Renormalization and Mellin transforms

Dirk Kreimer* and Erik Panzer

Abstract We study renormalization in a kinetic scheme (realized by subtraction at
fixed external parameters as implemented in the BPHZ and MOM schemes) using
the Hopf algebraic framework, first summarizing and recovering known results in
this setting. Then we give a direct combinatorial description of renormalized am-
plitudes in terms of Mellin transform coefficients, featuring the universal property
of rooted trees Hg. In particular, a special class of automorphisms of Hg emerges
from the action of changing Mellin transforms on the Hochschild cohomology of
perturbation series.

Furthermore, we show how the Hopf algebra of polynomials carries a refined renor-
malization group property, implying its coarser form on the level of correlation func-
tions. Application to scalar quantum field theory reveals the scaling behaviour of
individual Feynman graphs.

1 Introduction

As was shown in [16, 24, 6], we may decompose Feynman integrals into functions
of a single scale parameter s only (further forking into logarithmic divergent parts
multiplied by suitable powers of s) and scale-independent functions of the other
kinematic variables, called angles. Furthermore, the Hopf algebra Hy of rooted trees
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suffices to encode the full structure of subdivergences in quantum field theory by
[16, 8, 9].

We can therefore study such generic Feynman rules in a purely algebraic frame-
work as pioneered in [18, 9]. Renormalizing short-distance singularities by subtrac-
tion at a reference scale (t (which we refer to as kinetic scheme) leads to amplitudes
of a distinguished algebraic kind: Theorem 4 proves them to implement the uni-
versal property of Hg, delivering an explicit combinatorial evaluation in terms of
Mellin transform coefficients.

Further investigating the role of Hochschild cohomology, in section 6 we define
a class of automorphisms of Hg which transform the perturbation series in a way
equivalent to changing the Feynman rules. This clarifies how exact one-cocycles
describe variations.

In sections 4 and 5 we advertise to think about the renormalization group property
as a Hopf algebra morphism to polynomials, determining higher logarithms in (28).
We show how it implies the renormalization group on correlation functions and
extend the propagator-coupling-duality of [5] which yields the functional equation
(34).

After analysing the differences to the minimal subtraction scheme in section 7,
we show explicitly how our general results manifest themselves in scalar field the-
ory.

2 Connected Hopf algebras

The fundamental mathematical structure behind perturbative renormalization is the
Hopf algebra as discovered in [16]. We briefly summarize the results on Hopf al-
gebras we need and recommend [21, 22] for detailed introductions with a focus on
renormalization.

All vector spaces live over a field K of zero characteristic (in examples K = R),
Homy(-,-) denotes K-linear maps and linM the linear span. Every algebra (<7, m, u)
shall be unital, associative and commutative, any bialgebras (H,m,u,A,¢€) in ad-
dition also counital and coassociative. They split into the scalars and the aug-
mentation ideal kere as H = K-1 @ kere = imu @ kere, inducing the projection
P:=id—uog: H — kere. We use Sweedler’s notation A(x) = > x; ® xp and
A(x) =Y, ¥ ©x to abbreviate the reduced coproduct A = A —1®id—id@1.

We assume a connected grading H = @, ~H, (Hy = K- 1) and write |x| :=n
for homogeneous 0 # x € H,, defining the grading operator Y € End(H) by Yx =
|x| - x. Exponentiation yields a one-parameter group K > ¢ — 6, of Hopf algebra
automorphisms

()" '

0, :=exp(tY) = Z T VneNy: H,3x— 6(x)= My =e"x. (1)

neNy
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Analgebra (.o, m .y, u ) induces the associative convolution product on Hom(H , <)
by
Hom(H, )2 ¢,y ¢xy:=myo(pRy)oA € Hom(H, o),

with unit given by e := u,, o €. As outcome of the connectedness of H we stress

1. The characters G*,:= {¢ € Hom(H,</): ¢ou=u, and pom=mzo(p@¢)}
(morphisms of unital algebras) form a group under *.

2. Hence id € GZ has a unique inverse S := id*!, called antipode, turning H into
a Hopf algebra. For all ¢ € Ggf we have ¢* ' = ¢ oS.

3. The bijection exp, : gi‘; — Gi‘; with inverse log, : fo — gf; between Ggf and
the infinitesimal characters g, := {¢p € Hom(H,o/): pom=¢Re+e®@}is
given by the pointwise finite series

¢*n (_1)n+l *
exp,(9)i= )~ and log,(9):=) ~——(9-o)". (2

: n
neNy neN

2.1 Hochschild cohomology

The Hochschild cochain complex [8, 1, 22] we associate to H contains the function-
als H' = Hom(H,K) as zero-cochains. One-cocycles L € HZL(H) C End(H) are
linear maps such that Ao L = (id®L) o A + L ® 1 and the differential

§:H' —HZL(H), 00—~ o= (id@a)oA —uoa e HBL(H) =5 (H')  (3)
determines the first cohomology group by HHL(H) := HZ!(H) /HBL(H).
Lemma 1. Cocycles L € HZL(H) fulfil imL C ker€ and L(1) € Prim(H) := ker A is

primitive. The map HH.(H) — Prim(H ), [L] — L(1) is well-defined since Soi(1) =
0forall x € H'.

2.2 Rooted Trees

The Hopf algebra Hg of rooted trees serves as the domain of Feynman rules. As an

algebra, Hg = S(lin 7) = K[.7] is free commutative® generated by the rooted trees
7 and spanned by their disjoint unions (products) called rooted forests .7 :

7= {I {Alkq/l\} ﬁ:{n}uyu{..,....,.I,....,..I,.A,.},...}.

2 We consider unordered trees ]& = {\ and forests 'I = I-, sometimes called non-planar.
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Every w € .Z is just the monomial w = Hteno(w) t of its multiset of tree components
my(w), while 1 denotes the empty forest. The number |w| := |V (w)]| of nodes V(w)
induces the grading Hg , = lin.%, where .%, := {w € & : |w| =n}.

Definition 1. The (linear) grafting operator B, € End(Hg) attaches all trees of a
forest to a new root, so for example By (1) = o, B (s) = [ and By (es) = A.

