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Chapter 1

Introduction

Up to these days quantum field theory remains in a curious situation. On the one
hand it is one of the most successful theories for high-precision calculation of physical
observables in research fields such as elementary particle or solid state physics, but on
the other hand the question about its mathematical foundations is still unanswered.
The first aspect in combination with the increasing precision of modern experimental
measurements leads to higher demands in loop calculation of Feynman graphs, but
perturbative computations result in a blow-up of required arithmetical operations.
One possible way to handle these difficulties lies in a non-perturbative formulation
of quantum field theory.

One method in non-perturbative quantum field theory are rainbow and ladder
approximations of green’s functions, leading to differential equations, which can
be solved exactly to all orders of perturbation theory. Broadhurst and Kreimer
discussed a perturbation series consisting of all graphs obtainable by nestings and
chainings of a primitiv self-energy graph in Yukawa and ¢® theory [1].

Another approach connects quantum field theory to Hochschild cohomology. De-
scribing the perturbation series through combinatorial Dyson Schwinger equations
using Hochschild one-cocycles [2] allows to determine green’s functions via recur-
rence relations for its Taylor expansion coefficients. The special case of a linear
Dyson Schwinger equation is treated in [3]. In this work such a single equation
is solved in terms of a scaling solution with an anomalous dimension determined
through the Mellin transform of a primitiv self-energy graph in analytic regulariza-
tion.

It is the purpose of this work to generalise the results of the last reference to
systems of such linear Dyson Schwinger equations. The first two chapters provide
the background material, starting with a short introduction to the definition and
algebraic properties of decorated rooted trees. Then a discussion of Kreimer’s toy
model follows. We choose this model for its well-studied behaviour in the case of
analytic regularization and renormalization in the momentum scheme [4]. After that
we state the main results for finding (renomalized) green’s functions of a linear sys-
tem of Dyson Schwinger equations in chapter 4. Chapter 5 illustrates the application
of our results in the context of Yukawa theory in dimensional regularization.



Chapter 2

Decorated rooted trees

This chapter intends to define and reveal the Hopf algebra structure of the algebra
of decorated rooted trees. As discussed in [5] this structure gives a full description
of subdivergence hierarchies in Feynman graphs. This fact motivates the following
definitions and the investigation of Feynman rules defined on decorated rooted trees
in the next chapters.

2.1 Basic Definitions

In this work we always assume D to be a nonempty and finite set.!

Definition 2.1.1. A graph theoretic tree T' consists of finite sets V(T) of nodes
and edges E(T) C {e CV(T) : |e| = 2} such that for any v,w € V(T) there exists
an unique path (v = v, v1,...,v, = w) of distinct nodes with {v;,v;11} € E(T) for
0<i<n.?

As we want to distinguish between certain classes of nodes, we provide a deco-
ration in

Definition 2.1.2. A decorated labelled rooted tree is a tuple (T,r,d) consisting of
a graph theoretic tree T, a distinguished node r € V(T') called root and a decoration
d:V(T) — D. The set of all decorated labelled rooted trees is denoted by Tavelted,

Until now every of the above defined trees incorporates a labelling by set-theoretic
distinctness of its nodes. The next step is denoted to refuse this labelling. For two
decorated labelled rooted trees 1,1, € 7%abeued we define a relation by T} ~ T3
iff there is an isomorphism between 77 and 75. That is a bijective mapping ¢ :
V(T1) — V(T») which satisfies the following conditions:

1. {v,w} € E(TY) if and only if {¢(v), p(w)} € E(T3)
2. o(r)=1'
3. dyo ¢ =d.

It is easily checked that ~ is an equivalence relation. That allows for

'For a proper definition of decorated rooted trees it is not necessary to restrict to finite D. We
assume D to be finite in order to ensure the number of treated Dyson Schwinger Equations to be
finite.

2In other words a (graph theoretic) tree is a connected graph that contains no cycles or loops



Definition 2.1.3. A decorated rooted tree is an equivalence class arising from ~
on Trabelled - The set of all decorated rooted trees is denoted by
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Conventionally we print the root on top of the graph and every index attached
to a node is an element of D.

After these definitions we like to furnish the set of decorated rooted trees Tp with
a product, or to be more specific with an algebra structure. This can be achieved
by the concept of a free commutative unital associative algebra. Nevertheless we
state an explicit construction of the algebra of decorated rooted trees. We proceed
in two steps. First we give an embedding of the set of decorated rooted trees Tp
into the set N(()TD), the set of all mappings from 7p to Ny with a finite number of
non-vanishing values in Ny, such that the obtained monoid structure induces the
product of decorated rooted trees. After that the K vector space structure is added
by an embedding into the set of mappings from N(()TD) to K with cofinite vanishing
values.

The embedding of the set of decorated rooted trees 7p into the set N(()TD) is
arranged in the following way. An arbitrary decorated rooted tree t € Tp is identified
with the Kronecker map ¢; € NSTD) obeying

5,(t) :{ bt = (2.1.1)

0 else

Note that an element v € N&TD) is always given by a finite sum of embedded dec-
orated rooted trees. We proceed with our construction in such a way that for a
given product of decorated rooted trees v(t) is the power of the tree ¢t and hence v
corresponds to a product of decorated rooted trees, which we call a forest. Then the
neutral element 0, the map sending every decorated tree to zero, of the monoid N(()TD)
represents the empty forest.

The next step is the construction of a K vector space such that the above forests
form a basis. Consider the embedding which maps a forest p to the functional
e, : N = K defined by

1 ifv=p
e,(v) = { 0 else (2.1.2)
Clearly the set of all functional with cofinite vanishing values K[7p] := {(av) _ |
v&Ro

a, € K,a, = 0 for cofinite many v} forms a K vector space. Moreover we denote
the empty forest by 1 := () := ey and the set of all embedded forests by F.* From
this point on we identify the decorated rooted trees from 7p and forests from N((]TD)
with their embeddings and simply speak of such trees and forests in K[7p]. For two
K vector spaces V' and W the Tensor product over K is denoted by V @ W. We
proceed by defining a product m : K[7p] ® K[Tp] — K][Tp]| satisfying

m <(a”)ueNéTD> & (b’/)ueNéTD)) = <CV>V€NE)TD) with c, = g: ay - by.
ptA=v

The next proposition is an easy consequence of these definitions.

3Note that F excludes the empty forest, which is not a product of embedded decorated rooted
trees.



Proposition 2.1.4. (K[7p],m, 1) is an unital algebra and a basis of K[Tp| is given
by 1 and all finite products of decorated rooted trees or the set all forests F, respec-
tively.

This result is worth to formulate the final definition of the algebra of decorated
rooted trees.

Definition 2.1.5. Let K be a field, then Hp := K|[Tp| is called algebra of decorated
rooted trees.

2.2 Graduation and Hopf algebra properties

In this section we explore the structure of the algebra of decorated rooted trees. Do-
ing this we always assume further knowledge about common definitions and state-
ments of the theory of Hopf algebras (for instance see [6, 4, 7]).

2.2.1 Graduation of Hp

First of all we discuss the graduation of the algebra of decorated rooted trees. This
structure allows inductive proofs, which we use in the sequel.

For further definitions let us label the elements from D by D = {1,..., N}. To
every decorated rooted tree T' € Hp with a given decoration dr we define a multi-
index nr = (n1,...,ny) € NY by setting n; := |[{v € V(T) : dr(v) = i}| to be
the number of nodes decorated with . To an arbitrary forest f =T;...Ty € Hp
we attach a multi-index n; = SM  nr, by componentwise summation of all multi-
indices of its factors.

Let n € N we denote the span of all forest with multi-index n by H" :=
Span {f € F : ny = n}. With these definitions it is easy to recognize the identity

Hp= @ H".

N
neNg

Together with the fact H” - H* := m(H" ® H*) C H"*" this gives a graduation of
the algebra Hp.

Note that by setting H" := @), -, H" we rediscover the natural grading simular
to the case of undecorated rooted trees which is given by counting the number of
nodes of a forest.

In the following we make fertile usage of the graduation of Hp by observing
the canonical filtration and the application of the induction axiom. Because every
element of Hp is contained in a minimal subspace of that filtration and these growing
subspaces can be indexed we can provide inductive proofs inducing over the set of
elements from Hp.

This motivates the definition of a operator which maps elements from one sub-
space of our filtration to a slightly larger subspace. For this purpose we declare for
arbitrary ¢ € D

Definition 2.2.1. The grafting operator B’ : Hp — Hp is defined by linear ex-
tension of the map sending every forest f € Hp to a decorated rooted tree, which is
obtained by adding a new root to f, decorate this root by i and connect it to every
root from f.



For example let ki, ko, k3 € K, then

B (sa])) = Ai}b (2.2.1)

. i i
Bi (kieat by Pt ks a1 =y [+ ko k + ky A}b. (2.2.2)

C

2.2.2 Coproduct and the coalgebra Hp

Making use of the graduated structure of Hp we define a coproduct on the algebra
of decorated rooted trees and show that this turns Hp into a coalgebra.

A definition of the mentioned coproduct requires some previous conventions.
Note, the fact that a tree contains no loops allows to establish a partial order on its
nodes. Let T' € Hp be a decorated rooted tree. For arbitrary a,b € V(T') we define:

a < biff b is an element of the path (a = vy,...,v, =7)

from the node a to the root r. This partial order of nodes allows a formal definition
of cutting an edge of a decorated rooted tree. We achieve that by cutting the edge
above of a particular node. Therefore for a decorated rooted tree T" a cut is a subset
C' C V(T) which satisfies the condition a,b € C' = neither a < b nor b < a. From
now on we will only speak of cuts instead of admissible cuts as all cuts we encounter
are of that shape. For the formulation of the next definitions let us assume 7' € Hp
be an decorated rooted tree, r € V(T') its root and C' C V(T') a cut.

