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FEYNMAN INTEGRALS AND ITERATED INTEGRALS ON MODULI SPACES
OF CURVES OF GENUS ZERO

CHRISTIAN BOGNER AND FRANCIS BROWN

ABSTRACT. This paper describes algorithms for the exact symbolic computation of period integrals
on moduli spaces My, of curves of genus 0 with n ordered marked points, and applications to the

computation of Feynman integrals.

1. INTRODUCTION

Let n > 0 and let Mg ,+3 denote the moduli space of Riemann spheres with n ordered marked
points. The main examples of periods of M 43 consist of integrals [5, 16, 15|

/ [T (1 — )"
0

<t<stn<t [hicicen(ti = 1)

(1.1) dty ... dty

for suitable choices of integers a;, b;, ¢;; € Z such that the integral converges. These integrals have
a variety of applications ranging from superstring theory [37, 38| to irrationality proofs [21, 26]. In

[5] it was shown that such integrals are linear combinations of multiple zeta values

(1.2) C(nyy...,np) = Z % where n; € N,n, > 2

1<k1<...<kr k?l T

with rational coefficients. One of the goals of this paper is to provide effective algorithms, based on
[5], for computing such integrals (1.1) symbolically. The idea is to integrate out one variable at a
time by working in a suitable algebra of iterated integrals (or rather, their symbols) which is closed
under the two operations of taking primitives and taking limits along boundary divisors.

The second main application is for the calculation of a large class of Feynman amplitudes, based
on the universal property of the spaces M ,,. The general idea goes as follows. Suppose that X — §
is a flat family of stable curves of genus zero. Then the universal property of moduli spaces yields

an n > 3 and a commutative diagram:

X — Mont

(1.3) ! !
S — Mom

The idea is that, for a specific class of (multi-valued) forms on X, we can integrate in the fibers of X
over S by passing to the right-hand side of the diagram and computing the integral on the moduli
space Mg »+1. In this way, it only suffices to describe algorithms to integrate on the universal curve
Mo ny1 over Mg . In practice, this involves computing a change of variables to pass from X to a
set of convenient coordinates on the moduli space My ,,+1, applying the algorithm of [5] to integrate
out one of these coordinates, and finally changing variables back to S.

This process can be repeated for certain varieties which can be fibered in curves of genus 0 and

yields an effective algorithm for computing a large class of integrals. Necessary conditions for such
1
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fibrations to exist (‘linear reducibility’) were described in [17] and apply to many families of Feynman

integrals, as we discuss in more detail presently.

1.1. Feynman integrals. Any Feynman integral in even-dimensional space-time can always be

expressed as an integral in Schwinger parameters a;:

_ P(oy)
(1.4) I= /(]Sajgoo Q(aj) da1 . .daN

where P and @ are polynomials with (typically) rational coefficients and which perhaps depend on

other parameters such as masses or momenta. Cohomologial considerations tell us that the types of
numbers occurring as such integrals only depend on the denominator (), and not on the numerator
P. A basic idea of [18] is to compute the integral (1.4) by integrating out the Schwinger parameters
«; one at a time in some well-chosen order. After ¢ integrations, we require that the partial integral

P
(1.5) I, ..., aN—) :/ —dan_it1...day
0<a; <00 @

be expressed as a certain kind of generalised polylogarithm function, or iterated integral. Under
certain conditions on the singularities of the integrand, the next variable can be integrated out. A
‘linear reduction’ algorithm [17, 18] yields an upper bound for the set of singularities of (1.5) and can
tell us in advance whether (1.4) can be computed by this method. It takes the form of a sequence

of sets of polynomials (or rather, their associated hypersurfaces):
S1, So, ...

where S; = {@Q}, and S; 1 is derived from S; by taking certain resultants of polynomials in S; with

respect to an—;+1. When @ is linearly reducible, we obtain a sequence of spaces for i > 1:
Xi = (P"\{0,00))N T\ V(S))
= {(a1,...,an—i+1) : o # 0,00 and P(ay,...,an—;t+1) # 0 for P € S;}

and maps 7; @ X; — X;41 which correspond to projecting out the variable ay_;11. The linear
reducibility assumption guarantees that X; fibers over X;,; in curves of genus 0. Thus setting
(X,S) = (Xi, Xit+1) in the discussion above, we can explicitly find changes of variables in the «; to
write (1.5) as an iterated integral on a moduli space My, and do the next integration.

It is perhaps surprising that such a method should ever work for any non-trivial Feynman integrals.
The fundamental reason it does, however, is that the polynomial ) can be expressed in terms of
determinants of matrices whose entries are linear in the «; parameters. In the case when @ is the
first Symanzik polynomial, and to a lesser extent when @) also depends on masses and external

momenta, it satisfies many ‘resultant identities’, which only break down at a certain loop order.

1.2. A method of hyperlogarithms versus a method of moduli spaces. There are two pos-
sible approaches to implementing the above algorithm: one which is now referred to as the ‘method
of hyperlogarithms’ [18], which stays firmly on the left-hand side of the diagram (1.3); the other,
which is the algorithm described here [5], which makes more systematic use of the geometry of the
moduli spaces My, and works on the right-hand side of the diagram (1.3).
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The first involves working directly in Schwinger parameters, and expressing all partial integrals as
hyperlogarithms (iterated integrals of one variable) whose arguments are certain rational functions
in Schwinger parameters. It has been fully implemented by Panzer [39, 40, 41] and various parts
of the algorithm have found applications in different contexts, as described below. A conceptual
disadvantage of this method is that the underlying geometry of every Feynman diagram is different.

The second method, espoused here, is to compute all integrals on the moduli spaces My, (which,
by no accident, are the universal domain of definition for hyperlogarithms). Thus the underlying
geometry is always the same and is well-understood; all the information about the particular integral
(1.4) is contained in the changes of variables (1.3). Another key difference is the systematic use of
generalised symbols of functions in several complex variables, as opposed to functions of a single
variable (hyperlogarithms).

That these two points of view are equivalent is theorem 4 below, but leads, in practice, to a rather
different algorithmic approach. We nonetheless provide algorithms (the symbol and unshuffle maps)

to pass between both points of view.

1.3. Applicability. The above method can be applied to a range of Feynman integrals provided that
the initial integral (1.4) is convergent. The case of massless, single-scale, primitively overall-divergent
Feynman diagrams in a scalar field theory was detailed in [17]. Since then, the method was applied
to the computation of integrals of hexagonal Feynman graphs, arising in N' = 4 supersymmetric
Yang-Mills theory [27, 28, 29|, integrals with operator insertions contributing to massive QCD matrix
elements [34, 35, 36|, one- and two-loop triangular Feynman graphs with off-shell legs [30], phase-
space contributions [23, 24] to the cross-section for threshold production of the Higgs boson from
gluon-fusion at N3LO QCD [25], coefficients in the expansion of certain hypergeometric functions,
contributing to superstring amplitudes [37, 38], massless multi-loop propagator-type integrals [39],
and a variety of three- and four-point Feynman integrals depending on several kinematical scales
[40]. These applications arise from very different contexts and the method is combined with various
other computational techniques. Focussing on Feynman integrals, we can summarize by stating that

the method can be extended to the following situations:

e To Feynman graphs with several masses or kinematic scales.

e To gauge theories, or more generally, integrals with arbitrary numerator structures.

e To graphs with ultra-violet subdivergences. In particular, it is compatible with BPHZ renor-
malisation in a momentum scheme [16].

e Finally, it can also be combined with dimensional regularisation to treat UV and IR diver-
gences by the method of [40].

The method is suited for automatization on a computer. For the special case of harmonic poly-
logarithms, the programs [31, 32| support direct integration using these functions. For the general
approach, using hyperlogarithms, a first implementation of the method was presented in ref. [41].
A program for the numerical evaluation of these functions is given in ref. [33].

There appear to be other classes of integrals which are not strictly Feynman diagrams, but for
which the method of iterated fibration in curves of genus zero (1.3) still applies. A basic example are
periods of arbitrary hyperplane complements [5], and as a consequence, various families of integrals

occurring in deformation quantization, for example.
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1.4. Plan of the paper. In section 2 we review some of the mathematics of iterated integrals on
moduli spaces M, based on [5]. The geometric ideas behind the main algorithms are outlined
here. In §3, these algorithms are spelled out in complete detail together with some illustrative ex-
amples. In 84, it is explained how to pass between Feynman integral representations and moduli

space representations. In §5 we discuss some applications, before presenting the conclusions.

The methods of §3 should in principle generalise to genus 1, using multiple elliptic polylogarithms
defined in [19], but there remains a considerable amount of theoretical groundwork to be done. A
different direction for generalisation is to introduce roots of unity, by replacing P*\{0, 1,00} with
P\ {0, i, 00} where py is the group of N*® roots of unity. This should be rather similar to the
framework discussed here.

Acknowledgements: The second named author is a beneficiary of ERC grant 257638. The first
named author thanks Erik Panzer for very useful discussions. We thank Humboldt University for

hospitality and support. Our Feynman graphs were drawn using [53].

2. ITERATED INTEGRALS ON THE MODULI SPACES Mg,

2.1. Coordinates. Let n > 3 and let Coo = C U {oo} denote the Riemann sphere. The complex

moduli space My ,,(C) is the space of n distinct ordered points on Co, modulo automorphisms
Mon(C) ={(21,...,2,) € CL distinct}/PGLy(C) .