Clearly, B is homogenous of degree one with respect to the grading and restricts
to a bijection By : % — 7. The coproduct A is defined to make B a cocycle by
requiring

AoBy =B, ®1+ (id®By)oA. 4)

Lemma 2. In cohomology, 0 # [B.] € HHL(HR) is non-trivial by B, (1) = e # 0.
It characterizes Hg through the well-known (theorem 2 of [8]) universal property of

Theorem 1. 7o an algebra </ and L € End(&) there exists a unique morphism
Lp: Hp — of of unital algebras such that

Lp

HR —
LooB, =Lolp, equivalently B+l lL commutes. 5)

Hr —— &
p

In case of a bialgebra <7 and a cocycle L € HZL(<7), 'p is a morphism of bialgebras
and even of Hopf algebras when < is Hopf.

This morphism £p simply replaces B, my,, and 1 by L, m,, and 1, as in
tp (A=3¢) ="p {B: (1B+ (L) =384 (1) } =L (IL(L)]") = 3L(L).

Example 1. The cocycle [, € HZ{(K[x]) of section 4 induces the character

wl

Q= fOp € Gﬁﬁ] fulfilling  ¢(w) = x—| for any forest we€.%, using (6)
w!

Definition 2. The tree factorial (-)! € GgR is equivalently determined by requesting

Byt =w-|By(w)| or wi= ] wl| forall we.Z. ()

3

veV(w)

3 By w, we denote the subtree of w rooted at the node v € V (w).
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3 The generic model

As explained in the introduction we consider Feynman rules as characters ¢ € fo
mapping a rooted tree to a function of the parameter s (by proposition 1 it lies in
the algebra o7 = K[z~!,z]][s~7]). Since B, mimics the insertion of a subdivergence
into a fixed graph v (restricting to a single insertion place by a result from [24]),
applying ¢ yields a subintegral and therefore

Definition 3. The generic Feynman rules ;¢ are given through theorem 1 by

o 8\ r—z oo
won= [T g ag= (o0t ocer ®

The integration kernel f is specified by 7y after Wick rotation to Euclidean space,
with the asymptotic behaviour f({) ~ {~! for { — oo generating the (logarithmic)
divergences of these integrals (we do not address infrared problems and exclude any
poles in f). The regulator { % ensures convergence when 0 < R(z) < 1, with results
depending analytically on z. We can perform all the integrals using this Mellin trans-
form

OB G e ©)
n=—1
Proposition 1. For any forest w € . we have (called BPHZ model in [4])
z(ps 7572‘”)' H F Z|Wv| (10)
veV(w)

Proof. As both sides of (10) are clearly multiplicative, it is enough to prove the
claim inductively for trees. Let it be valid for some forest w € ., then for r = B (w)
observe

0By (n) = [ (0L 9 (w) dE = / TGO AOGH ™M T F e g

veV(w)
—2B+(w) H F(zlw) | F(z|BL(w)]) = s~ H F(z|ty]).-
veV(w) vevV(t)

Example 2. Using (10), we can directly write down the Feynman rules like

() =5F(2), 4(])=sFF()FQ22) and .95 (N) =5 F[F(2)*F(32).

Many examples (choices of F') are discussed in [4], the particular case of the one-
loop propagator graph y of Yukawa theory is in [5] and for scalar Yukawa theory in
six dimensions one has F(z) = m as in [22]. Already noted in [17], the

highest order pole of ;¢ (w) is independent of s and just the tree factorial

LCER IR R G} ¢ o (5) "+ MR

vevV(w
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3.1 Renormalization

Algebraically, renormalization of a character ¢ € G’;{ equals a Birkhoff decomposi-
tion [9, 21, 22] into the renormalized character ¢g := @ € G{Z{ and the counterterms
Z:=¢_¢€ Gg{ defined by the conditions

¢=0"""x¢, and ¢ (kere)C o, (12)

with respect to a splitting o/ = .7/, @ o/_ determined by the renormalization scheme
(the projection R: o/ — <7_). Turning to minimal subtraction in 7 we now focus on

Definition 4. On the target algebra .o/ of regularized Feynman rules depending on
a single external variable s, define the kinetic scheme by evaluation at s = :

End(/) 5 Ry = ev, = (gf S fes f|S:#) . (13)

This scheme exploits that subtraction improves the decay at infinity: Let f({) ~ %
meaning f(§) = éJrf(C) for some f({) € ﬁ(é”l’g) with € > 0. Then ;¢,(¢) is
logarithmically divergent (would it not be for the regulator £ %), but subtraction

ORI

N

I S m@ f(%) -z
s u C—/O ¢ a4

() =tu() = [ T

yields a convergent integral even for z = 0. As R, is a character of 27, the Birkhoff
recursion simplifies to Z =Ry 0.¢ oS = ¢, 0S and ,¢p = Zq)ﬁ’l * ;0.

Example 3. We find _¢  (s) = (s7% — %) F(z) and S (]) = —] + oo results in

s (D) = (s 2 - B)F(2)F(22) — (s °— %) u °F(2). (15)

The goal of renormalization is to assure the finiteness of the physical limit
0 := lim O, (16)
z—0

and indeed we find the finite (@ ; (+) = —c_; In ;. In the case of (15) check

2 C,
o9k (1) = lgr(l){ [*Zlﬂﬁ‘f’% (In*s+2Inslnp — 31n2u)} . [szl +2CZ'°]

s Cz, 3cpe_ 62—1 s s
+ {—2z1nﬁ+2z2 (1n2s—1n2u)] : [zsz % ‘} } = 71nzﬁ—c,lc01nﬁ,
)

where all poles in z perfectly cancel. Note that (¢, , maps a forest w to a polynomial
in K[In 7] of degree < |w| without constant term (except for (¢ (1) = 1), due to the
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subtraction at s = (1. We now prove these properties in general, extending work in
[18].

3.2 Subdivergences

Inductively, the Birkhoff decomposition is constructed as ¢4 (x) = (id—Ry )¢ (x)
where the Bogoliubov character ¢(x) (R-operation) serves to renormalize the sub-
divergences. It is defined by

G =90 +Y_ - ()W) = () + [0 9 — - — 9](x) = 91 (x) — 9 (x).

Theorem 2. For an endomorphism L € End(</) consider the Feynman rules ¢ :=
Lo induced by (5). Given a renormalization scheme R € End() such that

Lomgo(¢_®id) =mg o (¢_-®L), (18)
that is to say, L is linear over the counterterms, we have
¢oB, =Lo¢,. (19)
Proof. This is a straightforward consequence of the cocycle property of B :

§oB.=(0_%9—9_)oB, =myo($p_©¢)o[([d®B.)oA+B, ®1] —¢_oB,
= 0-%(poBy) = 9 *(Log) = Lo(¢-x¢) = Lo,

As the counterterms Z of our model are independent of s, they can be moved out of
the integrals in (8) and (18) is fulfilled indeed. This is a general feature of quantum
field theories: The counterterms to not depend on any external variables®.