Definition 2.2.2. The pruned part PY(T') € Hp of a decorated rooted tree T € Hp
and a cut C C V(T) is defined by setting PUYT) := T, PYT) := 1 and in any

other case to be the product 1] T, € Hp of decorated rooted trees T,, C T with root
velC
v, where T, is the subgraph of T coming from removing the first edge of the path

from v to the root of T and restricting the decoration of T to the nodes of T,.
The remaining part RY(T) € Hp is given by the decorated rooted tree coming
from removing all those subgraphs from T which are a factor of the pruned part.

Now we have finished all preparations and continue with the definition of the
map A which turns out to be a coproduct in proposition 2.2.5.

Definition 2.2.3. Define A : Hp — Hp ® Hp as algebra morphism and linear
extension by setting

A(T) = > PYT) @ RYT)
Cuts C

for any decorated rooted tree T
The following examples give a demonstration of the map A.

Al =1®1
(.a) =1l Reatea® 1

A
A(ré\a) :mﬁ\u-c@/&ﬁ.a@}hﬂﬁ@lj
C [ Cc

) (2.2.5)
""Cod@IE‘i‘-dI:@'a‘i‘Té\d@ 1
C



The next result states that B’ is a Hochschild one-cocycle in an abstract Hochschild
cocomplex. We only need the identity 2.2.6 which we call cocycle property. Further-
more a map satisfying this identity is named cocycle in the following. For a further
encounter with abstract Hochschild cohomology the reader is referred to [4].

Proposition 2.2.4. For any x € Hp it holds

Ao Bi(z) = [B.® 1+ (id® B})o Al (z). (2.2.6)

Proof. Without loss of generality we can assume z to be a forest f by linearity of
A and BY.

AoBi(f)y= > PUBL(f) ®RE(BL(f))

C cut of B Y (f)

= PUNBL() o RUVBL(M + Y POBL) @ ROBL(S))

C cut of f

=BL(flel+ Y. PO ®BLoRE(S)

C cut of f
=B (f)®1+ (id® B.)o Af
Here we used the fact that the set of all cuts in B (f) decomposes in the cut of the
root denoted by {r;} and the set of cuts in f. O

Furthermore define the functional ¢ € Hom(Hp,K) by setting €(1) := 1 and
demanding that €(f) = 0 for any forest f # 1.

Proposition 2.2.5. (Hp, A ¢€) is a counital coalgebra.

Proof. First we show the coassociativity of A. Because A is linear and an algebra
morphism it suffices to prove the property for the set of decorated rooted trees.
Obviously coassociativity holds for H® C Hp. Assuming the statement holds on H"
we show the validity for H™*!. So without loss of generality let T' = B’ (f) € H"
with arbitrary ¢ € D and f € H".

(A ®@id) o A(T) = (A®id) o Ao Bi(f)
= (A®id)o |B, ® 1+ (id® B}) o Al (f)
=[Bio101+ ((i[doB)oA) @1+ (ideid® B,)o(A®id) oAl (f)
=[(d®A)® (B. @1)+ (id® (B, @ 1+ (id® B}) o A)) o A (f)
= (id® A)o [(BL. ® 1) + (id ® B}) o A (f)
= (id® A) o A(T)

Which proves coassociativity. Moreover note that

(c@id)o A(f) =1-RU(f) = f =
PLreVfrisrooth(£y ] > (jd @ €) o A(f)

for any f € F, i.e. € is the counit. O]



2.2.3 Convolution product and Hopf algebra Hp

In this paragraph we prove that the algebra of decorated rooted trees is a Hopf
algebra. But before we are able to show this, we have to treat one ingredient of a

Hopf algebra - the convolution product.
Now let (A, m) be an algebra and (C, A) be a Coalgebra.

Definition 2.2.6. The convolution product * is a map defined by

* € Hom (Hom(C, A) ® Hom(C, A), Hom(C, A)) and
x:f@gr—>mo(f®g)oA.

It should be remarked that we are constantly suppressing the use of canoni-
cal embeddings as ¢ : Hom(C,A) ® Hom(C,A) — Hom(C ® C;A ® A) in our
notation. Additionally we like also to use x to denote the multiplication map
*xo® : Hom(C,A) x Hom(C, A) — Hom(C, A).

Lemma 2.2.7. The set Hom (C, A), := (Homg(C, A), *) is an associative algebra.
If A is unital with unit u and C' is counital with counit €, then Hom (C, A), is unital
with unit e ;== uoe.

That is exactly Lemma 2.1.7 from [4] where the proof can be found.

Theorem 2.2.8. Hp is a connected bialgebra, thus (Hp,m,1,A €, S) is a Hopf
algebra and the antipode is recursively determined by

S(f)=—f=228(f" (2.2.7)
f

for any forest f € F.A

Proof. Firstly note that Hp is a bialgebra by the following argument. By defintion
A is a morphism of algebras that is A om = my, g, 0 (A ®A) and ALl = 1® 1.
So we only need to show € ® € = € o m. Which is easily seen as both sides of the
equation are nonvanishing only at 1 ® 1.

We already showed that the algebra Hp possesses a natural grading by counting
the nodes of a forest. In particular it holds H® = {1}. Moreover the property
AH" C @y jn H' @ H = @y H' ® H" " is clearly satisfied by definition of the
coproduct A. Thus (H"),en, is even a graduation of the bialgebra Hp. Defining
the filtration (F™),en, through F™ := @}, H' it follows that Hp is connected.

It is a well known result that any connected bialgebra H is a Hopf algebra by
explicit construction of a convolution inverse of the identity idy. The existence of
an antipode is a corollary of lemma 2.2.9 below. The antipode is denoted by S and
once proven its existence we immediately find

I =e(l)=(S*id)l = S(1). (2.2.8)
Yet the recursion (2.2.7) directly follows from
0= e(f) = (Sxid)(f) = S() + f + 5 S()". (2.2.9)
f

This finishes the proof. O

4 Here we used Sweedler’s notation Af = f@1+1® f + Zf fle .



Before we state the next lemma, let us denote
= [¢p € Hom(H, A) : ¢(1) =14] and (2.2.10)
Gli={secCl:pomy=muo(60¢)}. (2.2.11)

Lemma 2.2.9. Let H be a connected bialgebra and A be an algebra, then for any
¢ € G there exists an unique convolution inverse ¢*~* € GX. In other words
(G, %) is a group.

Proof. Since (¢ —e)(1) = 0 and H is connected for any x € H thereis a N € N
such that (¢ —e)®" o A" !(z) = 0 for any n > N. Therefore the formal series

gl=le—(e=) =3 (e—9)" (2.2.12)

n€eNg

is locally convergent as finite sum and defines an element from G¥. Recall that the
coproduct is a finite sum which we denote in Sweedler’s notation

k . .
=Y 2 @z (2.2.13)

for some k € N. Now only dealing with finite sums we can calculate

x| (@) =20 (o)) ¢ () = 0 (1) e = 9)* (3”)

O

v N

=[z: e—@*}]e—@”h@
n=0

[e—¢V“—@— o)™V (2) = e().

In the last step we used (e — ¢)*¥*1(z) = 0 by definition of N. Analogous one can

show the identity ¢*~! % ¢ = e which proves the existence of an inverse. Uniqueness
simply follows from assuming 1, x € G¥{ be a convolution inverse of ¢:

Y=vxe=1x(pxx)=(Vxp)xx =exx =X (2.2.14)

Finally notice that G% is closed under the convolution product because for ¢, € G4
it holds

6+ (1) = (L) - (L) = Ly, (2.2.15)
]

2.3 Universal Property of Hp
Now the subject of discussion is the universal property of the Hopf algebra of deco-

rated rooted trees. This is the main ingredient for the definition of Feynman rules
in the next chapter.



Theorem 2.3.1 (Universal Property). Let A be a commutative algebra, L; € FEnd(A)
fori=1,--- N, then there exists an unique morphism of algebras p : Hp — A such
that for any i =1,--- N it holds
HD L> ./4
po Bi = L;op, or equivalently Bil lLi (2.3.1)
HD T> ./4

commutes. In addition to that let every L; be a cocycle and A be a bi-/Hopf algebra,
then p is a morphism of bi-/Hopf algebras.

Before we prove this theorem, let us exhibit the following
Lemma 2.3.2. Let (H,m, 1, A, €) be a bialgebra and L € End(H) be a cocycle, then

L(H) C kere. (2.3.2)

Furthermore in the case of H is a Hopf algebra with antipode S the following identity
holds.
SolL=-S«L (2.3.3)

Proof. The first statement follows from direct calculation:

eoL=(e®e)oAoL (2.3.4)
=(e®e)o[(id®L)o A+ L®1] (2.3.5)
=eo(Lo(e®id)oA+L)=2coL. (2.3.6)

Once we have noticed that L(H) € ker e we find

O=uocoL=(Sxid)oL=mo(S®id)oAolL (2.3.7)
=mo(S®id)o((id®L)oA+L®1) (2.3.8)
—SxL+SolL. (2.3.9)

[

Now we can prove the above theorem concerning the universal property of Hp.

Proof. First notice that p is uniquely determined on F° C Hp by p(1) = 14 due
to the assumption to be a morphism of algebras. Now for proving uniqueness of
p we show that it follows p is uniquely determined on F™*! by assuming p to be
determined on F™.

