second
term just with 3 and 4 exchanged. This means it is natural to define a new kind of edge,
an edge with a marking, with the following property:

@( :;{: > — fa1a2bfa3a4b(gu1u3gu2u4 _ gu1u4gu2u3)



Using this, the following sum of Feynman diagrams lies in the kernel of the map ®:

Lorrie - X

As one is mainly interested in the Feynman rules, it is natural to take the quotient by
the kernel of ®. In this quotient, every element can be uniquely represented as a linear
combination of diagrams where every vertex is 3-valent and every edge is a gluon edge
or a marked gluon edge.

Definition 1.2.1. Let G be the free abelian group generated by graphs with marked
edges with 1- or 3-valent vertices modulo the subgroup that is generated by all graphs
with the property that there exist two marked subgraphs that share a vertex or an edge
that connects to a 1-valent vertex is marked. If ' is a graph, let G be the subgroup
generated by all graphs that have I' as their skeleton, and QZ»F be the subgroup of G'
that is spanned by all graphs with ¢ double markings.

These graphs correspond to Feynman graphs by replacing every edge by a gluon edge

and every marked edge by a marked gluon edge. There are also 4-gluon vertices, but
one can write a 4-gluon vertex as the sum of graphs having only 3-gluon vertices as
explained previously. Applying this to every 4-gluon vertex leads to a Feynman graph
with only 3-vertices with markings, so one can instead consider these graphs. Note, that
there cannot be two marked edges that are connected to the same vertex. Also note that
exterior legs do not contribute to anything, because they cannot be marked, so edges
that connect to 1-valent vertices also cannot be marked.
In physics, there are two ways of filtering different graphs: First, by exterior leg structure,
which corresponds to the kind of experiment that might be done (n particles go in, m
particles go out, etc.) and second by their loop order, i.e. their first Betti number
(in regular graph homology). This is motivated as follows: In quantum field theory,
Feynman diagrams appear as the result of a Taylor expansion of the so called partition
function, which might look like this:

7 = Z o, X,
The «,, are just some coeflicients, A = %, where h is Planck’s constant, and X,, is a

sum of Feynman diagrams. As it turns out, X, is the sum of all Feynman graphs in the
theory that have loop order n.

Because £ is small, Feynman graphs of higher loop order contribute less to the amplitude
of some process happening. So, a very natural object of study is the sum of all graphs
consisting of with r exterior legs and loop order n. We call this object X .

As described previously, in the case of gluons (which is the only case that we consider in
this thesis) we can write this object as the sum of all graphs that have 3-valent vertices
and have gluon or marked gluon edges, where two marked gluon edges never sit right
next to each other. This sum can be described using the following operator:



Definition 1.2.2. Let
X+ R Z Xe-

eEI‘edge

Note that X; . = 0 if X has a marked edge ¢’ such that e and e’ connect to the same
vertex.

By exponentiating this operator, and applying it to the unmarked graphs, one gets
the amplitude we are looking for:

Theorem 1.2.3. Let Xﬁ be the sum of all 3-valent Feynman graphs that have n as their
first Betti number (i.e. n independent cycles), r external edges. Then,

X+ X = X7
Proof. See [Krel3], Lemma 4.10. O

The main result of this thesis is that this object is the only non-trivial element of the
homology of the chain complex that will now be defined.

Definition 1.2.4. Let I' € G be a graph, I'eqge be the set of its edges, and < be a
well-ordering of I'eqge. Then its combinatorial BRST complex is the chain complex

r _Ss T
g gi+1 B

with S = s + o where s and o are defined on the canonical basis as follows:

m#0

S EF — ﬁr, X — Z (_1)‘Fedge,<e‘Xey2

m=0
661—‘edge

PRV g ) i SR ) LD o
eel iz

To see that S is in fact a differential, see Proposition 1.1.7. This differential seems to
be related to the differential Jr from [CV03], but it is not clear at this point what the
connection is.
There is one caveat that has to be addressed here. Feynman diagrams made of gluons are
invariant under symmetry, i.e. if o is an automorphism of I', the Feynman diagrams of I"
and ol are considered equal. But the previously defined chain complex is not invariant
under this symmetry, because the order of the edges might change signs, see Example
1.1.10 and the following proposition on how this can be fixed.
There is also another kind of marking that behaves in a similar way. Instead of marking
edges, now loops will be marked. This corresponds to ghost loops in the theory, and for
this, a different set of groups is required:

Definition 1.2.5. Let C be the free abelian group generated by graphs with marked
cycles with 1- or 3-valent vertices modulo the subgroup that is generated by all graphs

10



with the property that two marked cycles share a vertex, and Clr similarly defined as
before. Also, let < be a well-ordering of I'cycle. Then the combinatorial ghost cycle
complex of I' is the chain complex

r_T r
Ci Ci1 T

with T" = ¢ + 7 where ¢ and 7 are defined on the canonical basis as follows:

m#0

t : EF — EF, X — Z (—1)|Fcycle,<c|Xc72
cEFgﬁjg
m#0 m=
riLl 5 L0 X (—nTaal ST (cpEEsdx,,
cerm=1

cycle

Just by observation, s and ¢ are very similar to the previously defined d, and the same
holds for ¢ and 7 with the previously defined §. We will now show that the previous
chain complex of marked graphs contains all the information that these chain complexes
do.

