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Recalls

Hopf algebra of decorated rooted trees H,{q

Dyson-Schwinger systems

Let / be a set. Rooted trees decorated by /-
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Recalls

Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Dyson-Schwinger system from QED:
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Recalls

Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Dyson-Schwinger system from QED:
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Recalls

Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Dyson-Schwinger system from QED truncated at order 1:
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Recalls

Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Lifting to decorated trees:

(1+X)°
o= b <(1 - X3)2(1 —X2)> ’

Xo = B <(1+X1)2>,

(1—X3)2
(1 + X;)?
% = BS<(1 —Xz)(11—x3)>'
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Recalls

Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

@ Letfy,...,fn € C[[hy,...,hy]] — C. The combinatorial
Dyson-Schwinger systems attached to f = (fi,..., fp) is:

Combinatorial Dyson-Schwinger systems

Xy = Bf(A(Xi,..., X))

(S): :
Xn = Bi(fa(Xy,...,Xn)),

@ Such a system has a unique solution
(X1,..., Xn) € HE "

@ The subalgebra generated by the homogeneous
components of the X(/)’s is denoted by Hs).

@ If this subalgebra is Hopf, we shall say that the system is
Hopf.
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Graph associated to (S)

Let (S) be associated to (fi,. .., f). The oriented graph
associated to (S) is defined by:

@ The verticesare 1,...,n.

© There is an edge from j to j if, and only if, g[)’ # 0.
i
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Example coming from QED

(1+X)3
M::&<U—&Vd—&0’
_ (1 + Xp)?
&“&<uﬂég’

_ (1 + X;)?
&“%(u—&wl&ﬂ'

1<=——>

\

Graph:
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Change of variables
Let (S) be the following system:

X, = Bf(f(Xi,...,Xn))
(S): E
Xy = Bi(f(Xi,....Xn).

If (S) is Hopf, then for all family (Aq, ..., Ay) of non-zero scalars,
this system is Hopf:

X1 = Br(f1()\1x17"'7)\nxfl))

(S): :
Xn = B;,i_(fn()\‘] X1 gee ey )\an))
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Concatenation
Let (S) and (S’) be the following systems:

X, = BI(A(Xi,..., Xn))
(S): :
Xy = Bi(f(Xi,....Xn)).

X1 = BT(Q1(X1,,Xm))
(S): :
Xo = BhH(gm(Xe,. ., Xm)).
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Concatenation

The following system is Hopf if, and only if, the (S) and (S’) are
Hopf:
X1 = B‘T(f'l (X1a"'7Xn))

Xn = Bﬁ(fn(X1 goooy Xn))
X1 = B;;'+1 (g1 (Xn+1 pooosg Xn+m))

Xn+m = B;+m(gm(Xn+1 g 7Xn+m))-

This property leads to the notion of connected (or
indecomposable) system.
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Extension
Let (S) be the following system:

Xy = BFH(X,..., X))
(S): :
X0 = Bi(f(Xi,....Xn)).

Then (§') is an extension of (S):

Xy = Bi(H(X,..., X))

s :
( ) Xn frd B,—;_(fn(X‘] PR 7Xn))
Xne1 = B (1+a1X).
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

X = B ((1-8X)7%),
X = By(1+X),
(S):9 Xs = Bs(1+X),
Xy = Ba(1+2% — Xs),
Xs = Bs(1+Xy).
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Dilatation
(§') is a dilatation of (S):

Xi = BI(F(Xi+ Xo+ Xa, Xa + X6)),
Xo = Bi(F(Xi+ X+ Xa, Xa + X6)),
(S): Xs = By (f(X1+ X+ X3, Xs + Xs)),
Xo = By(g(Xi+Xo+ Xz, Xs + Xs)),
Xs = BF(9g(Xi+ Xo+ Xz, Xa + Xs)).
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Graph associated to a system

Combinatorial Dyson-Schwinger systems Operations on Dyson-Schwinger systems

Examples

Fundamental systems

Let 34,..., Bk € C. The following system is an example of a

fundamental system:
( k 48 N
Xi = Bl-sX)[[0-8X) 7 J[(0-X)"
j=1 j=k+1
if i <k,
k 48 N
X = BlO-X)[[-5Xx) 7 [[0-X)"
j=1 J=k+1
if i > K.
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Cyclic systems

The following systems are cyclic: if n > 2,
Xi = Bf(1+X),
Xo = By(1+X3),
Xn = Bi(1+X).