As p is a morphism of algebras it suffices to show uniqueness on the set of

decorated rooted trees. For T € F™*! there is an i € {1,---, N} such that T =
B! (f) with a forest f € F™. So we have
p(T) = po BL(f) = Lio p(f). (2.3.10)

That shows uniqueness of p on F"*! and hence on Hp.
The existence of p is provided by taking equation (2.3.1) as inductive definition.
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By construction p is immediately a morphism of algebras. So it only remains to
show that p is even a morphism of bi-/Hopf algebras under the assumption that L;
is a cocycle of the bi-/Hopf algebra .A.

By the above lemma 2.3.2 we know

p(im B%) C L;(im p) C kere4 (2.3.11)
for any i € {1,--- , N}. Therefore it holds

eaop(f)=0=¢(f) VfeF. (2.3.12)
Together with

eaop(l) =e4q(l) =1=¢(1) (2.3.13)

we obtain €4 o p = € and it remains to show A4 o0 p = A. Again it suffices to show
the identity to be true on the set of decorated rooted trees and it is simply seen that
the equality holds on F°. Assuming the equality to be satisfied on F" let t € F™*!
be a decorated rooted tree and t = B’ (f) for some f € F™ and i € {1,--- N}.

Agop(t)=Ax0poBL(f)=Ax0L op(f) ( )
= [(ida® L))o Au+ L' ® 14 0 p(f) (2.3.15)
= (ida® L") 0 Ay o p(f) + L' o p(f) @ p(1) (2.3.16)
= (p®p)o |(ida® B})o A+ (B ®1)| () (2.3.17)
= (p®p)oAoBi(f). (2.3.18)

At the 4th line we made use of the induction assumption A 40p(f) = (p®@p)o A(f).
Thus we showed that p is a morphism of bialgebras.

Finally we consider the Hopf algebra case. We have to show S4o0p = po§S.
Obviously this equality holds on F°. Once again we make use of the induction
axiom and assume the equality to be hold on F”. Now we show the equation to be
satisfied for any decorated rooted tree t = B’ (f) € F"*1.

Spop(t)=Ss0poB.(f)=SoL op(f) (2.3.19)
= —(Sax L) o p(f) = =(Sa 0 p) % (L' o p)(f) (2.3.20)
= —po (S*B.)(f)=poSoB.(f) (2.3.21)

Besides of the induction assumption we made use of lemma 2.3.2 and the cocycle
property of B.°. Now the validity of the equality for any element from F"*! is
proven by the property that any antipode is an antimorphism of algebras. For any
ti,ta € Tp

Saop(tita) = Sqom (p(ty) ® p(ta)) (2.3.22)
=moT(Sq0p(t]) ®Sao0p(ts)) (2.3.23)

=morT(poS(t)) ® poS(ta)) (2.3.24)

=pomorT(S(t1) ® S(tz)) (2.3.25)

= po S(tita). (2.3.26)

Here 7 denotes a permutation of the components in the tensor product, i.e. 7 (t; ® t5)

to ® t1. We do not prove the antipode to be an antimorphism at this place but the
interested reader may consult to [6]. O

Ssee proposition 2.2.4



Chapter 3

Kreimer’s toy model

After the discussion of the Hopf algebra of decorated rooted trees, we proceed with
a definion of Feynman rules on this algebra. The combination of both, the set of
decorated rooted trees and these Feynman rules constitute Kreimer’s toy model of
a quantum field theory. The treatment of regularization and renormalization in this
chapter ensures physical results and allow a comparison between the perturbation
series and the non-perturbative results of the next chapter. We mainly review the
results of [4].

3.1 Analytically regularized Feynman rules

Before we set up the common definiton of Kreimer’s toy model we like to study
one special example in order to motivate this toy model and to show the analogy
between the well known methods of regularization and analytic continuation of a
Mellin transform that we use in the sequel.
Define f: R? — C, (¢, s) — chrs and regard its Mellin transform
00 C—Z

Fles)= [ 1Ga)c =57 [7 2y

In the last step we used the integral representation of Euler’s beta function

d¢ =s7*6(1 — z,2). (3.1.1)

r—1

Bz,y) = /OOO A+ dt for ®(z), R(y) > 0. (3.1.2)

Therefore we find 0 < R(z) < 1 as domain of convergence of the Mellin transform F'.
However the beta function can be understood as meromorphic continuation of the
Mellin integral. This is the central concept of analytic regularization. In order to
obtain finite integrals we introduced the artificial parameter z. But we are interested
in the physical limit of a vanishing regularizer z — 0. Therefore it is necessary to
use further methods of renormalization to obtain holomorphic expressions. That
will be done in the sequel. However before we do that, let us continue by using the
gamma function representation of the beta function and end up with

F(z,s) = s—im b A0(1 = 2). (3.1.3)

This expression gives qualitatively the same pole-structure as the computation of a
massless one loop graph in dimensional regularization:

/ dPk 1 1 <q2>_€1f‘(1+6)F(1—e)2

CmPk2(k—q)? (4m)2\dr) € T(2-2¢)

(3.1.4)

11
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Where the dimension is set to D =4 — 2e.

This motivates the following definition of our toy model. Henceforth for i =
1,--+ N we assume f; : RZ — R to be a homogeneous function of degree —1. That is
f(¢,8) =s71f(¢)s,1) =: s71f(¢/s) and we keep on suppressing the second variable in
our notation whenever it is equal to 1. Moreover f(({) is assumed to be an analytic
function at ¢ = 0 and O(¢™!) as ( — oo. As above these assumptions ensure
the existence of a meromorphic continuation of the Mellin transform F;(z, s) for at
least —1 < R(z) < 1. Furthermore the assumed asymptotic behaviour implies the
occurrence of a single pole of order one in the denoted domain of z. So F; is given

as Laurent series!
T Y einls) 2™ (3.1.5)
z
n€eNg

C;

Fi(z,s) =

Note, at this point we restricted our discussion to logarithmically divergent graphs.
The process of renormalization discussed in the following can be generalised to
higher degrees of divergence using suitable projective characters in accordance with
the BPHZ scheme. Nevertheless we like to restrict ourselves by studying Dyson
Schwinger equations which are renormalized by a simple subtraction and continue
with

Definition 3.1.1. For any pair (z,s) € R the regularized Feynman rules ¢, ,
are defined as algebra morphism through the universal property of Hp where A =

Clln s][z71, 2]] and

0us 0 BY() = [T H(C8)C 0 )dC. (3.1.6)

The next proposition provides a characterisation of the multiplicative structure
of Kreimer’s toy model and we reveal this structure by studying a class of Feynman
graphs in Yukawa theory in section 5.

Proposition 3.1.2. Let f € F be a forest, then it holds
¢.s(f) = s~ I Fiw (2’ ‘P{”}f‘) . (3.1.7)

veV(f)
Were we abbreviated the number of nodes of the forest f by |f|.

Proof. The inductive proof use the graduated structure of Hp. Due to definition
(3.1.6) the induction basis on Hy becomes trivial. Moreover it suffices to prove the
identity for the set of decorated rooted trees by multiplicativity of both sides of
equation (3.1.7). Now let ¢ = B’ (f) with a forest f satisfying the condition (3.1.7),
then it follows

0 (BLD) = [ F(O(0) buscl) e
= ["HOGO 6O T Faw (=[P
veV(f)

= s T Fae (=[P (1)) /°° F(O)CHD g¢
vev(f) 0

— s ] )Fd(v) (=[P @)]) -

veV(t

Which finishes the proof. n

Tt should be remarked that the residue is not s dependent due to the homogeneity of f. This
assumption ensures local counter terms.
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3.2 The Birkhoff decomposition

Now we give a common statement of the Birkhoff decomposition in order to apply
it to the regularized Feynman rules in the next paragraph. During this paragraph
we suppose H to be a conncted bialgebra, A = A_ & A, an algebra decomposed
into the direct sum of vector spaces A..

Definition 3.2.1. Let ¢ € G4 then a pair of mappings ¢+ € G4 satisfying
¢=0¢""xop, and ¢i(kere) C Ay (3.2.1)
is called Birkhoff decomposition of ¢.

Proposition 3.2.2. For ¢ € G and a projection R : A — A_ there exists a unique
Birkhoff decomposition which can be recursively computed for x € kere by

6-(r)=—R(p(x)) and ¢ (z)=(id— R) (¢(x)) (3.2.2)
b=0¢+mo(p_@d)oA ie o(x)=o()+> o_(z)p(x").  (323)

Moreover if A is commutative, ¢ € éf{ s a morphism of unital algebras and R € C:’j
s a projective character, then ¢4 are algebra morphisms themselves.