Definition 1.2.6. Let I' be a graph. Then its line graph is the graph that has a vertex
for every edge in I' and two vertices are adjacent if the corresponding edges share a
vertex.

Proposition 1.2.7. Let T be a graph and " be its line graph. Then for d € {d,, D},
Gha = Ll

Proof. 1If e is an edge in I, let v, be the corresponding vertex in I''. The isomorphism
is given by the map that sends a marked graph (I',m) to the marked graph (I, m')
with m/(ve.) = m(e). This map is clearly bijective, so the induced morphism of groups
0: Gt — £ is an isomorphism. By construction of the two differentials, @ clearly
commutes with them. O

Proposition 1.2.8. Let I' be a graph and I' be the graph that has a vertex for every
cycle in T' and an edge between two vertices if and only if the corresponding cycles have
a common vertex. Then for 0 € {d,0,D},

r . prf
C@,o — E@,o'

Proof. This proof is almost the same as the previous one, if ¢ is a cycle in I', the
corresponding vertex in I is denoted v.. Now we define m/(v.) := m(c) and the rest
follows. O

11



1.3 The homology of £},

Because § does in no way interact with the structure of markings (it only marks vertices
that have already been marked), one can reduce the chain complex Eg. to a very simple
chain complex which has the property that it is isomorphic to the reduced simplicial
complex of a simplex. This chain complex has trivial homology and thus the homology
of E};. can be computed for all I'. First, we need to define the smaller complex:

Definition 1.3.1. Let .C . be the subcomplex of L' . that is generated by all markings
where every vertex is marked If ' is the empty graph define

E(; = .
0 otherwise.

Note that, if I' is not discrete, i.e. if I' has an edge, this complex is 0 everywhere.

Theorem 1.3.2. Let { X }rer be the canonical basis of L§, and T'x, be the subgraph of
T" that contains only the vertices that are marked in Xy. Then,

L5~ DLk
kel

Proof. Because § cannot change a O-marking to some other marking, [,g. can be decom-
posed into the subcomplexes that have markings only where certain vertices are marked.
These subcomplexes are by construction isomorphic to Zg % for some k € I, and every

k appears exactly once in this decomposition. Note that the unmarked graph I' € E(;F 0

is contained in Eg. by construction. Putting everything together yields the following
isomorphism of chain complexes

50*@
kel

O]

Notice that the I'y, in the previous theorem are discrete graphs because of the re-
quirements put on markings.

Theorem 1.3.3. Let '), be the discrete graph with n > 0 vertices. Then
Hi(Ljn) = 0.

Proof. We show that the chain complex Eg " is isomorphic to the augmented simplicial
complex of the n — 1 simplex. Let A,_1 :’[61, -++,ey] be the n — 1 simplex embedded
in R"™, vy the k-th vertex of I',;, and consider the map ¢ that sends an element X of
the canonical basis of EEj to [{er : v is not 1 — marked in X}|, where [-] denotes the
convex hull. Note that for the fully marked graph, ¢ would evaluate to zero in the
ordinary simplicial chain complex of A, _1, but we want ¢ to be an isomorphism, so we

12



consider the augmented chain complex of A,,_1, which has the empty face of the simplex
as generator in degree —1 and O([e;]) = 0 # 0. Now, let X be a fixed element of the
canonical basis of E(;F;, and ¢(X) = [eq;, " ,€q,]- Then,

n n

8(90()()) = Z(_l)k[eaw e 7€/¢1\kv T ’eaj] = ((_1)n Z(_l)n_k(X)vakQ) = (p((S(X)),

k=1 k=1

80 ¢ induces a morphism of chain complexes which is a bijection on the generators, so
@ is an isomorphism. But A, _; is contractible, so all its reduced homologies vanish, see
for example [Hat02], page 111. O

Corollary 1.3.4. For every graph I, we have

Hi(cg.):{z fori=0

0 otherwise.

{Z fort=0

0 otherwise,

but this is obvious from the definition. O

Now, we have everything required to compute the homology of EE),.. It is possible to
do this directly, but the next theorem is more general and gives us the desired result
right away.

Theorem 1.3.5. Let C; be IN-graded modules over a fized ring and d;,d; : C; — Ciyq
such that d> = 6> =0 and d6+6d = 0, i.e. such thatd,d and D := d+6 are differentials
that turn Ce into chain complexzes and degd; = 0,degd; = —1. Assume that H;(Cse) =0
for every i > 0, and that Hy(Cse) is of pure degree 0. Then H;(Cpe) ~ H;i(Css) as
ungraded modules.

Proof. For any X € C;, let X be the part of pure degree k. We construct a map
(Hi(Cse))o = H;i(Cp,e) as follows: Take any Xy € kerd; of degree 0, then 6(Xy) = 0.
Now, because d and § anticommute, dd(Xy) = 0, so there exists an X; of degree 1
such that §(X;) = d(Xo) (because H;;1(Css) = 0). This can be continued inductively
to construct an element X with D(X) = 0 which means we can construct a map @; :
(ker §;)0 — ker D; such that ¢;(X)g = X, and composing with the natural projection
gives a map ¢; : (kerd;)o — H;(Cp.). This map is surjective, because given X €
H;(Cp.), we can first subtract ¢;(Xo) to get Xo = 0, so it suffices to show that it
is surjective on all elements with Xg = 0. Now, we show that for all X € ker D,
Xo € im ;1 implies that X € im D;_1, from which follows the surjectivity of this map
and also (im d;_1)p C ker ¢;.