The significance of (19) lies in the expression of the renormalized ¢y ,(t) for
a tree t = B (w) only in terms of the renormalized value ,@(w). This allows for
inductive proofs of properties of @, and also (@, without having to consider the
unrenormalized Feynman rules or their counterterms at all.

3.3 Finiteness

Proposition 2. The physical limit , @y, ; exists and maps Hg into polynomials K[ln ﬁ]

4 Even if the divergence of a Feynman graph does depend on external momenta as happens for
higher degrees of divergence, the Hopf algebra is defined such that the counterterms are evaluations
on certain external structures, given by distributions in [9]. So in any case, ¢_ maps to scalars.
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Proof. We proceed inductively from ¢, (1) = 1 and, as (¢ is a character, only
need to consider trees # = B, (w) in the induction step. Hence for this w € .Z we
already know that 0¢R7 ¢ wyedo (lnN g ) for some N € Ny such that dominated con-
vergence yields

19) z—0

~tim | [f(és/x)7.f(i/u)]g—zz¢R.g(W)d§: /0 [f’<i/.v>,f<c‘1/u>] 00 (w) 42,

z—0

00,0 = i) [s [P e g ) a]

recalling the term in square brackets to be from & (C ‘1‘8) as in (14). This proves
the cancellation of all z-poles in ¢ ,(¢) and we identify @ ,(¢) with the o< 2% term,
which is a polynomial in Ins and Inu of degree |¢| by inspection of (10): Each
such logarithm comes with a factor z (expanding s—°) which needs to cancel with
a pole ﬁ from some F(z|t,|) in order to contribute to the o z° term. Finally the
substitution § — {u gives

o u
o0, = | [f (65) —f(C)} 0 O9) dE, 20)

u

hence by induction 0¢R7 cu only depends on § and o9 s 1s a function of ﬁ only.

Using (20), the physical limit of the renormalized Feynman rules can be obtained
inductively by convergent integrations after performing the subtraction at s = 1 on
the integrand, in particular without the need of any regulator. Therefore ¢y is inde-
pendent of the choice of regularization prescription, so employing a cutoff regulator
or dimensional regularization yields the same renormalized result in the physical
limit.

4 The Hopf algebra of polynomials

We summarize relevant properties of the polynomials, focusing on their Hochschild
cohomology (the relevance of fo was already mentioned in [8]). First observe

Lemma 3. Requiring A(x) = x® 1+ 1 ®x induces a unique Hopf algebra struc-
ture on the polynomials K[x]. It is graded by degree, connected, commutative and
cocommutative with A (x") = Y7 (';)x’ @ x""" and the primitive elements are

Prim (K[x]) =K x.

The integration operator [y: x" — —1;x"*! furnishes a cocycle [, € HZi(K[x]) as
n+1 ntl gk n+1—k
A/(L") Y R T o f N
o \n! D) T &K ar1—h)!

~memer e (o) <o (ae )] (7).
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and is not a coboundary since fo 1 =x # 0. In fact it generates the cohomology by

Theorem 3. HH.(K([x]) = K- [ ] is one-dimensional as the 1-cocycles of K[x] are

1 — . xl = . ! X|).
HZ(H) = K- [ @8 (50) = K- | & Bl(Kl) @

Proof. For an arbitrary cocycle L € HZ.(K[x]), lemma 1 ensures L(1) = xa_| where
a_1:=0yL(1). Hence L:=L—a_ [, € HZ! fulfils L(1) =0, so Ly := Lo , € HZ]
by

AoLoz(id®i)vo/+(i®1)o/:(id®L0)0A+L0®1+Z(1)-/.
0 0 0

Repeating the argument inductively yields a, := doL, (1) = dyo Lo fO" + (1) e Kand
Lyy1 = (Ly—ay fo) ) fo S HZé, so for any n € Ny we may read off from

Lo/on(l):a,l/O"“(l)+...+a,,,2/02(1)+L,,,1(1):a,l/()(/o"l) +n_§(:l)aj/0"j(1)

that indeed L = a_ fo +d8a for the functional ¢ := dyo Lo fo with a(%) =a,.

Lemma 4. Up to subtraction P = §& = id —ev : K[x] — kere = xK[x] of the con-
stant part, direct computation exhibits S for any a € K[x|" as the differential op-
erator

Sa=Po « (*—”) 9" € End(K[x]). 22)

nENO
Lemma 5. As characters ¢ € Gﬁli[x] of K[x] are fixed by A := ¢(x), they form the
group GEM = {ev,: A € K} of evaluations (the counit € = evq equals the neutral
element)
Kx] 2 p(x) —evy (p) := p(A) with the product evyxevy, =evaip.  (23)
Proof. Note [ev,xevp] (x") = [evy(1) -evp(x) +evq(x) -evp(1)]" = (b+a)".

Lemma 6. The isomorphism (K,+) 3 a — ev, € GEM of groups is generated by

[x]

the functional dy = evgod € gﬁ , meaning log, ev, = ady and ev, = exp, (adp).

Proof. Expanding the exponential series reveals exp, (ady)(x") = a" as a direct con-
sequence of dgk = £09* = g0 9k:

5 (%) =X () () = o 0= 8= 2 ().

i1+..4+ik:n i1+4..+ik:n
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4.1 Feynman rules induced by cocycles

Let ¢ : Hr — K[x] denote the polynomials that evaluate to the renormalized Feyn-
man rules ;9 ; = evyo ¢ at £ = In ;. We state

Theorem 4. The renormalized Feynman rules ¢ = Lo arise out of the universal
property of theorem 1, where the coefficients c, of (9) determine the cocycle

L:=—c_, /+5n € HZL(K[x]) with n(x"):=n!(=1)"c, foranyn e Ny.
0
(24)

Proof. We may set 4 = 1 and produce logarithms of subdivergences by differentia-
s -1

—atz= 0 we obtain

tion, exploiting analyticity of zF (z) and
timia &) s [ OO w60 ag] = (< 52) " a—r) [T A0 < a

=(-2) [t ) =y (’,Z)k!((,jifi:]m—k)!cn“

k=0

xn+l n n . »
= eVins |:61I’H-1+Z <i>x’(1)” ’cn,-(ni)!} =evpsoL(x"). (%)

i=1

By linearity we can replace In"(s{) in the integrand by any polynomial to prove
theorem 4 inductively: As ;¢ and Lp are algebra morphisms, it suffices to consider
atreet =B (w) for a forest w € .F already fulfilling ,¢ (w) =Lp(w) in the induction
step

000,00 2 lim(id 1) [ [0 evg 000 () a¢ |

—evioL[y9 (w)] =evoLolp(w) =eveolpo By (w) = eviolp(r),

where the convergence of (20) allows to reintroduce ¢ into the integrand.