Proof. The uniqueness of an existing Birkhoff decomposition ¢4 comes from

br—G_=dtd_xd—0—¢_ =6 (3.24)

Which implies the identity (3.2.2). Since ¢4 (1) = 1 4 the Birkhoff decomposition is
uniquely determined on the start H° C H of the filtration and recursively defined
on H™! through (3.2.2) and A(H"') C ¥ | H* @ H™'~% in an unique manner.
For existence we define ¢_ by (3.2.2) and set ¢, := ¢_ * ¢. For = € kere it simply
follows

64(7) = [6- % 6] (z) = [6_ + 0] (x) = [(id — R) 0 ] (). (3.2.5)

Which proves the second identity (3.2.2) for ¢4 and ¢ (kere) C A, = ker R.
For showing the algebra morphism property firstly notice that a projective char-
acter fulfils the Rota-Baxter equation

Ro [(Rx)y + x(Ry) — zy] = R(z)R(y). (3.2.6)

Due to the equation ¢, = ¢_ + ¢ and the recursive formula for ¢ it suffices to show
¢_ is a morphism of algebras. Note that ¢_(1) = 1 4 implies ¢p_(1-z) = ¢_(1)-¢_(x)
for any # € H. So the statement is clearly satisfied on H° giving the start of the
induction. Now assume z -y € H"! with x € H™, y € H™ and without loss of
generality 0 < ni,ne < n and the induction assumption ¢_ to be a morphism of

algebras on H" in particular ¢_(xy") = ¢_(z)¢_(y') and ¢_(2'y) = ¢_(2")p_(y),
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then in follows:

o-a1) 5, R |olen) + X o () <{xy}">]
- _r [¢<x>¢<y>+z¢_< )Y 0-)0ly") + )6 (3) + 021600
166 +0-(2)} 2 6-(/)60) + {600) + -0} £ oo ]

- H(p(x) FTo <xf>¢<x~>} - {¢<y> iy ¢_<y'>¢<y">}

ro-(o)-{ot )+ oty } fota +z¢ o} -]

= R[{Ras(a:)}qb(y)w(x){ ()} — dlx)o(y)
= |Ré(@)] - [Ré(w)]

(3.2.6)

= [Fo-@)]-[=o-)] = o-(x)-¢-(v)

(3.2.2)

In the 2nd equation we rewrote
Alry) = Aley) —1@zy —zy@ 1= A@)A(y) —1@zy —ay o 1
—(A@)+12cs+20D)AW +10y+yR1) - 1@y —ay® 1

and used the commutativity of A.

3.3 Feynman rules on Hp and their regularity

By considering regularized Feynman rules we found results as meromorphic con-
tinuation in z. Therefore the physical limit of a vanishing regulator z — 0 is not
convergent yet. Before taking this limit we have to construct renormalized Feynman
rules depending holomorphic on z. This task is provided by the Birkhoff decompo-
sition as we see in the sequel.

From this point on we specify the notation through

A= C[lns][z7, 2]] (3.3.1)
A_=C[z1, 2]] (3.3.2)
R,F(s,2) = F(u,z) € Clz7", 2] (3.3.3)

Here A denotes the set of Laurent series with finite negative order with coefficents
in C[ln s] and R, maps a polynomial from C[ln s] to C by evaluation at s = p.
From proposition 3.2.2 we get the

Corollary 3.3.1. For a projective character R = R? € C:’j the Birkhoff decomposi-
tion of reqularized Feynman rules reads

f,s = (sz,s)—&- = (R © sz,s © S) * ¢z,s (3.3.4)

Zz,s = (¢z,s)f =Ro (bz,s oS (335)

with algebra morphisms qbfjs called regularized and renormalized Feynman rules and
Z, s the counter term.
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Proof. First notice that the convolution inverse of ¢,  is given by composition with
the antipode ¢} ;' = ¢., 0 S. Indeed for any f € F we find

(¢z,s © S) * gbz,S(f) =Mma0° (¢z,s 0S® ¢z,5) © A(f) = gbz,s © m(S ® id) © A(f)
=¢ssouoe(f) =uaoe(f)=e(f)
Now we define (¢.)_ = Ro¢,s08 = Ro¢:,! and (¢28)4 = (@zs)_ * ¢z and

Z,8

determine their images in A. Because R o ¢} '(kere) Cim R C A_ and

s

Ro(Ro¢i ' x¢..) = (R0 %.!) * (Ro¢..)
=Ro (@,_sl*@,s) — Roe=c¢

we find that (¢. ), (kere) € A.. By construction of (¢, ), it follows that

¢z,s = (gbz,s)iil * (¢z,s)+ . (336)
Therefore the pair (¢, ), is a Birkhoff decomposition of ¢., and by proposition
3.2.2 it is unique. [

Finally we go to the physical limit z — 0 of the regularized and renormalized
Feynman rules. This is the subject of

Definition 3.3.2. The strong limit of the reqularized and renormalized algebra mor-
phisms liné Pl =: ¢, is called Feynman rules.
z— ’

In preparation of the existence theorem we prove the following

Lemma 3.3.3. Let H be a connected bialgebra, A a commutative algebra with endo-
morphisms L; € End(A) fori € D and p: H — A the universal morphism through
(2.3.1) and R € End(A) a projection such that

Loma(¢p- ®id) =myo(¢p-®L). (3.3.7)

Then it holds B ‘
poB, =L;o¢,. (3.3.8)

Here ¢4 denotes the Birkhoff decomposition of ¢ with the projection R.
Proof. The proof is given by an explicit calculation:
$oBL= (61— ¢_)o B, = (6_%é—o_)o B,

=mao(¢p-®d)oAoB| —¢_oB,

=myo(¢p_R¢p)o [(id@Bi)oA—{—Bi@ﬂ} —gb_oBi

=m0 |p_®(poBi) o A=myolp-®(Log)oA

— Lomu(p-®¢)oA=Lo(¢_x¢)=Log,

]

Indeed in the context of the regularized Feynman rules p = ¢, s equation (3.3.7)
is satisfied because (¢, s)- maps to a constant which can be pulled out the integral
of (3.1.6). Therefore we may apply the above lemma in
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Proposition 3.3.4 (Existence of Feynman rules). The limit lim, .o ¢, s exists and
maps Hp to C[ln i]

Proof. The inductive proof has a trivial start on H° given by the Mellin transform
(3.1.5). Now assuming the statement to hold on H™ we show that it also holds for
every decorated rooted tree t € H"*!. Using the lemma 3.3.3 we obtain:

0u(t) = lim(id — R,) 6. . o BL(f) = lim(id — R,) L o ¢,

% [JZ(C/S) ~ fil¢/m)
0 s 1
0(¢2)

(ol (f)d¢ (3.3.9)

= lim
z—0

By the induction assumption ¢¥.(f) € O(In" ¢) for a N € N. As integrals of type
J21/e11In™N (¢) d¢ are finite for any N € N (integration by parts and induction
over N), the integral in (3.3.9) converges for a suitable majorant and thus by the
dominated convergence theorem it holds

A UL (33.10)
_/ [fc (C)] Guc(f) dC (3.3.11)
: €Clin(]

Which implies ¢,(¢) € Cl[ln]. This proves the statement to be satisfied on H el
because, as limit of algebra morphisms, ¢4 is a morphism of algebras as well. O]

Now we are in a very well-behaved situation. We found that ¢, maps Hp to
Cllns/p]. Therefore we may assume p = 1 without loss of generality or substitute
In s/ =: x. Moreover we remind the reader that the set of polynomials C|x] is also
a graded Hopf algebra by the requirement Ax =1 ® z + x ® 1.

The next step in our discussion comes from the fact that we defined ¢, as a
limit of universal morphisms. Now we explore if the Feynman rules arise from the

universal property.
For i € D we define n; € Clz]’ and L; € End(Clz]) through

() = (—1)NN' an VN €N (3.3.12)
L1(¢S) = (¢, 1/+a771 Qbs (3313)

with a coboundary O in an abstract Hochschild cohomology, whereas it suffices to
know the property on;(z") = N ( )77,( ~)z at this place.

Proposition 3.3.5. The universal algebra morphism due to theorem 2.3.1 and L;
s given by the Feynman rules ¢q.
®s
Hp ——=ClIn /4]
Bii lLi or ¢so Bi =Liogp;, YieD (3.3.14)
Hp ﬁ%- (C[ln 5/#]
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Proof. The proof mainly consists of calculating the possible integrals with integrands
in C[ln s] (set = 1). For arbitrary N € Ny and 7 € D it holds:

lim(id = Ry) | [~ £1(0)(¢) " (sC) ac|

I
/_l'\

(id— ) [~ £(Q)(s) " g

[e=]

(s = 1) [ fiO)¢ dC

I
/?
Yo Fleo Flo

N
=
o

_ <_
o £ [(8). = (3 e

= (—-1)V g: <N> k!(?lns)’““<N — k)i N—k—1

AT AT
XN k41
= x (_1>Nklci,Nk1‘|
|J§) (k + 1>‘ z=Ins
LV NN
= |—c;_ —)NHN — k) ein-
C’1N+1+;<k>x( ) ) cin kLzm
= Li(z")|

Now let f € Hp. We know that ¢(f) is a polynomial. Therefore we can apply the
above identity and use linearity of ¢, and L;.

oeom(f) = [T HCP IO o pyac

. [fl ¢/s) _fi 4)1

z—0 Jo S
= lim(id — R)) /0 FiO)(50) e (f) dC
:Lio¢5(f)

Proposition 3.3.5 implies the following
Corollary 3.3.6. The Feynman rules ¢s are a morphism of Hopf algebras.

Proof. Due to theorem 2.3.1 it remains to show that L is a cocycle. Firstly notice
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that [ is a cocycle on C|z]:

1 1 M /N+1
A(/ N) _ AN+ Z k N+1—k
ox N+1 v N+1kO k e

+1 N _k N+1-k

X T
ANy Ly T
OV L S

(=)o (e [)o (2 (3) i i)
J

®1+<¢d®/0>04 (xN;:O

The fact that 9n; can be understood as coboundary in a cochain complex trivially
implies the cocycle property to be satisfied for the endomorphism [, +0n;. Never-
theless we want to give an explicit calculation.