Let X € ker D, i.e. d(Xj) = —3(X+1) and such that Xo = §(Y1). We want to construct

13



an element Y = > Y such that D(Y) = X. Choose Yy = 0, then Xy = 0(Y1) =
d(Yp) + 6(Y7). Now assume that X,, = d(Y},) + 6(Y;4+1), then

§(Xnt1) = —d(Xy) = =dd(Yy) — d6(Yn41) = 6d(Yn11),

$0 0(Xp41 — d(Yp41)) = 0 and thus there exists a Y, 2 such that §(Y,12) = X1 —
d(Yn41), or Xpt1 = d(Ynt1) + 0(Yay2). This inductively chosen Y satisfies D(Y) = X.
Next, we claim that (im d;—1)p = ker ¢;. One inclusion was already shown. For the other
inclusion, let Xy € ker ¢;, then Xo = d;—1(Yp) + 0;—1(Y1). In the case that i = 0, we
have Xy = 0, and in all other cases, 6(Xg) = 0 so Xo = 6;—1(Z1) because H;(Cse) =0
This means that ¢; induces an isomorphism (H;(Cp.))o =~ H;(Cse), and because all the
homologies are concentrated in degree 0, the claim follows. O

Corollary 1.3.6. Let X be an element of the canonical basis and

= > Xy

vel'™m=

ve7t

Then, if T is any graph, Hyo(LY, ) = (eXT's1) and all the other homologies vanish.
D,e )

Proof. Tt suffices to show that D(eXI") = 0. This was proven in [Krel3] on page 202 and
is repeated here for convenience. First, note that

X = Z Z X{v1,~~~,vn},1'

ne€N ) <...<v,, €eIm=0

vert

Then:

GXF Z Z 5(X{v1,---,vn},1)

nelN y; <-..<v, €Tm=0

vert

n

=3 > DY) T (X oy oy 2

n>0 ) <. <, €Mm=0 i=1

vert

= Z Z X{Uh n}, 1)”17

n>0 9 <. <v, eIm=0 i=1

vert

d(eXT) = Z Z A( X vy, on31)

nEN y; <. <v, €TM=0

vert

n+1

= Z Z(_l)i_l(X{vl,m,vn7vn+1},1)vi72

neEN y; < <vp<vp1 €M) i=1

Shifting n by one reveals that these two expressions are equal up to a relative sign. [

Note that the map x from the previous corollary corresponds to the map x4 from
Definition 1.2.2.

14



2 The chain complex L},

It is not true, that H;(L},) = 0 in general. In fact, this chain complex is rarely zero and
its homology is related to computationally hard problems in graph theory. For example,
let I" be the tree with a root and two leaves. Then the marking with the root 2-marked
lies in the kernel of d, but not in the image. There is also a homology class with the
root 1-marked, and one with both leaves singly marked, so

HO(EE”) ~ (@ 9,0 o o), Hl(ﬁgy.) ~ (0——e—0).

There are two ways of approaching the differential d, because of a symmetry in graph
theory relating independent sets with cliques.

2.1 General properties

This section is about properties of £F7. and its complementary partner Zg. that have a
good formulation in both cases. We first need some graph-theoretic definitions.

Definition 2.1.1. Let I be a graph. An independent set is a subset S of the set of
vertices of I' such that for all z,y € S, x and y are not connected by an edge. An
independent set is called mazimal if there is no independent set S’ such that S C S’.

Definition 2.1.2. If T' is a graph, then let T be the graph that has the same vertices
as I', but an edge between two vertices v and v’ if and only if there is no edge between
them in I'. T'is called the complement graph of I'.

Independent sets in a graph correspond to cliques in the complement.

Definition 2.1.3. Let I' be a graph. Then a cligue in I' is a subset of the set of vertices
such that every pair of vertices in this subset has an edge between them. Similarly to
independent sets, a clique C is called mazimal if there is no clique C’ such that C' C C".

Definition 2.1.4. Let L' be the abelian group generated by markings that are contained
in one clique and £} as usual, and let

_ m#0

d . C_F — L_F, X —> Z (_]_)Il_‘vcrt,<v|)(v,27

vel"zr;r:to
where X, o is interpreted to be 0 if it is not in cr.
Proposition 2.1.5. For any graph T,
AT r
;Ci. =~ ‘Cd,o‘

Proof. This is obvious from the definitions. O

15



This chain complex gives us the advantage of switching the point of view, which is
very helpful in some cases. Also, because in small graphs, humans have an easier time
picking up cliques instead of independent sets, it is usually somewhat easier to compute
the homology of [,_g—’. by hand.

Definition 2.1.6. Let I',T” be graphs, then a morphism ¢ : T' — I” is a map @yert :
Tyert = Tepy together with a map @edge : Fedge — I"edge (usually both written as ¢)
such that if v,w € Iy are connected by an edge e, ¢(v) and p(w) are connected by
©(e). A morphism of graphs is an embedding if it is injective on vertices and edges. An
embedding is called full if it induces bijections between the edges connecting v and w

and the edges connecting ¢(v) and p(w).

/
vert | ‘

Proposition 2.1.7. Let ¢ : T/ — T be an embedding of graphs and |Uyert| = |T
Then there exist morphisms of chain complexes

Liu: Lie— Lo

el AT ALY

£d—7 : £J,° — EJ,o

that turn E;. and E_df’. into covariant and contravariant functors respectively. Ei’.l and

E_g’.l are epimorphisms.
Proof. On the canonical basis, we define

L,m) if (0,m) € L}

Lot I'',m)) := (T, ’ ®

dse ( ) 0 otherwise.