There are two sets of coordinates, called simplicial and cubical, which are useful for the sequel. By
applying an element of PGLy(C), we can assume that z; = 0,2,-1 = 1 and z, = oo and define

li=2,ta=23,... , tn-3=2p-2.
The (t1,...,tn—3) are called simplicial coordinates and define an isomorphism
Mon(C) =A{(t1,...,t,—3) € C"3 such that the t; are distinct and t; # 0,1} .

Cubical coordinates, on the other hand, are defined by
ty

_ t_2 tn—4
to

-y Tp—g = t— y Ln—3 = t’ﬂ—3

(21) o) = I
t3 n—3

Z2
Cubical coordinates define an isomorphism
Mon(C) = {(z1,...,2,-3) € C"3 such that x;z;1...2; # {0,1} forall 1 <i< j<n-—3}.

Note that the divisors above only involve products of cubical coordinates with consecutive indices.

The main advantage of cubical coordinates is that the divisors corresponding to
z;=0 fori=1,...,n—3

are strict normal crossing in a neighbourhood of the origin (0,...,0). The reason for the nomencla-
ture is that the standard cell (a connected component of the set of real points My, (R)) is either a
simplex:

X, 2 {(t1,. .. tn3) ER"3:0<t;...<t, 3<1}
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or a cube:
Xn 2 {(71,...,2p-3) ER":0<2; <1},

depending on the choice of coordinate system.

2.2. Differential forms. Let Qk(/\/lo,n) denote the space of global regular differential k-forms on

Mo, which are defined over Q. Consider the following elements of Ql(Mo,n):
dt;

— dt;
— 9 for 0<i,j<n—2
ti —t;

wij =
where we set tg = 0 and t,_2 = 1. Clearly w;; = wj; and w;; = 0. Define
AN Mop) = (wij = fori <j, (i,5) # (0,n —2))g

The w;; are linearly independent. Thus Al(./\/(o,4) has the basis %, tft_ll. The w;; satisfy the

following quadratic relation:
(2.2) wij N Wik + Wik N Wi + wii Aw;j =0

for all indices 4, j, k. Define A*(My,) to be the differential graded algebra which is the quotient
of the exterior algebra generated by A'(My,,) by the quadratic relations (2.2). A theorem due to
Arnold states that
A*(Mon) — Hip(Mon; Q)

is an isomorphism of algebras. Thus A®(My,,) is an explicit model for the de Rham cohomology of
Mo, In cubical coordinates, it is convenient to take a different basis for Al (Mo,r,) formed by

dz; and d(z; ...z )

X TiTiqf1 ... Tj —

forl<i<j<n-—3.
We will consider iterated integrals in these one-forms.

2.3. Iterated integrals and symbols. Recall the definition of iterated integrals from |[7]|. Let M
be a smooth complex manifold and let wy,...,w, denote smooth 1-forms. Let 7 : [0,1] — M be a

smooth path. The iterated integral of these forms along « is defined by

/wl...wn :/ Y (wr) (1) ooy (w1)(tn) -
vy 0<t1<t2<...<tn<1

There are different conventions for iterated integrals: here we integrate starting from the right. The
argument of the left-hand integral is C-multilinear in the forms w; and can be viewed as a functional
on the tensor product Q'(M)®". Elements of this space are customarily written using the bar
notation [wi]...|wy] to denote a tensor product w1 ® ... ® wy.

Chen’s theorem states that iterated integration defines an isomorphism from the zeroth cohomol-
ogy of the reduced bar construction on the C*° de Rham complex of M to the space of iterated
integrals on M which only depend on the homotopy class of v relative to its endpoints. The reduced
bar construction on My, can be written down explicitly using the model A defined above, in terms

of a certain algebra of symbols. For n > 3, defined a graded Q vector space

V(M) € @ A (M)

m>0
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defined by linear combinations of bar elements
Z crlwiy | - - - wi,,]
I:(ilvuvim)

which satisfy the integrability condition

(2.3) Z crlwiy |- Jwi;_ wi; Awig g lwis ol wi,] =0 forall1<j<m-—1.

Then V(My,,) is an algebra for the shuffle product m and is equipped with the deconcatenation
coproduct A, which is defined by:

m
A[wil‘ s ‘wlm Z wll’ ’wlk [wik+1‘ T ‘wim]
k=0

Thus V(My,,) is a graded Hopf algebra over Q. Iterated integration defines a homomorphism
(2.4) V(Mo,) —> {Multivalued functions on My ,(C)}

Z crlwiy |- Jwi,,] ch/ Wiy« - W
I z

I=(i1.vesim)
where ~, is a homotopy equivalence class of paths from a fixed (tangential) base-point to z €
Mo n(C). By a version of Chen’s theorem, this map gives an isomorphism between homotopy
invariant iterated integrals (viewed as multi-valued functions of their endpoint) on My ,, and symbols.
Equivalently, this means that the map (2.4) is a homomorphism of differential algebras (for a certain
differential to be defined in (2.5)) and the constants of integration are fixed as follows. One can show
that, in cubical coordinates (x1,...,z,_3), every iterated integral (2.4) admits a finite expansion of
the form
Z fr(xy,...,xp_3) log(gnl)"1 .. log(z,_g)m3
I=(i1,yin—3)
where fr(z1,...,2,—3) is a formal power series in the x; which converges in the neighbourhood of

the origin. The normalisation condition is that the regularised value at zero vanishes:

fo,...0(0,...,0)=0.

This gives a bijection between symbols and certain multivalued functions (whose branch is fixed,
for example, on the standard cell X,,), and in this way we can work entirely with symbols. Various
operations on functions can be expressed algebraically in terms of V(My,). For example, the

monodromy of functions around loops can be expressed in terms of the coproduct A.

2.4. The bar-de Rham complex. Differentiation of iterated integrals with respect to their end-

point corresponds to the following left-trunctation operator
(2.5) d:V(Mo,) — Ql(./\/lo,n) ®@ V(Mo )
Z CI[w'h’ tt ’wim] = Z clwil ® [wZQ‘ tc ’wim]
I I
where I = (i1,...,%my). The bar-de Rham complex is defined to be
B(MO,n) = Q.(Mo,n) X V(MO,n)
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equipped with the differential induced by d. In [5] it was shown that

Theorem 1. The cohomology of the bar-de Rham complex of Mg, is trivial:

Q ifi=0
0 ifi>0

In particular, B(My,) is closed under the operation of taking primitives, which is one ingredient
for computing integrals symbolically. The next ingredient states that one can compute regularised
limits along boundary divisors D C ﬂo,n\Mo,n with respect to certain local canonical sections v of

the normal bundle of D. Let Z denote the Q-vector space generated by multiple zeta values (1.2).

Theorem 2. There exist canonical ‘reqularised limit’ maps
Regh : V(Mopn) — V(Mo,) @ V(Mopta—r) @ Z
for every irreducible boundary divisor D of mom which is isomorphic to Mo, X Mo pqo—r.

This states that the regularised limit of iterated integrals on moduli spaces are products of such
iterated integrals with coefficients in the ring Z of multiple zeta values. By applying these two
operations of primitives and limits, one can compute period integrals on My ,. In more detail:

2.4.1. Total primitives. Taking primitives of differential one-forms is a trivial matter. Let n be a

I-form in BY(My,,) such that dn = 0. We can write it as a finite sum
k k k
TIZZW()@[Wl’---’Wn]
k
A primitive is given explicitly by

/nzz[wmwﬂ...rwm .
k

The constant of integration is uniquely (and automatically) determined by the property

«([m=0

where € : V(Mp,) — Q is the augmentation map (projection onto terms of weight 0). The fact
that [ 7 satisfies the integrability condition (2.3) follows from the integrability of n and the equation
dn = 0. In practice, the algorithm we actually use for taking primitives on the universal curve needs

to be more sophisticated and is described below.

2.4.2. Limits. When taking limits, one must bear in mind the fact that the elements of V(M)
represent multivalued functions, and hence depend on the (homotopy class) of the path v, of analytic
continuation (2.4). When computing period integrals by the method described above, however, all
iterated integrals which occur will be single-valued on the domain of integration ([17], theorem 58).