A (o) =32

N N-k/ N Jj+k
=33 ([N () e
k=0 j=0

O

Our final task is to investigate the behaviour of Feynman rules under the con-
volution product. As the renormalization group equation the next lemma implies
consequences for the shape of green’s functions as we see in the following chapter.

Lemma 3.3.7. For any a,b € K the Feynman rules satisfy

Pa* Pp = Pat,- (3.3.15)
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Proof. By corollary 3.3.6 we know that ¢, : Hp — K[ln /4] is a morphism of Hopf
algebras. Now for every a € K we define the map ev, : K[lns/,] — K as evaluation
of s at a. It is easily checked that these evaluations are characters of the Hopf algeba
of polynomials K[In /4], i.e. ev, € éﬁ[ln 74 Moreover for any a,b € K it holds

(ev, ®evy) o A(lns/u)]"”

eve(Ins/u) evy(l) 4+ evy(1) evy(Ins/u)]™
(In 9/ + I b/u)" = [eVary, (In /)"
eVary,, ((In 5/)")

[evy *evy] (Ins/u)"

=
ol

for any n € N and therefore ev, xev, = evay,. Now we find

Go * Py = (ev, 005) * (evy 0¢5) = m o [(ev, 0p) ® (evy0p,)] 0 A

=mo [ev, ®evy| 0 Ao dy = [ev, xevy] 0 dg = eVay, 00

- qsab/u

which proves the lemma. O



Chapter 4

Systems of linear Dyson Schwinger
equations

In this chapter we investigate linear systems of combinatorial Dyson Schwinger equa-
tions in the Hopf algebra of decorated rooted trees. Furthermore adding Feynman
rules from Kreimer’s toy model we study the relationship between the perturba-
tion series in Hp and Green’s functions as non-perturbative solutions of a system of
corresponding integral Dyson Schwinger equations.

4.1 Basic notation

The general case of a system with a number of N linear Dyson Schwinger equations
is given by

i=1

X" a)=1+a ivj B’ (i aiijj(a)) (4.1.1)

with a;j, € C for all i,j,k € D = {1,--- ,N} and a coupling parameter o € C.
The solution X*(a) € Hp[[a]] of this system is a formal power series in a with
coefficients in Hp. We call it perturbation series in Hp. As the equation (4.1.1)
gives a recursive definition of every coefficient in the formal series starting with 1,
the solution exists and is unique. Note that in this type of equations every grafting
operator is multiplied with the same coupling parameter «. In the next chapter
we discuss examples of linear systems and assign to every index ¢ € D a primitive
skeleton graphs in massless Yukawa theory. In this context the coupling parameter
corresponds to the loop number and we have to restrict to skeletons with the same
loop number. Skeleton graphs of a different loop order would require terms with
different powers of the coupling parameter a.
We can simplify this system by defining cocycles Bj‘€ : Hp — Hp by

N
BY =" Blag. (4.1.2)
i—1
Moreover we rewrite our decoration by attaching a pair of labels from {1,--- N}
to any node such that
N ‘ N
ki =B (L) =Y agBL (1) =Y agpei (4.1.3)
i=1 i=1

20
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and so on. In this notation the linear system (4.1.1) is reduced to
N .
XMa) =1+a B} (X/(a)). (4.1.4)
j=

Assuming the set up of paragraph 3.1 we also rewrite the corresponding Mellin
transforms.

N N 00
Jrj = Zaijkfi and ij(z) = Zaiiji(Z> = Z Chjm?" (4.1.5)
i=1 i=1 n=—1
The Feynman rules ¢, constructed in the previous chapter now obey

fri(¢/s)  fui({/n)
5 u

o= [ o) 46 (116

and by proposition 3.3.5 the Feynman rules satisfy ¢, o B¥(-) = Lgj o ¢,(-) with
endomorphisms Ly; := Zij\i 1 @ik L.

Now the application of Feynman rules to the solution (4.1.4) of the combinatorial
Dyson Schwinger equations ¢,(X*(a)) are considered as the actual perturbation
series. If we define G*(Ins/u, ) := ¢,(X*(a)), then by use of (4.1.6) the Dyson

Schwinger equation turns into an integral equation
N 0o 4
GH(Ins/ua) =1+ a > (id — R,) / Fui (G, )G (In G, @) dC. (4.1.7)
=1 0

In the following we reproduce the perturbation series by solving this system of
integral Dyson Schwinger equations. A solution of this non-perturbative problem is
called a set of Green’s functions.

4.2 Solutions of Dyson Schwinger integral equa-
tions

Here we construct solutions of the Dyson Schwinger integral equation and analyse
their relation to the perturbation series.

We start our discussion with a general observation. While there is an unique
solution of the linear system (4.1.4), namely the perturbation series, we can not
expect uniqueness for a solution of the integral equation (4.1.7). Indeed in the case
of a single Dyson Schwinger equation the associated integral equation possesses a
pair of scaling solutions which differ in their anomalous dimensions [3]. But among
the solutions of the integral equation there are non-physical solutions. They do not
correspond to the perturbation series which comes from the application of Feynman
rules to the solution of the Dyson Schwinger equation (4.1.4) in the Hopf algebra
Hp. In order to make clear what is meant by a physical solution we establish

Definition 4.2.1. A solution of the integral equation (4.1.7) is called physical iff
its coefficients of a Taylor series expansion in the coupling parameter at o = 0 are
equal to the perturbation series coming from the linear system (4.1.4).
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4.2.1 Algebraic study of the perturbation series

In this paragraph we explore the shape of a physical Green’s functions by analysing
the coefficients of its perturbation series.
Since we are interested in the coefficients of the solution let us define the following

useful expressions. For n € Ny and j, k= 1,--- , N define 2%/ ¥ € Hp by
g = 0k (4.2.1)
K,ip
ki Nk i pi : 1,12
z10= Y, BloBloBZo---oBr(l)= > .. (4.2.2)
i1, in=1 i1, yln ' |27|3
‘inaj
N .
ah ="l (4.2.3)
j=0

Now the solution of (4.1.4) is evidently given by
X)) =>"aka™ (4.2.4)
n=0

Knowing the explicit shape of the perturbation series we are able to find a charac-
terisation of the physical Green’s functions.

Proposition 4.2.2. Assume G(Ins/u, ) = ¢4(X(a))! to be differentiable with re-
spect to Ins/u, then it holds

G(In/u, ) = exp (In3/uy())

1] . (4.2.5)

1

Here « denotes a N x N matrix with coefficients in C which may depend on «.
We will see that the Green’s functions critically depend on the eigenvalues of this
matrix. Therefore we like to name the eigenvalues. For a Green’s function satisfying

(4.2.5) we declare

Definition 4.2.3. An eigenvalue v;(a),i = 1,--- , N of v(«) is called anomalous
dimension.

In general this definition only corresponds to the physical anomalous dimension
(from the renormalization group equation) in the case of N = 1. In the canonical
case (4.2.15) treated below, the actual physical anomalous dimension is given by

Zk: Ay (v5(@)) 15 (@) Az (7)) - (4.2.6)

It follows the proof of proposition 4.2.2.

ITo shorten notation we suppress indices whenever a statement is satisfied for all indices. Ad-
ditionally we use a matrix notation as in equation 4.2.5 and print such matrix expressions bold.
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Proof. The final equation (4.2.5) is a consequence of the group property of the
Feynman rules under convolution. But before we can connect lemma 3.3.7 to the
above perturbation series (4.2.4), it is necessary to figure out the coproduct of this
perturbation series. Therefore we derive:

Aan =1 ®xn+1 + Z il ® xkin 4 Z :L‘Z" L ®x,’?”11+

in=1 in—1=1

ot Z 2@t ¥ @1

i1=1
n+l N

=D T ®n ., (4.2.7)

m=0i=1

In this calculation we used the fact that every decorated rooted tree x,’iﬂrl of the
perturbation series is a planar tree. Because application of the coproduct to a planar
tree with node number n + 1 gives a sum of all tensor products of planar trees with
an overall node number of n+ 1. Taking the decoration of the decorated rooted tree
(4.2.2) into account we find the above results. By linearity it immediately follows
for the (n + 1)th coefficient of the solution (4.2.4).
n+1
Ala™ b )= Za zh, @tk (4.2.8)

m=0i=1
Collecting all terms with a specific power in « on the left component of the tensor
product, we end up with

AXk(oz):f:{Xj(a)@(axl + a2 + Pl 4 )}—i—Xk(a)@Il

j:l
= Z (X/(a) @ XM(a)) . (4.2.9)
Where we introduced the formal series

X" (a Z oz (4.2.10)

Now we make use of lemma 3.3.7 and ﬁnd

G*(Ins/u+Int/p, ) = G*(Inst/u2, o) = ¢ St/u (X))

= (¢ % 1) ( Zd)s (X7 (a)) (X ¥ ()

N
= > G (Int/u, )G (In3/u, ).
j=1
Differentiation with respect to Int/, at Int/, = 0 leads to the following differential
equation.
N N
G*(In s/, a) = > G (0,0) G/ (Ins/u, a Z )G (In 5/, @) (4.2.11)
j= 1%/—/ j=1
=k (a)
This differential equation together with the initial condition
G*(0,a) = ¢, (X*(a)) =1 (4.2.12)

has an unique solution which is given by (4.2.4). O
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4.2.2 The canonical case

In the last paragraph we determined the form of the Green’s functions as solution of
the linear system of Dyson Schwinger equations. With this knowledge we can start
constructing physical solutions for different kinds of Mellin transform matrices.
Firstly let us assume that the matrix of Mellin transforms (F(z)x;)p;—, is diag-
onalizable and therefore given by
A1(z) O

F(z) = A(z) A7'(2) (4.2.13)
O )\N(Z)

By rescaling with a proper diagonal matrix one achieves that A(z) is holomorphic
and therefore analytic at z = 0. Further we assume that det [A(0)] # 0. Then
Cramer’s rule implies that also A™! is analytic at 2 = 0. Moreover the assumption
that every Mellin transform is a Laurent series with pole order one at z = 0 also

restricts the eigenvalues \;, ¢ = 1,--- , N to be this type of Laurent series. This
can be seen by a simple argument: Rescaling the Mellin matrix with a factor of
z gives an holomorphic matrix F(z) := zF(z). Let A(z) be an eigenvalue of F(z)

corresponding to an eigenvector v. Then the absolute value of the eigenvalue A is

bounded by ||F|:

(| = Pl _ IF

loll ||v||UH§||F(Z>|| (4.2.14)

Therefore lim,_,q X(z) exists and A has no pole at z = 0. Now the statement is proven
since every eigenvalue A(z) of the Mellin matrix F(z) corresponds to an eigenvalue
A(2) := zA(2) of the matrix F(z). With these preparations we are able to state a
solution of the Dyson Schwinger integral equation.