This is clearly a morphism of chain complexes and this construction is functorial. The
reason that |Tyert| = [Ter| is required is that otherwise, there might be more allowed
markings in T' than in " which would make d not commute with £} Eg’.l is defined

similarly, but because dualizing graphs inverts the direction of ¢ (if they have the same
amount of vertices), i.e. there is an embedding ¢ : I' — I”, this functor is contravariant.
That both maps are epimorphisms is clear from the construction. ]

Proposition 2.1.8. Let ¢ : IV — T be a full embedding. Then there exist morphisms of
chain complexes

2 !
LO): L — Ly,
re2 . pr ~L’
LoV Ly, — Ly,

that turn L, and E_df. into contravariant functors. Eﬁ’f and E_g’f are epimorphisms.
Proof. Let Eﬁ’f : LY — £ be the map that sends every marking of I' where every

vertex outside of I is unmarked to the corresponding marking of I, and everything else
to 0. Clearly, Ef’.z (X) has the same number of markings as X, so Ef’f induces maps
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EdF’. — L’g:.. To distinguish the differentials, we call them dr and dp for the rest of this
proof. Then:

m#0
Lo2dr(X) = > (-nMen<l£82(X, )

v€lvert

= 3 )L n = e (£52(X)).

vel”

vert

The signs agree because all the marked vertices lie in I already. Fullness of the embed-
ding is required for changing the summation, if the embedding was not full there could
be more summands on the right than on the left. That Eﬁf is an epimorphism also
follows from the fullness.

The exact same construction works also for [Ig.. O

Corollary 2.1.9. There is a contravariant functor ,C , Jrom the category of graphs with
embeddings to the category of chain complexes of abelmn groups.

Proof. Every embedding of a graph can be decomposed into a full embedding and an
embedding between two graphs that have the same number of vertices. This can be
used to combine the two contravariant functors from the previous propositions to a
single functor. O

We will now prove that the homologies of [,F’. are free, which will be used many times
in the rest of this thesis. We need the following lemma:

Lemma 2.1.10. Let I';, be the graph with n vertices and no edges. Then
Hi(Lys) =0

Proof. We prove this by induction on n. For n = 1 the claim is trivially verified. Now,
let ¢ : I'y_1 — Ty, be the (full) embedding of the first n — 1 vertices, and consider
the epimorphism Ei’ E — C "~', which gives us a short exact sequence of chain

.
complexes

0 — ker £77 — L7 — L3771 — 0
which induces a long exact sequence
- Hy(ker £57) — Hy(Lhn) — Hi(Lyw ™) — Hipa(ker £57) —
By induction hypothesis, Hi(ﬁgj’:_l) =0, so
H;(L4n) ~ H;(ker £57).

But ker E“D’Q o~ EF”’l[— 1] (where [—1] means a shift by —1), because all markings that

have the n-th vertex marked lie in ker £’ d, ., so the claim follows by induction. O
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Theorem 2.1.11. Hi(ﬁg.) is free.

Proof. By [Lan02], I Theorem 8.4, every finitely generated torsion-free abelian group is
free, so because ker d; is free, it suffices to show that if X ¢ imd;_;, we have kX ¢ imd;_;
for all k£ € Z. We use the embedding ¢ : I';, — I' for some n. Then there is a short exact
sequence

r, Lie .r
n e
0—ker Ly, — Lyy — Lge—0

which induces a long exact sequence in homology:
-+ — Hy(ker £7,) — Hi(L%) — Hi(Ly,) — Hipa(ker £F,) — -
By the previous proposition, HZ-(LE”:) = 0, so there are isomorphisms
Hi(Ly,) ~ Hipa(ker £F,).

Now, [,dr”. ~ ker Eﬁ. @ Cq for some chain complex Co because the differential leaves the
property of being in the kernel of Ei. invariant. So if X € ker Eii with kX = d(Y), by
the previous proposition X = d(Z) in Eg’;. But then Z also lives in ker Eﬁ,-' O

Next, we turn to the general issue of different labelings. Even though the chain
complexes for different labelings might not be isomorphic, their homologies are:

Theorem 2.1.12. Let I' and I'" be two isomorphic graphs where the isomorphism does
not necessarily preserve the ordering on the vertices. Then

Hl(ﬁg,o) = H’i(‘cd,,o)'

Proof. We have L} o &1y EF:, ® Zs, so their homologies are also the same. All of the
homology groups are free, and

rk H;(Ll,) = dim H;(L}),) ® Zy = dim Hi(LY,) ® Zo = vk Hy(LY,).
n

Because of this theorem, we will not worry too much about any particular labelings.
In case a special choice of labeling is required, this choice will be made, and because of
the previous result this choice of labeling will not impact the generality of the result on
the level of the homologies.