Corollary 1. As L is a cocycle, by theorem 1 the physical limit ¢ : Hr — K[x] of
the renormalized Feynman rules (8) is a morphism of Hopf algebras.

This key property naturally yields the renormalization group as we shall see in the
sequel. For now observe the simple and explicit combinatorial recursion 4, express-
ing ;¢ in terms of the Mellin transform coefficients without any need for series
expansions in z, as shown in

Example 4. Using (24) we rederive ,¢ (¢) =%poB, (1) =L(1) = —c_, x and also
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0# (]) ="poBi(s)=Lolp () = [_C—l /0+5’7} (—e 1) :Cz_l%_c_]co)h

0

00 (A) ="poB. (++) =Lolp(ss) = [— +on | {(~e.1)’}
x3

3
= —cil% +c2, [n(l)x2+2n(x)x} = —c31?+cglcox2—2cglclx.

Defining F(z) == F(z) — =L = > nen, €aZ’s (22) uncovers 8n = Po F(—d,) and

Z
under the convention d; ' := [ we may thus write L = Po F(—0,).

Corollary 2. As in 1 only —c_, fo increases the degree in x, the highest order
(called leading log) of ¢ is the tree factorial (note the analogy to (11)): For any
forestw € F,

‘ e
0P (w) € [-c_, j(’}p(w) +0 (x\wlfl) — & +K[x]<|w|- (25)

© w!

4.2 Feynman rules as Hopf algebra morphisms

As ¢ : Hp — K|x] is a morphism of Hopf algebras, the induced map GEM — GQR
given by ev, — (0, := ev, 0,¢ becomes a morphism of groups. In particular note

Corollary 3. Using (23) we obtain the renormalization group equation (as in [17])

0%a* 09 = 09arp, forany a,bckK. (26)

Before we obtain the generator of this one-parameter group in corollary 4, note how
this result gives non-trivial relations between individual trees (graphs) like

09ax 09 (1) = 084 (3) + 00 (2) 085 () + 085 (1)

2 a2 +b2
:Cfl
an

_C71C0 (a+b)+c2,1ab(1:7)0¢a+b (I) .

Proposition 3. Let H be any connected bialgebra and ¢ : H — K[x| a morphism of
bialgebras.®> Then log, ¢ is given by the linear term in x through

log, ¢ =x-dpo¢. (27)

Proof. Letting ¢ : C — H and y: H — &/ denote morphisms of coalgebras and
algebras, exploiting (Yo —u oec)” = wo (¢ —uyoey)” = (Y —uyoey)”" o
¢ in (2) proves (log, y)o ¢ =log, (Yo @) = yolog, ¢. Now set ¥ = ev, and use
lemma 6.

3 This already implies ¢ to be a morphism of Hopf algebras.
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Example 5. Tn the leading-log case (6) we read off dyo ¢ = Z, € gﬁ’* where Zo(w) 1=

Oy,o. Comparing ¢ = exp, (xZ,) with (6) shows |w|! = w! ~Zf‘w|(w), hence®

wyp!
w:wi=e w:wi=e

Corollary 4. The character ¢ is fully determined by the anomalous dimension

Hp D gﬁk Syi=—dyoyp suchthat ¢ =exp,(—x-y)= Z }’/T(—x)”. (28)

|
neNy

An analogous phenomenon happens with the counterterms in the minimal subtrac-
tion scheme: The first order poles o< z~! alone already determine the full countert-
erm via the scattering formula proved in [10]. However, (28) is much simpler as
illustrated in

Example 6. Reading off y(¢) =c_;, Y(]) = c_,co and y(]) = 2¢% ¢, from the
example 4 above, corollary 4 determines the higher powers of x through
2 2
Y<Y (e X
00 () = [e-r 2] (D =0-xr () 4271 = e eprr et T

o¢<A>=o—w<A>+x”§7< rol+ene) 0T e

3
=7 (9 +x ¥( )}/(I)72c2_161x:fcil%Jrcz_lcOxszcz_lclx.

Note how the fragment ee @ o of A ( A) does not contribute to the quadratic terms

%y* 7, as ¥ vanishes on products. We will exploit this in (33) of section 5.1 and
close with a method of calculating y emerging from

Lemma 7. From yoB, = —dyoLo,¢ =evgo[zF(z)]_5, oexp,(—xy) we obtain the
inductive formula Yo B, =3, o, €, V™

Example 7. We can recursively calculate y (o) =c_,€(1) = c_,, similarly also
7(D) =cre(9)+aor() =c ico,
y(D =c_e(D) +eor(D) +erxr() =cicg+e [r(o) =c_ig+c ey,

V() =c_1€(ss) +coy(ss) +c;7x¥(ss) =2¢; [y(s)]> =2¢% ¢, andsoon.

6 This combinatorial relation among tree factorials, noted in [17], thus drops out of A@ = (¢ ®
Q)oA.
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5 Dyson-Schwinger equations and correlation functions

We now study the implications for the correlation functions (31) as formal power
series in the coupling constant g. For simplicity we restrict to a single equation
and refer to [24] for systems. With detailed treatments in [1, 11], for our purposes
suffices

Definition 5. To a parameter k € K and a family of cocycles B.: N — HZL(Hg) we
associate the combinatorial Dyson-Schwinger equation’

X(g) =1+ g"B)(X""™(g)). (29)

neN

Lemma 8. As perturbation series X (g) = e, 8" € Hr([g]], equation (29) has
a unique solution. It begins with xo = 1 while x, 1 is determined recursively from
X0, .., % These coefficients generate a Hopf subalgebra, explicitly we find®

AX(g) =) [X(e))'"™"" @ ¢"xn € (Hr® H)[[g]. (30)

neNy

Example 8. In [5, 22], X(g) = 1 —gB+ (%) features k = —2, summing all trees

+A+2f}+/1\> g*
_ +l+2&+/l\+ﬁ+zq+2/}\+3{1\+m &+ g®Hg|[g]]

with a combinatorial factor’. Physically these correspond to (Yukawa) propagators

X(g)el_'g_182—<{+1\,)g3—<

1— - _ g ( VAPSIRREN 4 - N >g3
_ ( ////7:\\\‘\\ + SN+ (//_ IS
+ eI :\\ + //"/ (N "\\\\ )g4+ﬁ<gi)

arising from insertions of the one-loop graph ,«,\, into itself.