Theorem 4.2.4. Let a)(y;(a)) =1 fori=1,--- N, then the ansatz
' N s\ @ .
Gl = 3 Agta (3) T ARese) (219
jk=1
is a solution of the integral equation (4.1.7).

Before we start the proof it should be remarked that in the following proposition
4.2.7 and the corollary 4.2.6 it turns out that this solution is physical. Now let us
declare the following abbreviation.

Aij =37 Ai(3()) Az (@) (4.2.16)

k=1
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Proof. For a proof we just put in the ansatz (4.2.15) in the equation (4.1.7):

) <1 =35 [ 50 0510~ G ]

)"
£ mineorma[(2) ™

- 5 A ()7 1]

Ay((0) <M>Z](a> A () — 1

N 00 "
=« Z/O Fii (O Aj¢ ) d¢

jk=1

ki (ve(a)) Aji

O

Notice the good convergence behaviour of the Green’s functions under Mellin
transformations. While defining the Mellin transform for a single element of the per-
turbation series needed the introduction of a regularizer z, for the non-perturbative
Green’s functions the integral converges without an artificial regularizer.

The next step is to explore the properties of the anomalous dimensions ~;(«).

Lemma 4.2.5. Let y(«) be an anomalous dimension of a physical Green’s function

fulfilling

aX(v(a)) =1 for Az Zrz : (4.2.17)

1=—1

then y(«) is analytic at a« = 0 and uniquely determined by
= Z% o, with v =1 (4.2.18)

and forn>2 y,=> 1 > Vir Vi (4.2.19)
1=0 J1++jig1=n—1

Proof. First notice a physical Green’s function has to satisfy
G(Ins/u,0) = ¢5(X(0)) = ¢s(1) = 1. (4.2.20)

By proposition 4.2.2 there is an N x N matrix A(Ins/u, a) with coefficients given by
polynomials in In$/u such that

N —7;(0)
G'(3/u,0) Z U( ) . (4.2.21)

Since this expression has to be constant with respect to s/, every anomalous dimen-
sion must vanish at a = 0,

~(0) = 0. (4.2.22)
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Now we can derive a recursive formula for ~,.

(o) = a (r_1 + irm”l(a)) (4.2.23)

=0

Since 7 is at least O(«) we find that v; = r_;. For n > 2 it holds

y, = 71' er (@) = Z r l rl ¥+ (a) (4.2.24)

a=0 n - ]' a=0

(nz %-aj) (4.2.25)

I
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—_
~—r
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| —
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—_
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—

1=0 a=0
1 n—2 d -1 n—1
= j1++Ji
streay D01 17 N (D MR RRE AR ) ITERT
=0 a=0 \Ji,ji+1=1
n—2

—Y Y (4.2.27)

=0 ji+-+jir1=n—1

This proves uniqueness of 7. Finally recall as implicit function of an analytic function
the anomalous dimension ~y(«) is also analytic at o = 0. O

This result directly implies
Corollary 4.2.6. The solution (4.2.15) is analytic at o = 0.

The final task in the discussion of systems with a diagonalizable Mellin transform
matrix is a comparison to the perturbation series. This is the subject of the next
proposition which ensures that (4.2.15) is a physical solution.

Proposition 4.2.7. Let G(Ins/u, ) be a Green’s function of type (4.2.5), analytic
at « =0 and G(In$/u,0) = 1, then it is a physical solution.

Proof. Notice that every coefficient of the perturbation series from Hp is uniquely
determined by the property

N oo ‘
6ozt 0ty =a > /0 (id — R,) (¢, 8)oe (2 o) d¢ (4.2.28)
j=1
and it starts at ¢5(X(0)) = 1. To prove that an analytic Green’s function
G'(Ins/u,a) =1+ gi(Ins/u) o’ (4.2.29)
j=1

is physical it suffices to show

N . 4
gha" =a Z/o (id — R,) fi;(C, s)gla™ dC (4.2.30)

j=1
for any n € Ny and all = 1,--- , N. We prove this equation by showing a contra-

diction:
Let m be the minimum such that

" Lo = Z/o (id — R,) fi;(C, 8)gl,a™d¢ # g;nﬂ(xm“ (4.2.31)
=1
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i.e. the equality (4.2.30) does not hold. By proposition 4.2.2 any coefficient, g} (In 5/,.)
is a polynomial in Ins/u and hence the renormalized Mellin integral converges for
any g5 (Ins/u). Now we take a look at the associated integral equation, which should
be satisfied by the Green’s function. For a reasonable notation we assume m > 1
here. The remaining case m = 0 can be treated in the same way.

oy /O°°<z'd R 9) (Gﬂ‘an ) =1-Sgdat)ac (23
j=1 k=1

= G'(Ins/p,a) — 1 — Z giak —Ci L amt! (4.2.33)
While the upper series starts with a term in o2 the lower series has by assumption
of m a non vanishing term in o™+, This is a contradiction. ]

4.2.3 The degenerated case

Now the remaining issue to discuss are systems with a Mellin transform matrix
which is not diagonalizable. A general degenerated system decouples in separate
systems of Jordan blocks. First we construct a physical solution of one elementary
Jordan block. After that we treat a generalisation of the Jordan block result.

So let us assume the matrix of Mellin transforms to be

A(2) 0 ]

F(z) = 1 A(z) € M(C[z7", 2], M) with M < N.

(4.2.34)

In this set up the first integral equation decouples and we immediately know a
physical solution of the first Green’s function

—y(a)
G (In/p, @) = (;) (4.2.35)

with an anomalous dimension y(a) obeying aA(y(«)) = 1 and lemma 4.2.5. The
other components are obtained by

Theorem 4.2.8. The ansatz

—(a)
G™(In %/, (1 n Z A™(@)(In/p ) <8> n=1,---,M  (4.2.36)
1
with A =1, A} :=0 and recursive defined amplitudes
Ag:a<A:;1 a'(a )A"1> m=1,- ,n—1 (4.2.37)
m

provides a physical solution of the integral equation with the Mellin matriz (4.2.34).
Moreover for m =1 and m = n — 1 the amplitudes are explicitly given by

_ (Zzn; ozi> Y(a) and (4.2.38)

Ar = ((__1):)! (aw(a))”‘l . (4.2.39)
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Proof. Since we already know the solution in the case n = 1 we may assume n > 2
without loss of generality. We put the ansatz (4.2.36) into the Dyson Schwinger
integral equation and calculate conditions for the amplitudes.

G a)— 1= 3 o [0 = Ry) ful¢. 9)G 0, 0) €

i=n—1
-1 C —7(a)
Al = d
HZ ! (7’ ) ] (AL) ‘

w[ZZ) -

nl/a+5n 14

= > o [T RSl

i=n—1

J=1 k=1 ) 04<047/.(a)?
e g A?{)j (av’l(a))J] <Z> h

To satisfy the integral equation (4.1.7) the second and third line have to vanish.
This requirement leads to two conditions.

A} = —a*y/(a) — ay/( z_: ))

Z A”( )m (4.2.41)

j=m+1

(4.2.40)

Let us arrange the abbreviation ﬁjn = e (a) Al foror=n—1,nandm=1,---n.
Then the condition (4.2.41) is equivalent to

1 O A;Z—l

e Y A’%‘Q (4.2.42)
;1{;*1 1 1 .. 1 ﬁg

For a recursive description we have to invert the matrix on the right hand side. This

results in

Any 1 01 rams
An -1 1 Al
= —« o . (4.2.43)

iy 0 -1 g
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Now this is easily identified to be equivalent to the recursion condition (4.2.37) for

m =2,---,n— 1. In the case of m = 1 we have to analyse the condition (4.2.40).
Al = —a*y/(a) — ar/( Z A” = —aQ'y'(&) —av'(a) (—aﬁ?’1>
/
—a (A?‘l 9 1( )Ag—1> . (4.2.44)

This proves the validity of (4.2.37). Notice that this recursion condition already
proves the inductive step of (4.2.38) and (4.2.39). But with use of (4.2.37) we found
in particular

1
A= —a*y(a) and A3 = (a*(a))". (4.2.45)

The basis for an inductive proof of the stated explicit formulas (4.2.38) and (4.2.39).
Note due to lemma 4.2.5 the Green’s function is analytic at « = 0 and by proposition
4.2.7 it is physical. [

Unfortunately we can not generalise the solution of theorem 4.2.8 to a degener-

ated Mellin matrix in an arbitrary basis. In general a degenerated system is given
by

F(z) := S(2)F(2)S7(z) (4.2.46)

with a Jordan block F as in (4.2.34) and an invertible transformation S(z) €
M(C[z71, 2]], M) which may depend on z. The combination of this z dependence
and the appearance of non-diagonal terms in the Mellin matrix causes additional
terms which forbid a transformed solution as in the canonical case (4.2.15). However
we may expect a well-behaved result in the case of a transformation on the level of
the Hopf algebra Hp which conserves the start of the perturbation series given by
1.