Proposition 2.1.13. Let Co be a chain complex of vector spaces with finitely many
non-zero terms. Then

S (-1 dimC = Y (~1)" dim H;(Ca).-

% )

Proof. See [Lan02], XX Theorem 3.1. O
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Using this, there is one result on the homologies of Eg. that one gets for free:

Theorem 2.1.14. Let I' be any graph, then
> (—1)'rk Hi(Ly,) =

i
Proof. By the previous proposition, we have:

D (1) dim Hi(L, ® Zo) =Y (-1)'dim L] ® Zo = > (1) dim H;(L] , ® Zs) =1

because the homology of £} o 18 Z in degree 0 and 0 otherwise. Because rk Hi(Egv.) =
dim Hi(ﬁg,.), the claim follows. O

There is a connection of the mathematically more natural chain complex that is gener-
ated by all the markings that have no 1-markings. This chain complex is computationally
a lot easier because the vector space of all possible markings is 271 dimensional, instead
of 3I'l dimensional, but to compensate for this, one has to find all independent sets of
the graph, which is also a hard problem (see [BM11]).

Theorem 2.1.15. Let [Id 1o be the subcomplex of E . that has no 1-markings and if
v C I' is a subgraph, let I, be the full subgraph of I that contains every vertex that is
not also in v or adjacent to a vertex of v. Then,

®Z2 @£d1.®ZQa
~CT

where the sum ranges over all independent sets 7.

Proof. If X is a marking in Ed 1.e> We map it to the marking of I' where every 2-marking
is the same as X, and every vertex of v is marked. This means we have an 1nJectlve map
,CdF”l . Ed «» and the collection of these maps induces a map @, cr Ed le ™ ,Cd,.. This
map is injective because every component is injective and if there were two markings of
different I', and I',/, then they do not agree on the single marked vertices. Also, this
map is clearly surjective, because every element of the canonical basis is in its image.
The differentials agree by definition. O

We will now give interpretations to some homologies.

Proposition 2.1.16. B
Ho(Lg,) = (Tep)cer,

where I ranges over all maximal cliques of T'.

Proof. Clearly, if C is a maximal clique, d(T'¢c;1) = 0. Let 0 # X € £§ with d(X) = 0,
then we have to show that X corresponds to a sum of maximal cliques. Let Y be an
element of the canonical basis and consider the map ¢ given by

[
Y —> SD(Y) — Z (_1)‘ vert0<v|Y 0-

velrm=2

vert
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Then:

m#0

go(d(Y)):go( Z (_1)F$i?<v|y1}72) — Z (_1)\Fvert,<v| (Yo2)

vElvert vElvert

ma
©(Yy2) = 0 if v cannot be marked and (—1)|Fvert?<v‘Y otherwise. Thus, if A is the linear
map that multiplies Y with the number of vertices of Y that can be marked,

0=¢(dY)) =AY.
This can be extended linearly, so
0 =¢(d(X)) = AX,
but the kernel of A is generated by all the maximal cliques. O

Because of this, computing the homology of Eg}. is NP-hard.

Theorem 2.1.17. Let k a fixed positive integer. Then the problem of answering the
question "Does a graph I have a clique of size k?" is NP-complete.

Corollary 2.1.18. The problem of finding all maximal cliques of a graph is NP-hard.

This can be found in [BM11].
Let ¢ be any clique, then we define an equivalence relation ~. on the set of maximal
cliques of I" by letting C' ~. C" if CNC’ O ¢ and completing this relation to an equivalence
relation.

Proposition 2.1.19. Let I" be a graph and consider the chain complex ,C_gl ® Zy. Then

c 1s a non-mazrimal cligue and -
. . . 4 C kerd;
C D c is a mazximal clique

{Z Y Tet)ws

C'~eCwelC'—c

and
W .= {JO(FCJ) : ¢ 18 a non-maximal clique} C imdy

are bases of the respective vector spaces.

Proof. To show that V' C ker Jl, consider

dl(Z > (Ten)w, ) Z S Y Te)fware =

C'~eCwelC’—c ~.CweC’'—cxel

because every pair {w, x} appears twice in that sum.

Now, let (-,-) be the scalar product on LI ® Zs such that the canonical basis is or-
thonormal and let 0 # X € (V)*. Fix a non-maximal clique ¢ and a vertex v such that
(X, (Ty1)v2) # 0. Let C be a maximal clique that contains ¢ and v and let C’ be any
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clique such that C' N C" 2 cU {v}. Now let w € C’, then 0 = (d1(X), (Te,1){v,w},2)- For
this to be true, (I'c;1){y,w},2 has to appear twice in the sum and for this to be possible,
(X, (Tep)wz2) # 0. By the same argument, if C” is a clique such that C'NC" D cU{w},
for arbitrary elements = in C” — ¢, (X,(Tc1)z2) # 0, so for arbitrary ¢’ ~. C, if
w € C" — ¢ we have (X, (T'c1)w,2) # 0. But this means that

<X, DS <rc,1>w,2>:1,

C'~.CwelC’'—c

a contradiction. So, kerd; = (V).

That (W) = im dy is obvious by definition. That these generators are linearly indepen-
dent is clear from the fact that every such element has a specific clique that is 1-marked
in every summand. O

Corollary 2.1.20. Let N, the number of equivalence classes of ~.. Then,
(Z) rk Hy (‘C_g’.) = Zc clique Ne—1
(ii) tk HO(ZE.) —1<rk Hl(ﬁ_g.)