In cubical coordinates, the domain of integration is the unit cube X,, = [0,1]"~3, and so it suffices
in this case to define limits along the divisors in Mom defined by xz; = 0 and x; = 1, where z;
are cubical coordinates. Recall that the integration map from V(Mg ,) to multivalued functions
is normalised at the point (0,...,0) with respect to unit tangent vectors in cubical coordinates z;,
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and it follows that the limits at z; = 0 are trivial to compute. Any function f in the image of
(2.4) is uniquely determined on the simply connected domain X,, = [0,1]"3, and admits a unique

expansion for some N

N
(2.6) f(.%'l, vy 1-— €iyonn ,xn_g) = Z log(e)kpk(e)fk(azl, ey Lig—15Tj41y - - - ,xn_g)
k=0

where py(€) is holomorphic at € = 0 and where f;, is in the image of V(Mg 42) ®g V(Mo n—i). The

‘regularised limit’ of f along x; = 1 (with respect to the normal vector —a%) is the function

Reg,,—1 f = po(0)fo(w1, ..., &1, %ig1,.. ., Tn_3) .
It is the composition of the realisation map (2.4) with a certain map (theorem 2)
V(Mon) — Z ®g V(Mojiv2) @ V(Mon—i)

where Z is the ring of multiple zeta values. This map can be computed explicitly as follows.
Recall first of all the general formula for the behaviour of iterated integrals with respect to

composition of paths, where 1y denotes the path o followed by the path ~;:

n
/ wl...wnzg /wl...wi/ Wi41---Wnp -
Y172 i=0 YN Y2

If E, is the function on V(My,,) which denotes evaluation of a (regularised) iterated integral along

a path v, then the previous equation can be interpreted as a convolution product:
(2-7) E’sz = m(E’yl ® E’yz) oA

Ignoring, for the time being, issues to do with tangential base points and regularisation, a path from
the origin 0 to a point z = (21,...,%_1,1,Zit1,...,Tn_3) which lies inside the cube X,, = [0,1]"~3
is homotopic to a composition of paths y;y2 (‘up the ith axis and then along to the point 2’), where

o = straight line from 0 to 1; =(0,...,0,1,0,...0)

—— ——

i—1 n—i—4
and -, is a path from 1; to z which lies inside x; = 1. The segment of path v can be interpreted
as a straight line from 0 to 1 in Mg 4 = P'\{0, 1,00} (with coordinate x;). Iterated integrals along
this path give rise to coefficients of the Drinfeld associator, which are multiple zeta values. Iterated
integrals along ; can be identified with our class of multivalued functions on the boundary divisor
D of mom defined by x; = 1, which is canonically isomorphic to MQHQ X ﬂo,n—i- One can check
that the above argument makes sense for regularised (divergent) iterated integrals, and putting the

pieces together yields the regularisation algorithm which is described below.

Remark 3. For the computation of period integrals, one needs slightly more. We actually require
an expansion of the function (2.6) as a polynomial in log(e) and a Taylor expansion of pg(€) up to
some order K in e. This is because f can occur with a rational prefactor which may have poles in €
of order K. This Taylor expansion is straightforward to compute recursively by expanding 6%1_ f and

integrating (we know the constant terms by the previous discussion). The partial derivative 6%1_ fis
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simply a component of the total differential d defined in (2.5), which decreases the length and hence

this gives an algorithm which terminates after finitely many steps, also described below.

Note that in order to compute period integrals (1.1), one only requires taking limits with respect

to the final cubical variable z; for i = n.

2.4.3. More general limits. It can happen, for example when computing Feynman integrals, that
one wants to take limits at more general divisors on ﬂo,n- The compactification of the standard

cell X, (the closure of X,, in My, for the analytic topology) is a closed polytope
Yn C M(Ln

which has the combinatorial structure of a Stasheff polytope. It can happen that one wants to
compute limits at a (tangential) base point on the boundary of X,. An example is illustrated in

the figure below in the case n = 5, and where X5 is a pentagon.

T1x9 = 1

r1 = xlzl

FIGURE 2.1. On the left is a picture of M 5 in cubical coordinates (x1, z2), and two
paths going from the origin to (1,1). On the right-hand side is the space obtained
by blowing up the point (1,1). The exceptional divisor is & = P!. There are two
tangential base points defined over Z which lie above (1, 1), which are based at z;
and zo. The inverse image of the two paths end at the point 21, or zo respectively.

The case of such limits can be dealt with using explicit local normal crossing coordinates on the
boundary of X, such as the dihedral coordinates u;; defined in [5]. One can show that any such limit
is in fact a composition of regularised limits along divisors x;, = 1 and z;, = 0 in some specified
(but not necessarily unique) order. This order can be determined from the combinatorics of the
dihedral coordinates, and gives an algorithm to compute limits in this more general sense.

For example, in the figure, the point z; is reached by taking the limit first as xo goes to 1 and
then x1 goes to 1; the point zy corresponds to the opposite order. The regularised limits of iterated
integrals (such as Lij 1 (x,y)) at (1,1) along each path is different. Note that a path which approaches
(1,1) with a gradient which is strictly in between 0 and oo corresponds to a limit point which is not
equal to either z; or zo on £ and could take us outside the realm of multiple zeta values.
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Finally, it is worth noting that one can imagine situations when one needs to take limits at points
‘at infinity’ corresponding to the case when, for example, some cubical co-ordinates x; go to infinity.

This will not be discussed here.

2.5. Fibrations. The space V(M) is defined by a system of quadratic equations (2.3) and its
structure is hard to understand from this point of view. We will never need to actually solve the
integrability equations (2.3).

A different description of V' (My,,) comes from considering the morphism

(2.8) Mo,n — M07n_1

(331,... ,(L’n_g) — ((L’l,... ,(L’n_4)

which is obtained by forgetting the last cubical coordinate. It is a fibration, whose fiber over the

point (z1,...,x,—4) is isomorphic to the punctured projective line
Cp =PN{0, (z1 ... zpa)™ .2ty 1,00}

with coordinate z,,_3. Let A, = A(Mj,,) denote the model for the de Rham complex on My,
defined earlier, and let ¥4, = A, /An—1 denote the Q-vector space of relative differentials.
Denote the natural projection by

(2.9) wew: A, = TA,

Using the representation of forms in cubical co-ordinates, we can choose a splitting
(2.10) Ao o T4, S TALC A,

which is defined explicitly in (3.1), and obtain a decomposition of A,,_;-modules:
(2.11) A, = A, 109 FA, .

Armed with this decomposition, the quadratic relation (2.2) can be reinterpreted as a multiplication

law on 1-forms on the fiber:
(2.12) pn o TALATAL AL @ AL

which is used intensively in all computations. The product of two elements in FA. lies in A% =
A2 @ (AL @ FAL) since £A2 = 0. In fact, our choice of splitting ), is such that the component

of the previous isomorphism in A2_; vanishes, which defines the map (2.12).
Theorem 4. [5| The choice of map A, gives a canonical isomorphism of algebras
(2.13) V(Mon) =2 V(Mon-1)®qVI(Cy) ,

(which does not respect the coproducts on both sides) where

V(Cn) = DA}
k>0

is the Q-vector space spanned by all words in FAL equipped with the shuffle product.

This gives a very precise description of the algebraic structure on V(My,): by applying this
theorem iteratively, every element of V(M ;) can be uniquely represented by a sum of tensors of



FEYNMAN INTEGRALS AND ITERATED INTEGRALS ON MODULI SPACES OF CURVES OF GENUS ZERO 11

words in prescribed alphabets. In order to go back and forth between the two representations on

the left and right hand sides of (2.13) we have the symbol and unshuffle maps, defined as follows.

(1) The symbol map is a homomorphism, which depends on the choice (2.10),

(2.14)

(2.15)

(2.16)

(2.17)

(2)
(2.18)

v V(Cn) — V(Mom)
which can be thought of as the map which takes a function defined on a fiber of the universal
curve C,, and extends it to a function on the entire moduli space M.

It is constructed as follows. One can define a Gauss-Manin connection [20], corresponding

to ‘differentiation under an iterated integral’ which is a linear map
V:V(C) — AL @ V(Ch)

by the following recipe: lift words in ¥4, to words in A, via the map \,; then apply the
usual internal differential of the bar construction:

n n—1

Dlwr| . Jwn) = [wr]. . Jdwil . Jwn] + D wr] - |wi Awigal . wn]
i=1 =1

and finally project all one-forms on the right-hand side to ©A! via the map (2.9) and project
all two forms (namely, dw; and w; A w;y1) onto AL | ® FA! via the decomposition (2.12).
Pulling out all factors in A%L_l to the left gives the required formula for V.

The connection V can be promoted to a total connection
Vr:V(C,) — AL @ V(C,)

by setting Vo = V — d, and identifying AL ; @ FAL = Al via the decomposition (2.11). It
is straightforward to show that in this context the total connection is flat (V2 = 0).

Finally, the symbol map is the unique linear map (necessarily a homomorphism)
U :V(C,) — V(Moy)
which satisfies the equation
(ld@¥)oVp=doW

This can be viewed as a recursive formula to compute the symbol map W since Vr strictly

decreases the length of bar elements. Explicitly, it can be rewritten
\II:/(id@\I/)oVT
where the total primitive operator | was defined in §2.4.1.
In the other direction, there is the unshuffle map which is a homomorphism of graded algebras
d:V(Mon) = V(Mon_1) @ V(Cy)

which is the inverse of the map m(id ® ¥) : V(Mg p—1) ® V(Cy) = V(M) (which we
abusively denote simply by W), where m denotes multiplication. It can be computed as
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follows. Denote the natural map

r:V(Mon) — V(Cy)
Wil ... Jwr] —  [wi]... @]

given by restriction of iterated integrals to the fiber induced by (2.9) component-wise on bar
elements. Note that the map ¥ has the property that r o ¥ is the identity on V(C,,).

Recall the morphism (2.8) from My, to Mg ,—1 defined in terms of cubical coordinates.
The projection map = : A,, — A,_1 implied by the section A, is given by sending first dx,,_3
to zero and then x,_3 to zero. One can see that it is a homomorphism by inspection of the
explicit equations in §3.1: the product of two elements in A’ have no component in A2

It defines a homomorphism
I V(Mo,n) — V(Mo,n_l)

and one easily verifies that the homomorphism ® defined by

O(¢)=(r@r)oA
is an inverse to the symbol map V.

Alternatively, we can view Mo ,_1 as being embedded in My ,, by identifying it with the
divisor defined by x,,_3 = 0. An element of V' (M, ,,) can be thought of as an iterated integral
along a path from the unit tangential base point at the origin 0 in cubical coordinates to a
point = (x1,...,2,—3). It is the composition of a path from the unit tangential base point
at 0 to (x1,...,%n—4) in the base Mg ,_1, followed by a path in C,, from the unit tangential
base point at x,—3 = 0 to x. Since composition of paths is dual to deconcatenation in

V(Mo,n), this yields a geometric interpretation of the above formula for ®.