Definition 6. The correlation function G(g) evaluates the renormalized Feynman
rules (¢ : Hr — K[/] on the perturbation series X(g), yielding the formal power
series

7 As xo = 1, for arbitrary p the series [X (g)]” := 3=, (7) [X(g) — 1]" € Hg[[g]] is well defined.

8 A proof of (30) may be found in [11] and [12, 13] study systems of Dyson-Schwinger equations.

9 counting the number of corresponding ordered trees
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Gg) =0 oX(g)= > o9 (xn)g" € (K[()) [[g]l- 31)

neNy

We call ¥(g) := yoX(g) = —d|,G(g) € K|[[g]] the physical anomalous dimension.

Example 9. The Feynman rules ¢ from (6) result in the convergent series G(g) =

V1—2g0 and ¥(g) = —Z+ 0 X(g) = g for the propagator of example 8. Perturba-
5
tively,
l 0% (g0 (g0)} 1 1
Glg)=1 *(gf)*(gf)*ﬁfﬂf---: 1-gl— (807~ 5 (e0° +0((e0)").

5.1 Propagator coupling duality

The Hopf subalgebra of the perturbation series allows to calculate convolutions in

Lemma 9. Let v € gZ;" denote an infinitesimal character, ¥V € GZ;e a character and
A € Hom(Hg, <7) a linear map. Then (in suggestive notation)

(WxA)oX(g) =[PoX(g)]-LoX (¢g[PoX(g)]") (32)
=[PoX(g)]- > Alx)- (s[FoX(2)]")" € [[g]
neNy
(yxd)oX(g) =[woX(g)]- (id+xgdg)[A o X(g)] € #[[g]]. (33)

Proof. These are immediate consequences of lemma 8, for (33) consider

v (@)= 3 (7 (- 1) = vt - 1 (e
ieNy

Example 10. Continuing 8 we deduce Z3> (X (g)) = —g(1 —2gd,)(—g) = —g* and
2n)!
27 (X() = ¢ Gn - 1)n-3) - (1) = —g 1 O
&) 2"n!

proving @(x,11) = —27"C,¢"*! with the Catalan numbers C, already noted in [20].
From 9 we find their generating function 2g ZnENo g§'C,=1—/1-4g.

Corollary 5. As (¢ is a morphism of Hopf algebras, for any a,b € K we can factor

Garb(8) = (o0ax o) 0X(8) = Ga(g) - G»[8Gy ()] = Gr(8) - Gu[eGy (8)]. (34)
These functional equations of formal power series make sense for the non- perturba-
tive correlation functions as well. Relating the scale- with the coupling-dependence,
this integrated form of the renormalization group equation becomes infinitesimally
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Corollary 6. From — lf—x 00 = Yxo0 = ¢ x vy or differentiating (34) by b at zero note

Gelg) 718GF ()] = ~Gi(g) = W(g)- (1 +K82) Gulg).  (35)
The first of these equations generalizes the propagator coupling duality in [5, 20].
For any fixed coupling g, it expresses the correlation function as the solution of the
o.d.e.

filncg(g):y[ge“n@(@} with InGo(g) =0, (36)

determining Gy (g) completely from ¥(g) in a non-perturbative manner as in (39).

Example 11. The leading-log expansion takes only the highest power of £ in each
g-order. Equally, ¥(g) = cg" for constants ¢ € K, n € N and (36) integrates to

1

Gleading—log (8) = {1 + Cangn} " (37
As a special case we recover example 9 forn =c =1 and k¥ = —2.

Example 12. In the linear case k = 0, (34) states G415(g) = Ga(g) - Gs(g) in accor-
dance with the scaling solution Gy(g) = e~'7®) of (36), well-known from [19].

Example 13. For vertex insertions as in [2] we have kK = 1, s0 G,15(g) = Gp(g)
G, [Gb(g)] expresses the running of the coupling constant G := g - G: A change in
scale by b is (up to a multiplicative constant) equivalent to replacing the coupling g
by Gj(g).

5.2 The physicist’s renormalization group

To cast (34) and (35) into the common forms of (7.3.15) and (7.3.21) in [7], we
introduce the B-function B(g) := —kgy(g) and the running coupling g(1) as the
solution of

u%g(u) =B (g(n)), hence u%G (g(u),ln ﬁ) =7(e(w)G (g(u),ln ﬁ) :

(38)
Integration relates the correlation functions for different renormalization points L in

H2

o) | = 0 (st)n ) EEZT”J

G (g(ﬂz),lﬂ ,fi) =G (8(#1)7111 i) -exp [/ﬂ

Setting (1} = s we may thus write G;(g) explicitly in terms of y(g) as

1

Zl—=

8s) g
¢ Bl)

Go(g) = {g} ., with g(s) subjectto ¢ = 1ni =

8(s)

(39)
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5.3 Relation to Mellin transforms

We finally exploit the analytic input from theorem 4 to the perturbation series in

Gelg) = 1+ Y809 0B (X()+"™) =1+ ¢" [fcﬁ"f /O +Pofn<a4>} Gi(g)"*™,
neN

29)
neN

with Mellin transforms F,(z) = M+ F,(z) corresponding to the insertions'® B,,.

z77-1

Corollary 7. The power series Go(g) € K[{][[g]] is fully determined by

G(0)=1 and 9-4Ge(8) =) &"[tFal)l.—, (Ge(9)' ™). (40)

neN

Restricting to a single cocycle Fy(z) = F(z)0,, choosing F(z) = % reproduces
(37) from 9_,Gy(g) = g"c_,G(g)'™"*. More generally, for any rational F(z) =

ZE;) € K(z) with g(0) = 0, (40) collapses to a finite order ode g(—dy)G(g) =
g"p(—9;)G(g)'*""* that makes perfect sense non-perturbatively (extending the al-

gebraic d; € End(K[/]) to the analytic differential operator).

Example 14. For F(z) = 2(117 3 the propagator (x = —2 as in example 8) fulfils

8
G(g)

At £ = 0 this evaluates to ¥(g) — 7(g) (1 —2gd,) ¥(g) = g. which is studied in [24, 5].