Proof. The first statement follows because of the dimension of V' is 3, ijique Ne and the
dimension of W' is > gique 1. For connected graphs, the second statement follows from
the fact that for every maximal clique there exists another maximal clique such that
they have non-trivial intersection c. But then N, > 2. Thus, there exist at least n — 1
cliques ¢ with N, > 2, where n = rk HO(E_Z—.). Because we always have N, > 1, the

claim follows for connected graphs. For unconnected graphs, the statement follows now
with 2.4.4. O

Proposition 2.1.21. Let n be the size of the biggest clique of I'. Then
Hn(ﬁ_g,o ® ZQ) = <FC,2>C€I/V)
where I ranges over all mazximal cliques of I' (i.e. all cliques of size n) and
V= <{ Z Iso: C' is a cliqgue with n — 1 element5}> .
cocr

Proof. Clearly, the kernel of dy, is (T'c2)cer. For any clique €’ with |C'| =n — 1,

d(Cerg) = Y Lo
coc!

O]

Example 2.1.22. Let I" be the 5-gon graph. It has 2 as the size of its biggest clique and
dim Ha(Ly, © Z) = 1.

Of course all of these formulas for the homologies can be stated for Ery. by exchanging
the word clique for independent set.
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2.2 Computational aspects

The groups £ can be described in a way that is suitable for computations: If I has n
vertices and if Ar is the adjacency matrix of I';, Ar induces a bilinear form b on Z™ in
the usual way (where n is the number of vertices of T'). Every v € Z" can be regarded as
a function I'yery — Z, so if every coefficient of v is 0,1 or 2, v induces a graph marking.
To decide whether a marking is allowed in £, the only question that remains is if no
two adjacent vertices are both marked, i.e. if v; - v; = 0 for all pairs (i,7) that are
neighbors, i.e. where a;; = 1. This is equivalent to asking if a;jv;v; = 0 for all pairs 1, j,
and because all these terms are positive, this is equivalent to asking if

Z a;jviv; = b(v,v) = 0.

i?j
One can then implement the differential on this basis and use programs such as Sage to
compute homologies.

2.3 Independent set graph complex

We will now prove results that follow more natural for the independent set graph com-
plex.

Lemma 2.3.1. Let T’ = T'UTI?, and let the numbering be such that all vertices in T'' are
smaller than every vertex in I'2. Let X = (I'',m1) and Y = (I'?, m2) be elements of the
canonical bases in the chain complexes of T'1 and T'? respectively, of arbitrary degrees.
Let X UY := (TI';my Umg) with

_ () iy € sub(T)
mi Uma(y) = {m2(7) if v € sub(I'?).

Then: om0
AXUY)=d(X)UY + (=) Tx Ud(y)

Proof.

dXUY) = Z (_1)\Fvert <'U|(XUY)

ve(rtur2)m=o

vert

= Z (_1)|F:/7;i(,)<v| (X U Y)'U,Q —+ Z (_1)|Fvert <’U|(X @] Y)
v ve(r?)

vert vert

- ¥ (—1)| VSl X, , UY + > (— )| CWH LT X Uy, ,
ve(Tl "’ ve(r2)n2°
mi# mo#0
—d(X)UY + (—D)IME I x U S ()Y, ,
ve(r2)p2’

— d(X)UY + (—1)/ T X U d(y)
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O]

Corollary 2.3.2. Let ' =Tt UTI?, and ﬁg;’ﬁ = Eg; ® L’gj. Then LY, is isomorphic
rir2

]

to the associated total complex of the double complex having the L
as differentials the maps d ® id and s ® d, where

as objects, and
S(X) = (_1)|(F1)\7z’;1t¢0‘X
This means we can apply the Kiinneth formula:

Theorem 2.3.3. If R is a PID and Ae and Be are chain complexes of free R-modules,
there is a short exact sequence

0~ P Hi(A.) ®r Hj(Bs) = Hy((A®g B)s) = € Torg(H;(As), Hj—1(B,)) — 0
it+j=Fk i+j=Fk
Proof. This can be found for example in [Hat02], pg. 274 Thm 3B.5. O

In our case, R = Z. Next, we could show that Torz(H;(As), Hj—1(B.)) = 0, which
would imply that the chain complexes are quasi-isomorphic. We will not use this fact,
and instead prove the special case of the Kiinneth formula that we will use:

Theorem 2.3.4. If R is a PID and Ae and Be are chain complexes of free R-modules,
such that all the homologies of Ae are free, there is an isomorphism

P Hi(As) ® Hj(B,) ~ Hi((A®g B)a)
i+j=k

Proof. This proof is essentially the one that was just quoted, but slightly simplified
for our special case. First, assume that the complex A has a trivial differential, so
Hi(As) = Ay, and He(As) = A, as chain complexes. Then, the decomposition

(A®Rr B)r = @ Ai @ By

carries over to a direct sum decomposition of chain complexes:

(A®R B)e = @ A; @ (B[—1]),

where the notation [—i] denotes a degree shift, and the tensor product of a chain complex
with a module is component-wise. This means that homology can be taken for every
component of the direct sum independently:

Hi((A®g B)a) = €B Hi.(A; @R (B[~i])s)

Because A; is free for every i, A; ~ @‘jfll Ai R, and so
Hyy(A; ©r (Bl=i))e) =~ Hy( @ R®r (B[~i))s) ~ D Hi((B[-il))
j=1 j=1
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dim A;

~ P R®r Hp—i(Bs) ~ A; @ Hy—i(B.)