Thus it is possible, via the symbol and unshuffle maps, to pass back and forth between a repre-
sentation of an iterated integral on My, as a symbol in V(M ,,) or a product of words in V(C;)’s.

This gives a precise algorithmic equivalence between the two approaches described in §1.2.

2.6. Representation as functions. In order to represent elements of V(My,41) as functions
(although in principle one never needs to do this) the simplest method is to apply the unshuffle map
® defined above, which reduces to the problem of representing elements of V' (C,,) as functions. This

is simply the case of computing iterated integrals in a single variable x,, i.e. hyperlogarithms.

(2.19) V(C,) — Tterated integrals on C,,

[wWil. .. |wn] / wy .

The iterated integrals on C), are normalised with respect to the tangential base point % at x, = 0.
They can be written as polynomials in log(x,) and explicit power series which were studied in the
work of Lappo-Danilevsky. In this way, the unshuffle map reduces the expression of elements of
V(Mo,n+1) as functions to a product of hyperlogarithms, which are very well understood, and can

be computed to arbitrary accuracy by standard techniques.
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2.7. ‘Mixed’ primitives. Suppose that we have an element £ € V(Mp,41), and a one form
w € FA%L 41 which is only defined on the fiber. The mixed primitive is defined to be

w* &= \I/(/OJCI)(S)) S V(Mo,n_H) .

In other words, £ is viewed as an element of V(M ,,) ®V (C),) via the unshuffle map, then multiplied
by 1 ® w before computing its primitive [ in V(C,,) (which is simply given by left concatenation of
forms in 7A!, as in §2.4.1). Clearly, the map  is bilinear over Q and satisfies

(2.20) wo * U([wi]...|wn]) = ¥([wol .- |wn])
for all w; € FA,ll 41 Furthermore, * is right-linear over V(Mg ):
(2.21) wx (bm&) =bm(wx§)

for all b € V(Myp,), and £ € V(Mopnt1), and * is uniquely determined by (2.20) and (2.21) by
(2.13). Evidently, one does not want to have to compute x by applying the unshuffling and symbol
maps ® and ¥ which would be highly inefficient (and largely redundant).

The approach we have adopted is more direct. Suppose that & = >, crlw;,|. .. |ws,]. As a first
approximation to the mixed primitive w x £ take the element

o= >, cn@lwil. .. |w,]
I=(i1,0nmyim)
The projection of {y onto V' (C,,) coincides with that of w«&, but & does not satisfy the integrability

condition (2.3). The idea is to add correction terms &1, ..., & to & so that the sum &y + ...+ & =
Yo mil - My, satisfies the first & integrability equations (with the notation of (2.3))

> il g Anjl M, ] =0 for 1<r <k
J

The correction term i1 is obtained using the quadratic relations u, to expand out each wedge
product w; A wj in the k + 1th integrability equation, applied to &y + ...+ &. The mixed primitive
w* & is equal to the sum &y + ... 4+ &y if € is of length m. The precise details are described below.

2.8. Feasibility and orders of magnitude. By iterating theorem (4) one obtains a formula for
the dimension of all symbols on Mg ;43 in weight N:

1
1—20(1-3t)...(1— (n+ 1)1)

(2:22) > (dimg V(Mo nps)n)tY =
N>0

This gives a coarse upper bound for the possible size of expressions which can occur during the
integration process. At the initial step of integration, the integrand is of weight 0 on a moduli space
of high dimension M 43, and at the final step, the integrand is of high weight on a moduli space
of low dimension My 4. The dimensions (2.22) peak somewhere in the middle of the computation.
For example, for (the maximal weight part) of a period integral (1.1) in five variables, one works in
a sequence of vector spaces of dimension 20, 125,285,211, 32.

In the case of Feynman diagrams, one can estimate in advance (using the linear reduction algo-
rithm) the number of marked points n which will be required at each step of the integration to get a
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bound on the size of the computation. In practice, it seems that the limit of what is reasonable with
current levels of computing power should be adequate to reach the ‘non-polylogarithmic’ boundary

where amplitudes which are not periods of mixed Tate motives first start to appear.

3. COMPUTING ON THE MODULI SPACE

In this section we spell out the details of the above algorithms and present them in a version which
is ready for implementation on a computer. As a proof of concept we implemented these algorithms
in a Maple-based computer program. With this program we computed all examples below and all
applications of section 5.

For notational convenience let m = n — 3 denote the number of cubical coordinates z; on Mg ,,.
As bases for AL, FAL and FAL we choose the sets of closed 1-forms

dxy dz,, d (Hagigb !L"z)

Qn = — .., ) forl<a<b<my,,
z1 Tm Hagigb Ti —

_ dx (Hagigm—1 xz) dm

Qi = . fortl<a<my,,
Tm Hagigm ri—1
dz, 4 <Ha§i§m $2)

Q,I;; = iy forl<a<my,,

Tm Hagigm Li —

~ An
respectively. The isomorphism %4,, = T4, C A, of eq. 2.10 is defined explicitly by
d d
(3.1) A, L L
m ‘Tm
\ (Hagigm—1$i> dz, d <Hagi§m 513@) for 1< a<
= orl <a<m.
" Hagigm r;—1 Hagigm Li —

According to these chosen bases, we refer to the vector-spaces V(Cy,), V(Mo,) by V(QL), V(Q)
respectively. Iterated integrals are written as linear combinations of words [wi|...|ws], whose letters

are 1-forms in these sets. Note that €2, is the disjoint union of €, 1 and Qf;

3.1. Arnold relations. With the above choices, the Arnold relations of eq. 2.12 read explicitly:

dz,, A d(zi.xm) s dzy, A d (zi...Tm)
Ton gy — 1 = Tk TieTm — 1’
j—1
d(xj...xm) A d(zi...xm) _ d(x;..xj_1) A d(ziam)  d(zj..am) _] %/\ d(zi...xm)
Tjoobyy — 1 @iy — 1 Tienj_1 — 1 Tiokm — 1 Xy — 1 — Tk Tieoilyy — 1

for 1 < i < j < m. For the implementation on a computer, it is efficient to generate these equations
to a desired number of variables once and for all, and to store them as a look-up table since they
are used very frequently by the algorithms below.

The splitting of theorem 4 is realised by a certain application of the Arnold relations. We define
an auxiliary map p; by the following operations. For a word & = [wy|...|wg] with letters in QF and
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some 1 < i < k we consider the neighbouring letters w;|w;y1 and consider the wedge-product of
their images in QF. By the corresponding Arnold relation, we express this product as a Q-linear
combination of wedge-products, with one factor in the base ©,,_1 and one in the fiber QF . We
replace the letters w;|w;1q in € by the factor in Q,I;; and pull the base-term in €2,,_1 and rational

pre-factors out of the word. In summary, this defines the auxiliary map
by

pi la1]...|lag] = Zcﬂh [a1]...|ai-1[@j|ait2|...|ak]

where n; € 1, o € oF c; € Q are determlned by the Arnold relation
An@; A Apaip1 = Z cing N o
J
Note that these are the same operations as in our definition of the Gauss-Manin connection V above,
which we obtain by summing the p; over ¢. This is because the first sum on the right-hand side of

eq. 2.15 vanishes in our set-up, as all our 1-forms are closed, and the operations on the terms of the
second sum correspond to the definition of p;.

Example 5. For n = 5,m = 2 we have the Arnold relations

x1dxg + xodxy A dxo o dxrq N r1dxre 4+ xodx
T1x9 — 1 T B T T1x9 — 1
x1dxy + xodxy dxs dxq dxq x1dre + TodX] dxq dxo
A = — = A + A .
xla;g—l xg—l I xl—l a;lxg—l xl—l xg—l
For the words xk = [;ﬁgﬁml | ;?21} = [;igiml |52 dra | ;?_21} in V(Q%) we compute
dx r1dx dx r1dx dx dx
ok = | B g | a2 | L | g | Tde2 | L | g 2 |
I xlxg—l a;l—l xla;g—l xl—l xg—l
dxry ridry | dxo
pi§ = |—|® | )
T 1T — 1 ro — 1
p2§ = 0.

3.2. The symbol map. Both the total connection and the symbol map can be computed conve-

niently by use of the maps p;. The total connection (see eq. 2.16) is computed as

Vrla].lag] = dar]..|ax] = > pilaa]...|ax]

1<i<k
where (by eq. 2.5)
dlai]...|ax] = a1 ® [as]...lag] .

The symbol map ¥ (see eq. 2.17) is applied to a word in V(QF) by the recursive algorithm

U ([ai]) = [An(ai)],

(32 W ([ai |ai, |- [ai]) = Ao (ai) U ([ai,].]ai]) = > 0((d® ) p;fag,|..Jas,]), 1 <E,
1<i<k
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where & U & = U(& ® &) denotes the concatenation of two words &, . Note that on the right
hand side of eq. 3.2 the map ¥ acts on words of length k — 1.