Still denoting the Jordon block of (4.2.34) by F(z) and the physical solution
from (4.2.36) by G(Ins/u, o) we formulate

Lemma 4.2.9. Let S € M(C, M) an invertible transformation satisfying Zj]\il Sij =
1 or equivalently ij\il Sigl =1 foralli=1,--- M, then a physical solution of the
system

F(z) = SF(2)S™! (4.2.47)
s provided by

G(Ins/u, a) := SG(In */u, ). (4.2.48)

Proof. The proof follows by a simple calculation and the use of theorem 4.2.8. First
of all we set

fii(C,5) Z S fu(C, )8y (4.2.49)

k=1
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such that f;; has the Mellin transform F;;. Now we can put the ansatz in the integral
Dyson Schwinger equations.

Gi(Ins/p,a) — 1 = af:/ooo(id — R, fi;(¢, )G (In¢/u, @) dC
=1

M o)
= Z /0 (id — RM)Sijfjk(Ca S)Gk(ln u, ) d¢
k=

=1
=G'(Ins/u, @) = > Sy
=1

We inverted (4.2.49) in the second line and used the assumption that G(In s/, o) is a
solution of the Jordan block in the third line. The last line shows the requirement of
the above assumptions on S in order to leave the first Taylor coefficient of the Green’s
function unaltered. Finally notice that this solution gives the right perturbation
series, since our transformation of the Mellin matrix corresponds to a transformation
of the combinatorial Dyson Schwinger equation (4.1.4). We are considering the
transformed system

Xia)=1+a Y S;BLX'(a)Sy (4.2.50)

X(a) = SX(a). (4.2.51)



Chapter 5

Applications in massless Yukawa
theory

In the following we discuss applications of the previous results in two examples. This
is arranged in the context of a massless Yukawa theory and dimensional regulariza-
tion in D = 4 — 2z dimensions. The first example treats the perturbation series of
fermionic and hadronic self-energy graphs and their linear insertions into each other.
Thereby we show how such a model can be related to the toy model from chapter 3.
Another example is studied to explore contributions to the rainbow approximation
from the introduction of a flavour for the fermionic and hadronic fields.

In the context of Yukawa theory we speak of Feynman graphs without giving an
introduction to their combinatorial definition. For details of this topic the reader
refers to the second chapter of [§]

5.1 Linear insertions of selfenergy graphs

In our first example we like to consider massless Yukawa theory described by the
lagrangian

L =0+ 50,000 — gio, (5.11)

such that all Feynman graphs in this physical theory consisting of edges and vertices
in the set

R = {+, — w<}. (5.1.2)

As usual we denote the set of edges by Rg. Now we calculate the hadronic and
fermionic two point functions in an extended rainbow approximation. That is we
restrict ourselves to selfenergy graphs which can be obtained by inserting the prim-
itives ~r~and £ _into eachother but ignore other graph contributions. In
this approximation the perturbation series is described by a linear system of Dyson

as O
Schwinger equations with cocycles B, = and B, - defined on Hyy, the set con-
sisting of all products of Yukawa graphs with residue in Rg. By linearity of the
considered Dyson Schwinger equations we only insert connected graphs. For such a

31
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connected Feynman graph ~+ an application of the insertion operators gives

& for resy =~~~
ol
Adgl for resy = -

0 for resy =~

and

(5.1.4)

+ for resy = -

+
—~
2
~—
I
N |
N |

Notice that these insertion laws indeed fulfil the cocycle equation from (2.2.6). Under
consideration of some combinatorial factors those insertion operators can be defined
on Hyy in such a way that the cocycle property is satisfied - for a detailed discussion
see [9]. Now we are able to formulate a system of Dyson Schwinger equations for
the sought after perturbation series.

X (a)=1+aB," (X () +aB, " (X**(a))

5.1.5
X~(a) =1+ aB,” (X7 () (5:1.5)

Here we introduce the coupling parameter a := ,/g.

Before we can determine a commutation law for the cocycles Bfl, BIOM and
Feynman rules ¢(7v,p), where p denotes the external momentum of the Feynman
graph 7, we briefly sum up some combinatorial facts of connected graphs in Hyyx.
For such a graph 7 we denote the number of its interal and external edges by
I(v) and E(v), respectively. Only counting edges of a special type we put the
corresponding subindex ¢ or ¥ to these symbols. In addition to that we denote the
number of independent loops of v by |y|. Using simple power counting we determine
the superficial degree of divergence to be

sdd(y) = (4 = 22)|y] = Ly(v) — 2L4(7). (5.1.6)
Defining V() the number of vertices of 7, the vertex adjacency relations are given
by
V(7) = 215(7) + Ey(7)
2V(7) = 21y(7) + Eu(7)-

Moreover a Feynman graph appearing in the perturbation series (5.1.5) has to satisfy
the loop condition

Y[ =1 =1Ls(7) + Lu(7) = V() (5.1.9)

Using these combinatorial identities and the restriction E(y) = 2 we find the loop
number dependency of the superficial degree of divergence.

1 {1—2z|fy\ for resy = -

sdd(y) =2 — 2z |y| — §Ew =1 2- 220y for resy — (5.1.10)
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This result motivates the definition of form factor reduced Feynman rules - the
algebra morphism ¢ given by

_ Ml%p) for resy = -
gb(,%p) B { p2 ¢(%P) fOI' res*y = a~~ (5111)

Now using scaling invariance of dimensional regularization and Lorentz invariance
the expression

(r*) Mo (v, p) (5.1.12)

is independent of p and thus can be evaluated at any external momentum. We use
this consideration for handling the subdivergences in the calculation of the commu-
tation relation between ¢ and the cocycles. In the case of fermionic graphs, that is
resy = ——, it follows

N Pk 11 1
¢<B+ ), ) Tr4p/ 27er2;é+p¢(%k+p)m

1 dPk (k+p)*+ k2 1 21l el ~
:2p2/(27r)D k2(k 4 p)? ((k+p)2> ((k+p)) (v, k +p)

vy 1 dPk  (k+p)* + p?
( )||¢(’Y p) 22 /(27T)D 12 [(k+p)2]1+zh|

=) 0n) 3 (52) (GG RD,2) + G+ 21+ ), 2)

In the last line we used the master integral of dimensional regularization and abbre-

viated

MN1—2)r2—wh(w-1)
[w—2)'(38—w—2)

G(w,z) = (5.1.13)

Now it is seen that

G(w, z) = ; <417r> h G(w,z) = i w"e,(2) (5.1.14)

n=-—1

with ¢,(z) holomorphic at z = 0. Since we used the momentum scheme the renor-
malized value of a Feynman graph is a convergent integral and thus independent of
the regulator z. Dimensional regulation gives a z dependent result, which converges
to the physical result. But the holomorphic coefficients ¢,(z) also have an existing
limit as z — 0, therefore it is possible to specify the regularized results by setting
¢n(0) and demanding

6 (B (0)p) = 097 (G 1+ 11, 0) + G (14 2(1+ 111, 0)) 1.p) (5.1.15)

without changing the renormalized value. Repeating the same steps for resy = ~~
results in the same values for

&(Bl&(v)yp) =6 (B, ().p)

- (5.1.16)
= () (G (1 +2(1+ 7]),0) = G (2(1+ [7]),0)) 6(7, ).
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Denoting F, (2(1+ |7])) := G (2 —n+ z(1 + |]),0) for n = 1,2 we have
1 /12 1 1/ 1)\2 1
F =—|(—) —— F: =—|—=)] —. d.1
1(2) 2 <47T> 2(1—z) 2(2) 2 (4%) (1—-2)(2-2) (5.1.17)
All this evaluates to a Mellin matrix of type
11 1 -1
F(z) = Fi(2) ll 0] + Fy(2) l_l 0 ] : (5.1.18)

Now realising that any factor in front of the subdivergence ¢(v,p) in (5.1.15) and
(5.1.16) depends only on z(1+ |v|) as in the case of Kreimer’s toy model (3.1.7), we
rediscover the toy model in the following way. Set D := {1,2} and make use of the
universal property 2.3.1 to define an algebra morphism p : Hp — Hyu, such that

poB' =B "op and poB:=DB,""op (5.1.19)

With further definitions s := p? and ¢, 4() = o(p(-),p) we see that the system of
linear Dyson Schwinger equations (5.1.5) evaluated under the Feynman rules ¢ gives
exactly the same results as the system

X'(a)=1+aB} (Xl(a)) + aB (XQ(a))

5.1.20
X2(a) =1+ aB (X'(a)) + aB (X*(a)) o

with coefficients in Hp under evaluation of the above defined toy model rules ¢, ;.
Moreover for any forest f € F and 7,7 € D it holds

250 Bi(f) = d(po BL(f),p) = ¢(B o p(f),p)
= (") Fy (2IBL o p(H)]) 6 (p(f), 1)
= 572 Fy (21 By()]) 6=5(f)-
Here F}; are coefficients of the Mellin matrix (5.1.18) and I' corresponds to the
primitive element % _if i = 1 and I' = ~~«»~ in the case of i = 2. This reproduces
the formula (3.1.7) from section 3. Therefore we can represent the Yukawa graphs of

(5.1.5) by means of decorated rooted trees and Kreimer’s toy model. For particular
graphs and suppressing the notation of the second index, we have

p(e) =_¢ % p(2) :WQW (5.1.21)
1 Fatiel

(5.1.22)

)
p (If) = ;@ + ;@w (5.1.23)

and so on.