= 0-¢(1=0-1)Ge(g) = ¥(8) (1 —289) [1 =~ ¥(g) (1 —28)] Ge(g)-

6 Automorphisms of Hy

Applying the universal property to H itself, adding coboundaries to B leads to
Definition 7. For any o € Hp, theorem 1 defines the Hopf algebra morphism

%y :=B++9% . Hp —» Hp suchthat *yoB, =[B, +8a]o%y. (41)
Example 15. The action on the simplest trees yields

“(3) = "% 0B (1) = B+ (1) +(3a)(1) = B (1) = o,
U (1) = “x 0By (o) = (By+80) g (o) = ]+ 8a(s) = ]+ a(1)e,

“x (D :I+2a(n)1+{[a(1)}2+a(-)}- and z (A) = A+2a(e) e+ a(1)es.

These morphisms capture the change of “p under a variation of L by a coboundary:

10 For this generality we need decorated rooted trees as commented on in section 6.1
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Theorem 5. Let H denote a bialgebra, L € HZ!(H) a 1-cocycle and further o € H'

a functional. Then for 'p, %% . Hp — H given through theorem 1 and actp xX:
Hgr — Hp from definition 7, we have

L+5ap
Hp —H

Ltday _ Ly, [aoLP]% equivalently aOprl / commutes.  (42)
L
P
Hpg

Proof. As both sides of (42) are algebra morphisms, it suffices to prove it induc-
tively for trees: Let it be true for a forest w € .%, then it holds as well for the tree
B (w) by

Lpo [aOLp]xoB+(w) ELPO [B++6 ((xoLp)] o [O‘OLP}X(w)
= {Lotp+(8a)olp } ol*Ply(w) = {L+ S} olp o[ Ply () =20 B ().
N—_———

)

L+6ap(w>
We used (§at) olp =Lp 0§ (awolp), following from Lp being a morphism of bialgebras.

Hence the action of a coboundary § on the universal morphisms induced by L
is given by actp - This turns out to be an automorphism of Hg as shown in

Theorem 6. The map ") : Hp — Endp,,(Hg), taking values in the space of Hopf
algebra endomorphisms of Hg, fulfils the following properties:

1. Foranyw € F and o € Hp, *x(w) differs from w only by lower order forests:

[w|—1
“aw)ew+HY' " =wt @ Hra. 43)
n=0

2."x maps Hy into the Hopf algebra automorphisms Autg,,(HR). Its image is
closed under composition, as for any o, 3 € Hy we have %y o By =7y taking

y=oa+Bo% . (44)

3. The maps §: Hy — HZL(Hg) and ") : Hy — Auty,,/(HR) are injective, thus the
subgroup im'y = {%x: o € Hy} C Autpo,(Hg) induces a group structure on
Hp, with neutral element 0 and group law > given by

avp =y ! (“xoﬁx) —a+Bo% ! and " '=—ao%. (45
(44)

Proof. Statement (43) is an immediate consequence of 6 o(Hy) C Hf: Starting from

%y () = o, suppose inductively (43) to hold for forests w,w’ € .%. Then it obviously

also holds for w-w' as well and even so for B, (w) through
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“xoBy(w) = By +80] 0%y (w) C B +8a] (w+HY'™") C By (w)+HY'.

This already implies bijectivity of %y, but applying (42) to L = B, + 6 and ay
for & := —a o %y shows id = *x o *x directly. We deduce bijectivity of all *x and
thus *x € Autyopr(Hg) with the inverse ! = %y. Now (44) follows from

[aJrﬁOax—l]x _ [B++3a]+5(ﬁoalfl)p _ [B++5a]p o [[3 o ch—l o (B++5a)p] x= axOﬁx.

“2)
Finally consider a, 8 € Hj with y =Py, then0= (*y —Fx)oB, =8o(a—B)o
%y reduces the injectivity of ") to that of 6. But if Sa = 0, for all n € Ny
o n+1 : ;
0=5a () = Z ( ‘ )oc (/) "1 implies o (") =0.
i
i=0

Given an arbitrary forest w € .% and n € N, the expression

RO W ARTIL

() e

_1

2D o wi—e O ("W). Tterating
w

this formula exhibits a(w) as a scalar multiple of & (-‘ ") = 0 and proves o = 0.

simplifies upon projection onto Ke to ¢ (we" 1) =

6.1 Decorated rooted trees

Our observations generalize straight forwardly to the Hopf algebra Hg(Z) of rooted
trees with decorations drawn from a set Z. In this case, the universal property as-
signs to each Z-indexed family L.: 2 — End(/) the unique algebra morphism

Lo:Hgr(2) — o suchthat Lp oBff_ =Lgolp foranyde 2.

For cocycles imL. C HZ} (/) this is a morphism of bialgebras and even of Hopf
algebras (should < be Hopf). For a family o.: 2 — Hg(2) of functionals, setting
LY = BY + 50y yields an automorphism * y := L% b of the Hopf algebra Hg(2).
Theorems 5 and 6 generalize in the obvious way.

In view of the Feynman rules, decorations d denote different graphs into which
Bi inserts a subdivergence. Hence we gain a family of Mellin transforms F. and
theorem 4 generalizes straightforwardly as ,¢ o BL = Po Fy(—d;) 0 4¢.
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6.2 Subleading corrections under variations of Mellin transforms

As an application of (42) consider a change of the Mellin transform F to a different
F' that keeps c_1 fixed but alters the other coefficients ¢,. With @ :=1n’ —n,

09’ =Fp =1"3% =lpole'ply = s ol*ontly

translates the new renormalized Feynman rules ;¢ into the original ;¢.
Fixing ¢_; = —1, this in particular relates ;¢ to ¢ = fOp using example 15 to-
gether with 1 o @(w) = (—1)*! %c‘w‘ as

0f ()
09 ()

00 ({)

and

=00y (s),

i +epx=0{l+n(1)e} =0o"?x(]),

2
% +x2co+x(cd—c;) = {}+ZCOI+[ —c1] }:(ponome)

3

00 (A) =5 +co- =2 x= p{ At coee—2e10} = 9o ™2 ().

Corollary 8. The new correlation function ;¢ o X = @ oX equals the original ¢ ap-

plied to a modified perturbation series X (g), fulfilling a Dyson-Schwinger equation
differing by coboundaries. By (43) the leading logs coincide and explicitly

X(g)=""0x0X(g) =1+ _g" (B +6m,) (X(9) ).

neN

7 Locality, finiteness and minimal subtraction

Consider the regularized but unrenormalized Feynman rules .¢. Now setting .o/ :=
K[z7!,z]] and ¢ := ,¢; € G , (10) fixes the scale dependence @y = ¢ 0 O_yy ;.