Example 6. Making use of the relations derived in example 5, we compute

N <|: a:ldxg ’@ dxg :|> _ |:$1d$2 +a:2dx1‘@ dxg :| _ [%} LW <|: a:ldxg ‘ dxg :|>
xlxg—l ) xg—l xlxg—l ) xg—l I xla;g—l xg—l
. r1dxe + xodxy dxe, do dry , x1dze + xodx1, do
N |: l‘ll‘Q—l l‘—2$2—1:|_|:$—1 :E1:E2—1 l‘2—1:|

B [ﬁ dry  z1dzo +x2d:p1} N [@ dxy ﬂ}
r1 1 — 1 T1x9 — 1
dxq ,dx1,x1dxs + xo0d2
[96—1 $—1| T1T2 — 1 ] '

I a;l—l xg—l

The map WV is defined such that for any £ € V (Qﬂ) we have DU (§) = 0 and therefore U (§) €
V (Q) . The vector space V () is generated, over V(€Qp,—1), by the image of V (Qf) under ¥.
We furthermore note the property

(& mé) = V(&) mP(E)

for any &1, & €V (Qf) .

A slightly different algorithm for ¥ in terms of differentiation under the integral was already
given in [2]|. In section 4 we will make use of ¥ as a part of a procedure to map hyperlogarithms in
Schwinger parameters to multiple polylogarithms of cubical variables. We expect the map ¥ also to

be useful in different contexts such as [52].

3.3. Primitives. Let w € Qf and let &€ = >, ¢f [wy,|...|w;, ] be an iterated integral in V(). In
subsection 2.7, we discussed the strategy of building up the mixed primitive w * £ by naive left-

concatenation of the form to the word
(3.3) ZCI [/\n(w)|w11||wlk]
I

and the addition of correction terms until the resulting combination satisfies the integrability condi-
tion of eq. 2.3. For the explicit computation of the correction terms, let us introduce some auxiliary
notation. For all 0 <i < k let C; (), = Q% o0l e Q2E1 1o the Q-vector space of words
of length k with letters in €Q,,, whose first ¢ letters, counted from the left, are in the base 2, 1,
and whose (i + 1) letter is in the fiber Q. The members of these auxiliary sets of words do not

necessarily stand for homotopy invariant iterated integrals. We define the auxiliary maps

for i < k by the following recipe

*i[al|...|ai_1|ai|ai+1|...|ak] [a1|...|ai+1|ai|...|aq] if ;41 € Qm—l,

(34)  wifarl-Jaitlailain]-Jax] = Y ejlar]-laimi|njloglairs|-..|ag] if ai 1 € QF)
J
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where the forms n; € Q,,_1, o € QF and constants ¢; € Q are determined by an Arnold relation

a; \aj41 = ZCﬂ?j A .
J
Note that indeed, in each word on the right-hand side of eq. 3.4 the 1-forms in the first ¢ positions
are in €,,_; and the form in the (i + 1)-th position is in QF. This procedure can be iterated.
Since 3.3 lies in Cy ()1, we repeatedly apply %, to obtain the following formula for the mixed
primitive
(3.5) wx [ag|...|ak] = (14 *1 + *2 %1+ + Koo k1) [Am ()] ar|...|ag].

The construction satisfies the relations (2.20) and (2.21).

Example 7. We consider the 1-form w = %, the iterated integral

£=0 x1d(z2) |@ | d(z122) |@ B %| d(x122)
N T1T2 — 1 X9 N 1T — 1 T2 Tr1 XT1T92 — 1 ’
and the concatenation
dxg d T1X2 dxg dxg dxl d T1X9
¢ = nlwue= |2 dnn) i) fdn dn dag) |
Ty T1T92 — 1 X9 Tro X1 X1T9 — 1

Following eq. 3.5, we compute the primitive
wH€=E+x& +Hx &

where we obtain

|dl‘2 d(:El:Eg)
Tr1 X2 :E1:E2—1 ’

x& = [ﬁ d(z122) @] _ [ﬂ

r1T T1x9 — 1 T2
x9x & = =2 [%’@ d(z12) }
r1 T1 1Ty — 1

by use of the Arnold relations given in the example of section 3.1.

3.4. Limits. We consider limits at z; = u, [ € {1, ..., m} where u € {0, 1}. By definition, any
¢ € V (Qyy,) vanishes along x; = 0. Limits at 1 are computed as follows.

As in the previous sections, let Z be the Q-vector space of multiple zeta values. It was shown in
[5] that for any & € V (£2,,,) the limits lim,,_,; { are Z-linear combinations of elements of V' (£2,,—1)
(after a possible renumbering of the cubical coordinates: (zj41,...,%m) — (2,...,Tm—1).) Our

algorithm for the computation of limits proceeds in two steps:

e Expand the function £ at 2; = u as a polynomial in log(z; — u), whose coefficients are power
series in x; — u, and

e Evaluate the constant term (coefficient of log(z; — u)?) at 2; = u.

The series expansion is the non-trivial part in this computation while the evaluation of the series is

immediate. Let Exp,,_,{(z;) denote the expansion of the function §(x;) at ; = u. We compute the
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expansion recursively as
0
(36) Expmlzug(l‘l) = Regxl:ug(:EI) + /dng Expx;:uﬁé(l‘i)
l

where the integral on the right is the regularised integral from the tangential base point 8%1 at x; =u
to x;, or equivalently, is an indefinite integral in x; whose constant of integration is fixed by declaring
that its regularised limit at x; = u vanishes. Note that if £(z;) is a linear combination of words of
length £, then in the integrand on the right-hand side of eq. 3.6, Expx;:u is computed on words of
length & — 1. Rational prefactors are trivially expanded as power series in x; = u also. The notation
Reg,,—,&(7;) stands for the operation of taking the regularised limit of { at x; = u. For u = 0 we
define
Reg,,—o&(z1) = 0.
For u = 1 regularised limits are defined and computed in the remainder of this subsection.

Let us start by computing regularised limits of iterated integrals in only one variable and then
extend to the n-variable case. We consider ; = {dzl dr, } and for £ € V (£21) we use a simplified

xr1 ) x1—1

dxy
r1—1

notation where in each word we symbolically replace %1 — 0 and — 1 and multiply the word

with (—1)™ where m is the number of 1-forms x‘f”_ll. Following [4] we define the map

Reg,,—1: V(1) = 2

by the following relations for different cases of words § = [a1]...|ag], a; € {0, 1}, i =1, ..., k:

Case 1: If all letters are equal, a1 = as = ... = ai, we have

Reg,, -1 [a1]...]ax] = 0.

e Case 2: If the word begins with 0 and ends with 1 (from left to right), we have
Reg,,—1[0]...[0[1] ...]1]0]...[0|1] = ¢(n1, ..., ) fOr iy > 2,1 > 1, 0y + ... + 1 = k.
—— ——
Ny ni
e Case 3: If the word begins in 1 we apply the relation
Reg,, -1 [a1]...]ag] = Reg,, -1 [1—ag|...|]1 — aq]
which is also true in all other cases.
e Case 4: If the word ends with 0 we use the relation
Reg,,—1[0]...|0[1] ...|1]0]...[0]1 | O]...|0] =
—— —— ——
ni Ny m
ny+i —1 Ny + 2, — 1
(3.7) GO ( i ) ( " Z,’“ ) Reg,, 1(0]...[0[1] ...[1] 0]...]0[1],
i1+...+ip=m " ni+i1 Ny~
where m, ny, ..., n, > 1.

By these relations, the regularized value of any £ € V (£21) can be expressed as a Q-linear combination

of expressions as in case 2, which are multiple zeta values.
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rz1—1 1 | x1

falls into the above case 4. By eq. 3.7 we have Reg,,_;(—[1|0]0]) = Reg,,—;(—[0|0[1]) and obtain
by case 2:

Example 8. We consider { = [ﬂ dz, dﬂ] which in short-hand notation reads £ = —[1|0/|0] and

Reg,, 1§ = —((3).

Now we extend the definition of regularized limits to V' (€,,). Let us first define the auxiliary

restriction maps

Ry : V(Qy) — V()

by
(38) leg = £|d:ci:0,:ci=0 for all i€{1,...,m}, il
and
Loy : V() = V (Qner)
by
(39) Ll‘lé. = f‘dwlzo, z;=1-

and relabelling cubical coordinates as mentioned above.

These maps play a similar role as the restrictions E, in section 2.4. The map R, restricts the
iterated integral to the straight line from the origin to 1; (called 73 in section 2.4) and L,, restricts
to the divisor of My, defined by ; = 1 (in which 7; of section 2.4 lives). According to eq. 2.7,
we take the deconcatenation co-product A of £ € V (€2,,) and apply L,, and R, to the left and
right part of the tensor product respectively. The right-hand side of the tensor product is then in
V (©1) and we apply the above map of regularized values to this part. In summary, we extend the

definition of regularized values to

Reg, -1 : V() = 2@V (1)
by
(3.10) Reg,, 1§ =m (Lxl ® Regxl:lel) o A&.

This completes our algorithm for computing limits of £ € V' (€,,) at x; =0, 1.
Example 9. We consider the iterated integral
xldxg dl’g dxg
§ = Vv |—
1T — 1 Tro T2 — 1

_ [d(a;m) drz_das ]_ [@

l‘ll‘Q—l T2 l‘g—l

’ dl‘l d($1$2)
1 x1—1 2129 — 1

wrza) | day } - [@

T ZE1:E2—1 l‘g—l

da;l dl’l dxg da;l da;l d(wlazg)

P | 4+ | /=== =L

T 1’1—1%2—1 r1 X1 1’1%2—1
e Vv (Qg) .