Finally we want to find the Green’s function corresponding to the linear system
of Dyson Schwinger equations (5.1.5). As said in section 4.2.2 we have to calculate
the eigenvalues of the Mellin matrix (5.1.18) and diagonalize it. The eigenvalues are
easily computed

Ma(z) = (Fl(z) T Fy(2) F /3R (2)% — 6F(2) Fa(z) + 5F2(z)2) (5.1.24)

2
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such that we have indeed the canonical case. Say F is diagonalized by the linear
transformation S.

_ A(2) -1
F(z) =S(2) [ )\2(2)] S7(2) (5.1.25)

Then we find by a computation of the eigenvectors of F the transformation

(5.1.26)

A1(2z) A2(2)
1 1 1

S(z) = [Fl(z)—fﬁ(z) Fi(2)—F2(2)

and its inverse

1 1 —(F1(2) = F2(2))  Aa(2)
S = e l B By _Al(z)] . (5.1.27)

Due to lemma 4.2.5 there are anomalous dimensions implicitly defined by
ar(Yn(a)) =1 for n=1,2 (5.1.28)

only depending on the coefficients of the Mellin transformations (5.1.18). With these
facts and theorem 4.2.4 a physical Green’s function is given by

G (ln pQ/,uQ, Oé)

o ks — 1 1
Quliy la(Fl—Fﬂ] exp (—v1(a) lan/#g)

- alFy + Fy) — 2 1
20y 1 \i(FR) 2 (5.1.29)
Ty (]51 + }7}) _9 11 2) | exp (—72(a) Inr*/p2)

Where the Mellin transform in front of the 7, exponential are evaluated at 7 («)
that is F,, = F,,(71()) and the Mellin transforms with a tilde are evaluated at v,(c)
such that F,, = F,(72(a)).

5.2 Rainbow approximation with flavoured fields

In this section we study the rainbow approximation in an extended Yukawa theory,
which involves different kinds of fermionic and hadronic flavours but is obeying
conservation of flavour.

In this sense we start with the lagrangian

N 2N-1 | N aN-1
L =iy i+ Y 5‘3#%‘6“@ =D D Gimbitwdn (5.2.1)
Jj=1 Jj=1 jk=1 1=1

with the flavour indices j, k and [. We have further options to specify the occurring
interaction vertices by making different choices of gj;;. In the following we treat two
cases:

1. The flavour is conserved at any interaction vertex, every exchange process may
occur and none of these processes is distinguished.

g tj+k—=1l=1
Gkl = { 0 else (5.2.2)

With a coupling parameter g.
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2. The flavour exchange behaves almost as in the first case but fermionic flavour
has to change.

o ogm it FE
Jjkl = { 0 olse (5.2.3)

The lagrangian corresponds to the set of residue

R-{J—»—J’,zmz, zm{j} (5.2.4)

k

with indices j,k=1,--- ,Nand [ =1,--- ;2N — 1. Notice that the condition
j+Ek—=10=1 (5.2.5)

in the definition of the coupling tensor (5.2.2) fixes the bosonic flavour by choosing
a pair of fermionic flavour j,k = 1,--- , N. Therefore we constantly suppress the
notation of bosonic flavours in the sequel. Furthermore the condition (5.2.5) cor-
responds to flavour conservation - the bosonic flavour should be regarded as [ — 1.
The same argument holds in the second case but the g;; term in the definition of
gji forbids all vertices

1w«< j=1,---,N l=1,---,2N -1 (5.2.6)

with non-changing fermionic flavour.

Now define Hvyyi to be the set of all products of Yukawa graphs with fermionic
residue ; = j. Further define insertion operators Bi : Hyvu — Hyux such that for
res v = Jj——j it holds

Bi(7) = figl; Vj,k=1,---,N. (5.2.7)

J J

Again, note that the insertion operators B_’i fulfil the cocycle property on Hyux
- for a detailed discussion of Hochschild one cocycles see [9]. Now rearranging the
coupling parameter o := /g, the perturbation series of rainbow graphs with different
fermionic fields can be written as

N
X*a)=1+aB% (Z Xj(a)) Vk=1,---,N (5.2.8)
j=1
in the first case and in the second case we find
X*(@) =1+ aB"® (Z 5(7‘(@)> Vk=1,---,N. (5.2.9)
7k

Also note that the combinatorics of section 5.1 also applies to the flavoured
Yukawa graphs and we define the Feynman rules ¢(~,p) in a flavour independent
way. Thus it is possible to reproduces the results of the first example. Defining form
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factor reduced Feynman rules ¢(v,p) = pgg(% p) and specifying the regularization
prescription it follows

6 (BE().p) = W) F (2|BL()]) &7, p), (5.2.10)

such that renormalization is provided as in Kreimer’s toy model in chapter 3. Here
F(z) := F1(2) + F5(2) with F}/5(2) from the first example is k—independent as the
Feynman rules do not distinguish between fermionic flavours. So we end up with
Mellin matrices

Fii(z) = F(z) and Fir(z) = F(2) (1 —0ji) . (5.2.11)

In the first case we have to diagonalize the matrix which entries are identically 1. It
is easy to see that a basis of eigenvectors in given by

1 1 1 1
-1 0 0 1
0 —1 0 1
ol {ol,-- || and |1 (5.2.12)
. . 0 :
0 0 —1 1

with the eigenvalues A = 0 (multiplicity N — 1) and A = N. Therefore we are in
the canonical case as treated in section 4.2.2 and we can define the matrix S by the
sequence of eigenvectors from (5.2.12). It is also easy to figure out that the inverse
of that matrix is given by

1
S = v Okt (5.2.13)

This gives a diagonalization of the first Mellin matrix.
F(z) = F(2)S S (5.2.14)

Following the theorem 4.2.4 we calculate
N N
Y oS =1= i1 =N (5.2.15)
k=1 k=1

and see that only the last eigenvalue of (5.2.12) contributes to the Green’s function.
Now by lemma 4.2.5 the anomalous dimension is determined via the condition

aNF (y(a)) =1. (5.2.16)

Finally in the first case a physical Green’s function is provided by the simple scaling
solution

G (fpy0) = (3/u) @ Wj=1,.-- N. (5.2.17)
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Returning to the second case we find that the vectors of the basis (5.2.12) are
also eigenvectors of the Mellin matrix F(z). This results in the diagonalization

F(z) = F(2)S S, (5.2.18)
0 N-1

Again, due to equation (5.2.15) only the last eigenvector contributes to the Green’s
function and

a(N — 1)F (5(a)) = 1. (5.2.19)

In combination with lemma 4.2.5 this determines the anomalous dimension J(a).
As above we find a physical solution

Gi(sfu,a) = (/) @ Vj=1,--- N. (5.2.20)

The found results for the Green’s functions (5.2.17), (5.2.20) and the anomalous
dimensions (5.2.16) and (5.2.19) come as no surprise as the coefficients of the Mellin
transform are multiplied with the number of fermionic flavours participating in the
interaction. This behaviour may be expected from the Dyson Schwinger equations
(5.2.8) and (5.2.9) and flavour independence of the Feynman rules.



Chapter 6

Conclusion

In the first chapter we introduced the Hopf algebra of decorated rooted trees Hp
and studied some of its basic properties. Many proofs made exhaustive use of the
graduated structure - a concept well-fitting to the appearance of different orders in
perturbation theory.

The review of Kreimer’s toy model in the second chapter gave a rigorous defini-
tion of regularized and renormalized Feynman rules. For renormalization we made
use of the Hopf algebraic properties of Hp. In particular it is the antipode which
determines the renormalized Feynman rules and the counter terms (see corollary
3.3.1). This toy model formed the setup for our studies of systems of linear Dyson
Schwinger equations in the subsequent chapters.

The third chapter contained the main results of our investigation of linear Dyson
Schwinger equations. In order to find non-perturbative solutions we turned these
equations in a system of integral Dyson Schwinger equations. As such systems pro-
vide Green’s functions which do not correspond to the actual perturbation series
in Hp, we proved a characterisation of physical Green’s functions - see proposi-
tion 4.2.2. With theorem 4.2.4 and 4.2.8 we found physical Green’s functions for
canonical and degenerated Mellin matrices. Thereby the analytic dependency of the
coupling parameter a ensured the accordance with the perturbation series.

It chapter 4 our results were applied in the context of massless Yukawa theory
in dimensional regularization. We studied perturbation series of linear insertions of
self-energy graphs and connected this approximation to Kreimer’s toy model. Fur-
thermore we looked for an answer to the following question: What happens to the
rainbow approximation if different kinds of flavours are involved?

However, up to this point the question about a general form of the Green’s
function in the degenerated case remains unanswered. The attempt to generalise
lemma 4.2.9 leads to recurrence relations which also depend on the derivatives of
the amplitudes. We have not solved these relations yet.

Furthermore it would be interesting to study the treatment of perturbation series
with higher order skeleton graphs - as it has been done in the case of a single
equation [10].
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