Graph on a cyclic system: an oriented cycle.

Loic Foissy Combinatorial Dyson-Schwinger equations and systems Il



Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Theorem

Let (S) be an SDSE. Ifitis Ho_pf, then, for all i,j € I, for all
n > 1, there exists a scalar )\5,'”) such that for all tree t', which
root is decorated by /:

S ot )ar = 2Dar,
t

where n;(t, t') is the number of leaves ¢ of t decorated by j such
that the cut of ¢ gives t'.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

We shall denote by aj(.’) the coefficient of h; in f; and by (’) the
coefficient of h;hy in 1.

Lemma

8f 7é0|f and only if, a 7&0
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Theorem
Let us assume that (S) is Hopf. Let us fix /.
@ Forallpathi =iy — ip — ... — ik in the graph of (S)

k=1 a(fp)
(/,j Lslp+1
AP = o) 31+ 5, )
p=1 Io+1

In particular, \{") = a,(-i)-

Q Forallpy,--- ,ppeN:

() 1 (i) n\ 0
a(p1,~~~,pj+1,'~~,Pn) — pj +1 D14+ +Pn+1 IZ;P&' a(p1 -,Pn)°
=
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Lemma

Let (S) be a Hopf SDSE. In the graph associated to (S):

[ — ] = ——j or i<] .

/ k | —k / k
Let us assume that ag) =0. As aj(.i) #0,/#k. As ag) =0,

ajvk - aj(-f})( - 0

Then:

i k) (i k) . iy _(j _

N8 = Nay = ays +a,, =) o

Hence:
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Moreover, As a,’) #0,/+# k. Then:

AP A ayy = ay +a,, = aa) 40

=a
K
j V]

so: ,
AGH) _ g0,

Hence: .
af(/) = a,({) # 0.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

@ A first special case is given by i = k:

l’<—>j — Qi jori j.
/

@ A second special case is given by i = /:

-~
-~

Ci—i = (i—]

T N

k k
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Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Proposition

Let (S) be a Hopf Dyson-Schwinger system with the following
graph:

1<—2.

Up to a change of variables, two cases can occur:
X Bi(1+ Xz),
® (5) { Xe = Bo(1+X).
Xi = Bi((1-X)),
S):
°® {Xz = By((1-X)™).
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

We put:
fi(h) = aihb, fo(h) = bih}.
i=0 i=0

Up to a change of variables, assume that a; = by = 1. Then:

A =g = 221,10 = 2b,.
3 3 2
LI €

On the other hand:

2asby = Ag’”az . =a ., =2a.
\/1 2\}2
1
So 2a,b, = 2a, and a» = 0 or b, = 1. Similarly, b, = 0 or
a» = 1. Finally:
a=b,=0o0r1.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

In the first case, fi(h2) =1+ ho and f2(hy) =1 + hy. In the
second case, consider the path 1 — 2 — 1 — ... of length n.

@ If n=2k is even:
A — 242k —1) =2k =n.
@ If n=2k+ 1is odd:
A2 =12k =n.

So:
Aff’z) =nforall n>1.

Hence, for all n > 1, ap.1 = a, and finally f;(ho) = (1 — hp)~".
Similarly, f2(h1) = (1 —h )_1 .
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Main theorem

Let (S) be Hopf combinatorial Dyson-Schwinger system. Then
(S) is obtained from the concatenation of fundamental or cyclic
systems with the help of a change of variables, a dilatation and
a finite number of extensions.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

If (S) is a Hopf, the dual of H(s) is the enveloping algebra of a
prelie algebra g(s).