In this case, the only contibutions to the limit at x5 = 1 are given by the term Reg,,_;{(z2) of eq.
3.6, which we compute by use of eq. 3.10. The coproduct of £ involves 20 terms, most of which
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vanish after applying L,, to the left and R,, to the right part. From the non-vanishing terms we

obtain
dry, dxo dri, dxp dxa
R B _ 1 R htat) S R _
egw2—1£($2) m <|: 1 — 1:| ® engQ—l |: Ty To — 1:| |: r1 T1 — 1:| © eng—l |:‘T2 - 1:|
n @,@ o1 | gy o ]—d:UI ®1
1 1 x1—1 1 11— 121 —1
dxy, dx dxo
-t R -1 |— .
+[a:1 x1—1]® ©Baz=1 |:$2—1:|>
Due to
dxs dre, dxo
C8ry=1 L2 — J 0 an €8ry=1 [ 7 ’$2 — 1] ¢(2)

or by cancellation of the second and fifth terms, we obtain the limit

lim fz |:d:171’@ d:l?l :|_ [@ dl‘l ’ d:l?l :|—C(2)|: dl‘l :|

Tro—1 r1T T :El—l Tl l‘l—l :El—l l‘l—l

4. FEYNMAN-TYPE INTEGRALS

In this section we consider finite integrals derived from Feynman integrals. We present an algo-
rithm to map such integrals to hyperlogarithms in cubical variables (corresponding to the morphism
X — Mo,n—l—l in the diagram 1.3). The integration over one chosen Schwinger parameter maps
to the integration over one cubical variable. Then this integration can be computed by the algo-
rithms of section 3. After the integration, as a preparation for the integration over a next Schwinger

parameter, we map back to iterated integrals in Schwinger parameters.

4.1. Schwinger parameters. In dimensional regularization, scalar Feynman integrals of Feynman

graphs G with N edges and loop-number L, can be written in the Feynman parametric form
N N v—(L+1)D/2
I'(v— LD/2) v—1 | Ug
Ig(D):—/ 01— o doja ——,
[[-i T @) Ja;0 ; ' ]1;[1 7 FgrLb/2

where v = Zfil v; is the sum of powers of Feynman propagators and D € C. We refer to the
variables a7, ..., an as Schwinger parameters and the above integration is over the positive range
of each of these variables. The functions Ug and F¢ are the first and second Symanzik polynomials
respectively. They are polynomials in the Schwinger parameters and Fg is furthermore a polynomial
of kinematical invariants, which are quadratic functions of particle masses and external momenta of
G. For more details we refer to [11, 12, 3].

Assume that we want to compute I(2n) for some n € N. There are different scenarios in which
our algorithms may be useful. In the simplest case, the integral Iz (2n) is finite and we may attempt
to compute it without further preparative steps. If I(2n) is divergent there may be a n # m € N
such that I5(2m) is finite and the method of [13, 14] may provide useful relations between I;(2n)
and I (2m). These relations however may involve further integrals to be computed. The method of
[16] allows for a subtraction of UV divergent contributions by a renormalization procedure on the
level of the integrand. Alternatively, for a possibly UV and IR divergent integral, we may attempt
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to expand Iz as
oo
Ig = Z cjej
j=—2L

where € = (D —2n)/2 and the ¢; are finite integrals. In principle such an expansion can be computed
by sector decomposition [22], however in this case, a use of our algorithms may be prohibited by
the type of polynomials appearing in the integrands of the resulting c;. Recently, an alternative
approach, where the latter polynomials are given by Symanzik polynomials of G and its minors was
suggested in [40].

Let us assume that these or alternative methods have led us to an integral over the positive range

of Schwinger parameters where the integrand is of the form
HQieQ Qf’ hyperlogarithms(F;)
HP@E'P PZBZ
where all ;, 3; € Ny and where P = {P}, ..., P.} and Q = {Q1, ..., Qq} are finite sets of irreducible

polynomials in Schwinger parameters. We assume furthermore that all P; are homogeneous and pos-

(4.1) flai, ..., an)

itive or negative definite. This is the case for all Symanzik polynomials in the Euclidean momentum
region and in the massless case, and also for the polynomials arising from their linear reduction in
a large class of situations. This simplifying assumption allows us to apply the particular change of
variables constructed below. However, the general method is not restricted to this case.

A more precise description of the numerator is given below. For our algorithms to be applicable
we furthermore have to assume that there is an ordering on the Schwinger parameters such that the
set P is linearly reducible [18, 17]. In the following let an, an—_1,...,a1 be such a fixed ordering.

4.2. From Schwinger parameters to cubical variables. In the following, we transform a given
integrand f of the type given by eq. 4.1 to an integrand in cubical variables. According to our fixed
ordering on the Schwinger parameters, let ay be the parameter to be integrated out in the present
step. Linear reducibility implies that the polynomials in P are of degree at most 1 in ap, while
there are no implications for Q. We write P = Py U P\ y where Py C P is the subset of polynomials
linear in ay and P\ C P is the set of polynomials independent of ay. Let us fix the numbering
on the P; such that Py = {Py, ..., Py} with n < r. We also write the set of all polynomials @; as
Q = QN U Q\n where the polynomials in Qxy depend on ay and the ones in Q\ y do not.

Now let us be more specific about the functions occurring in the numerator of eq. 4.1. We write

Ly (apn) for a hyperlogarithm in ayy, given by a word w in differential 1-forms in the alphabet

da da Pilay= .
(4.2) Qi}synman ={ =N TN Where p; = —% fori=1,..,np.
aN QN — pi Dan
Here p; is a rational function such that P; vanishes for ay = p;.
We assume as an induction hypothesis that the functions in the numerator of the integrand are of
a certain type. We will see in section 4.3 that this assumption will be satisfied after integration and

will be the starting point for the next integration. The numerator of the integrand f is assumed to
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be a linear combination of hyperlogarithms in ay :

(4.3) numerator(f) = Zakbk(aN)ka(ozN),
k
where the wg are words in the alphabet QJFVeynman and where we denote the a-dependent and a -

independent factor of the k-th coefficient by bi(an) and ay respectively. The an-dependent factor
br(an) is a product of @; € Qn while the ay-independent factor ay is allowed to be a product of
Qi € Q\y and of hyperlogarithms which do not depend on ay. As ay-independent factors of the
numerator remain unchanged in the integration procedure, we restrict our attention to integrals of

the type
0;
HQiEQn Qz Lw(aN)
HPZ'G'P PZBZ

Let us now express the integral of eq. 4.4 as an integral over cubical coordinates such that the

(4.4) /OOO daNf(al, vouy aN) = /OOO daN

algorithms of section 3 apply. Let R_ij\_f be the subspace of RV where all Schwinger parameters are

n

eibe be the unit cube in n cubical variables, i.e.

greater than or equal to zero and let R

R_ij\_[ = {(al,..., aN) € RN’() <aq;,t=1, .., N},

e = {(@1,,zp) €eRL0<2; <1,i=1, ..., n}.
Consider the ay-dependent polynomials Py = {Py, ..., P,} and the corresponding p; = —Pi‘gi,é\;:o
dan
for i = 1, ..., n. We introduce an ordering on the set Py as follows. Let A C Rﬂ\_f be a sufficiently
small open N-dimensional cube whose closure contains the origin, such that if for any two distinct
indices 7, j € 1, ..., n the relation p; < p; is satisfied in A, the same relation is true everywhere in
A. Then we number the polynomials in Py = {P, ..., P,} such that everywhere in A we have
(4.5) 0> pp > p1>p2> .. > pua > proi.
For the given, ordered set (P, ..., P,), consider the rational map between affine spaces
¢ AN — A"
(equivalently a homomorphism ¢* : Q(x1,...,2,) = Q(aq,...,an)) given by
anN
(zn) = ——,
aN — Pn
* ,On
P (xp-1) = 1———,
Pn—1
_ Pn
(4.6) o (xg) = 1_7[’: for1<k<n-2.
Pk+1

These variables 2; will be our cubical coordinates and we construct the set of 1-forms Q£ as above.
Note that the restriction of ¢ to the first N — 1 coordinates defines a rational map ¢ : AN =1 — AP~1

since p1, ..., pn do not depend on ayy. For fixed oy, ..., an_1, the curve P! with coordinate a and
punctures at {0, p1,...,pn,00} (i.e., the fiber of AN — AN=1) is isomorphic, via 4.6, to the curve
with coordinate x,, and punctures at {O,a;l_l, coos(m1 .. 2n_1)"1 00,1}, in that order. Via such a

Feynman
Q N

(family of) isomorphisms, we can explicitly express all 1-forms in as Q-linear combinations
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of 1-forms in QF in cubical co-ordinates. We obtain

d d d
(4.7) ﬂ = pn (ﬁ _ Ty > :
an Ty T, — 1
dan dxy,
——— = —Pn )
QN — Pn T, — 1
dapn TiooTy-1dTn, dx,
— = P - )
an — p; Ti.. Ty — 1 Ty — 1

fori =1,...,n — 1. As a consequence, we can express each hyperlogarithm L,,(ay) as a Q-linear
combination of hyperlogarithms in cubical variables £ € V/ (Qf ) .
Note that due to eq. 4.5, ¢ is constructed such that if (o, ..., an) € A then (z1, ..., z,) € RY, .

Furthermore

alllglo...a%%oxk(al, wnan)€{0,1} k=1, ..., n,

and these limits are approached from inside the cube R, .. This is an important condition' for the
computation of limits in subsection 4.3. The domain of the oj-integration is mapped to the domain
0 <z, <1. The Jacobian is J = —(xnpfl)Q.