Proposition 4. For any character ¢ € G{;R, the following are equivalent:

1. ¢* 'x(¢poY)=¢o(SxY) maps into %K[[z]], 50 lirr(l)(])**1 *(z@ oY) exists.
Z—

2. For everyn € Ny, 0* ' x (¢ oY") = ¢ o (SxY™) maps into z7"K|[[z]].

3. Forany € € K, "' % (90 6,,) = ¢ o (S% ;) maps into KI[z]].

Proof. We refer to the accounts in [21, 5, 10], however only 1. = 2. is non-trivial
and
$o (SxY"™ ) =go(SkY") oY +[po(SxY)]x[po(SxY¥")]
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yields an inductive proof. It exploits (SoY)xid = —S*Y in the formula (¢ arbitrary)
Sk(0oY)—(Sxa)oY =—(SoY)xa=—[(SoY)xid|xSxa=SxY *xS*c.

Note that condition 3. is equivalent to the finiteness 2 of the physical limit ;¢ as
Z¢RAs =z ﬁ71 *x 05 =¢o [(SO szln/,L) * Q,Zlns} =¢o (S* elenﬁ) © elen/,p
Corollary 9. The anomalous dimension can be obtained from the %-pole coefficients

}/:—8000(]):—8001:11(1]¢O(S*9,zx):Res[q)o(S*Y)}. (46)

The minimal subtraction scheme Ry projects onto the pole parts such that o7 =
o @, where o/ =z 'K[z"!] and &7, := K][[z]]. Though it renders finiteness
trivial, its counterterms might depend on the scale s and violate locality. So from
[10] we need

Definition 8. A Feynman rule ¢ € G{Z} is called local iff in the minimal subtraction
scheme, the counterterm (¢ o 6,)_ is independent of £ € K.

Proposition 5. Locality of ¢ € fo is equivalent to the conditions of proposition 4.

Proof. In case of 4, g0 6y, = (¢_)* ' x {@ x[9* ' x (¢ 06;,)]} is a Birkhoff de-
composition by condition 3. such that (¢ o0 6;,) = ¢_ from uniqueness. Conversely,
for local ¢,

0=Ryso(¢o Géz)Jr =Ry 0 [(¢ 06p) *(¢o ng)] =Rus0 [—x (¢ 06y,)]

implies K([[z]] = kerRys 2 im¢_ * (¢ 0 6;,) and convolution with ¢> ! = ¢*~! x
¢~ : Hg — K([[]] yields condition 3. of 4.

So we showed algebraically that the problems of finiteness in the kinetic scheme and
locality in minimal subtraction are precisely the same. These schemes are related by

Lemma 10. If ¢, ; denotes the Rys-renormalized Feynman rule, then its scale de-
pendence is given by (¢ through ,¢, = (R” ozq;m) * ,Op (as already exploited in
[4]).

Proof. Locality of the minimal subtraction counterterms ¢_ implies Ryo¢_ = ¢,
hence

-1
(R,u Oz(pms) *Z(PR = [Rll ° ((P— *Z(p)} * (Rll Oz(i))* *Z¢ = (R,u ° ¢—) *Z(P = z¢Ms'
The physical limit eviys 0 (@, = liné <Ous.s yields polynomials (¢,,c and 10 becomes
— ’
Corollary 10. The characters (@, ,¢ : Hg — K(x] fulfil the relations

0¢MS = (8 © O(PMS) *0¢ ) equivalenﬂy Ao O¢MS = (O¢MS & O¢) oA. (4’7)
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In particular, the constant parts € o ;¢ = €vg 0 4y € GgR determine ;¢,,, com-
pletely as the scale dependence is governed by (¢. Using ;¢ = exp,(—xy), the
B-functional y¢,s = exp, (xB) * (€ 0 y¢,,) from [10] relates to y by conjugation:

ﬁ*(sOO(PMS) = (SOO(Z)MS)*Y'

Corollary 11. Applying (32) to (47) expresses the correlation function of the R,-
scheme to the kinetic scheme by a redefinition of the coupling constant:

G 1(8) = Gus.0(8) - G (8 [Guso (@))% ).

8 Feynman graphs and logarithmic divergences

In a typical renormalizable scalar quantum field theory, the vertex function is log-
arithmically divergent and may be renormalized by a simple subtraction as studied
above. Referring to [6] for quadratic divergences, we now restrict to logarithmically
divergent graphs with only logarithmic subdivergences, in D dimensions of space-
time.

Following the notation established in [3], the renormalized amplitude of a graph
I in the Hopf algebra H of Feynman graphs is given by the forest formula'!

() 9
,1)\F\ WF/F+ > Vy/F

_ ( I'#yeF
<1)+(r)_/9p > W In5 S (48)
FeF(I') YF Vr/F o e Y/F

The forests .% (I') account for subdivergences, the first and second Symanzik poly-

nomials yr, @r depend on the edge variables o, (Schwinger parameters) and we
[E(")[—1
>0

Apart from a scale s, ¢r depends on dimensionless angle variables ©® = {"ﬁ—z } U

integrate over RP in projective space with canonical volume form Qr.

{p’—f’} built from the mass m and external momenta p;. We abbreviate %F = ;’%
and denote evaluation at the renormalization point (§,®) of the kinetic scheme by a
tilde or -|g := [(; 0)(5.6)-

Definition 9. Holding the angles © fixed, the period functional & € H' is given by

9 @, (I')] forany I' €H. (49)

2= T .

Corollary 12. For any graph I" € H, the value P(I') is a period in the sense of
[15] (provided that § and all 8 € O are rational) by the formula

1 We prefer to work in the parametric representation as introduced in [14, section 6-2-3].
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COWF b
‘@(r)fm/gf > I S A (50)
FeF(r) VF Vr/F Vy/F

I'#yeF

For primitive (subdivergence free) graphs, [23] gives equivalent definitions of
this period in momentum and position space. The product rule, (49) and P |, =€
show

Corollary 13. The period is an infinitesimal character & € gg (it vanishes on any
graph that is not connected).

8.1 Renormalization group

Proposition 6. Holding the angles @ fixed, differentiation by the scale results in'?