7j=1
Next, assume that A has an arbitrary differential, and consider the differential d4 of A as
a morphism of chain complexes d4 : Ae — (A[—1])e. Let Ko :=kerdy and I := imda
be the kernel and image of this morphism respectively, considered as chain complexes,
and note that both of these are free again, because they are sub complexes of the free
complexes Ay and (A[—1])s. We now have a short exact sequence

0= K¢ = Ae — Ie — 0

which splits, because I, is free. Because of the splitting, if we tensor this complex with
B,, we get another short exact sequence of chain complexes, which contains the chain
complex we are interested in. Taking homology gives us a long exact sequence:

= Hpy((K® B)e) = H((A® B)e) = Hi((I ® B)e) = Hr11((K @ B)e) —

Because K and [ have trivial differentials, we can apply the first part of the proof, which
results in the following exact sequence:

S @ H;i(Ke) ®p Hj(Be) — Hi((A® B)a)
i+j=k

LD e BB @ MK on (B
i+j=k i+j=k+1

Applying the usual decomposition of a long exact sequence into short exact sequences
yields sequences,
0 —im — Hi((A® B)s) — ker — 0

where

im= @ K;®rH;j(B.))] @ I ®rH;(B.).
it+j=k itj=k—1

Because H;(As) = K;/Ii—1, we have im = @, ;_ Hi(As) ®r H;j(B,), so it suffices to
show that ker = 0, or equivalently, that the map

¢: Hy((A® B)s) = @ Hi(ls) ©r Hj(Bs) = Hi((A® B)s) — Hi((I ® B)a)
i+j=k

is the zero map. But this map also appears in another short exact sequence. By defini-
tion, there is a short exact sequence:

0—1 - K; — Hi(As) =0
Tensoring with H;(B,) yields:

There is a zero on the left because H;(B,) is free. Summing over 7 and j gives a part of
the long exact sequence, and 0 is precisely where the image would appear. O
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Corollary 2.3.5. IfI' =11 UT's, we have

Hy(Lh.) = D Hi(Lyh) ® Hi(Ly2)
i+j=k

This means the homologies of non-connected graphs can be reduced to homologies of
connected graphs.

Example 2.3.6. H.(Cg’.) ~ H.(EE:*), where * is the graph with a single vertex

Proof. We clearly have
HO(‘CZ,O) = <1>7Hl(£:§,o) =0

with all the higher homologies vanishing. Applying the Kinneth formula gives the
result. O

There is another way of reducing the problem of finding these graph homologies to
simpler graphs. This involves using the fact that replacing a single vertex by a complete
graph ought not change the corresponding chain complex much and should just duplicate
things.

Proposition 2.3.7. Let I' have a complete subgraph ~v such that every vertex of =y is
connected to the same set of vertices in I' and such that whenever v < w < x € Dyery with
v,x €, w €. Let '/ be the quotient graph where v is the single vertex that resulted
from the contraction of v. Then there is a short exact sequence of chain complexes:

O—>ker<p—>£r7.®Qi>Egy/j®Q—>0

Proof. Let v, denote the vertex of I'/v that corresponds to v and let X be an element
of the canonical basis. Define p(X) to be the identity on markings outside of v, and if
7 has a marking, ¢(X) will have the same marking at v, and be multiplied by ﬁ This
is well-defined by the assumptions on v and a morphism of chain complexes, because

m#0 m#0

pdX) = 3 ()Temcloo)+ 30 () Peelp(X,)
velTLS0 udy vELRY wey
m#0 ]_ m#0
= Z (_1)|Fvert,<v‘gp(X)v’2 + ﬂ Z (—1)|Fvert,<v‘(‘0(X)v’y72
velm=0 v~ velm=0 yey
m#0 Fm;éO
= Z (_1)|Fvert,<v‘g0(X)y72 + (_1)‘ vert,<1w|g0(X)v’y’2
verT0 vty
= d(p(X)).
That this map is an epimorphism is trivial. ]

Proposition 2.3.8. Let I',v and ¢ as in the previous proposition and let I'y be as in
Theorem 2.1.15. Then,

vl

ker po = (EZ; ® Q)( 3)
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Proof. By using the canonical basis, it is clear that ker ¢ is generated by markings of
the form X — X’ where X and X’ are marked at precisely the same places outside of
v, and have the same kind of marking in v at different vertices. There are exactly (‘;')
ways to select 2 vertices of v and because none of these generators interact in any way,
it is a direct sum of (‘;‘) chain complexes. Because there is always a vertex of v marked,
no neighbor of v can be marked, so all the information is contained in the subgraph I',.

Note here that if I'y is the empty graph, E?o =1 O

Note that this means there is a long exact sequence in the homologies (using that
homology commutes with direct sum and tensor product):

171 1]
0 — Ho(£h, ©Q)(3) = Ho(Lh, © Q) — Ho(Ly) © Q) — Hy(Lh, 0 Q)(3) — ...
Because dimg Hi(ﬁg. ® Q) =rk Hi(ﬁg.) = dimg, Hi(ﬁg. ® Zs), and because all of
them have the same basis, one might be able to reduce the computation of Hi(££7.). As
the complexity of these computations grows exponentially in the number of vertices (at

the worst case, see the discussion before Theorem 2.1.15), this could be used to reduce
computation times for certain graphs considerably.

2.4 Clique graph complex

If a graph is a disjoint union if two graphs, we also have a decomposition of the chain
complex Uj., which is slightly more subtle than in the previous case. First, we state a
criterion for the complement graph to be disconnected.