Up to rational functions which do not depend on x,,, we can now express integrals of the type of

eq. 4.4 as integrals of the type
1 i
(4.8) / i, 11 L
0 ILs

where v;,9; € N, and where each ¢; is a polynomial in Schwinger parameters without ay or in

cubical variables, and the integrand involves functions f; € {xy, x, — 1, Tp—12p—1, ...y ©1 -2, — 1}
and hyperlogarithms £ € V (Qﬁ ) . Before we can apply our algorithm of subsection 3.3 for the
computation of primitives, we use a standard procedure of applying finitely many successive partial
fraction decompositions and partial integrations until all powers §; are equal to 1.

As a last step of preparation, we apply the symbol map W of subsection 3.2 to £&. We obtain
an integral as in eq. 4.8 where now £ € V (). Now we compute the definite integral eq. 4.8 by
use of the algorithms of subsections 3.3 and 3.4. Up to rational prefactors, we obtain a Z-linear

combination of functions in V' (€2,_1) .

4.3. Back to Schwinger parameters. Note that after the integration, we have a function in terms
of both types of variables, the Schwinger parameters and the cubical coordinates. In order to proceed
with the integration over a next Schwinger parameter and apply the same steps again, we firstly
have to express the integrand only in terms of Schwinger parameters again. Let I be the result of

the ap-integration, expressed as a linear combination

I= Zcz‘&

of multiple polylogarithms & € V (€Q,_1). The coefficients ¢; are trivially expressed by Schwinger

parameters by application of ¢*. However, expressing the multiple polylogarithms &; in terms of

1We thank Erik Panzer for many useful discussions on the material of this section and particularly for suggesting the
map ¢ such that this property is fulfilled.
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Schwinger parameters is more subtle, as we have to respect the limiting conditions of iterated
integrals in both sets of variables.
For any function f of variables yq, ..., ¥, and numbers ¢y, ..., ¢, let us introduce the notation
lim = Re ...Re .
(W1, - yn)—=(c1, . cn) ! Byn—ren ey
where in the right-hand side, Reg denotes the regularised limits with respect to unit tangent vectors

in either cubical coordinates z; (or 1 —z;), or Schwinger parameters «;. In the following let us write

0y, for the vector (0, ..., 0) with n components. We consider the vector x;, = (zp(1), -, Tpn—1)) of the
remaining cubical coordinates, where the ordering is given by a permutation p on the set {1, ..., n —
1}. We furthermore consider the vector of remaining Schwinger parameters a@ = (an—1, ..., a1) in

the ordering in which we integrate over them, as fixed above.

Consider a multiple polylogarithm & € V (£2,,—1) . By definition, it satisfies

(4.9) lim &£€=0
To—0n_1
for every permutation o on {1, ..., n — 1}. We want to express each ¢ as iterated integrals 7 in

Schwinger parameters, for which we impose the condition

(4.10) lim 7n=0.
a—0n_1
By assumption on the polynomials P;, and the choice of cubical coordinates 1, ..., x, of subsection

4.2, the condition 4.10 corresponds to a vanishing condition for the iterated integral £ € V (,,-1)
at a tangential base point on My 42 which is on the boundary of the connected component of
Mo n+2(R) defined by the unit hypercube 0 < zy,...,2,-1 < 1. One can verify that such a

point can always be represented by a permutation p on {1, ..., n — 1} (non-uniquely) and a vector
¢ = (c1, ..., cn—1) (uniquely) with all ¢; € {0, 1} such that for any rational function g of the z; we
have

(4.11) lim g = lim ¢%g,

Tp—c a—0n_1

where on the left-hand side ¢ is approached inside Rgu_ble and on the right-hand side (0, ..., 0) is
approached inside R_ij\_f ~L. Such a point ¢ and permutation p determine the procedure to express £ in
terms of Schwinger parameters. The components of ¢ are computed by

= lim =z
ac—0N—_1

where i € {1, ..., n — 1}, and lies in {0, 1}, by inspection of 4.6 and 4.5. A permutation p satisfying
eq. 4.11 can be computed with the help of dihedral coordinates w;;, which are related to the cubical
coordinates as discussed in [5]. A permutation p satisfies eq. 4.11 for any rational function ¢ in the
cubical coordinates if it satisfies

. . . _
lim w;; = lim @™ uy;
Tp—rC ac—0N_1

for all dihedral coordinates. This condition determines p.
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Now let x,, and ¢ be vectors satisfying eq. 4.11. We define n by the following equation, where
£ €V (Q,—1) is the result of the integration of eq. 4.8,

(4.12) n=m <¢* ® ¢ xliglc> A¢

and m is multiplication. Then 7 is the desired expression in terms of Schwinger parameters.

As a last step, we express each iterated integral in terms of hyperlogarithms, such that we arrive
at the starting point for the next integration over the variable any_1. As a consequence of linear
reducibility, all iterated integrals are now given by differential forms of the type f = dP/P where
P are polynomials in the Schwinger parameters which are of degree < 1 in the variable ay_1. In

analogy to the construction of the unshuffle map we define the auxiliary restriction operations

7Taif = f’dal:o, a;=0

and

'r'aif = f|do¢j:0 for all j#i.
By
(4.13) W =m(ray , ®Tay ) A1

we finally arrive at a linear combination of hyperlogarithms L, (an_1) whose coefficients are products
of rational functions in Schwinger parameters, multiple zeta values and iterated integrals independent
of ay_1. Iterating the computation of eq. 4.13 for the remaining Schwinger parameters we can
express all iterated integrals as hyperlogarithms. With this expression we can repeat the above

steps to integrate out ay_1, and so on.

4.4. Summary of the integration algorithm. Let us summarize the above steps for integrating
over one Schwinger parameter ay. We start from a finite integral I = fooo day f whose integrand
f, as in eq. 4.3, is a linear combination of hyperlogarithms L, (cay) as functions of ay, and whose
coefficients are products of rational functions b(ay) of the Schwinger parameters including ajy, and
further functions (possibly hyperlogarithms) not depending on « . As above, we write Py for the
set of n polynomials depending linearly on ajy, which are in the denominators of b(ay) and define
the differential forms of L, (an) by eq. 4.2. The set Py is linearly reducible with respect to an
ordered set (ap, ..., 1) of all Schwinger parameters.

The main steps of the algorithm are combined as follows:

e Define the n cubical variables x1, ..., ,, and express the integrand f via the map 4.7 as a
linear combination of hyperlogarithms in V' (&725 ) The integration over oy is mapped via
4.6 to the integration over x, from 0 to 1.

e Apply the symbol map ¥ of subsection 3.2 to lift each function in V (Qf; ) to multiple
polylogarithms in V (€,,) .

e Use iterated partial integration and partial fraction decomposition to bring the integrand

into the appropriate form. Then use the map * of subsection 3.3 to compute the primitive

of f.
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e Take the limits of the primitive at z,, = 0 and z,, = 1 to obtain the definite integral from
0 to 1, using the algorithm of subsection 3.4. The result is a linear combination of multiple
polylogarithms in V (€,,_1) with coefficients possibly involving multiple zeta values.

e Apply the change of variables to obtain an expression only in Schwinger parameters again.
For iterated integrals, apply eq. 4.12 such that the regularised limit at o — On_1 is preserved.

e Write the result as a combination of hyperlogarithms in the next integration variable by eq.
4.13.

Examples for the application of this algorithm by use of our computer program are given below.

5. APPLICATIONS

5.1. Cellular integrals. A particular instance of period integrals on moduli spaces are given by

the cellular integrals defined in [21] in relation to irrationality proofs. The basic construction is to

consider a permutation o of {1,...,n} and define a rational function and differential form
~ 2 — 24 - dz;
f, = H s T el and o= [ ——— |
Ro(i) = Ro(i+1) i Zo(i) — Ro(it+1)
on the configuration space C™(P') of n distinct points 21,..., 2, in P!, where the product is over all

indices i modulo n. Now PGLs acts diagonally on C™(PP!), and the quotient is
Mo = C™(PY)/PGLy .

The rational function ﬁ, and the form w, are PGLo-invariant, and therefore descend in the standard
way to a rational function and form f,,w, on My ,. Because PGLy is triply-transitive, we can put
21 =0,2p-1 =1, 2z, = 00, and replace z;11 by ;241 ... xp_3fori=1,...,n—3, where x1,...,Tn_3
are cubical coordinates on My ,,.

Therefore we can formally write

Zi — Zi+1 d:l?l e dl‘n_3
fg = H e and Wa

Ro(i) — Ro(i+1) a Hi 2o (i) — Ro(i+1) ’

where the product is over all indices ¢ modulo n, and all factors involving z, = oo are simply omitted.