P
i B = P by (51)

Proof. Adding 0 = Z(I") — & (I") and collecting the contributions of %Y/F in (x)

we find

¢
9 1 (—1)1+1Fl Vr)F
_gln‘sd)*(r)fm/ﬂr Y Z b0 %
Vi (ry#resor)  Vr Vr/E T 5, VIF

- (2 _2 ) > 2
B (—1)i+ VI/F  YI/F) o5tp VYIF
(;)BZ(F)—O—/QFZ ZNE

(ri#Fez ()  Yr

] 2 1.2 2
VI/F H%F'VE/F] [vr/p"rrgeFWﬁ/F]

B (z ) ) ?
o y(r)+/gr§; yepgz(n | ‘II’;/ZW b Wj/FZ W‘;/F] 'W; |
o= VIE S VEIE]L o VF
With y < I denoting a subdivergence y # I', the forests F € .7 (I") containing ¥
correspond bijectively to the forests of y and I" /y by
F[):={FeFI): yeF}>F (F|y, F/y) e Z(y)x F('/y), using
Fl,={8€F: 8=y} and F/y:={8/y: 8€F and 8Ay}.

This is an immediate consequence of the definition of a forest, as for F € ﬁy(l“ ),
each 0 € F is either disjoint to y or strictly containing ¥ (in both cases it is mapped

12 This simple form circumvents the decomposition into one-scale graphs utilized in [6] and there-
fore holds in the original renormalization Hopf algebra H.
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to §/y € F/y) or itself a subdivergence of y. Thus integrating [;” ﬁdt =

—11. A -
B lnA in
( )1+‘Fy|+\F\
=9 r)+/z Ny D i
~r FeZ(y) WD Wy
7o (7)|=1 FeZ(I'[y)
- (g _® ).t N
/J vr/p Vo) Y Wy,
iy e [P SR NS P |
0 WF/F F%ZBEF vor Tl gyw,s/p,] [g vor Tl gyw/py]
? 2 + > ¢
R A 27 VIIE et VO/F
:9<F>+/ZQMQWZ lVD/z WIS —In S
<I FyeZ v v
\no}Ey)\:l Fey;‘)()/l"(%) g sey ¥ 3/Fy ber VOIF

reduces to the projective | €2y in the edge variables of the subgraph ¥, making use
of

‘P ifyZ86cF
— ¢ _)Vem/FE —
‘Fl_ F| +‘F/Y|a - =y e . and VYr=VYF|, VYr/y
‘ 7‘ 1/15/1: V’S/F\/ lf’)/E(SGF Y

The apparent factorization into &?(y) and @, (I"/y) shows that we obtain conver-
gent integrals for each Y < I" individually and may therefore separate into

O R 2T

F)"—Z /QV Z D/2 P
<I ez YR Z Y5/F
mo(y)|=1 ery DY

<ls

|F] %(F/V)/F—i_ 2 §/F
X/Qr/y Z (= D)/2 -In (;;F\{Fm =2Z*d, (IN).

Fez(r/y) YF Vs/F

SeF

Note that the terms y® I' /y of A(I") with |m(y)| > 1 do not contribute here by
corollary 13.

Together with corollary 13 and the connected graduation of H, this shows

. (—ljv{(ails)"@]s DIl

neNy neNy

where we set £ :=In £ and the series is pointwise finite. Hence note

Corollary 14. The renormalized Feynman rules @1 = @ |g_g * P |,_; factorize
([6] gives a different decomposition) into the angle-dependent part ®|,_; and the
scale-dependence @, |q_g given as the Hopf algebra morphism
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Dylg_g=cxp, (—(Z): H—=K[{. (52)

Example 16. For primitive I' € Prim(H), & (") = —£- P(I") + &4 |,_(I") dis-
entangles the scale- and angle-dependence. Subdivergences evoke higher powers
of ¢ with angle-dependent factors. Dunce’s cap of ¢*-theory gives &2 (< X)) =

4 (><}) = 1 such that

P4 2 P4
P V4 p1

P Da
o (1 =g s (G0) + Pl

p3 Pp3

8.2 Dimensional regularization

The dimensional regularization of [7] assigns a Laurent series ;@(I") in z € C to
each Feynman graph I" € H, which for large Rz is given by the convergent paramet-
ric integral

°° _e
e Yr

2= [] /ae —57- (53)
ecE(I) ) Yr

As %F is linear in the scale s and homogeneous of degree one in the edge variables,
simultaneously rescaling of all ¢, yields (for logarithmically divergent graphs)

Corollary 15. The scale dependence ,® = ,P|,_.060_, of (53) is induced from the
grading Y of H given by the loop number.

Thus the finiteness of the physical limit @ |g_g = lim; o ;P|g o (S* O_) results
by proposition 4 in the local character ;@ |, € Gf{, evaluated at the renormalization
point (§,0).

Corollary 16. In dimensional regularization, the period (50) is the %-pole coeffi-
cient
& =Reso P|po(S*Y). (54)
@)

8.3 Dilatations

For A > 0, consider the dilatation operator A, scaling masses m +— A - m and mo-
menta p; — A - p;. It fixes all angles @, multiplies the scale s with A2 and therefore
acts as

D, 0A) =exp, (fﬁlng) *x @ | _co(srrs-A%) =exp, (—2PInA)* Dy
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In other words, the dilatations R-g 3 A — Ay +— exp, (—2ZInl) x - are repre-
sented on the group Gf/ of characters by a left convolution. As the unrenormalized
logarithmically divergent graphs are dimensionless and naively invariant under Ay,
& precisely measures how renormalization breaks this symmetry, giving rise to
anomalous dimensions.

9 Conclusion

We stress that the physical limit of the renormalized Feynman rules results in a mor-
phism ¢ : Hr — K|x] of Hopf algebras in case of the kinetic scheme. This com-
patibility with the coproduct allows to obtain ;¢ from the linear terms y only. As
we just exemplified, these relations are statements about individual Feynman graphs
unraveling scale- and angle-dependence in a simple way. Again we recommend [6]
for further reading.

Secondly we revealed how Hochschild cohomology governs not only the pertur-
bation series through Dyson-Schwinger equations, but also determines the Feynman
rules. Addition of exact one-cocycles captures variations of Feynman rules and the
anomalous dimension Y can efficiently be calculated in terms of Mellin transform
coefficients.

Note how this feature is lost upon substitution of the kinetic scheme by minimal
subtraction: We do not obtain a Hopf algebra morphism anymore due to the constant
terms, which are also more difficult to obtain in terms of the Mellin transforms F'.

Finally we want to emphasize the remarks in section 5 towards a non-perturbative
framework. Though this relation between F(z) and the anomalous dimension y(g)
is still under investigation and so far only fully understood in special cases, these
already give interesting results [5, 24].
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