Lemma 2.4.1. Let T be a graph. Then T is disconnected if and only if there exist
two induced subgraphs ',y of I' such that every vertex is contained in one of these
subgraphs and every vertex of I'1 is connected to every vertex of I's by an edge.

Proof. This is clear from the definitions. O

Proposition 2.4.2. Let I' = T'1 U 'y with all vertices in I'y smaller than every vertex
in I's. Then

AT AT AT
‘CJ,k o~ ‘CJ,lk @Ed,zk for k>1 and
~T ~ rl1 A9
EJ,O ®Z~ ﬁci,o & EJ,O'
Proof. This is obvious, because every marking lies entirely in one of the two I';, except
the completely unmarked graph. But in degree (0,0) (no markings at all), there is only
one marking for I' and two for I'y and I's respectively, so one has to add Z to get an
isomorphism. O

Corollary 2.4.3. Let I' = I'1 U T’y with all vertices in I'1 smaller than every vertex in
I'ys and k > 2. Then:

dim Hy,(L},) = dim Hy(L54) + dim Hy(£22)
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As a consequence of the issues at k = 0, the homology is not always a direct sum of
the homologies (which would be impossible anyways, because the alternating sum of the
betti numbers always has to be 1).

Proposition 2.4.4. Let I' = T'1 UT'9 with all vertices in I'y smaller than every vertex
in I'y. Then: - B B
rk Ho(L],) = rk Ho(LL) +rk Ho(L32)

tk Hy(LY,) = vk Hy (£5)) + vk Hy (£52) +1

Proof. The spaces Ego and E_Idilo &) 2520 differ by one generator only: the first one has a

single generator with no markings, the second space has two. None of these are in the
kernel of d, so B - B
Ho(Ly,) = Ho(L}') © Ho(L}2).

The kernel of d; is also the same in both cases, but because the images of the two
generators with no markings are linearly independent from the rest and add to the
image of generator with no markings of the other case, the dimensions of the two split
up homologies add to one less than the homology of T'. O

Corollary 2.4.5. Let v be a vertex of I' that is adjacent to every other vertex, and I"
be the full subgraph of I' that contains every vertex except v. Then:

rk HO(£570) =rk HO(‘CS:O) +1

rk Hy(£5,) = tk Hi(LY,) +1

rk Hy,(Lh,) =tk Hy(CL,), for k > 1.
Proof. Apply the previous proposition to I' = IV U {v}. O
Definition 2.4.6. A leaf vertex of a graph I' is a vertex v that has only a single edge.

Proposition 2.4.7. Let ' be a connected graph with |Tyer| > 3 and v be a leaf vertex
of . Let TV be T — {v}. Then:

HA(CD ) ~ HZ»(EE:,)@Z ifi <2
o Hy(LY,) ifi>2

Proof. 1t again suffices to show this only after tensoring with Z,. Let ', be the graph
with v removed and v’ the vertex v is adjacent to. Then,

ES_,O = E_g’% @ <FU,1’ F{U,U,},1>7

[’_g,l = ‘C_gj)l @ <FU72’ (Fv,l)v’,2a (Fv’,l)v,2>,
AL ALy

['J,Z = ECLQ @ <F{v,v’},2>'
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All of the new elements except I', 1 and I'y 2 are clearly in the kernel of d. Because v is
not connected to any other vertex in I'y, d(I'y,;1) = (I'v,1)w 2 and d(T'y2) = L{vr},25 80

Ch ) = Ho(L0) @ (Ty1)

But because the alternating sum of the ranks of the homologies has to be 1,

Hi(Ly,) = Hi(Lg,) ® {(Twr,1)™?).

Corollary 2.4.8. Let I' be a tree with n vertices. Then
rkHO(Eg.) =n— l,rkﬂl(ig—.) =n—2
and all the other homologies vanish.

Proof. Note that there is only one tree with 2 vertices, and all trees with 2 or less vertices
satisfy this claim. Now the rest follows from the previous corollary. O

2.5 Open problems
Conjecture 2.5.1. Let I' be a connected graph and n := dim HO(EQ.). Then

dim H; (557,) < 2n.

Example 2.5.2. The following graph has a sharp equality for the previous conjecture
with vk Ho(L};,) = 16 and vk Hy(L},) = 32.

This graph also shows that this inequality does not hold for unconnected graphs: Placing
two of these graphs next to each other results in a graph T with rk Ho(ﬁgj.) = 256 and

rk Hy(LY,) = 1024,

This conjecture is motivated by analyzing the results of over 80000 computations and
the statement is true for all graphs with 8 vertices or less.
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Proposition 2.5.3. Let T’ be a graph and v,v" two leaf vertices of T that are connected
to the same verter w. Let TV be T' — {v'}. Then:

HO([’E,O) = HU(‘Cg:o)

Proof. 1t suffices to give a bijection between the maximal independent sets corresponding
to the homology classes. Given a maximal independent set X of I'; one gets a maximal
independent set of IV by removing v’ if it is contained in X. This map is a bijection
because for maximal independent sets in I, either v and v’ are part of the independent
set, or w is part of the independent set. O

Conjecture 2.5.4. Let I',T',v and v’ be as in the previous proposition. Then:
Hy(Cg.0) ~ Hi(L3,)
forallk >0

There are several things that are left to study in relation to this chain complex. For
example, the complex that has no 1-markings could be studied and might give new
insights. Also, questions of what one can say about a graph if the homology of Lg. or

[,dr—. is given are unanswered.
b
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