For all N > 0, consider the family of basic cellular integrals

(5.1) 13 = / fes,
[0’1]1173

where the domain of integration is the unit hypercube in the cubical coordinates z;. Conditions for
the convergence of the integral are discussed in [21]. When it converges, this integral is a rational
linear combination of multiple zeta values of weights < n—3 and can be computed with our program.
In the case n = 5,6 and o0(1,2,3,4,5) = (1,3,5,2,4), and o(1,2,3,4,5,6) = (1,3,6,4,2,5) it gives
back exactly the linear forms involved in Apéry’s proofs of the irrationality of ((2) and ((3). A
systematic study of examples for higher n (described in [21]) was undertaken using the algorithms
described in this paper.
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5.2. Expansion of generalized hypergeometric functions. Many Feynman integrals can be
expressed in terms of generalized hypergeometric functions

0o k

Fy( bl s b5 2) = > =1 (05); 2
pFylar, ..., ap; by, ..., by 2) = =

— ‘]1-:1 (bj),. k!
converging everywhere in the z-plane if ¢ > p, and in the case ¢ = p — 1 for |z] < 1 or at |z| = 1 if
the real part of Ef;} bj — Z?:l a; is positive. Here we used the Pochhammer symbol

T'lfa+n
(a), = Latn)
I'(a)

Multi-variable generalizations, such as Appell and Lauricella functions, play a role in Feynman
integral computations as well. If the Feynman integral is considered in D = 4 — 2¢ dimensions, the

parameters take the form
(5.2) a; = A; + e, by = B; + €B; where oy, 5; € R.

In the case of massless integrals, the numbers A;, B; are integers while in the case of non-vanishing
masses, some of them are half-integers.

In order to arrive at a result for the Feynman integral where pole-terms in € can be separated, one
has to expand these functions near e = 0. Several computer programs are available for this task. The
programs of [43, 44] use algorithms for the expansion of very general types of nested sums [42] while
the program [46] writes an Ansatz in harmonic polylogarithms and determines the coefficients from
differential equations. A method using systems of differential equations was presented in [47, 48, 49].

Alternatively, we can start from an integral representation of the function, expand the integrand
and compute the resulting integrals explicitly. This approach was applied in [45] for the expansion
of 9Fy. The algorithms presented above are very well suited for this method and can be used to
extend it to more general functions.

As a first example we still consider o F;. We have the integral representation

1
oF1(ay, ag; b; z1) = —I‘(ag)ll:((ll)))— o) /0 z§2_1(1 — zg)b_a2_1(1 — 2129) "dzy
for Re(b) > Re(az) > 0 and |arg(1—=z1)| < m. The parameters a; and b may depend on € as in eq. 5.2.
The expansion at € = 0 leads to integrands whose denominators are products of zq, (1—22), (1 —2122)
and whose numerators may involve powers of logarithms of these functions. We can view the variables

21, 29 as cubical coordinates and apply the algorithms of section 3 to integrate over zo analytically.
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Example:
P@+o (1251 - 2)
Fi(1, 14 ¢ 3+¢; = d
2F1(1, 1+€63+¢€ 21) F(1+e)/0 L2 022
1 1
2(z0 — 1 21 -1
S CEU PR EIC RS ER
0o 2122 —1 0 2129 — 1

dzg + O (63)

2 1 (ln(z2)2 +31In(z2) + 1) (29— 1)
e /0 z129 — 1

= ;2 (z1+ (1= 21)In(l — 21)) + 2—62 (z1+3(1 = z1) In(1 — 2)
1 1

—1—2(1 — Zl)LiQ(Zl)) + E—Z ((1 — Zl) ln(l — Zl)
“1

+3(1 — Zl)Lig(Zl) — 2(1 — Zl)Lig(Zl)) +0 (63)

We extend the approach to generalized hypergeometric functions, starting from the integral rep-
resentation
pFolar, ..., ap; by, ..., by; 2)
L'(bq) / - bg—ap—1
= ™1 —t) 1 F,_1(ai, ..., ap_1; b1, ..., bg—1; 2t)dt
I'(ap)I'(bg — ap) Jo ( ) po1Fa-r(om pmb A -1 #4)

in the region where it converges. Here again the expansion of the integrand leads to integrals over

cubical coordinates which can be computed by the algorithms of section 3.

Example:

I'(3 (2
3F2(2, 146 1+63 46246 2) = ( +1€—|—e = //

z025(1 — 29)°
1 — Z12223 1+E

dZ2 dZ3

= 21—zl - z) 4 2) + 5 (71— 2) (1 — 2)
22 22

+521 + (2 — 421)1412(21)) + 6—2 (9(1 — Zl) ln(l — Zl)
A1

+(7 — 1221)Lia(21) + (621 — 2)Lig(21) + 4z1) + O (€*)

While for these functions the integral representations are readily given in cubical coordinates, an

extension to further cases may require a Change of variables. For example the first Appell function

m (02)
Fi(a; by, be; ¢; x, y) E E ZLJZ, ~2™y" where |z|, |y| < 1
m>0n>0 m+n

with the integral representation [50]

F 1
Fy(a; by, b € 2, 9) = ——) ) / (1 = 0 (1 ) b1 ty)
0

Fa)'(c—a
for Re(c) > Re(a) > 0 can be expressed in the appropriate form after introducing cubical coordi-

nates z3 = t, 20 =y, 21 = x/y.
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Example:
T'(2+e) /1 (1— 25)
A1 246n,y) = I
1 ( G 7, y) T(1+0) Jo (1 zi2223)(1— 2223)
1
= In(1 —y) —In(1 -
T —y(n( y) —In(l —2))
- In(1 — ) — In(1 — 2) + = In(1 — )? — = In(1 — 2)?
Ty Y 2 Y 2

— Lig(2) + Lia(y)) + O (€

We checked the examples with o F} and 3F analytically with the program of [46] and the example
with F; numerically with the built-in first Appell function in Mathematica.

5.3. Feynman integrals. As a third application we turn to the computation of Feynman integrals
by direct integration over their parameters. As a first example we consider the period integral of
the four-loop vacuum-type graph of figure 5.1 a). The integral is finite in D = 4 dimensions and is
given in terms of Feynman parameters as
: 1
[1 —/xi>0i1;IldJ}Z(5(1 xg)u2.

The first Symanzik polynomial U is linearly reducible in this case. We use our implementation of
the algorithms of sections 3 and 4 to integrate over 1, ..., x7 in an appropriate ordering and to
compute the limit at xg = 1 in the last step.

The computation time per integration grows at first due to the increasing weight and complexity
of the functions involved, but decreases in the end as fewer variables remain. Here we compute with
multiple polylogarithms of weight 2, 3, 4 and 5 in the fourth, fifth, sixth and seventh integration
respectively. We obtain the result I; = 20¢(5) which is well-known [51]. Period integrals of this type
appear as coefficients of two-point integrals corresponding to graphs obtained from breaking open
one edge in the vacuum-graph (see [18, 51]).

As an example for a Feynman integral with non-trivial dependence on masses and external mo-
menta, we consider the hexagon-shaped one-loop graph of figure 5.1 b) with incoming external
momenta pi, ..., pg. Introducing one particle mass with m? < 0 we impose the on-shell condition

p% =m?, p? =0,7i=2, ..., 6. In D = 6 dimensions the Feynman integral reads

6
2
[2:/ daziél—xﬁ—
with the second Symanzik polynomial

F= ) wzuj(-sp)

1<i<j<6

(i)

and kinematical invariants
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FIGURE 5.1. a) wheel with four spokes b) one-mass hexagon

This integral is computed in [29]. In a first step in this computation, the integral is expressed in

terms of the cross-ratios

2 .2 2 .2 2 .2 2 .2
wy = 526535 = 513546 - 515524 _ 512536
=2 2 =2 2 — 2 20 %M== 3
525536 536514 514525 513526

as

1 3 1

b:_TTTT/‘ dr; :
S14525536 Jai>0 3 (U2 + o1+ r2)(uzzy + urzs + T2)(UWaT122 + To + T173 + T3)

We choose the parametrization

1 1+v (1—u)(—y—x) l+v—2x
= , U2 = , U3 = y Ug =
1+y 1+v—u (1+y)(—1+u—v) 1+v

which differs from the one in [29]. This parametrisation is not pulled from thin air: it is con-

U1

structed recursively out of the polynomials occurring in the linear reduction algorithm, applied to
the integrand. With this choice each u; tends to 1 at the tangential base-point which we choose
by the ordering (z2, 3, 1, u, v, z, y) and furthermore the polynomials in the denominator of the
re-written integrand of I are linearly reducible for the ordering (z2, 3, x1). Therefore we can
apply our implementation to integrate over the x; in this order and we obtain a result for positive

u, v, x, y. We checked the result analytically with the program of [41].

6. CONCLUSIONS

In this article we have presented explicit algorithms for symbolic computation of iterated integrals
on moduli spaces M 43 of curves of genus 0 with n+ 3 ordered marked points, based on [5]. These
algorithms include the total differential of these functions, computation of primitives and the exact
computation of limits at arguments equal to 0 and 1. The algorithms are formulated by use of
operations on an explicit model for the reduced bar construction on Mg 43 in terms of cubical
coordinates x;. In this formulation, the algorithms are well suited for an implementation on a
computer. We have furthermore presented an algorithm for the symbol map, out of which the
vector space of homotopy invariant iterated integrals on Mg ,43 can be constructed.

We expect the algorithms to apply to a variety of problems in theoretical physics and pure math-
ematics. Here we have concentrated on two main applications. As a first application, we have
considered the computation of periods on My 43, for which our algorithms are readily applicable.
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Secondly, we have discussed the computation of a class of Feynman integrals by the method of [18].

In this approach, the Feynman integral is mapped to an integral on the moduli space, where our

algorithms are applied to compute a single integration. We have presented an explicit procedure

for the required change of variables from Schwinger parameters to cubical coordinates. A further

procedure maps the result of the integration back to iterated integrals in terms of Schwinger param-

eters, and this process can be iterated. Using an implementation of our algorithms based on Maple,

we have computed examples of such applications. As a third type of application, we have briefly

discussed an approach for the expansion of generalized hypergeometric functions.
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