Description of gs)

It has a basis (e;(p))1<i<np>1. The prelie product is given by:

ei(p) o 6i(q) = N e(p+ q).
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

As a consequence, g; = Vect(ej(p),p > 1) is a prelie
subalgebra. In the fundamental case, there are three
possibilities:
@ i <k, with ;= —1. Then ei(p) o €i(q) = ei(p + q): gi is an
associative, commutative algebra.
@ /> k. Then gj(p) o ej(q) = 0: g; is a trivial prelie algebra.
© i< kandp;# —1. Then b; # 0, and g; is a Faa di Bruno
prelie algebra with parameter given by:

—Bi

A= .
"1+ B
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Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Proposition

Let (S) be a fundamental SDSE. If k < n or if there exists i < k,
such that 3; # —1, then the Lie algebra g(s) can be
decomposed in a semi-direct product:

gis) = (M @ ... & M) x go,

where:

@ go is a Lie subalgebra of gs), isomorphic to the Faa di
Bruno Lie algebra, with basis (f0),>1 such that for all
m,n>1:

[fa, ] = (n— m)fR, o

@ Forall1 </ <k, M;is an abelian Lie subalgebra of gs),

with basis (f})n>1-
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

@ Forall1 <i <k, M;is aleft gg-module in the following way:

0 £ __ i
0.1 = nfi,, .
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Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Proposition

Let (S) be a cyclic SDSE, possibly with dilatations and
extensions. The prelie g(s) admits a basis (&;(k))1<i<nk>1 such
that:

ei(k + 1) if there exists a path from j to i of length /.
silk)oei(l) = { 0 otherwise.

This prelie product is associative.
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Definition and main result
Examples

More realistic Dyson-Schwinger systems

We now consider systems of the form :

Xy = > Bl(fi(X,...,Xn)

ieds
(S): :
Xo = > Bl(fai(Xs, .., Xn)),
iedn

where for all k, i, Bg ; is a 1-cocycle of degree i.

Theorem

We assume that 1 € Ji for all k. Then (S) is entirely
determined by f; 1,..., 1.
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Definition and main result
Examples
More realistic Dyson-Schwinger systems

Fundamental system

( k 118; n

X = Y Big((1=X) ][]0 —5%) 77 [T (1 -X)
9ed; j=1 j=k+1
if i <k,

k fﬂq n

Xi = > Bgl(=X)]JJ0-8X) 7" [[ 01-Xx)?
qu,‘ j:1 j:k+1
if i > k.

Loic Foissy Combinatorial Dyson-Schwinger equations and systems Il



Definition and main result

Examples

More realistic Dyson-Schwinger systems

For example, we choose n =3, k=2, 1 = -1/3 5o =1,
Ji = N*, J» = J3 = {1}. After a change of variables hy — 3hy,
we obtain:
( B (1 + Xq)1H2k
% = (st or)
: 1+ X1)?
(5):{ x, - B ( ( ,
? 2N =%)(1T - Xs)
(1 +X1)2)
X3 = B3| ~—+—% ).
(73 8 ( (1—X)

This is the example of the introduction, with X; = %

X2 = —b@b—, X3 = —'\.@'\4
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Definition and main result

Examples

More realistic Dyson-Schwinger systems

Xy = ny+3UEY 4 1hy ) + a2 +9£§ i
3 (1,1) 3 1) 2
+3IE 34—6}8”—1-2}(11+2£11+4£11)+2£11+2£11

+3 ™0 (1(,1)) 3 11)\/211 +6"" \/21,1)4- v(1,1) +2v(1,1)
+33V(13,1)+312 J+5108 +21%, +41% 2 + .09 +...

Xo = o +218 +13
1,1; 2 3 (1,1) 2 3
weli olfin L abli 44l " L olf 4 ol
A VAT VAT JI UL

1,1; 2
Xs = .o+2180 +13 +13 +610 0 42t

3 (1,1) 3 (1,1) 2 3
FLICRINEPt S Yt SN, 5 RS & BVER & BRR CRAVAURY
+2(1,1)vaz _’_2(1,1)\/33 +2V32 _i_z\és +3V33 Lo o
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Definition and main result

Examples
More realistic Dyson-Schwinger systems

Cyclic systems

X = > By (1+X%5).

jeh

X, = > 8oy (1+ X)) -

Jeh
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Definition and main result

Examples

More realistic Dyson-Schwinger systems

XT = .dn+t-.d2 +I€§H+-(T,8)+IQZB+IE1
Xg = .31 +t.c2+ Ig 3 + .33 + Igég +}
Xg = .31 +t-.362 +Ig:1} +-(§,3)+Iglg +$

RN
L L L
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